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FRACTURE AND DAMAGE

JEAN-FRANCOIS BABADJIAN

ABSTRACT. This paper is devoted to the investigation of a quasistatic evolution model for a con-
tinuum which undergoes damage and possibly fracture. In both cases, the model appears to be ill
posed so that it is necessary to introduce a relaxed variational evolution preserving the irreversibility
of the process, the minimality at each time, and the energy balance. From a mechanical point of
view, it turns out that the material prefers to form microstructures through the creation of fine mix-
tures between the damaged and healthy parts of the medium. The brutal character of the damage
process is then replaced by a progressive one, where the original damage internal variable, i.e. the
characteristic function of the damaged part, is replaced by the local volume fraction. The analysis
rests on a locality property for mixtures which enables to use an alternative formula for the lower
semicontinuous envelope of the elastic energy in terms of the G-closure set.
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1. INTRODUCTION

Damage in a brittle elastic medium is characterized by the decrease of its elastic properties during
a series of loading-unloading tests. In brutal damage, each point of the material is supposed to
exhibit only two states: either damaged or undamaged. Thus the natural internal variable describing
the damage phenomenon is the characteristic function of the damaged part of the body. When the
material is subjected to a time-dependent loading, where all rate dependent effects like viscosity or
inertia are neglected, one can consider damage as a rate independent process, and it is relevant to
understand how the damage internal variable evolves in time.

A general abstract theory of quasistatic evolution problems for rate independent materials has
been introduced in [35], and it is the subject of many applications as e.g. in plasticity [13, 16, 37] or
fracture [18, 28, 17] (see [36] for an exhaustive literature on the subject). All these models share the
same idea of adding a dissipation energy to the potential energy. The dissipation potential depends
on the internal variable(s) of the underlying process, and the fundamental property characterizing
the rate independency is that it is positively one homogeneous. Then the same methodology applies
by first discretizing the time variable, and then letting the time step tend to zero. A first difficulty
occurs at the discrete time level about the well posedness of the successive minimization problems
which may fail to have solutions. If so, it is then necessary to introduce the relaxed problem leading
to a relaxed variational evolution. This kind of problems has been studied in [38] in the more general
framework of stability of rate independent processes through I'-convergence, which is a well suited
mode of convergence for static minimization problems (see [15]). More particular analysis have been
carried out for the stability of quasistatic crack evolution through homogenization in [32], or through
dimensional reduction in [6].

Partial brittle damage is an example where the original discrete evolution is ill posed (see [29, 27]).
Indeed, even at the first time step the minimization of the total energy (i.e. the sum of potential
energy and the dissipation energy) has no solution due to the non convexity of the elastic energy. From
a mathematical point of view, we observe that minimizing sequences oscillate so that they are unable
to reach a minimizer. From a mechanical point of view, these oscillations stand for microstructures
that the material needs to develop for energetic convenience. The relaxation of the original problem
consists thus in the creation of mixtures between the weak material (the part of the body which may
already be damaged) and the strong one (the undamaged part of the body), and the characteristic
function of the damaged part (the original internal variable) is replaced by the local volume fraction
which is a function taking its values in the full interval [0,1]. Thus it may happen that some points
of the medium are no longer either healthy or damaged, but that they result from a fine mixture
between both phases. Our goal here is to state existence results (see Theorems 1.1 and 1.2) for
relaxed quasistatic evolution models involving damage (see [29]) and possibly fracture (see [30]) in
the framework of nonlinear elasticity, in contrast with [29, 27] where the authors considered linearized
elasticity. Our analysis will be close to that of [27]; we also refer to [31] where a threshold based model
is considered, by analogy with stress yield criteria used in plasticity or fracture. We also refer to [3, 4]
where are performed numerical simulations of the damage quasistatic evolution model introduced in
[29] that we are considering here. They use respectively the homogenization and the level set methods,
employed for shape optimization problems which are very close to damage.

