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Dedicated to Jacob Palis, whose enlighting conjectures motivated this paper

Abstract

This paper suggests a program for getting a global view of the dynamics of diffeomorphisms, from
the point of view of the C*-topology. More precisely, given any compact manifold M, one splits
Diff*(M) in disjoint C'-open regions whose union is C'-dense, and conjectures state that these
open set, and their complement, are characterized by the presence of

e cither a robust local phenomenon
e or a global structure forbiding this local phenomenon.
Other conjectures states that some of these regions are empty. This set of conjectures draws a global

view of the dynamics, putting in evidence the coherence of the numerous recent results on C'*-generic
dynamics.

1 Introduction

The diffeomorphisms whose dynamics is the simplest look like the gradient flow of a Morse function: all
the orbits flow down to hyperbolic periodic orbits; the whole manifold splits in the basins of the periodic
sinks; these basins are bounded by the stable manifolds of the saddle periodic orbits. The formalization
by Smale of this simple behavior, called Morse Smale diffeomorphisms, defines an open subset of the
space of all diffeomorphisms.

However, a simple robust phenomenon, discovered by Poincaré [Po| at the end of the 19th century,
prevents this open set to be dense: Poincaré noticed that the invariant (stable and unstable) manifolds
of a periodic saddle can meet transversely; such a transverse intersection point, called a transverse ho-
moclinic intersection, forces a chaotic behavior of the dynamics. This phenomenon, studied in particular
by Birkhoff, has been modelized by Smale’s hyperbolic theory (see [Sm]), leading to a nice combinatorial
description of the chaotic dynamics generated by homoclinic intersections. Then Smale defined a class of
diffeomorphism whose global dynamical behavior looks similar to the Morse-Smale ones, just substituting
the hyperbolic periodic orbits by hyperbolic basic sets. This class, called Aziom A + no cycle or +strong
transversality®, shortly named here hyperbolic systems, characterizes the stable (possibly chaotic) dynam-
ical systems. Hyperbolic systems are now considered as well understood from the topological and ergodic
points of view (see [Sh1],[PT, Chapter 0], [KH, Part 4] and [Bo]).

The hope that hyperbolic dynamics could describe most of dynamical systems (i.e. this open class
could be dense in the space of all diffeomorphisms), was broken in 1968 when Abraham and Smale exhibit
examples of C''-robustly non-hyperbolic systems in dimension 4 (see [AS]). At the same time Newhouse
[N, N1] exhibited a C%-open set of non-hyperbolic surface diffeomorphisms.

Then dynamicists concentrated most of the energy for understanding ”non-hyperbolicity”.

A first wave of results made impressive advances on critical one-dimensional behavior, non-uniform
hyperbolicity, and homoclinic tangencies. In particular, the dynamics of almost all one-dimensional maps
has now a nice, satisfactory description. Most of these results require some regularity, strictly more than
C'. Despite these results, a global view of dynamical systems in dimensions > 2 for the C"-topologies,
r > 1, seems beyond reach in a close future .

IThe Axiom A 4+ strong transversality diffeomorphisms are the diffeomorphisms which are structurally stable on the
whole manifold; the Axiom A + no cycle diffeomorphisms are structurally stable in restriction to the non-wandering set.



At the same time, other kind of results was developed by Mané and Liao for ending the hyperbolic
theory, proving the stability conjecture (stability implies hyperbolicity) for diffeomorphisms (see for
instance [Mag, Li]). This kind of tools, typical for the C'-topology, started with Pugh’s C!-closing
lemma and with Franks’ derivative perturbation lemma. Some extra difficulties for proving the stability
conjecture for flows lead Hayashi [Ha] to improve strongly the closing lemma, allowing to connect orbits
by C'-small perturbations. This has been the starting point of a new wave of results, explorating the
space of dynamical systems from the point of view of the C'-topology. This exploration leads to two
kinds of results:

e some results present robust or locally generic phenomena, that is some specific dynamical behavior
satisfied either on a C'-open subset of diffeomorphisms, or on a residual subset of it. For instance
[Sh, Ma;, BD;, BV] present open sets of robustly transitive diffeomorphism, and [BLY] present an
open set where C'-generic diffeomorphisms have no attractors nor repellers;

e other results announce that every diffeomorphisms satisfying (or avoiding) some robust phenomenon
admits some global structure. For instance, [Ma, DPU, BDP] prove that every robustly transistive
diffeomorphim admits a dominated splitting, and [Crz] proves the existence of a partially hyperbolic
structure, with at most two 1-dimensional central bundles for dynamical systems far from homoclinic
bifurcations.

The great variety of these robust phenomena may appear as disorganized, and some times leading to
opposite directions. It is not easy to find a coherence in all the possible robust behaviors.
Palis [Pa] proposed several conjectures giving goals for the study; for instance:

e (weak density conjecture): density, in the open set of diffeomorphisms far from the Morse-Smale,
of those presenting a transverse homoclinic intersections.

e density, in the open set of diffeomorphisms far from the hyperbolic dynamics, of those presenting a
homoclinic bifurcations (homoclinic tangencies and heterodimensional cycles) (see Conjecture 3).

e density of diffeomorphisms having finitely many attractors, whose basins cover a dense open set of
the manifold (see Conjecture 18).

Stated in any C"-topologies, some of these conjectures have been (at least partially) succesfull in the
Cl-topology: in this C! setting, the weak density conjecture as been proved in [PS, BGW, Crs] and
[Cry, CP] proved an essential part of Conjecture 3. These conjectures start an organization of the -
space of diffeomorphisms or vector-fields, and lead to a wish of a global panorama. However, Palis
conjectures and the known results are not yet enough for drawing the global picture. The aim of this
paper is to complete the panorama by proposing conjectures. We will use 3 dichotomies, splitting the
space Dif f1(M) in 8 disjoint regions (C'-open subsets) whose union is C'*'-dense:

e being far from tangencies / being robustly approachable by diffeomorphisms displaying homoclinic
tangencies;

e being far from heterodimensional cycles / being robustly approachable by diffeomorphisms display-
ing heterodimensional cycles;

e being tame, i.e., having robustly finitely many chain recurrence classes whose number is locally
constant / being wild i.e. far from tame diffeomorphisms.

We know that:

e the region tame diffeomorphisms far from tangencies and from heterodimensional cycles is the region
of hyperbolic systems.

e the region tame diffeomorphisms far from heterodimensional cycles but approachable by tangencies
is empty;

Conjectures by Palis and myself state that 3 other regions are empty (the regions wild diffeomorphisms
far from homoclinic tangencies or/and far from heterodimensional cycles). Examples prove that the 4
remaining regions are non-empty. This leads to a panorama with 4 non-trivial regions having an increasing
complexity of the dynamical behavior:



Figure 1: Conjectural map of Dif f1(M)

e the hyperbolic systems;

e the tame systems far from tangencies;

e the tame systems with robust tangencies;
e the wild systems.

I will try to present the dynamical behavior in each of this regions. The region corresponding to the wild
systems is certainly the less understood: I will try to organize it by proposing a characterization and by
splitting this region in natural sub-regions, see Picture 1.

Such a global panorama seems to be hopeless for the C"-topology, r > 1. It is tempting to ask if the
global picture of dynamical systems for the C'-topology can be useful for the C"-dynamics (allowing to
combine the technics of both fields). One important difficulty is that C"-generic dynamical systems are
nowhere C"*!. For instance, the global dynamics of C%-generic homeomorphisms is mostly understood?,
see [AHK], but their dynamics is very far from what we expect from C'-generic diffeomorphisms. For this
reason, the panorama I am proposing is based on robust properties (and not on generic properties): the
space Dif f1(M) is splitted in C'-open regions, whose union is C* dense. C'-open regions are C"-open
regions for any r > 1, so that the regions we define certainly make sense in any topology. However,
the C'-density does not imply the C"-density, and some C"-robust phenomena are not seen by this C'!
classification. Thus, certainly this panorama makes sense in any C"-topology, r > 1: it is just incomplete,
forgetting phenomena which require an extra regularity. For instance, the famous C2-robust tangencies
for surface diffeomorphisms, proved by Newhouse, is announced to be non-existing in the C'-topology.

In this paper I am proposing many conjectures. I do not strongly believe that each of them is true: in
my opinion, they are important problems and any answer would have a strong influence on our global view
of C'-dynamical systems. I always proposed the answer leading to the simplest panorama. A negative
answer to some of these conjectures will just add some new region, ensuring that some surprising behavior
appear in some open set of diffeomorphisms.

2C0_generic homeomorphisms have an uncountable family of quasi attractors whose union of the basins cover a residual
subset of the manifold; furthermore, in dimension > 2, generic orbits tends to quasi attractors which are adding machines;
however the basin of each quasi attractor is nowhere dense.
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2 Some definitions

This paper can certainly not be read without some background on the topological qualitative study of
dynamical systems. In this section, we just recall some classical definitions which are of constant use in
this paper.

We consider a diffeomorphism f of a closed manifold M.

2.1 Topological dynamics

Conley’s theory [Co] defines the chain recurrent set R(f): a point x is chain recurrent if there are periodic
e-pseudo-orbits through z, for every & > 0.

The chain recurrent set admits a natural partition in compact invariant sets called chain recurrence
classes: two points z,y € R(f) belong to the same class if one can go from z to y and from y to = by
e-pseudo orbits, for every € > 0. More generally, a set K is chain transitive if one can go from any point
of K to any point of K by e-pseudo orbits contained in K, for ¢ > 0.

