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Bernstein-type inequalities for rational functions

in weighted Bergman spaces and applications

Rachid Zarouf

Abstract

Two Bernstein-type inequalities in the standard Bergman space L2
a of the unit disc D = {z ∈ C : |z| <

1}, for rational functions in D having at most n poles all outside of 1
rD, 0 < r < 1, are considered. The

asymptotic sharpness is shown as n → ∞ and r → 1. We apply the first Bernstein-type inequality to an

effective estimate of a Nevanlinna-Pick type interpolation constant in the Dirichlet space, constrained by

the H2 norm, H2 being the classical Hardy space. We also extend our second Bernstein-type inequality

to radial-weighted Bergman spaces.

I. Introduction

Surveys of inequalities for the derivatives of rational functions are given by Gonchar [Go] and
Rusak [Ru]. Chapter 7 of [BoEr] is also devoted to this topic. Here, we present such inequalities
for rational functions f of degree n with poles in D− = {z : |z| > 1}, involving weighted-Bergman
norms.

Let L2
a = l2a

(
1√
k+1

)
be the Bergman space of all f(z) =

∑
k≥0 f̂(k)z

k satisfying

‖f‖L2
a
=:

(
∑

k≥0

∣∣∣f̂(k)
∣∣∣
2 1

k + 1

) 1
2

< ∞.

An equivalent description of this space is the space of holomorphic functions f in D such that

‖f‖L2
a
=

(
ˆ

D

|f(z)|2 dA
) 1

2

< ∞ ,

where dA stands for the area measure. Our first result (see Section 1) is that if f is a rational
function in D having at most n poles all outside of 1

r
D, then

∥∥∥f ′

∥∥∥
L2
a

≤ Ã(n, r)

√
n

1− r
‖f‖H2 , (1)

where Ã(n, r) ≤
(
1 + r + 1√

n

) 1
2
and H2 stands for the standard Hardy space of the unit disc D,

H2 =

{
f =

∑

k≥0

f̂(k)zk : sup0≤r<1

ˆ

T

|f(rz)|2 dm(z) < ∞
}
,
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m being the Lebesgue normalized measure on T.

Now let σ = {λ1, ..., λn} be a sequence in the unit disc D, the finite Blaschke product Bσ =
Πn

i=1bλi
, where bλ = λ−z

1−λz
is an elementary Blaschke factor for λ ∈ D. Let also KBσ

be the n-
dimensional space defined by

KBσ
= Lin (kλi

: i = 1...n) ,

where σ is a family of distincts elements of D, and where kλ = 1
1−λz

is the Szegö kernel associated
to λ . An obvious modification allows to generalize the definition of KBσ

in the case where the
sequence σ admits multiplicities.

Notice that using the scalar product (., .)H2 on H2, an equivalent description of this space is:

KBσ
= (BσH

2)⊥ = H2ΘBσH
2 .

Notice also that every rational functions with poles in D− lies in a space KBσ
. More precisely, if

f is a rational function in D having n poles {µ1, ..., µn} all outside of 1
r
D, then f ∈ KBσ

where
σ = {λ1, ..., λn} and λi =

1
µi

for all i ∈ [1, n]. It has already been proved in [Z1] that setting

r = maxj |λj | , and f ∈ KBσ
, then

∥∥∥f ′

∥∥∥
H2

≤ Cn, r ‖f‖H2 , (2)

and
a(n, r)

n

1− r
≤ Cn, r ≤ A(n, r)

n

1− r
,

for all n ≥ 2, where

a(n, r) ≥ 1

1 + r

(
1 + 5r4 − 4r4

n
−min

(
3

4
,
2

n

)) 1
2

,

and

A(n, r) ≤ 1 + r +
1√
n
.

Moreover, it is shown in [Z1] that the sequence
(
1

n
Cn, r

)

n≥1

,

is convergent for each r ∈ [0, 1), and

limn→∞
1

n
Cn, r =

1 + r

1− r
,

for all r ∈ [0, 1). In the same spirit, we prove in Section 1, the asymptotic sharpness - in inequality
(1) - of the ratio

√
n

1−r
as n → ∞, for all r ∈ [0, 1) , in the following sense : we find an inequality

for
sup ‖D‖(

KB, ‖.‖
L2
a

)

→H2 = C̃n, r,

(sup is over all B with given n = deg B and r = max λ∈σ |λ|), which is asymptotically sharp as
n → ∞, for all for all r ∈ [0, 1). Moreover, there exists a limit

limn→∞
C̃n, r√

n
=

√
1 + r

1− r
,
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for every r, 0 ≤ r < 1.
Now it is important to link and motivate such an inequality with one of Dolzhenko’s inequality

[Do] : let f be a rational function of degree n with poles in D− and let B
1
2
2, 2 be the analytic Besov

space of all f(z) =
∑

k≥0 f̂(k)z
k satisfying

‖f‖
B

1
2
2, 2

=:

(
∑

k≥0

(k + 1)
∣∣∣f̂(k)

∣∣∣
2
) 1

2

< ∞,

then
‖f‖

B
1
2
2, 2

≤ c
√
n ‖f‖H∞ , (3)

where ‖f‖H∞ = supζ∈T |f(ζ)| and c is a numerical constant. Notice that on one hand, inequality
(3) was generalized by Danchenko [Da] for Hardy-Besov spaces. On the other hand, another
generalization of (3) follows from a result of Peller [Pel] on best rational approximations for some
class of Besov spaces, in BMOA : the space of all analytic functions of the bounded mean oscillation
on D. Later, Pekarskii [Pek] generalized and strengthened the results of Peller and Danchenko.
An interesting motivation for such inequalities is to apply it to “ inverse theorems of rational
approximation ”.

Here, the link between inequalities (1) and (3) is that
∥∥f ′
∥∥
L2
a
is comparable with ‖f‖

B
1
2
2, 2

.

Indeed,

‖f‖2
B

1
2
2, 2

=
∥∥∥f ′

∥∥∥
2

L2
a

+ ‖f‖2H2 .