The previous discussion shows the importance of the theory of homogenization, and in particular
mixtures, for the study of the quasistatic damage evolution. In fact, a localization property proved
in [7] for energies resulting from a mixture between two arbitrary materials will be instrumental
because it will enable us to obtain an alternative formula for the relaxed energy. The local character
of G-closure states that, at least for convex energies, any effective energy obtained by an arbitrary
mixture between two materials can be locally recovered as the pointwise limit of a sequence of effective
energies obtained as a periodic mixture between the same materials with the same local volume
fraction. More specifically, if W7 and W5 are convex functions being the stored energy densities
of two different materials, and x is a characteristic function, then we define W, by W, (z,§) :=
x(@)Wi(€) + (1 — x(z))Wa(€), and by (W, )nom its homogenized energy density (see (4.2)). For any
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0 € [0,1], define the following set
Py(W1,Ws) := {f : 3 x satisfying / xdxr =0 and f = (Wx)hom},
Q

made of all energy densities obtained by a periodic mixture of Wy and W5 in proportions # and
1 — 6. We denote by Gy(W7, Ws) the closure of Pyp(W7,Ws) for the pointwise convergence. For any
0 € L>(Q;]0,1]), let us further introduce Go(W7, W3) as the set of all possible Carathéodory functions
f such that there exists a sequence of characteristic functions (yx) satisfying y — 6 in L>(;[0,1]),
and
/ f(z,Vu)dz =T- lim Wy, (2, Vu) da.
Q k—+oo Jo

The localization result proved in [7] states that if W7 and W, have suitable growth and coercivity
conditions, then f € Go(W1, Ws) if and only if f(z,-) € Go(y) (W1, Wa) for a.e. x € Q.

In our application, W7 and W5 will stand for, respectively, the stored energy densities of the dam-
aged and undamaged parts of the body occupying the open set Q C R¥ in its reference configuration.
Hence we have W7 < W5 since damage decreases the rigidity of the structure. We assume that W;
and Wy € F(a, 8, p) satisfy suitable p-growth and p-coercivity conditions with p > 1 (see (2.1)), and
that they are uniformly convex (see (2.4)) and of class C*. We also assume that € has a Lipschitz
boundary which can be split into the union of two disjoint sets Q2 = IyQ U 0p§2, where dpQ is
open in the relative topology of 9€2. We suppose that the Neumann part Oy of the boundary is
free, while the Dirichlet part Op§Q is subjected to a time dependent boundary deformation g(t), where
g € WH([0,T]; WhP(Q)). In view of the growth and coercivity properties of the stored energy density,
the natural space of all kinematically admissible deformation fields at time ¢ is given by

A(t) == {v e WP(Q) : v = g(t) HN'-a.e. on 9pQ}.

Note that we are considering here scalar valued functions so that, from the point of view of modeling,
only the two dimensional case (N = 2) is meaningful. Indeed, in that case  stands for the basis of an
infinite cylinder, and the field u is interpreted as the third component of an anti-plane deformation.

Our first main result is the following theorem.
Theorem 1.1. Let Wy and Wy € F(a, 3,p) be two uniformly convex functions of class C' such that
Wy < Wa, and let g € WHL([0,T); WHP(Q)). Then, for every t € [0,T), there exist u(t) € A(t),
O(t) € L*(Q;[0,1]) and W(t) € F(Q,a,B,p) such that W(t)(z,-) € Gi_o@) (@) (Wi, W2) for a.e.
r €€, and

(i) Irreversibility: the maps t — O(t) and t — W (t) are decreasing;
(ii) Undlateral minimality: for any v € A(t), any 0 € L>(Q;[0,1]) and any W € F(Q, «, [, p)
such that W(x,-) € Gozy (W1, W(t)(z,-)) for a.e. x € Q, then

/QW(t)(x,Vu(t))de/QW(I,Vv)derH/Q@(t)Hdz;

(iii) Energy balance: the total energy

E(t) ::/QW(t)(m,Vu(t))dern/Q(l—@(t))dx

s absolutely continuous with respect to t and

E(t) =&(0) Jr/o /QDW(T)(JJ, Vu(r)) - V§(r) de dr.