A chain recurrence class C' is a (topological) attractor if it admits an open neighborhood U such that
the closure f(U) is contained in U and C' = [,y f"(U).

According to Hurley,[Hu], a chain recurrence class C' is a quasi attractor if it admits a basis U,, of
open neighborhoods such that f(U,) C U,.

An attracting region is some set U such that m is contained in the interior of U. A repelling region
is an attracting region of f~1. A filtrating region is the intersection U NV where U and V are attracting
and repelling regions, respectively. Conley’s theory shows that every chain recurrence class admits a basis
of neighborhoods which are filtrating regions.

2.2 Intersections of invariant manifolds.

If « is a hyperbolic periodic point, the homoclinic class H(z, f) is the closure of the transverse intersections
points of the invariant (stable and unstable) manifolds of the orbit of . It is a transitive invariant compact
set canonically associated to x, and contained in the chain recurrence class of . Two hyperbolic periodic
points = and y are homoclinically related if the stable manifold of each of them cuts transversally the
unstable manifold of the orbit of the other point. This defines an equivalence relation on the set of
hyperbolic perriodic points of f, and the homoclinic class H(z, f) is the closure of the class of x for this
relation.

A homoclinic tangency is a non-transverse intersection point of the stable and the unstable manifolds
of a hyperbolic periodic orbit.

The stable index of a hyperbolic periodic point z is the dimension of its stable manifold. A heterodi-
mensional cycle consists in two hyperbolic periodic points x, y with different stable indices, an intersection
point p of the stable manifold of the orbit of z with the unstable manifold of the orbit of y, and an in-
tersection point ¢ of the stable manifold of the orbit of y with the unstable manifold of the orbit of
x.

2.3 Dominated splittings

Let K be an invariant compact set. A dominated splitting on K is a splitting

T,M = E1(z) ® Ex(x) @ -+ @ Ex(x)



of the tangent space over the points x € K such that
e the dimensions dim(E;(z)) do not depend on z € K;
e the subbundles E; are D f-invariant: E;(f(z)) = Df(E;(x))

e there is n > 0 such that, for every z € K, for every 1 < i < j < k and every unit vector u € F;(x),
v € Ej(x) one has ||Df™(u)|| < 2|[Df"(v)||, where ||...|| denotes an Riemannian metrics on M.

In that case, we denote
TKM:E1@< EQEB< R Ey.

A subbundle E; of a dominated splitting is called uniformely contracting (resp. expanding) if there is
n > 0 such that the norm of the restriction D f"|g, (z) (resp.Df~"|g,(x)) is less than % for every z € K.
A subbundle F; is called hyperbolic if it is either uniformely contracting or uniformely expanding. The
non-hyperbolic subbundles of a dominated splitting are called central bundles.

A dominated splitting is partially hyperbolic if at least one of the subbundles F; or Ej is hyperbolic.
A dominated splitting is hyperbolic if it consists in two hyperbolic bundles, one being contracting and
the other being expanding.

A hyperbolic set is either a compact invariant set admiting a hyperbolic splitting, or a hyperbolic
periodic source or sink. A hyperbolic basic set is a transitive invariant compact set which is hyperbolic,
and which is the maximal invariant set in some neighborhood.

3 (Cl-perturbation lemmas

The main tools for understanding a dense subset of the space of dynamical systems are perturbation
lemmas: given a system, one tries to perturb it in order to create a specific dynamical phenomenon.
The progresses for a global view of dynamical systems for the C'-topology comes from C'-perturbation
lemmas, which are either wrong or unknown for the C"-topologies, for r > 1.

3.1 Why the C'-topology?

What is the specificity of the C'*'-topology?: it is invariant by rescaling. If you imagine some e-perturbation
creating some phenomenon, and you put this perturbation in a very small ball or radius §, it remains an
e-perturbation for the C'-topology. In other words, let us denote by Hy the homothety of ratio J; now,
given an e-C''-perturbation g of the identity map, supported on the unit disc, then Hs o g o Hgl is an
e-C'-perturbation of the identity map supported on the ball of radius §. In contrast, the C"-size of this
perturbation will be of the order 5=, for > 1. That is, for r > 1, the C"-topologies are more and more
rigid when the scale tends to 0.

The Lipschitz topology shares this invariance by rescaling with the C'-topology. As we will use
generic properties, we need to consider Baire spaces: hence the Lipschitz topology is natural on the
set of bi-Lipschitz homeomorphisms, when the C'-topology is natural on C'-diffeomorphisms. Now, C'-
diffeomorphisms are more and more simple when one consider smaller balls: they look like their differential
map which is a bounded linear map, with bounded inverse. In contrast, Lipschitz homeomorphisms can
present the same complexity on small scale than in large scale.

Hence, C'-perturbations at microscopic scale look like perturbations of linear maps. This principle is
the key point of most of the C''-perturbation lemmas, starting with Pugh’s closing lemma.

3.2 Approaching the global dynamics by periodic orbits

Lemmas of Cl-perturbations of the orbits, as Pugh closing lemma [Pu], Maiié’s ergodic closing lemma
[Ma] and Hayashi’s connecting lemma [Ha] and their generalizations [Ary, BC], allowed us to show that
the dynamics of C*-generic diffeomorphisms (or flows) is very well approached by the periodic orbits:

e the chain recurrent set is the closure of the set of periodic orbits ([BC]). More generally, every
chain transitive set® is the Hausdorff limit of periodic orbits ([Cr]).

3An invariant compact set K is chain transitive if one can go from any = € K to any y € K by pseudo orbits in K with
arbitrarily small jumps



e a chain recurrence class containing a periodic orbit is the homoclinic class of the periodic orbit

[BCY;
e cvery ergodic measure is the Hausdorfl and weak limit of periodic measures ([Mal).

As Cl-generically, the global dynamics is very well approached by periodic orbits, it looks natural to
hope that the chaotic behavior would be reflected on the set of periodic orbits. Answering a Conjecture
by Palis, [PS] (in dimension 2), [BGW] (in dimension 3), and [Crg] in any dimensions proved:

Theorem 3.1. Consider the disjoint open subsets MS(M) and Homocline(M) of Dif f*(M) defined
by:

o fe MS if fis Morse Smale, and

e [ € Homocline(M) if f has a transverse homoclinic intersection associated to a hyperbolic periodic
orbit.

Then the union MS(M) U Homocline(M) is dense in Dif f1(M).

This result is typical of our philosophy: it splits Dif f*(M) in two disjoint open subsets whose union
is dense, one of them corresponding to a global structure (Morse Smale) the other to a robust local phe-
nomenon (homoclinic intersections). It provides a characterization of chaotic dynamics, algorithmically
checkable: being Morse Smale, and having a transverse homoclinic intersection, are both checkable.

Consider now dynamical systems far from hyperbolic dynamics: f € Dif f1(M)\{Axiom A + no cycle}.
As, C'-generically, the global dynamic is very well approached by periodic orbits, this lack of hyperbol-
icity is reflected by a lack of hyperbolicity on the periodic orbits (this are important ideas due to Mané
and Liao in the 70-80ies).

Next conjecture (first formulated in dimension 2 in [ABCD]) is typical from our approach of the global
dynamics by considering the periodic orbits: it states that the robust non hyperbolicity is due to the
robust non-hyperbolicity of the class of a hyperbolic periodic orbit.

Conjecture 1. There is a dense open subset in Dif f*(M)\ {Aziom A + no cycle} of diffeomorphisms
having a hyperbolic periodic point py whose chain recurrence class is robustly non hyperbolic: the chain
recurrence class C(p,) is not hyperbolic for every g in a C'-neighborhood of f.

This conjecture remains open in any dimension > 2. In dimension 2, this conjecture remains one of
the main difficulties for proving Smale’s conjecture (the density of Axiom A diffeomorphisms on surfaces,
see Conjecture 5)*. More precisely, [ABCD] splits Smale’s conjecture in 3 conjectures on C’-generic
surface diffeomorphisms, one of them being Conjecture 1.

Remark 3.1. If this conjecture is false, then there is an open set U of Diff1(M) such that every
C'-generic diffeomorphism f € U is wild hyperbolic in the following sense:

e cvery homoclinic class is a hyperbolic basic set (in particular is isolated)
e there are infinitely many homoclinic classes, accumulating on aperiodic classes

This would contradict the philosophy which is behind most of the approaches in non-hyperbolic dy-
namical systems: looking at the local phenomena (in general related to 1 or finitely many periodic orbits)
generating rich global behaviors.

We denote by Wiy, (M) the maximal open set of Dif f1(M) in which the generic diffeomorphisms are
wild hyperbolic, that is: Wgy,, is the interior of the closure of the set of wild hyperbolic diffeomorphisms.
Conjecture 1 states that

Wiiyp(M) = 0.

Assuming Conjecture 1, one needs to focus the study on non-hyperbolic homoclinic classes. Next
conjecture states that everything happening in a homoclinic class of a generic diffeomorphism can be
seen on periodic orbits in the class

4This conjecture is known as Smale’s conjecture, even if we did not find any reference where Smale stated it



Conjecture 2. There is a residual subset R C Dif f1(M) such that, for every f € R for every periodic
point p and for every ergodic measure p supported on the homoclinic class H(p), there is a sequence
Yo C H(p) of periodic orbits such that the Dirac measure p, along v, tends weakly to p.