In particular, a corollary of our result is that if f is a rational functions in D having at most n

poles all outside of 1
r
D, then

‖f‖
B

1
2
2, 2

≤ B̃(n, r)

√
n

1− r
‖f‖H2 , (4)

where supnB̃(n, r) ≤
√
1 + r for all r ∈ [0, 1), which is a Dolzhenko-type inequality and could be

comparated with (3) : the H∞− norm is replaced by the H2− norm wich is smaller, but another
parameter “ r “ appears with a factor 1√

1−r
. In the same spirit, we find an inequality for

sup ‖Id‖(
KB, ‖.‖

L2
a

)

→H2 = B̃n, r,

(Id is the identity operator and sup is over all B with given n = deg B and r = max λ∈σ |λ|), which
is asymptotically sharp as n → ∞ for all r ∈ [0, 1). Indeed,

B̃n, r = C̃n, r + 1.

In particular, there exists a limit

limn→∞
B̃n, r√

n
= limn→∞

C̃n, r√
n

=

√
1 + r

1− r
,

for every r, 0 ≤ r < 1.
In Section 2, we apply inequality (1) to an effective estimate of a Nevanlinna-Pick type inter-

polation constant in the Dirichlet space, constrained by the H2−norm.
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In Section 3, we give a Bernstein-type inequality for the same class of rational functions f in
D having at most n poles all outside of 1

r
D,

∥∥∥f ′

∥∥∥
L2
a

≤ B(n, r)
n

1− r
‖f‖L2

a
, (5)

where B(n, r) = 20
1
4

(
1 + r + 1√

n

)
. We prove that inequality (5) is asymptotically sharp as n → ∞

and r → 1 in the following sense : if n ≥ 2, there exists fn ∈ Hα such that

∥∥f ′

n

∥∥
L2
a

‖fn‖L2
a

∼ 1

2

n

1− r
,

as r tends to 1. Finally, in Section 4, we generalize inequality (5) replacing the Bergman norm

‖.‖L2
a
by weighted-Bergman norms ‖.‖Hα

for positive α. We recall that the space Hα = l2a

(
1

(k+1)α

)
,

α ≥ 0 is defined to be the Hardy weighted space of all f(z) =
∑

k≥0 f̂(k)z
k satisfying

‖f‖Hα
=:

(
∑

k≥0

1

(k + 1)2α

∣∣∣f̂(k)
∣∣∣
2
) 1

2

< ∞.

It is also important to recall that

Hα = L2
a

((
1− |z|2

)2α−1
dA
)
, α > 0,

where L2
a

((
1− |z|2

)β
dA
)
, β > −1, stand for the Bergman weighted spaces of all holomorphic

functions f such that

‖f‖Hα
=

(
ˆ

D

|f(z)|2
(
1− |z|2

)β
dA

) 1
2

< ∞.

Notice also that H2 = H0 and L2
a = H− 1

2
. We get

∥∥∥f ′

∥∥∥
Hα

≤ Kα
n

1− r
‖f‖Hα

, (6)

where Kα is a constant depending on α only. We prove that inequality (6) is asymptotically sharp
as n → ∞ and r → 1 in the following sense : if n > α+ 1, there exists fn ∈ Hα such that

∥∥f ′

n

∥∥
Hα

‖fn‖Hα

∼ 1

2

n

1− r
,

as r tends to 1.

II. A first Bernstein-type inequality in L2
a

Theorem 2.1
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Let n ≥ 1, σ = {λ1, ..., λn} be a sequence in the unit disc D, and Bσ the finite Blaschke product
Bσ = Πn

i=1bλi
, where bλ = λ−z

1−λz
is an elementary Blaschke factor for λ ∈ D. Let also KBσ

be the

n-dimensional subspace of H2 defined by

KBσ
= (BσH

2)⊥ = H2ΘBσH
2.

Let D be the operator of differentiation on
(
KBσ

, ‖‖L2
a

)
:

D :
(
KBσ

, ‖.‖L2
a

)
→
(
H2, ‖.‖H2

)

f 7→ f
′

.

For r ∈ [0, 1) and n ≥ 1 , we set

C̃n, r = sup
{
‖D‖KBσ→H2 : 1 ≤ #σ ≤ n, |λ| ≤ r ∀λ ∈ σ

}
.

Then, if n = 1 and σ = {λ}, we have

‖D‖KBσ→H2 = |λ| .

If n ≥ 2, we have
C̃n, r ≤

√
Cn, r,

and

ã(n, r)

√
n

1− r
≤ C̃n, r ≤ Ã(n, r)

√
n

1− r
,

where

ã(n, r) ≥
(
1− 1− r

n

) 1
2

,

and

Ã(n, r) ≤
(
1 + r +

1√
n

) 1
2

.

(ii) Moreover, the sequence (
1√
n
C̃n, r

)

n≥1

,

is convergent and

limn→∞
1√
n
C̃n, r =

√
1 + r

1− r
,

for all r ∈ [0, 1).

Proof.

Proof of (i). The case n = 1. In this case, KB = Ce1 , where

e1 =

(
1− |λ|2

) 1
2

1− λz
, |λ| ≤ r,

5



(e1 being of norm 1 in H2). Calculating,

e
′

1 =
λ
(
1− |λ|2

) 1
2

(
1− λz

)2 ,

and ∥∥∥e′

1

∥∥∥
L2
a

= |λ|
(
1− |λ|2

) 1
2

∥∥∥∥∥
1

(
1− λz

)2

∥∥∥∥∥
L2
a

=

= |λ|
(
1− |λ|2

) 1
2

(
∑

k≥0

k + 1

k + 1
|λ|2k

) 1
2

= |λ|
(
1− |λ|2

) 1
2

1(
1− |λ|2

) = |λ| ,

we get

∥∥D|KBσ

∥∥ = |λ| .

The case n ≥ 2. First, we show the right hand side inequality. Using both Cauchy-Schwarz
inequality and the fact that f̂ ′(k) = (k + 1)f̂(k + 1) for all k ≥ 0, we get

∥∥∥f ′

∥∥∥
2

L2
a

=
∑

k≥0

∣∣∣f̂ ′(k)
∣∣∣
2

k + 1
=
∑

k≥0

(k + 1)2
∣∣∣f̂(k + 1)

∣∣∣
2

k + 1
=

=
∑

k≥1

k
∣∣∣f̂(k)

∣∣∣
2

≤
(
∑

k≥1

k2
∣∣∣f̂(k)

∣∣∣
2
) 1

2
(
∑

k≥1

∣∣∣f̂(k)
∣∣∣
2
) 1

2

=

=
∥∥∥f ′

∥∥∥
H2

‖f‖H2 ≤ Cn, r ‖f‖2H2 ,

and hence, ∥∥∥f ′

∥∥∥
L2
a

≤
√

Cn, r ‖f‖H2 ,

which means
C̃n, r ≤

√
Cn, r .