We will also consider a model where the body can undergo both fracture and damage. A first
attempt to this problem has been initiated in [22]. We also refer to [19] where the authors study a
quasistatic evolution model for the interplay between fracture and plasticity. The presence of cracks
inside the structure implies that the deformation w can exhibit discontinuities. Thus w cannot live
anymore in a Sobolev space but in a suitable subspace SBVP(Q) of functions of bounded variation.
Thus in this case, the space of all kinematically admissible deformation fields is

A(t) .= {v e SBVP(Q) : v =g(t) H¥ '-a.e. on dpQ},

and we have the following existence result.
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Theorem 1.2. Let Wy and Wy € F(a, 3,p) be two uniformly conver functions of class C' such that
Wi < Wa, and let g € WHL([0, T]; WEP(RN) N L2 (RN x [0,T)). Then, for everyt € [0,T) there exist
u(t) € A(t), ©(t) € L>(Q;[0,1]), W(t) € F(Q, o, B,p) such that W(t)(x,-) € G1_e@)() (W1, Wa) for
a.e. x €9, and a countably HN1-rectifiable set T'(t) C Q satisfying
(i) Irreversibility: the maps t — O(t) and t — W(t) are decreasing, and t — T'(t) is increasing;
(ii) Unilateral minimality: for any countably HN~1-rectifiable set K C Q such that T'(t) C K,
any v € A(t) such that J, C K, any 6 € L>(Q;1[0,1]) and any W € F(Q,a, 3,p) such that
W(x,-) € Gooy(W1, W(t)(x,-)) for a.e. x €Q, then

/ W (1) (, Vu(t)) dz+ HN 1 (D(£) \ On ) < / W (x, Vo) do + HY (K \ Ox Q) + & / O(1)0 du
Q Q Q

(iii) Energy balance: the total energy

(1) = /QW(t)(x, Vu(t)) de + m/ (1—O(t)) dz +HN "1 (T(#)\ IxQ)

Q
18 absolutely continuous with respect to t and

Et) = £(0) + /0 /Q DW ()(z, Va(r)) - Vi(r) da dr.

Let us now briefly comment our assumptions. Indeed, in this study, we make to main hypothesis.
The first one is that the densities W7 and W5 are restricted to be convex functions. The reason is
that the local character of G-closure proved in [7], and used many times here, has only been proved
in the convex case. To our knowledge, it is not known yet whether it holds or not in the general
quasiconvex case. Moreover, we not only assumed convexity but uniform convexity (defined in (2.4)).
This is mainly due to the results of [32] concerning the stability of quasistatic evolution through
I-convergence which require some technical assumptions on the elastic energy density (see Lemmas
3.1 and 3.2 and Theorem 3.5). We also choose to consider scalar valued functions instead of vector
valued ones (which would have been relevant if one wants to consider three-dimensional elasticity).
This assumption is due to two facts: first of all, since we are restricted by the convexity of the elastic
energy, we think that it is more relevant to consider scalar valued functions for which convexity is a
natural notion, in contrast with the vectorial case where the natural notion is rather quasiconvexity. As
explained before, since we are unable to consider the quasiconvex case, we think it is more appropriate
to deal with scalar valued functions. Moreover, in the study of the damage-fracture evolution problem,
the scalar nature of the problem is used through the application of the maximum principle which helps
to get compactness for the sequence of deformations in the space SBVP?(2). In the general vectorial
case, the maximum principle would not hold anymore, and it would have been necessary to consider
a larger space of generalized special functions of bounded variation as in [17]. Note however that our
results (Theorems 1.1 and 1.2) could have been proved exactly in the same way in the vectorial case,
but still with the same uniform convexity assumption, and upon imposing the deformation to live
inside a fixed "box” for the fracture problem in order to avoid a lack of compactness in SBVP? ().

The paper is organized as follows: in section 2, we introduce some notations about the functional
spaces used in the sequel. In section 3, we recall well known facts about I'-convergence of integral
functionals in Sobolev and special functions of bounded variation spaces. We further prove new Helly
type results for sequences of functionals depending monotonically on the time variable. Then, section
4 is dedicated to the homogenization of integral functionals with special emphasis on mixtures. In
particular, we prove a finer continuity result on the G-closure set with respect to some Hausdorff
metric. Section 5 is devoted to the proof of the existence result (Theorem 1.1) for a relaxed model
of quasistatic damage evolution. Finally, in section 6 we prove the second existence result (Theorem
1.2) for another relaxed model of quasistatic evolution involving both fracture and damage.

2. PRELIMINARIES

2.1. Function spaces. In the sequel,  will always stand for a bounded open subset of RY. We
will also denote by @ := (0,1)"V the open unit square of RY, and by B,(z) the ball of R of center
z € RY and radius p > 0. If 2 = 0, we simply write B, instead of B,(0).
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If p > 1, we use standard notations for Lebesgue spaces L”(2) and Sobolev spaces W1P(Q). The
Lebesgue measure in RV will be denoted by £V, while H¥~! will stand for the (N — 1)-dimensional
Hausdorff measure. The symbol JEE is used for the average LN (E)™! [ - We will use the notation C
for the inclusion of sets, up to a set of zero H~ ! measure. The set of all countably H™¥~!-rectifiable
subsets of Q is denoted by R(Q). It is known (see [5]) that for any K € R(f), it is possible to define
a generalized normal vi (z) for HNl-ae. r € K.