A simple argument in [ABC] shows that C'!'-generically, the closure of the periodic measures supported
in a homoclinic class is convex. Hence, Conjecture 2 implies that every measure supported in H(p) is
limit of periodic measures in H(p).

This conjecture could appear as a simple corollary of Mané’s ergodic closing lemma, if one forgets
that the periodic orbits =, are asked to belong to the homoclinic class H(p). The ergodic closing lemma
provides periodic orbits approaching the ergodic measure; the unique difficulty is to keep these periodic
orbits in the class. A positive answer to this conjecture would provide a positive answer to many of the
next conjectures stated in this program. In fact, many of our previous works would have been much
simpler if we knew a positive answer to this conjecture.

3.3 Lack of hyperbolicity and bifurcations

Mané proved [Ma] that diffeomorphisms, whose periodic orbits are robustly hyperbolic, satisfy the Axiom
A and the no-cycle condition. In other words, the robust lack of hyperbolicity leads to weakly hyperbolic
periodic orbits. Now, C'-perturbation lemmas of the local dynamics in a neighborhood of periodic orbits,
through Franks lemma [F], relate the lack of hyperbolicity and dominated splittings with the bifurcations
associated with periodic orbits.

More precisely, there are two ways for loosing the uniform hyperbolicity on the set of periodic orbits:

e cither one looses the uniform exponential contraction/expansion at the period: there are periodic
orbits having Lyapunov exponents arbitrarily close to 0.

e or one looses the uniform domination of the stable/unstable splitting along the orbits: they are arbi-
trarily large time intervals where the expansion in the unstable direction is not twice the expansion
in the stable direction.

These two phenomena lead to two different kinds of bifurcations:

e in the first case, up to a small perturbation, one direction changes from contracting to expanding
or the contrary ([Ma]): in other words, one may perform a saddle node or a flip bifurcation. If this
phenomenon happens persistently in some open region of Dif f'(M) then one has the coezistence
of different indices, and it is natural to expect that this leads to hetero-dimensional cycles;

e in the second case, up to a small perturbation, the stable and unstable directions make a very small
angle: this leads to homoclinic tangencies ([PS, Wa, Gol).

This suggested the following conjecture, formulated by J. Palis in any C"-topology, > 1, but with
many progresses mostly in the C'-topology:

Conjecture 3 (Palis density conjecture). There is a dense open subset O = O1 U Oy of Dif f*(M) such
that f € O statisfies the Axiom A without cycle, and there is a dense subset D C Os such that f € D
admits a heterodimensional cycle or a homoclinic tangency.

This conjecture has been proved for surface diffeomorphisms by Pujals and Sambarino in [PS]. In
higher dimensions, let me give two important recent results in direction of Palis density conjecture (see
also [W3] for a previous local step for Crovisier’s global result):

Theorem 3.2 (Crovisier [Cra]). Let C be the closure of the set of diffeomorphisms having a heterodimen-
sional cycle or a homoclinic tangency. There is an open an dense subset Opy C Dif f1(M)\C such that
for every f € Opy, every non-hyperbolic chain recurrence class admits a partially hyperbolic splitting
E°®_E°@O_E" or B°®_ Ef®_ ES®©_ E", where every non hyperbolic subbundle is 1-dimensional.

This result is an important step for the proof, by Crovisier and Pujals, of the C''-density conjecture
for the attractors and repellers:

Theorem 3.3. [CP] There is a residual subset O o C Dif f1(M)\C such that every f € O has finitely
many hyperbolic attractors whose basins cover a dense open subset of M.



(It remains an open question to know if, in Theorem 3.3, one can replace residual subset by dense
open subset; in other words, we do’nt know if some small (hyperbolic) attractors can appear (by C-small
perturbations) nearby the non-attracting classes).

However, Kupka-Smale theorem (see [Ku, Smy]) implies that, for C” generic diffeomorphisms, the
periodic orbits are hyperbolic and the stable and unstable manifolds are all transverse; hence f has no
heterodimensional cycles nor homoclinic tangencies. So, far from hyperbolic systems, small perturbations
can destroy all the cycles or the tangencies but, according to Palis conjecture, new perturbations can
build new cycles or tangencies.

In my mind, this means that the heterodimensional cycles and the homoclinic tangencies are not
responsible for the robust non-hyperbolicity, but are consequences of the robust lack of hyperbolicity.
For characterizing the non-hyperbolicity, one would like to find C'-robust phenomena generating local
density of homoclinic tangencies and/or heterodimensional cycles.

4 Robust cycles and tangencies

4.1 Definitions of robust cycles and robust tangencies

From Abraham-Smale [AS] and Simon [Si] examples, one knows the existence of C1-robust cycles relating
hyperbolic basic sets of different indices, in dimension > 3:

Definition 4.1. Let U be a C'-open set of diffeomorphisms f having hyperbolic basic sets Kyand Ly,
varying continuously with [ € U, such that the indices (dimension of the stable bundle) are different, and
such that W*(Ky) NW*(Ly) # 0 and W*(K¢) N W*(Ly) # 0, for every f € U.

Then we say that f has a C'-robust cycle associated to K¢ and Ly.

If f € U has a robust cycle associated to Ky and Ly and if py € Ky and gy € Ly are hyperbolic periodic
points (of different indices), then C°°-densely in U, f performs an heterodimensional cycle associated to
ps and ¢y. Assume for instance that dimE*(q) < dim(E*(p)) so that dimE*(p) + dimE"(q) > dimM.
Then for an open and dense subset of U, W*(p) cuts transversely W*(q) at some point. Now, small
perturbations allow W"(pys) to cross quasi-transversely the stable manifold of every point in in Ly; in
particular, densely in U, W"(ps) will cut quasi-transversely W*(qy), performing a heterodimensional
cycle relating py and gy. In other words, the robust cycle associated to Ky and Ly induces the local
density in U of heterodimensional cycles associated to the periodic points py and qy.

One defines robust tangencies in the same way :

Definition 4.2. Let U be a C'-open set of diffeomorphisms f having a hyperbolic basic set Ky varying
continuously with f € U, such that W*(Ky) N W*(Ky) contains a non-transverse intersection point for
every f € U. Then we say that f has a C'-robust tangency associated to Kjy.

Once again, robust tangencies associated to a hyperbolic basic set Ky , f € U, lead to a dense subset
of U with a homoclinic tangency associated to ps, where ps is any periodic point in K.

4.2 Existence of robust cycles and robust tangencies

In 68, [AS] built the first example of a C'-open set of non-Axiom A diffeomorphisms, on a 4-manifold.
Then in 72,[Si] built an example in dimension 3. These examples consisted in building a robust heterodi-
mensional cycle or a robust tangency.

More precisely, consider a hyperbolic attractor A (for instance a Plykin attractor) on a disk D; con-
sider now the disk D embedded in a higher dimensional manifold, as an invariant, normally expanding
submanifold; the Plykin attractor A is now a saddle hyperbolic set of the higher dimensional diffeomor-
phisms. The disk D is the stable manifold of A and is foliated by the 1-dimensional stable manifolds of the
points in A; assume now that the unstable manifold of A cuts transversally the disk D: the intersection
with the stable foliation in D may be robustly non-transverse (see Picture 2). In other words there is a
robust tangency associated to A, as pointed out by by Newhouse and more recently by Asaoka [As].

An analogous construction (using an extra periodic point P of stable index equal to 2) leads to a
robust cycle (see Picture 3).



Figure 2: A robustly non-hyperbolic diffeomorphism with robust tangency

4.3 Stabilizing cycle and tangencies?

Conjecture 1 states that generic non-hyperbolic systems should contain robustly non-hyperbolic homo-
clinic classes. Next conjecture propose a characterization of non-hyperbolic homoclinic classes by the
existence of a robust local phenomenon:

Conjecture 4 ([ABCD)). For every Ct-generic diffeomorphism f, if H(p) is a non-hyperbolic homoclinic
class then it contains a robust cycle or a robust tangency.

Remark 4.3. Let us forget for a moment the C-topology: in 1974, [N3] built a C?*-open set of surface
diffeomorphisms having a C?-robust tangency associated to a hyperbolic basic set A, assuming that A is
thick: the product of its stable thickness by its unstable thickness is larger than 1. Furthermore, he proved
that every homoclinic tangency associated to a periodic point p generates, by performing the bifurcation,
a thick hyperbolic set related to p and having a homoclinic tangency: so every tangency can be turn C?-
robust (see [N3])! Newhouse result holds for C"-topology, v > 1, and there are generalizations in special
cases in higher dimension (see [PV]) still for the C"-topology, r > 1.

We would like to generalize Newhouse result for the C'-topology: Palis conjecture would give an
explanation of the non-hyperbolic dynamics if it was possible to turn robust every heterodimensional
cycle and homoclinic tangency.

4.4 From cycle to robust cycles

The stabilization process is essentially done for heterodimensional cycles, using some kind of thick hy-
perbolic sets, called blenders, which have been introduced in [BD4].

Theorem 4.1. [BD,4] If f is a diffeomorphism admitting a heterodimensional cycle associated to periodic
points p,q with ind(p) —ind(q) = 1, then there is g arbitrarily C'-close to f having a robust cycle.