Now, we show the left-hand-side one. Let

en =
(1− r2)

1
2

1− rz
bn−1
r .

Then en ∈ Kbnr and ‖en‖2 = 1, (see [N1], Malmquist-Walsh Lemma, p.116). Moreover,

e
′

n =
r (1− r2)

1
2

(1− rz)2
bn−1
r + (n− 1)

(1− r2)
1
2

1− rz
b
′

rb
n−2
r =

= − r

(1− r2)
1
2

b
′

rb
n−1
r + (n− 1)

(1− r2)
1
2

1− rz
b
′

rb
n−2
r ,

6



since b
′

r =
r2−1

(1−rz)2
. Then,

e
′

n = b
′

r

[
− r

(1− r2)
1
2

bn−1
r + (n− 1)

(1− r2)
1
2

1− rz
bn−2
r

]
,

and

∥∥∥e′

n

∥∥∥
2

L2
a

=
1

2π

ˆ

D

∣∣∣b′r(w)
∣∣∣
2

∣∣∣∣∣−
r

(1− r2)
1
2

(br(w))
n−1 + (n− 1)

(1− r2)
1
2

1− rw
(br(w))

n−2

∣∣∣∣∣

2

dm(w) =

=
1

2π

ˆ

D

∣∣∣b′r(w)
∣∣∣
2 ∣∣(br(w))n−2

∣∣2
∣∣∣∣∣−

r

(1− r2)
1
2

br(w) + (n− 1)
(1− r2)

1
2

1− rw

∣∣∣∣∣ dm(w),

which gives, using the variables u = br(w),

∥∥∥e′

n

∥∥∥
2

L2
a

=
1

2π

ˆ

D

∣∣un−2
∣∣2
∣∣∣∣∣−

r

(1− r2)
1
2

u+ (n− 1)
(1− r2)

1
2

1− rbr(u)

∣∣∣∣∣

2

dm(u).

But 1− rbr =
1−rz−r(r−z)

1−rz
= 1−r2

1−rz
and b

′

r ◦ br = r2−1
(1−rbr)

2 = − (1−rz)2

1−r2
. This implies

∥∥∥e′

n

∥∥∥
2

L2
a

=
1

2π

ˆ

D

∣∣un−2
∣∣2
∣∣∣∣∣−

r

(1− r2)
1
2

u+ (n− 1)
(1− r2)

1
2

1− r2
(1− ru)

∣∣∣∣∣

2

dm(u) =

=
1

(1− r2)

1

2π

ˆ

D

∣∣un−2
∣∣2 |(−ru+ (n− 1)(1− ru))|2 dm(u),

which gives ∥∥∥e′

n

∥∥∥
L2
a

=
1

(1− r2)
1
2

‖ϕn‖2 ,

where ϕn = zn−2 (−rz + (n− 1)(1− rz)) . Expanding, we get

ϕn = zn−2 (−rz + n− 1 + rz − nrz) =

= zn−2 (−nrz + n− 1) = (n− 1)zn−2 − nrzn−1,

and ∥∥∥e′

n

∥∥∥
2

L2
a

=
1

(1− r2)

(
(n− 1)2

n− 1
+

n2

n
r2
)

=

=
1

(1− r2)
(n(1 + r)− 1) =

n

(1− r) (1 + r)

(
(1 + r)− 1

n

)
=

=
n

1− r

(
1− 1− r

n

)
,

which gives

C̃n, r ≥
√

n

1− r

(
1− 1− r

n

) 1
2

.
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Proof of (ii). Step 1. We first prove the right-hand-side inequality:

limn→∞
1√
n
C̃n, r ≤

√
1 + r

1− r
,

which becomes obvious since
1√
n
C̃n, r ≤ 1√

n

√
Cn, r , .

and
1√
n

√
Cn, r →

√
1 + r

1− r
,

as n tends to infinity.

Step 2. We now prove the left-hand-side inequality :

limn→∞
1√
n
C̃n, r ≥

√
1 + r

1− r
.

More precisely, we show that

limn→∞
1√
n
‖D‖(

Kbnr
, ‖.‖

L2
a

)

→H2 ≥
√

1 + r

1− r
.

Let f ∈ Kbnr . Then,

f
′

= (f, e1)H2

r

(1− rz)
e1 +

n∑

k=2

(k − 1) (f, ek)H2

b
′

r

br
ek + r

n∑

k=2

(f, ek)H2

1

(1− rz)
ek =

= r

n∑

k=1

(f, ek)H2

1

(1− rz)
ek +

1− r2

(1− rz)(z − r)

n∑

k=2

(k − 1) (f, ek)H2 ek =

=
r (1− r2)

1
2

(1− rz)2

n∑

k=1

(f, ek)H2 b
k−1
r +

(1− r2)
3
2

(1− rz)2(z − r)

n∑

k=2

(k − 1) (f, ek)H2 b
k−1
r =

= −b
′

r

[
r

(1− r2)
1
2

n∑

k=1

(f, ek)H2 b
k−1
r +

(1− r2)
1
2

z − r

n∑

k=2

(k − 1) (f, ek)H2 b
k−1
r

]
.

Now using the change of variables v = br(u), we get

∥∥∥f ′

∥∥∥
2

L2
a

=

ˆ

D

∣∣∣b′r(u)
∣∣∣
2

∣∣∣∣∣
r

(1− r2)
1
2

n∑

k=1

(f, ek)H2 b
k−1
r +

(1− r2)
1
2

u− r

n∑

k=2

(k − 1) (f, ek)H2 b
k−1
r

∣∣∣∣∣

2

du =

=

ˆ

D

∣∣∣∣∣
r

(1− r2)
1
2

n∑

k=1

(f, ek)H2 v
k−1 +

(1− r2)
1
2

br(v)− r

n∑

k=2

(k − 1) (f, ek)H2 v
k−1

∣∣∣∣∣

2

dv.