We define the space SBV(Q) of special functions of bounded variation as the space of all functions
u € LY(Q2) such that the distributional derivative Du of u can be represented as a vector valued
bounded Radon measure of the form

Du = Vul + (ut —u v, HV L J,.

Here Vu € L'(€;RY) is the approximate gradient of u (the absolutely continuous part of Du with
respect to the Lebesque measure £V), J, is the jump set of v which is a countably H™¥ ~!-rectifiable
set on which one can define Y ~'-a.e. a generalized normal denoted v, as well as traces u*. We refer
to [5] for a detailed description of that space (see also [21]). The space SBVP(2), for p > 1, is a subset
of SBV(Q2) made of all functions u € SBV () such that Vu € LP(;RY) and HVN~1(J, N Q) < +oo.
One of the main interests of the space SBV?(Q) is that Mumford-Shah like functionals are coercive
in that space according to Ambrosio’s compactness Theorem (see [5, Theorem 4.8]).

Theorem 2.1. Let (u,) C SBVP(Q) be a sequence such that
50 ([un o<y + [ Vunllas oz + P () < +oo.
n

Then, there exist a subsequence (uy,) and a function u € SBVP(Q) such that u,, — wu in L'(),
Vg, = Vu in LP(Q;RY), and HN71(J,) < liminfy oo KN (T, )

The previous result suggests to define a notion of ”weak convergence” in SBVP(Q).

Definition 2.1. Let (u,) C SBVP(Q) and u € SBVP(Q). We say that u,, converges weakly to u in
SBVP(Q), and we write u, — u in SBVP(Q), if u,, — u in LY(Q), Vu, — Vu in LP(Q;RY), and
P Y () < 0.

In the sequel we will also consider the family P(£2) := {u € SBV(Q) : u(x) € {0,1} for a.e. x € Q}
of all characteristic functions of sets of finite perimeter in €.

2.2. Integrands. Let p > 1 and 0 < a < 8 < +oo, then we define F(«,3,p) as the set of all
continuous functions f : RY — [0, +-00) satisfying the following growth and coercivity conditions:

alel” < f(&) < B(1+[¢fF)  for all € € RY. (2.1)

When f is convex, it also satisfies the following p-Lipschitz property (see e.g. [14] or [25]): there exists
~ > 0 (depending only on § and p) such that

1f(€) = f(&) v+ &P + &P |G — &|  forall &, & e RY, (2.2)

and if f is further of class C!, then it differential Df : RV — R¥ satisfies the following (p — 1)-growth
condition

IDFEI < A(1+[E7)  for all ¢ € RY. (2.3)
We also define F(€2, a, 3, p) as the set of all Carathéodory functions f : © x RY — [0, +00) such that
flz,-) € Fla,B,p) for a.e. x €.

We now define a notion of convexity which will be instrumental in the quasistatic evolution models
studied in sections 5 and 6. We say that a function f : RV — [0, +00) is uniformly convex if there
exists v > 0 such that

&+ & 1 1 _
F(552) < 360 + 51(@) - vl - QP+ 6P + )07 (2.4
for every &, and & € RY. In [24, Proposition 2.2] and [23, Proposition 2.5], a complete characterization
of such functions is given. Indeed, a function f € F(«, 3, p) is uniformly convex if and only if there

exist and constant ¢ > 0 and a convex function ¢ such that f(&) = c¢(1 + |£]?)P/% 4 ¢(¢). By standard
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convex analysis, if f is further of class C', then its differential Df : RY — R is monotone, and
satisfies

(Df(&) — Df(&)) - (G2 — &) > V&1 — &P+ &) + &) P22 (2.5)

for every ¢ and & € RYM, and for some v/ > 0. As an example, the function & — (1 + [£[?)P/?
is uniformly convex. Another important example is the function f(§) := |¢|P (for p > 1) which,
unfortunately, fails to be uniformly convex. However, it enjoys good properties as strict convexity and

(Df(&) — Df(&)) - (& — &) > V6 — &P (|G + [&)P2/2 ifp> 1. (2.6)

Moreover, if p > 2, one has

(Df(&2) = Df(&1)) - (§2 — &) = V|61 — &P (2.7)

These properties are actually enough for the study of the quasistatic evolution models in sections 5
and 6 (see Lemma 5.6).