In most of the cases, one may ensure that the robust cycle is associated to the continuation of p and
q (see [BDK]) but there is precisely one configuration where we could build counterexample (see [BDs]).

Corollary 4.4. For C'-generic diffeomorphisms every hyperbolic periodic point p whose homoclinic class
contains a periodic point q¢ with ind(p) # ind(q) belongs to a robust cycle.



Figure 3: A robustly non-hyperbolic diffeomorphism with a robust cycle

4.5 No robust tangency in dimension 2

Is it possible to turn robust a homoclinic tangency? Answering to a question of mine, Moreira [Mo]
recently proved

Theorem 4.2. given two 1-dimensional dynamically defined Cantor-sets Ky and K , generated by ex-

pansive Markovian maps f and g, there are C small perturbations f,g of f and g such that Ky and Kj
are disjoint.

A simple argument shows that this result implies

Corollary 4.5. Let S be a closed surface. In Dif f1(S) there are no C-robust tangency associated to a
hyperbolic basic set.

More precisely: given an open subset O of Dif f!(M) where there is a hyperbolic basic set K ; varying
continuously with f. Let W7 (K ) and W' (K ) denote the local stable and unstable manifolds of length
¢ of Ky, that is, the union of the segments of length 2¢ of stable or unstable manifolds centered at the
points of Ky. Then Moreira’s results implies:

Theorem 4.3. There is an open and dense subset of O where W7 (Ky) is transverse to W' (Ky).

Remark 4.6. [ think it is possible to prove that every transitive hyperbolic set of a surface diffeomorphism
is contained in a hyperbolic basic set>. Hence, Moreira’s result would imply the non existence of robust
tangency associated to hyperbolic transitive sets of surface diffeomorphisms.

This is an important step in direction of Smale’s conjecture
Conjecture 5 (Smale). The Aziom A + no cycle diffeomorphisms are dense in Dif f1(S).
According to [ABCD] it remains 2 difficulties for proving Smale conjecture.

e one is Conjecture 1: diffeomorphisms having a C'-robustly non-hyperbolic homoclinic class are
dense far from Axiom A + no cycle

e the second is Conjecture 4: non-hyperbolic homoclinic class of C'*-generic diffeomorphisms contains
robust cycle or tangencies.

5Todd Fisher recently announced a proof of this statement
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4.6 Robust tangencies in higher dimension: from tangencies with cycles to
robust tangencies

[BD4] shows that one can turn robust any homoclinic tangency which occurs on a period point of a
robust heterodimensional cycle. More precisely, in [BD4]| we define a special type of blenders (i.e. of thick
hyperbolic set) called blender horseshoe, and we consider submanifolds in special position with respect
to this blender horseshoe, called folds. Then we show:

Theorem 4.4. The local stable manifold of a horseshoe blender presents (Ct-robust) tangency with any
fold.

One may think that blender horseshoes are a very special dynamical objects but, in fact, it is very
common: we prove that, for C'-generic diffeomorphisms, every homoclinic class containing periodic points
with different indices contains a blender horseshoe. This allows us to prove that robust tangency are a
very common phenomenon on non-hyperbolic homoclinic classes:

Theorem 4.5. There is a residual subset R C Dif fY(M) such that if f € R and p is a periodic point
of f such that:

e the homoclinic class H(p) contains a periodic point of different index as p, and
e the stable/unstable splitting over the periodic point homoclinically related with p is not dominated,

then p belongs to a hyperbolic basic set having a robust tangency.

4.7 Far from cycles: no tangencies?

Robust (or persistent) tangencies associated to a periodic point p leads to accumulations of periodic orbits
of a different index in a neighborhood of the homoclinic class of p: every homoclinic tangency associated
to p generates periodic orbits having a complex eigenvalues corresponding to the weakest stable and
unstable eigenvalues of p. Hence it is natural to espect that robust tangencies lead to heterodimensional
cycles and to robust cycles.

Conjecture 6. LetU being a C*-open set of diffeomorphisms f having a hyperbolic basic set Ky varying
continuously with f and presenting a robust tangency. Then there is a C'-dense open subset U, of U
such that for f in Uy there is a hyperbolic basic set Ly of different index as Ky and such that (Ky,Ly)
present a robust cycle.

In dimension 2, there are no robust cycles, so this conjecture means that there are no robust tangency,
which is Theorem 4.3. In higher dimension (with Crovisier, Diaz and Gourmelon [BCDG]) we have very
partial results in this direction, as the following;:

Theorem 4.6. Given P a hyperbolic periodic saddle with index 2 < i < dimM — 2. Assume that there
is no nominated splitting on H(P) neither of index i — 1 nor of index i nor of index i + 1.

Then there are arbitrarily small perturbations of f creating heterodimensional cycle between P, and a
point Ry of index i —1 or i+ 1.

(The hypothesis H (p) has no dominated splitting of index i is equivalent to one can create a homoclinic
tangency associated to p, by small C*-perturbation according to [Wo, Gol).

Conjecture 6 would be an important step in the following conjecture, which generalizes Palis density
conjecture:

Conjecture 7 ([BD4]). The union of the disjoint C*-open sets of diffeomorphisms H U RC, where H is
the set of Axiom A + no cycle diffeomorphisms and RC is the set of diffeomorphism presenting a robust
cycle, is dense in Dif f1(M).

Remark 4.7. This conjecture provides a characterization of the non hyperbolicity which would be check-
able by computers: being Axiom A + no-cycle, and having a robust cycle, are both algorithmically check-
able.

As a preliminary step for proving Conjecture 6, let me propose a conjecture generalizing Theorem 4.3:
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Conjecture 8. Let K be an index dim(M) — 1 hyperbolic basic set of a diffeomorphism f: M — M.
Assume furthermore that K is sectionally dissipative: for every x € K, and every 2-plane P C T, M the
determinant of the restriction of Dy f to P is less than 1:

|det(D2 f)[p| < 1.

Then there is no robust tangency associated to K.

The proof of that conjecture could consists, as in Moreira’s theorem, to separate a dynamical Cantor
set in R4™M=1 from the product by R4™M=2 of a 1-dimensional dynamical Cantor set.

Remark 4.8. Theorem 4.4 implies that there are codimension 1 hyperbolic basic sets with robust tangency;
hence, the hypothesis sectionally dissipative is essential in Conjecture 8. For instance, in [BCDG] we
prove that, for Cl-generic diffeomorphisms, every homoclinic class without dominated splittings either
contains a robust cycle and a robust tangency, or there is n # 0 such that f™ is sectionnaly dissipative
on the class.

It is easy to see that Conjecture 8 is wrong if K is not a Cantor set, and Theorem 4.4 also implies
that it is wrong if K is a blender horseshoe. So the first step for Conjecture 8 consists in proving:

Problem 1. Let K be a sectionally dissipative index dim(M)—1 hyperbolic basic set of a diffeomorphism
f: M — M. Prove that K is a Cantor set and is not a blender.

Sylvain Crovisier gave me a simple argument which seems to solve this problem, proving that the
Hausdorff dimension of a sectionally dissipative Cantor set is strictly less than one. That is a good
starting point for this generalization Gugu’s result.

5 Tame and wild dynamics

5.1 Definitions

A chain recurrence class C' of f is called robustly isolated if there are a neighborhood U of C' and a
C'-neighborhood U of f such that every g € U has a unique chain recurrence class contained in U.

By an argument of genericity (using Pugh closing lemma), the fact that periodic orbits can be turned
hyperbolic, and Conley theory, one can show show (see for instance [Ab, BC]):

Theorem 5.1. There is a residual subset R of Dif f1(M) such that for f € R, every isolated chain
recurrence class is robustly isolated (and is a homoclinic class).

This leads to the natural notion:
Definition 5.1. A diffeomorphism f is tame if every chain recurrence class is robustly isolated.

One denotes by 7 (M) the set of tame diffeomorphisms. It is a C! open set containing Axiom A +
no cycle. A tame diffeomorphism has finitely many chain recurrence classes, and this number is locally
constant.

A diffeomorphism f is wild if it is far from tame diffeomorphisms, i.e. if f belongs to the interior of
the complement of 7 (M). One denotes

W(M) = Dif f{(M)\ T(M)
the set of wild diffeomorphisms. Then, C'-generic wild diffeomorphisms have infinitely many chain

recurrence classes and infinitely many homoclinic classes.

5.2 Existence of tame diffeomorphisms

The first examples of non-hyperbolic tame diffeomorphisms was the robustly transitive diffeomorphisms
built by Shub in [Sh] on 7% and by Maiié [Ma;] on T3. Then [BD;] built examples on many manifolds,
for example those admitting a transitive Anosov flow, or the product 7™ x N of an torus 7™ by an
arbitrary compact manifold N. All this examples are partially hyperbolic, with non-trivial strong stable
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and strong unstable bundles. For Shub and Mané examples, the central bundle is 1-dimensional. For
[BD;] examples, the central bundle may have an arbitrary dimension.

In [Ca], Carvalho built the first example of a robustly transitive attractor which is not the whole
manifold, and which has no strong stable direction. As it was not the aim of her construction she did
not emphasize this fact, which has been noticed later. The complete proof of the robust transitivity
of Carvalho’s attractor can be found in [BV] which also build the first examples of robustly transitive
diffeomorphisms without any hyperbolic invariant subbundles.

A short presentation of the proof of most of these examples may be found in [BDV, Chapter 7.1].