But

br − r =
r − z − r(1− rz)

1− rz
=

z(r2 − 1)

1− rz
,

8



which gives

∥∥∥f ′

∥∥∥
2

L2
a

=

ˆ

D

∣∣∣∣∣
r

(1− r2)
1
2

n∑

k=1

(f, ek)H2 v
k−1 +

(1− r2)
1
2

v(r2 − 1)
(1− rv)

n∑

k=2

(k − 1) (f, ek)H2 v
k−1

∣∣∣∣∣

2

dv =

=
1

1− r2

ˆ

D

∣∣∣∣∣r
n∑

k=1

(f, ek)H2 v
k−1 − (1− rv)

n∑

k=2

(k − 1) (f, ek)H2 v
k−2

∣∣∣∣∣

2

dv =

=
1

1− r2

ˆ

D

∣∣∣∣∣r
n−1∑

k=0

(f, ek+1)H2 v
k − (1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∣∣∣∣∣

2

dv.

But ∥∥∥∥∥r
n−1∑

k=0

(f, ek+1)H2 v
k

∥∥∥∥∥
L2
a

≤ r

(
n−1∑

k=0

1

k + 1
|(f, ek+1)H2|2

)1/2

≤

≤ r ‖f‖H2 ,

and in particular

limn→∞
1

n ‖f‖H2

∥∥∥∥∥r
n−1∑

k=0

(f, ek+1)H2 v
k

∥∥∥∥∥
L2
a

= 0.

Now,

(1− rv)
n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k =

=

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k − r

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k+1 =

=

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k − r

n−1∑

k=1

k (f, ek+1)H2 v
k =

= (f, e2)H2 + 2 (f, e3)H2 v +
n−2∑

k=2

[(k + 1) (f, ek+2)H2 − rk (f, ek+1)H2 ] v
k+

−r
[
(f, e2)H2 v + (n− 1) (f, en)H2 v

n−1
]
=

= (f, e2)H2 + [(f, e3)H2 − r (f, e2)H2 ] v +
n−2∑

k=2

[(k + 1) (f, ek+2)H2 − rk (f, ek+1)H2 ] v
k+

−r(n− 1) (f, en)H2 v
n−1 .

Since

1

‖f‖
H2

√
n(1−r2)



∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

+

∥∥∥∥∥r
n−1∑

k=0

(f, ek+1)H2 v
k

∥∥∥∥∥
L2
a


 ≥

≥ 1
√
n

∥∥f ′
∥∥
L2
a

‖f‖H2

≥

9



≥ 1

‖f‖
H2

√
n(1−r2)



∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

−
∥∥∥∥∥r

n−1∑

k=0

(f, ek+1)H2 v
k

∥∥∥∥∥
L2
a


 ,

and

limn→∞
1

‖f‖
H2

√
n

∥∥∥∥∥r
n−1∑

k=0

(f, ek+1)H2 v
k

∥∥∥∥∥
L2
a

= 0,

we get that

1√
1 + r

limn→∞
1

‖f‖
H2

√
n

∥∥∥∥∥(1− rv)
n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

≥

≥ limn→∞

√
1− r

n

∥∥f ′
∥∥
L2
a

‖f‖H2

≥

≥ 1√
1 + r

limn→∞
1

‖f‖
H2

√
n

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

.

This gives

limn→∞

√
1− r

n

∥∥f ′
∥∥
L2
a

‖f‖H2

=
1√
1 + r

limn→∞
1

‖f‖
H2

√
n

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

.

But

= (f, e2)H2 + [(f, e3)H2 − r (f, e2)H2 ] v +

n−2∑

k=2

[(k + 1) (f, ek+2)H2 − rk (f, ek+1)H2 ] v
k+

−r(n− 1) (f, en)H2 v
n−1 .

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

= |(f, e2)H2 |2+

+
1

2
|(f, e3)H2 − r (f, e2)H2|2 +

1

n
r4(n− 1)2 |(f, en)H2 |2 +

+

n−2∑

k=2

∣∣∣∣(f, ek+2)H2 −
rk

k + 1
(f, ek+1)H2

∣∣∣∣
2

.

Now, let s = sn be a sequence of even integers such that

• limn→∞sn = ∞ and

• sn = o(n) as n → ∞.

Then we consider the following function f in Kbnr :

f = en − en−1 + en−2 − en−3 + ... + (−1)ken−k + ... + en−s − en−s−1 + en−s−2 =

=

s+2∑

k=0

(−1)ken−k.

10



With such an f , we get

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

= |(f, e2)H2 |2+

+
1

2
|(f, e3)H2 − r (f, e2)H2|2 +

1

n
r4(n− 1)2 |(f, en)H2 |2 +

+
n−2∑

k=2

(k + 1)

∣∣∣∣(f, ek+2)H2 −
rk

k + 1
(f, ek+1)H2

∣∣∣∣
2

.

∥∥∥∥∥(1− rv)
n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

=

= r4
(n− 1)2

n
+

+
n−2∑

l=2

(n− l + 1)

∣∣∣∣(f, en−l+2)H2 −
r(n− l)

n− l + 1
(f, en−l+1)H2

∣∣∣∣
2

,

setting the change of index l = n− k in the last sum. This finally gives

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

=

= r4
(n− 1)2

n
+

s+1∑

l=2

(n− l + 1)

∣∣∣∣1 +
r(n− l)

n− l + 1

∣∣∣∣
2

=

= r4
(n− 1)2

n
+

s+1∑

l=2

(n− l + 1)

[
1 + r

(
1− 1

n− l + 1

)]2

And ∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

≥

≥ r4
(n− 1)2

n
+ (s+ 1− 2 + 1)(n− (s+ 1) + 1)

[
1 + r

(
1− 1

n− (s+ 1) + 1

)]2
=

= r4
(n− 1)2

n
+ s(n− s)

[
1 + r

(
1− 1

n− s

)]2
.

In particular,

∥∥∥∥∥(1− rv)2
n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

L2
a

≥ s(n− s)

[
1 + r

(
1− 1

n− s

)]2
.

Now, since
‖f‖2H2 = s+ 3 = sn + 3,

11



we get

limn→∞
1

n ‖f‖2H2

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥

2

2

≥

≥ limn→∞
1

n ‖f‖2H2

‖f‖2H2

(
n− ‖f‖2H2

) [
1 + r

(
1− 1

n− s

)]2
=

= limn→∞

(
1− sn

n

)[
1 + r

(
1− 1

n− s

)]2
= (1 + r)2 .

We can now conclude that

limn→∞

√
1− r

n

∥∥f ′
∥∥
L2
a

‖f‖H2

=
1√
1 + r

limn→∞
1

‖f‖
H2

√
n

∥∥∥∥∥(1− rv)

n−2∑

k=0

(k + 1) (f, ek+2)H2 v
k

∥∥∥∥∥
L2
a

≥

≥ 1 + r√
1 + r

=
√
1 + r ,

and

limn→∞

√
1− r

n
‖D‖Kbnr

→H2 ≥ limn→∞

√
1− r

n

∥∥f ′
∥∥
L2
a

‖f‖H2

≥
√
1 + r .

Step 3. Conclusion. Using both Step 1 and Step 2, we get

limn→∞

√
1− r

n
C̃n, r = limn→∞

√
1− r

n
C̃n, r = 1 + r,

which means that the sequence
(
1
n
Cn, r

)
n≥1

is convergent and

limn→∞
1√
n
C̃n, r =

√
1 + r

1− r
. �

Now, in order to “compare” our result to Dolzhenko’s inequality [Do], mentioned in the introduc-
tion, we give the following corollary.

Corollary 2.2

Let n ≥ 1, σ = {λ1, ..., λn} be a sequence in the unit disc D, and Bσ the finite Blaschke product
Bσ = Πn

i=1bλi
, where bλ = λ−z

1−λz
is an elementary Blaschke factor for λ ∈ D. Let also KBσ

be the

n-dimensional subspace of H2 defined by

KBσ
= (BσH

2)⊥ = H2ΘBσH
2.

Let Id be the identity operator on

(
KBσ

, ‖.‖
B

1
2
2, 2

)
:

Id :

(
KBσ

, ‖.‖
B

1
2
2, 2

)
→
(
H2, ‖.‖H2

)

f 7→ f .

12



For r ∈ [0, 1) and n ≥ 1 , we set

B̃n, r = sup
{
‖D‖KBσ→H2 : 1 ≤ #σ ≤ n, |λ| ≤ r ∀λ ∈ σ

}
.

Then
B̃n, r = C̃n, r + 1,

for all n ≥ 1 and r ∈ [0, 1). In particular, the sequence

(
1√
n
B̃n, r

)

n≥1

,

is convergent and

limn→∞
1√
n
B̃n, r =

√
1 + r

1− r
,

for all r ∈ [0, 1).

Proof. Indeed,

∥∥∥f ′

∥∥∥
2

L2
a

=
∑

k≥1

k
∣∣∣f̂(k)

∣∣∣
2

=
∑

k≥1

(k + 1)
∣∣∣f̂(k)

∣∣∣
2

−
∑

k≥1

∣∣∣f̂(k)
∣∣∣
2

=

=

(
‖f‖2

B
1
2
2, 2

−
∣∣∣f̂(0)

∣∣∣
2
)
−
(
‖f‖2H2 −

∣∣∣f̂(0)
∣∣∣
2
)

= ‖f‖2
B

1
2
2, 2

− ‖f‖2H2 ,

for every f ∈ KB. Then,
‖f‖2

B
1
2
2, 2

‖f‖2H2

= 1 +

∥∥f ′
∥∥2
L2
a

‖f‖2H2

.

Taking the supremum over all f ∈ KB of norm 1 in H2, this gives

B̃n, r = C̃n, r + 1 ,

which completes the proof, applying Theorem 2.1. �

III. Interpolation in the Dirichlet space

Let X and Y two Banach spaces of holomorphic functions on the unit disc D such that X ⊃ Y ,
and a finite set σ = {λ1, ..., λn} ⊂ D . Following [Z2] and [Z3], we consider the following
interpolation constant

c (σ, X, Y ) = supf∈X, ‖f‖X≤1inf
{
‖g‖Y : g|σ = f|σ

}
,

and
Cn, r(X, Y ) = sup {c(σ,X, Y ) : #σ ≤ n , ∀j = 1..n, |λj | ≤ r} .

It has already been proved in [Z2] that for X = H2 and Y = H∞,

13



1

4
√
2

√
n√

1− r
≤ c

(
σn, r, H

2, H∞) ≤ Cn, r
(
H2, H∞) ≤

√
2

√
n√

1− r
,

a question especially stimulated by L. Baratchart (a part of a more complicated question arising
in an applied situation in [BL1] and [BL2]) : given a set σ ⊂ D, how to estimate c (σ, H2, H∞) in
terms of n = card(σ) and maxλ∈σ |λ| = r only?

Here, we replace the algebra H∞ by the Dirichlet space D all f(z) =
∑

k≥0 f̂(k)z
k satisfying

‖f‖2D :=
∣∣∣f̂(0)

∣∣∣
2

+
∑

k≥1

k
∣∣∣f̂(k)

∣∣∣
2

< ∞.

Notice that D coincides with the Besov space B
1
2
2, 2 : the spaces are the same and the norms are

equivalent. We show that the “gap” between X = H2 and Y = H∞ is asymptotically the same as
the one which exists between X = H2 and Y = D .

Corollary 3.1. Let σ be a sequence in D. Then,

c
(
σ, H2, D

)
≤
(
C̃2

n, r + 1
) 1

2
.

Indeed, let H = D and B = Bσ the finite Blaschke product corresponding to σ. We recall that
PB is the orthogonal projection of H onto KB = KB(H

2). If f ∈ H2, let g = PBf ∈ KB . Then
g − f ∈ BH2 and

‖g‖2D = |ĝ(0)|2 +
∑

k≥1

k |ĝ(k)|2 =

=
∥∥∥g′

∥∥∥
2

L2
a

+ |ĝ(0)|2 .

Now, using Theorem 2.1, ∥∥∥g′

∥∥∥
2

L2
a

≤ Cn, r ‖g‖2H2 ,

which gives
‖g‖2D ≤ (Cn, r + 1) ‖g‖2H2 .

Using the fact that ‖g‖H2 = ‖PBf‖H2 ≤ ‖f‖H2 , we finally get

‖g‖D ≤ (Cn, r + 1)
1
2 ‖f‖H2 ,

and as a result,

c
(
σ, H2, D

)
≤ (Cn, r + 1)

1
2 . �

Theorem 3.2. Let n ≥ 1, λ ∈ D and r ∈ [0, 1) . We consider σn, λ = {λ, ..., λ}, a one-point set
of multiplicity n. Then,
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c
(
σn, λ, H

2, D
)
≥
√

n

1− |λ|

[
(1 + |λ|)2 − 2

n
− 2|λ|

n

2(1 + |λ|)

] 1
2

.