5.3 Tame diffeomorphisms and dominated splittings

The relation between tame dynamics and dominated splitting started with [Ma] where Mané proves
that robustly transitive surface diffeomorphisms are Anosov diffeomorphisms. Then [DPU] proved that
robustly hyperbolic diffeomorphism in dimension 3 are partially hyperbolic with at least 1 non trivial
hyperbolic stable or unstable bundle; I built some of the non-published examples for correcting a first ver-
sion of [DPU] which announced two non trivial bundles. [Ma, DPU] and this example may be considered
as the starting point of the theory relating tame dynamics and dominated splitting.

This link has been explicited in [BDP] in any dimensions, proving the existence of a dominated
splitting, where the extremal bundles are uniformly volume contracting/expanding (we called volume
hyperbolic this structure).

Remark 5.2. FEven if nobody built all possible examples, it is clear that , for any sequences of integers
n; >0,i€{0,---,k}, k> 1, there are robustly transitive diffeomorphisms whose finest dominated Ey & _
- @_ Ey, statisfies

o dim(E;) = n,,
e the bundles E; are not hyperbolic for i ¢ {0, k},
e cach of Ey and Ey, is not hyperbolic if its dimension is not 1.

The different possible types of dominated splitting on a robustly isolated class C' is related with the
tangencies you can perform in C, and C'-generically, is related with the robust tangencies contained in
C. The following corollary of Theorem 4.5 is a good illustration of this principle:

Corollary 5.3. There is an open an dense subset O C T (M) such that, for every f € O and every chain
recurrence class C' of f one has

e cither there is a partially hyperbolic splitting on C
TM|c=E&_E\&_---&_E,®&_E"
where E* is uniformly contracting, E* is uniformly expanding and dim(E;) = 1.

e or C contains a hyperbolic basic set having a robust tangency; furthermore C contains a robust
heterodimensional cycle.

Many of the conjectures are known on the set of tame diffeomorphisms. The reason is that the chain
recurrence classes are robustly isolated, by definition, so that anything one can produce by perturbation
remains in the same class. For example Conjecture 2 holds on 7 (M). Another example: there is an open
and dense subset of 7 (M) for which every non-hyperbolic class contains a robust cycle : in particular,
Conjecture 7 and Conjecture 3 hold on 7 (M).

5.4 Existence of wild diffeomorphisms

[BD5] built the first C*-open set of wild diffeomorphisms, proving that W(M) is not empty for every
compact manifold M with dim(M) > 3. Then [BD3] used a similar construction for exhibiting an open
set of wild diffeomorphisms where C'!-generic diffeomorphisms present an uncountable family of aperiodic
classes, that is, chain recurrence classes without periodic orbit.

Both constructions consists in using robust cycles relating periodic points of different indices having
complex central eigenvalues: the complex eigenvalues prevent the existence of dominated splitting, so
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that one gets homoclinic classes which are robustly without dominated splitting, and these homoclinic
classes generates new classes by small perturbations.

The C'-generic diffeomorphisms in the open set built in [BD3] display an extra property called uni-
versal dynamics: they present infinitely many disjoint periodic disks on which the first return maps,
up to a rescaling, define a dense subset of the set of embedding of the unit disk into its interior. As
a consequence, they display simultaneously and infinitely many times any robust phenomenon you can
build in the disk, and also any generic phenomenon, in an arbitrary countable list of generic phenomena.
This property will be important in Section 7 where I try to organize the different types of wild dynamical
behaviors.

5.5 Wild dynamics and wild homoclinic classes

My feeling is that wild dynamics are produced by a homoclinic class which generates new homoclinic
classes nearby by perturbations. That is, once again, the wild behavior can be seen on the set of periodic
orbits; or better said, the wild behavior is gemerated by a robust local phenomenon related to periodic
orbits. This may be expressed by the following conjecture:

Conjecture 9. There is a dense open subset O of W(M) of diffeomorphism f having a hyperbolic periodic
point py varying continuously with f, and such that for C*-generic f € O the homoclinic class H(py, f)
is not isolated.

This leads to the notion of wild homoclinic class: One says that the homoclinic class H(py, f) is a
wild homoclinic class if it is locally generically non isolated, that is, if for C'-generic g close to f the class
H(py, g) is not isolated.

As, for C'-generic diffeomorphisms, isolated classes are robustly isolated and the number of homoclinic
classes is countable, one proves easily:

Lemma 5.4. There is a residual subset R C Dif fY(M) such that, for f € R, every homoclinic class
H(py, f) which is not isolated is a wild homoclinic class.

So Conjecture 9 may be restated as:
Conjecture 9. There is a residual subset R C Dif f*(M) such that every f € R N W(M) has a wild
homoclinic class.

Remark 5.5. If this conjecture is wrong, then there is a non-empty open subset U C Dif f1(M) such
that, for every C*-generic diffeomorphisms f € U one has:

e cvery homoclinic class is a robustly isolated class
e there are sequences of homoclinic classes accumulating on aperiodic classes.

I will denote by Wrgame the interior of the closure of the set of diffeomorphisms whose homoclinic
classes are robustly isolated but which have infinitely many homoclinic classes, and I will call wild tame
diffeomorphisms the diffeomorphisms f € Wyrgme. Conjecture 9 states that

WTame = @

5.6 Wild homoclinic classes and robust tangencies

All the known examples of wild dynamical systems are based on critical behavior (homoclinic tangency or
lack of dominated splitting). All my attempts for building wild non-critical dynamics failed, motivating
the following conjecture:

Conjecture 10. IfU is an open set where py is a periodic point varying continuously with f € U and
H(py, f) is a wild homoclinic class (that is, if H(py, f) is not isolated for C'-generic f € U), then there
is a dense open subset of U where H(py, f) contains a robust tangency.

An easier step for proving this conjecture is the next conjecture (first expressed at UMALCA Cancun
(2004))
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Conjecture 11. 1. (weak version) There is a residual subset R of Dif f*(M) such that, for every
f € R, every chain recurrence class admitting a partially hyperbolic splitting

Ess ®< Ec @< Euu,
where dimE*€ =1, is isolated.

2. (strong version) There is a residual subset R of Dif f1(M) such that, for every f € R, every chain
recurrence class admitting a dominated splitting

B ® EY SEPR ) By S B,
where dimE§ =1, is isolated.

This conjecture expresses that, if a dominated splitting forbids homoclinic tangencies, then the local
dynamics is tame.

However, Conjecture 10 is far to provide a characterization of wild dynamics: there are examples of
tame dymanics which present robust homoclinic tangencies. On the other hand, there are robust local
phenomena (with robust tangencies) which are known to imply a wild dynamics; but we don’t know if
every wild diffeomorphism presents one of these mechanisms.

Problem 2. Find a characterization of tame diffeomorphisms, and of wild diffeomorphisms.

It would be interesting to state a conjecture, characterizing tame and wild diffeomorphisms by using
either a local phenomenon or a global structure. At this time, I am not able to propose such a conjecture.

6 Splitting Dif f!(M) in 8 open regions

Figure 4: Splitting Dif f1(M) in 8 open regions

6.1 3 dichotomies

We consider 3 criteria; each of them splits Diff!(M) in a pair of disjoint open subsets whose union is
dense (see Figure 4):
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e being robustly approximated by heterodimensional cycles, or being far from heterodimensional

cycles. More precisely, we consider the closure C of the set of diffeomorphisms having a heterodi-
mensional cycle. Then the interior of C and the complement of C are two disjoint open sets, whose
union is dense

e being robustly approximated by homoclinic tangency, or being far from homoclinic tangency. This

defines two disjoint open sets, whose union is dense.

e being wild or tame.

These 3 pairs of disjoint open subsets define by intersections 8 disjoint open regions whose union is
dense in Dif f1(M).

6.2

1.

Known results and conjectures on the 8 regions

Tame diffeomorphisms far from homoclinic tangency and heterodimensional cycle are Axiom A +
no cycle.

{Tame diffeomorphisms with tangency but far from cycles} = ()

. There are examples of tame diffeomorphisms far from tangencies but with robust cycles.

There are examples of tame diffeomorphisms with robust cycles and robust tangencies.

. Palis density conjecture means that

{wild diffeomorphisms far from tangencies and cycles} = ().

[CP] proved an essential part of this conjecture.

. Conjecture 7 is already known on tame diffeomorphisms. Hence, this conjecture means that

{wild diffeomorphisms far from cycles} = ().

There are very few results on diffeomorphisms far from cycles. Theorems 4.3 and 4.6 are partial
results in the direction far from cycles = far from cycles and tangencies.

Conjectures 9 and 10 mean that
{wild diffeomorphisms far from tangencies} = (.

The strong relation linking dominated splittings and dynamics far from tangencies explains that
there are more results on the region far from tangencies; see for instance [Y], who proved that
quasi attractors of diffeomorphisms far from tangencies are homoclinic classes, and [BGLY] who
deduces that these quasi-attractors are mutually isolated, hence that they attracts generic points
in a neighborhood. Another example: recently, S. Crovisier, M. Sambarino and D. Yang proved
another conjecture of mine (stated at UMALCA 2004), announcing that, far from tangencies, every
chain recurrence class admits a partially hyperbolic dominated splitting

B b EY SEPRR D B N2 B

where E*° and E"* are non trivial (if the class is not a hyperbolic periodic sink or source) and
hyperbolic and dimFEy = 1.