In particular,

√
n

1− r

[
(1 + r)2 − 2

n
− 2r

n

2(1 + r)

] 1
2

≤ Cn, r
(
H2, D

)
≤ (Cn, r + 1)

1
2 ,

√
1+r
2

1− r
≤ limn→∞

Cn, r (H2, D)√
n

≤ limn→∞
Cn, r (H2, D)√

n
≤
√

1 + r

1− r

and
√
2

2
≤ limr→1limn→∞

√
1− r

n
Cn, r

(
H2, D

)
≤ limr→1limn→∞

√
1− r

n
Cn, r

(
H2, D

)
≤

√
2 .

Proof. 1) We set

f =

n−1∑

k=0

(1− |λ|2) 1
2 bkλ
(
1− λz

)−1
.

Then ‖f‖22 = n,

2) Since the spaces H2 and D are rotation invariant, we have c (σn, λ, H
2, D) = c (σn, µ, H

2, D)
for every λ, µ with |λ| = |µ| = r. Let λ = −r. To get a lower estimate for ‖f‖Hϕ/bnλHϕ

consider g
such that f − g ∈ bnλHol(D), i.e. such that f ◦ bλ − g ◦ bλ ∈ znHol(D).

3) First, we notice that

‖g ◦ bλ‖2D =
∥∥∥(g ◦ bλ)

′

∥∥∥
2

L2
a

+ |g(bλ(0))|2 = ‖bλ.(g′ ◦ bλ)‖2L2
a
+ |g(−r)|2 =

=

ˆ

D

|bλ(u)|2 |g′(bλ(u))|2 du+ |g(−r)|2 =
ˆ

D

|g′(w)|2 dw + |g(−r)|2 ,

using the changing of variables w = bλ(u). We get

‖g ◦ bλ‖2D = ‖g′‖2L2
a
+ |g(−r)|2 = ‖g‖2D + |g(−r)|2 − |g(0)|2 .,

and
‖g‖2D = ‖g ◦ bλ‖2D + |g(0)|2 − |g(−r)|2 =

= ‖g ◦ bλ‖2D + |g(0)|2 − |f(−r)|2 ≥
≥ ‖g ◦ bλ‖2D − |f(−r)|2 ,

but

|f(−r)|2 = |〈f, k−r〉|2 ≤ ‖f‖2H2

∥∥k2
−r

∥∥
H2 = ‖f‖2H2

1

1− r2
,

which gives

‖g‖2D ≥ ‖g ◦ bλ‖2D − ‖f‖2H2

1

1− r2
.
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Now, we notice that

f ◦ bλ =

n−1∑

k=0

zk
(1− |λ|2) 1

2

1− λbλ(z)
=
(
1− |λ|2

)− 1
2

(
1 + (1− λ)

n−1∑

k=1

zk − λzn

)
=

= (1− r2)−
1
2

(
1 + (1 + r)

n−1∑

k=1

zk + rzn

)
.

4) Next,

‖g ◦ bλ‖2D =
∑

k≥0

(k + 1)
∣∣∣ĝ ◦ bλ(k)

∣∣∣
2

≥

≥
n−1∑

k=0

(k + 1)
∣∣∣ĝ ◦ bλ(k)

∣∣∣
2

=
n−1∑

k=0

(k + 1)
∣∣∣f̂ ◦ bλ(k)

∣∣∣
2

,

since ĝ ◦ bλ(k) = f̂ ◦ bλ(k) , ∀ k ∈ [0, n− 1] . This gives

‖g ◦ bλ‖2D ≥ 1

1− r2

(
1 + (1 + r)2

n−1∑

k=1

(k + 1) + (n+ 1)r2

)
=

=
1

1− r2

(
1 + (1 + r)2

(
n− 1 +

n(n− 1)

2

)
+ (n+ 1)r2

)
=

=
1

1− r2

(
1 + (1 + r)2

(
n2 + n− 2

2

)
+ (n + 1)r2

)
≥ (1 + r)2

1− r2

(
n2 + n− 2

2

)
≥

≥ n2

1− r2
(1 + r)2

2
=

n

1− r

1 + r

2
‖f‖2H2 ,

for all n ≥ 2, since ‖f‖H2 = n .

‖g‖2D ≥ n

1− r

1 + r

2
‖f‖2H2 −

1

1− r2
‖f‖2H2 =

=
1

1− r

[
1 + r

2
n− 1

1 + r

]
‖f‖2H2 =

=
n

1− r

[
1 + r

2
−

1
n

1 + r

]
‖f‖2H2 =

n

1− r

[
(1 + r)2 − 2

n
− 2r

n

2(1 + r)

]
‖f‖2H2 .

In particular,

Cn, r
(
H2, D

)
≥
√

n

1− r

[
(1 + r)2 − 2

n
− 2r

n

2(1 + r)

] 1
2

. �

IV. A second Bernstein-type inequality in L2
a

Theorem 4.1.
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Let n ≥ 1, σ = {λ1, ..., λn} be a sequence in the unit disc D, and Bσ the finite Blaschke product
Bσ = Πn

i=1bλi
, where bλ = λ−z

1−λz
is an elementary Blaschke factor for λ ∈ D. Let also KBσ

be the

n-dimensional subspace of H2 defined by

KBσ
= (BσH

2)⊥ = H2ΘBσH
2.

Let D be the operator of differentiation on
(
KBσ

, ‖‖L2
a

)
:

D :
(
KBσ

, ‖.‖L2
a

)
→
(
L2
a, ‖.‖L2

a

)

f 7→ f
′

.

For r ∈ [0, 1) and n ≥ 1 , we set

Bn, r = sup
{
‖D‖KBσ→L2

a
: 1 ≤ #σ ≤ n, |λ| ≤ r ∀λ ∈ σ

}
.

Then
Bn, r ≤ 20

1
4Cn, r.

The inequality is asymptotically sharp as n → ∞ and r → 1 in the following sense : if n ≥ 2,
there exists fn ∈ L2

a such that ∥∥f ′

n

∥∥
L2
a

‖fn‖L2
a

∼ 1

2

n

1− r
,

as r tends to 1.

Proof. We already know (Theorem 2.1) that

∥∥∥f ′

∥∥∥
L2
a

≤
√

Cn, r ‖f‖H2 .

Using Hölder’s inequality setting p = 3, p′ = 3
2
, x = 2

3
so as 1

p
+ 1

p′
= 1 and,





px = 2
p′x = 1

p′(2− x) = 2
,

we get

‖f‖2H2 =
∑

k≥0

∣∣∣f̂(k)
∣∣∣
2

=
∑

k≥0

(k + 1)x
∣∣∣f̂(k)

∣∣∣
x

∣∣∣f̂(k)
∣∣∣
2−x

(k + 1)x
≤

≤
(
∑

k≥0

(k + 1)px
∣∣∣f̂(k)

∣∣∣
px
) 1

p



∑

k≥0

∣∣∣f̂(k)
∣∣∣
p′(2−x)

(k + 1)p′x




1
p′

=

=

(
∑

k≥0

(k + 1)2
∣∣∣f̂(k)

∣∣∣
2
) 1

3



∑

k≥0

∣∣∣f̂(k)
∣∣∣
2

k + 1




2
3

=
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=

(∣∣∣f̂(0)
∣∣∣
2

+
∑

k≥1

(k + 1)2
∣∣∣f̂(k)

∣∣∣
2
) 1

3

‖f‖
4
3

L2
a
≤

≤
(∣∣∣f̂(0)

∣∣∣
2

+ supk≥1

{(
k + 1

k

)2
}
∑

k≥1

k2
∣∣∣f̂(k)

∣∣∣
2
) 1

3

‖f‖
4
3

L2
a
=

=

(∣∣∣f̂(0)
∣∣∣
2

+ 22
∥∥∥f ′

∥∥∥
2

H2

) 1
3

‖f‖L2
a
≤
(
‖f‖2H2 + 4

∥∥∥f ′

∥∥∥
2

H2

) 1
3

‖f‖
4
3

L2
a
≤

≤
(
‖f‖2H2 + 4C2

n, r ‖f‖2H2

) 1
3 ‖f‖

4
3

L2
a
=
(
1 + 4C2

n, r

) 1
3 ‖f‖

2
3

H2 ‖f‖
4
3

L2
a
,

using the definition of Cn, r. This gives

‖f‖2H2 ≤
(
1 + 4C2

n, r

) 1
3 ‖f‖

2
3

H2 ‖f‖
4
3

L2
a
,

which means
‖f‖

4
3

H2 ≤
(
1 + 4C2

n, r

) 1
3 ‖f‖

4
3

L2
a
,

or equivalently

‖f‖H2 ≤
(
1 + 4C2

n, r

) 1
4 ‖f‖L2

a
.

Finally,
∥∥∥f ′

∥∥∥
L2
a

≤
√
Cn, r

(
1 + 4C2

n, r

) 1
4 ‖f‖L2

a
= Cn, r

(
4 +

1

C2
n, r

) 1
4

‖f‖L2
a
.

But
1

Cn, r
≤ 1

a(n, r)

1− r

n
≤

≤ 1 + r
(
1 + 5r4 − 4r4

n
−min

(
3
4
, 2

n

)) 1
2

1− r

n
≤ 2
(
1− 3

4

) 1
2

1− r

n
=

= 4
1− r

n
≤ 4 .

As a result, ∥∥∥f ′

∥∥∥
L2
a

≤ 20
1
4Cn, r ‖f‖L2

a
.

In order to prove that this inequality is asymptotically sharp as n → ∞ and r → 1, it is sufficient
to consider fn = 1

(1−rz)n
. Then ∥∥f ′

n

∥∥
L2
a

‖fn‖L2
a

∼ 1

2

n

1− r
,

as r → 1. Indeed, recalling that

‖g‖2Hα
=

ˆ

D

|g(z)|2 dA,

for all g ∈ L2
a, and setting

Ic, t(λ) =

ˆ

D

(
1− |z|2

)t
∣∣1− λz

∣∣2+t+cdA,

18



we get ∥∥f ′

n

∥∥2
L2
a

‖fn‖2L2
a

= r2n2 I2n,0(r)

I2n−2, 0(r)
∼ n2

1
(1−r2)2n

1
(1−r2)2n−2

∼
(

n

1− r2

)2

,

as r tends to 1, (see [Zhu] Chapter 4, or equivalently [HeKoZh]). This gives

∥∥f ′

n

∥∥
L2
a

‖fn‖L2
a

∼ 1

1 + r

n

1− r
∼ 1

2

n

1− r
,

as r tends to 1.

V. Bernstein-type inequalities in weighted Bergman spaces

In this Section, we generalize Theorem 4.1 to the case of spaces Hα = l2a

(
1

(k+1)α

)
, α ≥ 0 .

Theorem 5.1.

Let n ≥ 1, σ = {λ1, ..., λn} be a sequence in the unit disc D, and Bσ the finite Blaschke product
Bσ = Πn

i=1bλi
, where bλ = λ−z

1−λz
is an elementary Blaschke factor for λ ∈ D. Let also KBσ

be the

n-dimensional subspace of H2 defined by

KBσ
= (BσH

2)⊥ = H2ΘBσH
2.

Let D be the operator of differentiation on
(
KBσ

, ‖.‖Hα

)
:

D :
(
KBσ

, ‖.‖Hα

)
→
(
Hα, ‖.‖Hα

)

f 7→ f
′

.

For r ∈ [0, 1) and n ≥ 1 , we set

Bα
n, r = sup

{
‖D‖KBσ→Hα

: 1 ≤ #σ ≤ n, |λ| ≤ r ∀λ ∈ σ
}
.

Then
Bα

n, r ≤ KαCn, r ,

where Kα = 2
α2

2(α+1) 20
α

2(α+1) , for all α ∈ R+ . The inequality is asymptotically sharp as n → ∞ and
r → 1 in the following sense : if n > α + 1, there exists fn ∈ Hα such that

∥∥f ′

n

∥∥
Hα

‖fn‖Hα

∼ 1

2

n

1− r
,

as r tends to 1.
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Proof . Let f ∈ Hα and p = α + 1, p′ = 1+α
α

≥ 1, t = 2
α+1

, so as 1
p
+ 1

p′
= 1 and





pt = 2
p′(2(1− α)− t) = −2α

p′(2− t) = 2
.