. There are examples of wild diffeomorphisms, using wild homoclinic classes having robust cycles and

robust tangencies.

Summarizing, one splits Diff!(M) in 4 non-empty open regions whose union would be dense, if
Conjectures 3, 7, 9 and 6 are verified (see Figure 5):
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Figure 5: Four non-empty regions

6.2.1 The Axiom A + no Cycles

They admits now a very complete description

6.2.2 The non-hyperbolic tame diffeomorphisms far from tangencies

For every diffeomorphism in a dense open subset of this region, every class admits a partially hyperbolic
dominated splitting
E®® D, Ef Do Do Ez D E*

where E*% and E** are non trivial (if the class is not a hyperbolic periodic sink or source) and hyperbolic
and dimES = 1.

Notice that this property is the reciprocal statement of Conjecture 11 (strong version): hence Con-
jecture 11 provides a characterization of tame diffeomorphisms far from tangency.

It remains many open questions on the topological dynamics of tame diffeomorphisms, even far from
tangencies. For instance,(until a first version of this paper) we din’t know if robustly isolated class are
(at least generically) robustly transitive:

Problem 3. Is it true that there is a dense open subset of the set of tame diffeomorphisms far from
tangency, such that every chain recurrence class is robustly transitive? and is robustly a homoclinic
class?

One of the interest of writing such a survey it that you try to solve each problem before proposing it
to the community: after a first version of this paper, we (with Crovisier, Gourmelon and Potrie) found
an example of a non-empty C'-open set U of diffeomorphisms f having a hyperbolic periodic point py
(depending continuously on f) whose chain recurrence classe C'(py, f) admits a partial hyperbolic splitting
with 1-dimensional central bundle, and such that:

e for every f € U, the class C(py, f) is isolated

e for f in a dense subset in I/, the chain recurrence class C(py, f) is not transitive (and so is different
from the homoclinic class H(py, f)).

So Problem 3 admits a negative answer. However, Problem 3 remains open for attracting or repelling
classes, or for classes which are the whole manifold.
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An intermediary step would be a geometrical and dynamical characterization of robustly chain recur-
rent diffeomorphisms, using blenders, suggested by E. Pujals in the early 2000. Let me explain somewhat
this characterization for a robustly chain recurrent partially hyperbolic diffeomorphism f, with a 1-
dimensional central bundle. For such C'-generic f, the class C contains a blender K for f and L for
71 each of them has a characteristic region. Pujals criterium is that every strong unstable (reps. stable)
manifold cuts the characteristic region of K (resp.of L). Let call Ppienders this property. This property
is open in the set of partially hyperbolic diffeomorphisms.

The conjecture is:

Conjecture 12. (suggested by Pujals) Let CT (M) denote the set of robustly chain transitive diffeomor-
phisms on M, that is, the interior of the set of diffeomorphisms for which M is a chain recurrence class.
Let PH(M) denote the open set of diffeomorphisms admitting a global partially hyperbolic structure with
1-dimensional central bundle.

Given a closed 3-manifold M, there is a C'-open and dense subset of CT (M)NPH(M) of diffeomor-
phisms statifying property Pyienders-

In that partially hyperbolic setting with 1-dimensional central bundle, arguments of Diaz and Rocha
should prove that the partially hyperbolic robustly chain transitive diffeomorphisms are indeed robustly
transitive, giving a (partial) positive answer to Problem 3 for the robustly chain transitive diffeomor-
phisms. Abdenur and Crovisier recently announced progresses in the direction of Conjecture 12.

We know now that the Ppiengers criterium does not holds on the isolated classes which are not the
whole manifold. I guess that a better understanding of the example we built will lead to an adaptation
of property Ppienders for proposing a characterization tame diffeomorphisms, far from tangencies.

This class of diffeomorphisms seems to be ready for deeper studies, as the existence and finiteness of
SRB measures or of measures maximizing the entropie (...), in the C" setting® ...

6.2.3 The non-hyperbolic tame diffeomorphisms with robust tangencies.

The tame diffeomorphisms admitting homoclinic tangencies is less understood. Conley theory ([Co])
provides a structure of the global dynamics similar to the structure of hyperbolic dynamics given by
Smale’s spectral decomposition theorem: there are finitely many classes separated by a filtration. There
are finitely many (robust) attractors whose basins cover (at least C'-generically) a dense open subset of
the manifold.

Conjecture 13. There is an open and dense subset of T (M) of diffeomorphisms for which the basins of
the attracting classes cover a dense open subset of M.

(This conjecture is not even proved for tame diffeomorphisms far from tangencies).
The study of the dynamics in a class C' depends strongly on the type of the finest dominated splittings
E,@_ - ®_ Ey carried by C:

e The stable indices (i.e.dimension of the stable manifold) of periodic orbits in C' form an interval of
integers whose lower bound is given the first non-hyperbolic bundle E;, and by the determinant of
the differential on the subspaces contained in F;”.

e The robust cycles inside C' just depend on the interval of indices.

e There are robust tangencies inside C' associated to any periodic orbit whose index «a is not a sum
i .
> j—o dimE;.

e There are periodic orbits in C' having complex eigenvalues associated to any o which is not a sum
Z;‘:o dsz]

e There is a deeper influence of the finest dominated splitting on the dynamics. Let say that the
restriction of f to C has a k-universal dynamics if there are normally hyperbolic invariant k-disks
D,, such that the first return maps in the D; induces, after rescaling, a C'-dense subset of the

SThere are many results in these directions, for instance by Abdenur, Buzzi, Diaz, Fisher, Pacifico, Pujals, Sambarino,
Vieitez (...)

"The unique obstruction for creating in C' a periodic point of index Z;;ll dimE; +r,0 < r < dimE; is that the
determinant of Df on r-planes in E; is uniformly expanding (this is essentially due to [BDP] and explicited in [BoBo]).
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diffeomorphisms of the unit disk D* (see Section 7.2 which is devoted to that notion). Then C has
the k-universal dynamics if one bundle E; with dimension dim(FE;) > k is such that the volume
in F; is neither uniformly expanded no contracted. There are less restrictive conditions, so that
having a 2-universal dynamics is very common for classes whose finest dominated splitting admits
central bundles with dimension > 1. This illustrates the complexity of the topological dynamics
inside these region of tame diffeomorphisms with tangencies.

e | guess that one may adapt property Ppienders for characterizing the tame property in the case
where the smallest an the largest stable indices correspond to dominated splittings; in other word,
when the class C is far from tangencies associated to periodic orbits of the extremal indices: this
property provides strong stable an strong unstable foliations which are necessary for the formulation
of property Prienders-

However, there are tame diffeomorphisms without strong stable and strong unstable direction; in
that setting, I have no candidate for a characterization of the tameness.

In my opinion, one knows too few examples. Despite the lack of examples, it is not easy to find the
common argument in the proofs of the tameness of the known examples. Some of them uses some blender
argument, other strongly uses the proximity to Anosov maps out of very small balls. A deeper under-
standing of examples, like Carvalho’s attractor or Bonatti-Viana and Bonatti-Diaz robustly transitive
diffeomorphisms could be very helpful.

Building new examples would be very important for proposing a characterization: I think that the time
1 map of the Lorenz attractor admits small perturbations producing a C'-robustly transitive attractor
for diffeomorphisms, different from the previous examples (some years ago a thought I have a proof of
this fact, but I never wrote it).

Nevertheless, in some case, the ergodic study has been successfully performed (see [Ca, ABV, BV,
HHTU]).

6.2.4 The wild diffeomorphisms.

It is certainly the less understood region. We just know some examples. In next section I try to split
W(M) in disjoint open regions in order to organize the space of wild dynamics.

7 Wild dynamics

7.1 Examples from [BDj3]: universal and k-universal dynamics

In [BD3] we build a robust local mechanism, which is a homoclinic class, contained in a ball and isotopic to
the identity, which generates, by C''-small perturbations, periodic orbits whose derivative is the identity.
Hence a new small perturbation generates small periodic discs on which the return map is the identity.
Then a new perturbation may produce the same local mechanisms inside these discs, and so on. These
has two consequences:

e as the identity map generates by perturbation any orientation preserving diffeomorphisms on the
disk, generic diffeomorphisms in that open set have a universal dynamics: renormalizing the dy-
namics in the (disjoint) periodic discs, one gets a dense subset of Dif fi(D").

e our phenomenon is a wild homoclinic class H(p) which generates by perturbation the same kind of
wild homoclinic classes outside H (p): this leads to an infinite tree of classes whose ends correspond
to an uncountable set of classes. As the homoclinic classes are countably many, these locally generic
diffeomorphisms have aperiodic classes

One can generalize this process, in dimensions lower than dimM. If a homoclinic class produces, by
perturbation, isolated periodic orbits having k > 3 eigenvalues arbitrarily close to 1, then by a new small
perturbation one gets:

e a filtrating region U (i.e. the intersection of an attracting region with a repelling region) such that
e the maximal invariant set in U is contained in a normally hyperbolic k-disk D;

e the restriction of the dynamics to D is universal.
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The filtrating neighborhood U isolates the dynamics in D from the remaining of the dynamics: the chain
recurrence classes in restriction to D are classes of the global dynamics contained in D. So, once again,
this property leads, locally generically, to uncountably many aperiodic classes.