Then

∥∥∥f ′

∥∥∥
2

Hα

=
∑

k≥0

(k + 1)2
∣∣∣f̂(k + 1)

∣∣∣
2

(k + 1)2α
=
∑

k≥0

(k + 1)2(1−α)
∣∣∣f̂(k + 1)

∣∣∣
2

=

=
∑

k≥0

(k + 1)t
∣∣∣f̂(k + 1)

∣∣∣
t

(k + 1)2(1−α)−t
∣∣∣f̂(k + 1)

∣∣∣
2−t

.

Using Hölder’s inequality, we get

∥∥∥f ′

∥∥∥
2

Hα

≤
(
∑

k≥0

(k + 1)2
∣∣∣f̂(k + 1)

∣∣∣
2
) 1

p



∑

k≥0

∣∣∣f̂(k + 1)
∣∣∣
2

(k + 1)2α




1
p′

=

=
∥∥∥f ′

∥∥∥
2
p

H2



∑

k≥0

(
k + 2

k + 1

)α

∣∣∣f̂(k + 1)
∣∣∣
2

(k + 2)2α




1
p′

≤

≤ C
2
p
n, r ‖f‖

2
p

H2 supk≥0

{(
k + 2

k + 1

) α

p′

}

∑

k≥0

∣∣∣f̂(k + 1)
∣∣∣
2

(k + 2)2α




1
p′

≤

≤ 2
α

p′ C
2
p
n, r ‖f‖

2
p

H2

(
‖f‖2Hα

−
∣∣∣f̂(0)

∣∣∣
2
) 1

p′

≤

≤ 2
α

p′C
2
p
n, r ‖f‖

2
p

H2 ‖f‖
2
p′

Hα
.

Now let x = 2α
α+1

, so as 



p′x = 2
px = 2α

p(2− x) = 2
.

Using again Hölder’s inequality, we get

‖f‖2H2 =
∑

k≥0

∣∣∣f̂(k)
∣∣∣
2

=
∑

k≥0

(k + 1)x
∣∣∣f̂(k)

∣∣∣
x

∣∣∣f̂(k)
∣∣∣
2−x

(k + 1)x
≤

≤
(
∑

k≥0

(k + 1)p
′x
∣∣∣f̂(k)

∣∣∣
p′x
) 1

p′



∑

k≥0

∣∣∣f̂(k)
∣∣∣
p(2−x)

(k + 1)px




1
p

=
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=

(
∑

k≥0

(k + 1)2
∣∣∣f̂(k)

∣∣∣
2
) 1

p′



∑

k≥0

∣∣∣f̂(k)
∣∣∣
2

(k + 1)2α




2
p

=

=

(∣∣∣f̂(0)
∣∣∣
2

+
∑

k≥1

(k + 1)2
∣∣∣f̂(k)

∣∣∣
2
) 1

p′

‖f‖
2
p

Hα
≤

≤
(∣∣∣f̂(0)

∣∣∣
2

+ supk≥1

{(
k + 1

k

)2
}
∑

k≥1

k2
∣∣∣f̂(k)

∣∣∣
2
) 1

p′

‖f‖
2
p

Hα
=

=

(∣∣∣f̂(0)
∣∣∣
2

+ 22
∥∥∥f ′

∥∥∥
2

H2

) 1
p′

‖f‖
2
p

Hα
≤
(
‖f‖2H2 + 4

∥∥∥f ′

∥∥∥
2

H2

) 1
p′

‖f‖
2
p

Hα
≤

≤
(
‖f‖2H2 + 4C2

n, r ‖f‖2H2

) 1
p′ ‖f‖

2
p

Hα
=
(
1 + 4C2

n, r

) 1
p′ ‖f‖

2
p′

H2 ‖f‖
2
p

Hα
,

using the definition of Cn, r. This gives

‖f‖2−
2
p′

H2 ≤
(
1 + 4C2

n, r

) 1
p′ ‖f‖

2
p

Hα
,

which means

‖f‖
2
p

H2 ≤
(
1 + 4C2

n, r

) 1
p′ ‖f‖

2
p

Hα
.

Finally, ∥∥∥f ′

∥∥∥
2

Hα

≤ 2
α

p′ C
2
p
n, r ‖f‖

2
p

H2 ‖f‖
2
p′

Hα
≤

≤ 2
α

p′C
2
p
n, r

(
1 + 4C2

n, r

) 1
p′ ‖f‖

2
p

Hα
‖f‖

2
p′

Hα
=

= 2
α

p′C
2
p
n, r

(
1 + 4C2

n, r

) 1
p′ ‖f‖2Hα

=

= 2
α

p′ C
2
p
n, rC

2
p′

n, r

(
4 +

1

C2
n, r

) 1
p′

‖f‖2Hα
.

But we already know (see the proof of Theorem 4.1), that

1

Cn, r
≤ 4 .

As a result, ∥∥∥f ′

∥∥∥
2

Hα

≤ 2
α

p′C2
n, r (4 + 16)

1
p′ ‖f‖2Hα

,

or equivalently ∥∥∥f ′

∥∥∥
Hα

≤ 2
α2

2(α+1) 20
α

2(α+1)Cn, r ‖f‖Hα
.

In order to prove that this inequality is asymptotically sharp as r → 1, it is sufficient to consider
again fn = 1

(1−rz)n
, with n > α + 1

2
. Then

∥∥f ′

n

∥∥
Hα

‖fn‖Hα

∼ 1

2

n

1− r
,
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as r → 1. Indeed, recalling that

‖g‖2Hα
=

ˆ

D

|g(z)|2
(
1− |z|2

)2α−1
dA,

for all g ∈ Hα, and setting

Ic, t(λ) =

ˆ

D

(
1− |z|2

)t
∣∣1− λz

∣∣2+t+cdA,

we get ∥∥f ′

n

∥∥2
Hα

‖fn‖2Hα

= r2n2 I2(n−α)+1, 2α−1(r)

I2(n−α)−1, 2α−1(r)
∼ n2

1
(1−r2)2(n−α)+1

1
(1−r2)2(n−α)−1

∼
(

n

1− r2

)2

,

as r tends to 1, (see [Zhu] Chapter 4, or equivalently [HeKoZh]). This gives

∥∥f ′

n

∥∥
Hα

‖fn‖Hα

∼ 1

1 + r

n

1− r
∼ 1

2

n

1− r
,

as r tends to 1.

�
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