7.2 Formal definition of k-universal dynamics

Let Dif f1(D*) denote the set of diffeomorphisms ¢: DF — Int(D¥), mapping the unit disk D¥ of R* on

P

a compact set contained in the interior of D* . We denote by Dif f1,(ID¥) the subset of those which are
isotopic to the homothety x — %x

Definition 7.1. 1. We say that a diffeomorphism f has the k-universal dynamics if for every open
set O € Dif f1,(DF), there is 7 € N and a subdisc D C M of dimension k and period @ such that

e the restriction f™|p is smoothly conjugated to a diffeomorphism ¢ € O

e D is normally hyperbolic

2. We say that f has the free k-universal dynamics or is freely k-universal if furthermore there is a
filtrating neighborhood U C M of D such that the maximal invariant set of f in U is contained in
the f-orbit of the maximal invariant set of f™ in D.

In Definition 7.1 if & = dimM then the k-universal property is the universal property and is always
freely universal. If k& < dimM the k-universal property can be hidden in a homoclinic class: there are
robustly transitive diffeomorphisms having the k-universal property, for k& < dimM — 2. In contrasts, the
k-freely universal dynamics implies that the global dynamics splits in infinitely many filtrating regions.

Proposition 7.2. 1. For every k € N*, the (free or not) k + 1-universal dynamics implies the (free
or not) k-universal dynamics.

2. The (free or not) k-universal dynamics is a Gs-property

3. if a C'-generic diffeomorphism f has the free k-universal property, with k > 3, then it admits a
pair (U, D) (where D is the normally hyperbolic k-disc and U the filtrating set U in the definition)
such that the restriction f™|p is k-universal.

4. if a C'-generic diffeomorphism f has the free k-universal property, with k > 3, then it has un-
countably many chain recurrence classes and aperiodic classes (contained in the orbit of a normally
hyperbolic k-disc D in a filtrating set ).

Proof : Using the fact that Dif f*(D¥) admits a countable basis of the topology, that the disk in the def-
inition are normally hyperbolic hence persist by perturbation, that filtrating sets persist by perturbation,
one get the G5 property.

Item 3 comes from the fact that there is a robust local mechanism in dimension k& > 3, implying the
k-universal property. Any C!-generic diffeomorphism having the free k-universal property admits a pair
(U, D) where the restriction of f to D presents this local mechanisms: hence, the restriction of f to D
is k-universal. For k = 2, we don’t know if such a mechanism exists: for this reason, the 2-universal
property cannot be localized on one specific disk.

The item 3) implies the item 4), as in [BDs]. O

We don’t know if there are C''-generic surface diffeomorphisms ¢ with the (free) 2-universal dynamics:
this would contradict Smale conjecture. For this reason item 3 and 4 requires that k > 3.

Remark 7.3. For any k > 3, [BDs] provides a local robust mechanism which is a homoclinic class which
generates, C''-locally generically, a k-universal dynamics. As this mechanisms is robust, any diffeomor-
phism f displaying a free k-universal dynamics has the following properties:

o f admits a filtrating set U

e the maximal invariant set in U is contained in an invariant k-dimensional normally hyperbolic disk
D

)

o the disk D contains a homoclinic class which is the robust local mechanism described in [BDs].
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This provides a checkable characterization of the (free or not) k-universal dynamics.
As a consequence of Remark 7.3 one gets:

Corollary 7.4. If f has the free k-universal dynamics for k > 3, then there a C*-neighborhood Uy of f
in which generic diffeomorphisms have the free k-universal dynamics.

One denotes by Wi _univ the maximal open set in which the free k-universal dynamics is generic, but
not the free k + 1-universal dynamics. In other words, let U denote the set of diffeomorphisms with the
free k-universal dynamics. Then

Wi —umiv = Int(Uy) \ Upy1.

7.3 Newhouse phenomenon

Newhouse built C2-open sets of diffeomorphisms where a homoclinic class presents a robust tangency.
The enfolding of this tangencies generates attracting disks, on which the diffeomorphisms present a robust
tangency. As in the case of universal dynamics, this leads to uncountably many aperiodic classes (see
[BDV, Chapter 3.2.1]. However, if the Jacobian is uniformly less than one, these C?-robust tangencies
cannot lead to 2-universal dynamics.

Even if Newhouse phenomenon is out of our subject (as it uses the C2-topology) it clearly indicates
that wild dynamics cannot be reduced to universal or free k-universal dynamics. This leads to the notion
of self-replicating classes explained in next section.

7.4 Self replicating properties

The examples in [BD3] and Newhouse phenomenon lead to the notion of self-replicating or shortly wiral
property. Let me explain this notion first on the chain recurrence class C(p) where p is a hyperbolic
periodic point. I will explain at the end of the section how one can generalize this notion to other classes
of invariant compact sets.

Unformally, it consists in a robust property P such that every class C(p) with property P admits
perturbations creating new classes C(gq) with property P outside C(p) but arbitrarily close to C(p).
However, this informal definition look like a meta-mathematic property. For this reason I am proposing
a very formal definition below.

Let (M) be the space of compact subset of M endowed with the Hausdorff topology.

A local property P of a diffeomorphism f: M — M on an invariant set K is a subset of triple (M, f, K)
which is invariant by local C'-conjugacy in a neighborhood of K: if (M, f, K) and (N, g, L) are two triples,
U and V are neighborhoods of K and L and if ¢: U — V is a diffeomorphisms inducing a local conjugacy
between f to g, then (M, f, K) satisfies P if and only if (N, g, L) statisfies P.

A local property P defined on the set of chain recurrence classes of hyperbolic periodic orbits is robust
if given any (M, f,C(p)) satisfying P there is a neighborhood Uy of f such that (M, g, C(P,,g)) satisfies
P for every g € Uy, where P, is the unique continuation of P for g.

A local property P defined on the set of chain recurrence classes of hyperbolic periodic points is self
replicating or viral if:

e P is a robust property

e given any triple (M, f, C(p)) satisfying P, given any neighborhood U of C(p) and any C'-neighborhood
U of f, there is g € U, there is a filtrating set V' C U of g disjoint from C(pg, g), and there is a
hyperbolic periodic point ¢ € V' of g such that (M, g, C(q,g)) statisfies P.

One can easily adapt this definition to other families of invariant compact sets: the unique requirement
is that each of the invariant compact sets in the family has a well defined continuation for the nearby
diffeomorphisms.

Example 1. The following families have well defined continuations:
e the homoclinic classes of hyperbolic periodic orbit,
e the mazimal invariant sets in filtrating neighborhoods

e the hyperbolic sets.
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e the closure of the unstable manifolds of hyperbolic sets.
In contrast, we don’t know if there are aperiodic classes having continuations.

By a practical abuse of language, I will speak on a P-viral homoclinic classes instead of a homoclinic
class displaying a viral property P defined on homoclinic classes.
Next lemma is a direct consequence of Remark 7.3 and illustrates the notion of self replicating property:

Lemma 7.5. The property of having a filtrating set in which generic diffeomorphisms close to [ have
the free k-universal property, k > 3 is a self replicating property.

Conjecture 14. In dimension > 3, the property of robust non existence of any dominated splitting on
homoclinic classes is a viral property.

In an informal discussion at Beijing 2009 workshop we thought we can prove Conjecture 14 in the
case where the class C is assumed to contain points with different indices.

There are homoclinic classes which are robustly without dominated splittings but which are 3-
sectionally dissipative: the jacobian in restriction to any 3-planes are < 1. Thus Conjecture 14 provides
viral classes far from k-universal dynamics, for any k > 3.

Problem 4. Find a finite list of robust local mechanisms associated to homoclinic classes and character-
izing (at least generically) the viral property.

Problem 5. For universal dynamics, there is a natural graduation by the dimension of universality. Is
there some similar notion for viral classes?

As mentioned above, 3-sectionnaly dissipative classes robustly without dominated splitting leads to
viral classes which are not 3 universal. One may ask if this provides the unique mechanisms for viral, not
k-universal classes:

Problem 6. Examples of viral classes which are not freely k-universal, for any k > 3, can be built by
considering uniform expansion (or contraction) of the jacobian in restriction to some family of planes,
in relation to the dominated splittings. It would be very interesting to know if these jacobian conditions
are necessary conditions. I think that Conjecture 2 would allow to solve this problem.

7.5 Viral classes and aperiodic classes

If a C''-generic diffeomorphism has a self replicating property P defined on homoclinic classes, then it has
uncountably many chain recurrent classes. As a consequence, it has uncountably many aperiodic classes.
All the known aperiodic classes are fragile: you can remove it by a small perturbation. Usually, fragile
phenomena are not seen by generic diffeomorphisms, if they are countably many. In the known examples,
the fact that generic diffeomorphisms display aperiodic classes comes from a tree of nested filtrating
regions, each infinite branch leading to an aperiodic class. This suggests the following conjecture:

Conjecture 15. If a C'-generic diffeomorphism has an aperiodic class, then it has uncountably many
classes.

Our philosophy, that all generic phenomenon are produced by robust local phenomena associated to
periodic orbits, suggests now:

Conjecture 16. If a C'-generic diffeomorphisms has uncountably many classes, it has a P-viral homo-
clinic classes.

7.6 Countable number of classes

At this time, there are no examples of Cl-open set of diffeomorphisms in which on can prove that
C'-generic diffeomorphisms have countably many chain recurrence classes.

Let us say that a homoclinic class H(p) is kicking out if it admits a filtrating neighborhood U in which
C'-generic diffeomorphism ¢ close to f have infinitely many classes in U, all the classes are isolated but
the continuation H(P,;). In other words, H(P,) kick homoclinic classes out H(P;) but only isolated
classes.
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At this time, there are no examples which are known to be kicking out classes. However, next
conjecture looks very reasonable®:

Conjecture 17. If f € W(M) is a C*-generic diffeomorphisms having countably many chain recurrence
classes, then it has a kicking out homoclinic class.

When I first tried to formalize these notion, for my mini-course at Beijing (see [B]), I mentioned a
possibility for building kicking out classes: some partially hyperbolic class in dimension 3 with a strong
unstable direction, which would kick out only classes contained in periodic, normally expanding 2-discs,
and I mentioned that I had some candidate(a modification of the example in [BLY] forbidding the free
2-universal behavior). If such a phenomena was proved, Smale’s conjecture (Conjecture 5) would imply
that, generically, each of these periodic 2-disks contains at most finitely many classes, so that the set of
classes is countable. Since then, I hird that such a phenomena was obtained by R. Potrie in a construction
similar to Carvalho’s example. As a conclusion, it seems that a positive answer of Smale’s conjecture
would imply the existence of non-empty open sets where generic diffeomorphisms have a countable family
of chain recurrent classes.

It could be interesting to know if there are other types of kicking out classes which are kicking out
classes not contained in periodic 2-disks.

7.7 Splitting the set of wild dynamical systems in regions?

The dimM-universal region Waim s —univ iS a clearly identified region, for dimM > 3 9. Diffeomorphisms
in that region are the most complicated dynamics : they display any persistent phenomena appearing in
balls. In some sense this stops the study.

The regions Wx_yniv, for k > 3 are well identified too. They have an uncountable family of classes.
I guess one should split further these regions in term of the normal hyperbolicity of the k-disk carrying
the k-universal dynamics. For instance, if the disks are normally contracting, this will provide infinitely
many different types of attractors.

Our understanding of Ws_ 5, Will strongly depend on Smale’s conjecture.

The free 1-universality is equivalent to the locally generic coexistence of infinitely many periodic orbits
with trivial homoclinic class. It is a very weak property and certainly is not enough for characterizing
the dynamics.

Then one considers the open set W,;q; of diffeomorphisms having a viral homoclinic class. This class
contains Wg_unip» for k > 3 (and maybe Wa_,pi, if Smale’s conjecture is wrong).

This open set is contained in Wk, interior of the closure of the diffeomorphisms having an uncountable
family of classes. Once again, Wy is contained in Wyperiodic (interior of the closure of the diffeomorphisms
having an aperiodic class. Conjectures 15 and 16 state

inT(ll = W]R = Waperiodic-

Now we consider Wy, the maximal open set where generic diffeomorphisms have an infinite, countable
family of classes. Conjecture 15 states that all of this classes are homoclinic classes, and at least one of
them would be a kicking out classes.

Some last comments:

e if Conjecture 1 is wrong we have to add Why,.
e in the same way, if Conjecture 9 is wrong, we have to add Wiame which contains Wy,.

This ends the panorama I wanted to propose (see Figure 7.7).

8The idea is that countable compact sets always admits isolated points. The set of classes is not a priori compact for
the Hausdorff topology however Conley theory ensures that one may separate the classes by a Lyapunov map; consider
the image of the chain reccurent set by such a Lyapunov map: it is a compact subset of R whose points are in one to
one correspondence with the classes. This shows that diffeomorphism with countable number of classes admits isolated
classes; then there are classes accumulated only by this isolated classes. The isolated classes of generic diffeomorphisms
are homoclinic classes; hence, the difficulty of this conjecture consists in proving that the limit of these isolated homoclinic
classes is also a homoclinic class.

9For dimM > 3, f € WaimM —univ is equivalent to f has a homoclinic class containing periodic orbits of different
indices linked by robust cycles, having complex eigenvalues of any ranks, and one of them having a jacobian large than 1
and another having a jacobian less than 1.
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Figure 6: Conjectural panorama of the wild region W(M)

8 Furhter questions

8.1 Density of finitely many classes?

As noticed before, wild diffeomorphisms are not defined by themself: we just know that C'-generic wild
diffeomorphisms have infinitely many classes. This leads to a natural question

Question 1. Does it exist a non-empty open subset O C W(M) where every f € O has infinitely many
chain recurrence classes?

A negative answer to this question would be a good indication for a Conjecture by Jacob Palis

Conjecture 18. There is a dense subset of Dif f" (M) of diffeomorphisms having finitely many attractors.
Furthermore the union of the basins is dense in M.

In case of a positive answer to Question 1 , we could stronger the question:
Question 2. Does it exist a non-empty open subset O C W(M) where every f € O has infinitely many

quasi-attractors?

8.2 Attractors

The panorama I proposed above was motivated by the wish of a complete description of the dynamics.
However, it looks also reasonable to focus the study on attracting and repelling sets, neglecting the classes
whose stable set is nowhere dense. This new problematic could change the panorama. For instance

e Conjecture 3 is proved by Crovisier and Pujals for attractors and repellers: generic diffeomorphisms
far from tangencies and cycles admit finitely many hyperbolic attractors whose basins covers a dense
open subset of the manifold.

e Tame diffeomorphisms admit finitely many robust attractors whose basins cover (C*-generically) a
dense open subset of the manifold.

Problem 7. Is there a dense open subset of T (M) where the basins of the attractors cover a dense
open subset of the manifold?
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In this new problematic, the wildness would correspond to the generic existence of infinitely many
attractors.

However, this problematic comes from the faith in the generic existence of attractors. This is not at all
clear: in [BLY] we proved the existence of non-empty open sets where C''-generic diffeomorphisms have
no attractors nor repellers. According to Hurley, a quasi-attractor is a chain recurrence class admitting
a basis of neighborhoods by attracting regions. [BC] proved that the w-limit set of generic points of
C'-generic diffeomorphisms are quasi attractors.

Let call essential attractor every quasi-attractor whose basin contains a residual subset of a neighbor-
hood (if the conjecture below is wrong, one could weaken the definition, replacing the essential attractors
by the weaker notion of generic attractor just asking that the basin contains a residual subset in a non
trivial open set).

Conjecture 19. There is a residual subset R of Dif f1(M) such that for every f € R one has:
1. every essential attractor of f is a homoclinic class H(p);
2. the union of the basins of the essential attractors is residual in M ;

3. if H(py) is a essential attractor for f, then H(py) is a essential attractor for every C*-generic g
close to f;

4. the basin varies semi-continuously: given an attracting region V in the closure of the basin of f,
then V it is contained in the closure of the basin of H(py,g) for C*-generic g close to f.

As a first step in this direction, Hurley’s conjecture in [Hu] has been proved in [BC] using [MP]:

Theorem 8.1. For every compact manifold M, for every C-generic diffeomorphisms f and every generic
point x € M, the w-limit set w(x, f) is a quasi-attractor (i.e. a chain recurrence class admitting a basis
of attracting neighborhoods).

Remember that, for C°-generic homeomorphisms, the basin of every quasi-attractors is nowhere dense,
although the w-limit set of every generic points is a quasi-attractor. This example shows us the distance
between Theorem 8.1 and Conjecture 19.

Let us finish this section by recalling the encouraging result in[BGLY] (based on [Y]): for C'-generic
diffeomorphisms far from tangencies, the quasi-attractors are essential attractors; in fact, Conjecture 19
holds, far from tangencies.

8.3 Vector fields

The dynamics of vector fields in dimension n is very similar with the dynamics of diffeomorphisms in
dimension n—1. Their studies followed parallel development. However there are some essential differences,
the main difference being certainly the existence of singular point of vector fields.

I would say that the whole panorama I drowned for diffeomorphisms holds for the non-singular chain
recurrence classes of vector fields. Thus one just need to complete this panorama by explaining the
specific situation of singular classes (i.e. the chain recurrence classes containing the singular points of
the vector field).

In dimension 3 the typical example of a robust singular class is Lorenz attractor. A large sequence
of papers by Morales Pacifico and Pujals defines the notion of singular hyperbolic sets and proves that
robustly isolated singular classes of 3-dimensional flows are singular hyperbolic (see for instance [MPP,
MPs)).

Conjecture 20. Let M be a closed manifold. For every C'-generic vector field on M, for every singular
point p the singular chain recurrence class of p

e cither reduced to {p}
e or coincides with the homoclinic class of a periodic orbit.

As far as I know, this conjecture is not even proved in dimension 3. In dimension 3, as far as I know,
it is not known if a singular class of a C''-generic vector field is always isolated.

In higher dimension it is easy to build non-isolated singular class of generic vector fields (see for in-
stance [BLY] which builds a singular essential attractor which is not an isolated class). [BPV, BKR, BLY3]
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build examples of robust singular attractors with arbitrary unstable dimensions, persistent tangencies or
containing singularities of different indices, respectively. These examples are the first step for understand-
ing the kind of structure (like dominated splittings) which would be necessary to get isolated singular
classes for generic vector fields in arbitrary dimensions. In the other direction, [D, V] prove that robustly
transitive vector fields are always non-singular.

It would be certainly very useful to explore all the possibilities by building new examples, in order
to define the good notion of dominated splittings for singular classes which would allow us to propose a
characterization of robustly isolated singular classes, and of wild singular classes.
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