3. '-CONVERGENCE

In this section, we recall the definition and standard properties of I'-convergence. We refer to [11, 15]
for a detailed description.

3.1. Definition and topology of I'-convergence. We say that a sequence of functionals F, :
LP(Q) — [0,+00] (with p > 1) T'-converges for the strong LP(Q)-topology to F : LP(Q) — [0, +o0] if
the following properties hold:

(i) for every u € LP(2) and every sequence (u,) C LP(€) such that u, — u in LP(2), then

F(u) < liminf Fy (uy,);

n—-+4oo
(ii) for every u € LP(Q)), there exists a sequence (u,) C LP(Q2) such that @, — w in LP(Q), and

F(u)= lm F,(a,).

n—-+4oo
We now recall several facts about the metrizability of I'-convergence for lower semicontinuous and
equi-coercive functionals. For every u € LP(Q)), we denote by
oz/ |VulP dz  if u € WHP(Q),
Q

400 otherwise,

U(u) :=

and by Sy the set of all lower semicontinuous functionals F' : LP(2) — [0, +o0] such that F' > ¥ on
LP(Q). For every F € Sy and A\ > 0, we denote by F* the Moreau-Yosida transform of F defined by

A — —_ l|IP p
Fu) = velLr})f&Q) {F(’U) + Al|u ’U”LP(Q)} for every u € LP(Q2).

Let ® be an increasing homeomorphism between [0, +o00] and [0, 1], (u;) be a dense sequence in LP(€2),
and (A;) be a sequence of positive real numbers. For every F' and G € Sy, we define

+oo
dr(F,G) := Z 2i1+j |D(FY (u;)) — ®(GY (w;))] -

From [15, Proposition 10.21], it is known that dr defines a distance over Sg. Moreover, by [15,
Theorem 10.22], the metric space (Sy,dr) is compact, and a sequence (F,) in Sy I'-converges to a
functional F' € Sy if and only if dr(F,, F) — 0.
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3.2. Time dependent functionals. In the sequel we will be interested in time-dependent sequences
of functionals F,(t) : L () — [0, +o00] which are monotone with respect to the time parameter ¢. We
will need a version of Helly’s Theorem as stated below.

Theorem 3.1. Let F, : [0,T] — Sy be a sequence of functionals which is decreasing with respect to
t, i.e., for allu € LP(Q) and n € N,

F,(t)(uw) < Fo(s)(u) forevery0<s<t<T.

Then there exist a subsequence (ny) and a functional F : [0,T] — Sy, still decreasing with respect to
t, such that Fy, (t) I'-converges to F(t) for every t € [0,T].

Proof. We define the total variation of the map F,, : [0,7] — Sg by

h—1
Varp(Fn; [O,T]) I= sup {Z dF(Fn(tk),Fn(tk+1)) 0=t <te<...<tp =T, he N} .
k=1

We claim that

sup Varr (F;[0,7]) < 4o0. (3.1)
neN
Indeed, if k € {1,...,h — 1}, by the monotonicity of t — F,(¢) and ®, we infer that
+oo
1 , .
dr(Fu(tr), Fa(ths)) == Y 577 O((F(t) (i) — @((F(te1)) (us)-
ij=1
Consequently, summing up for k =1,...,h — 1 we deduce that
h—1 400 1
; dr(Fp(tk), Fulte+1)) = 421 5577 D((Fn(0))Y (i) = P((Fn(T))Y (ui)
— i,j=
400 ) +oo
D((Fn(0))Y (i) 1
1,]= )=

Then taking the supremum over all partitions in the left hand side of the previous inequality leads
to the desired bound (3.1) on the total variation. Since the space (Sy,dr) is compact, it suffices to
apply the general result [35, Theorem 3.2] stated below (Theorem 3.2) in a simpler form. O

Theorem 3.2. Let (V,d) be a compact metric space, and let Y, : [0,T] — Y be a sequence with equi-
bounded total variation Vary(Yy; [0,T]) with respect to the distance d. Then, there exist a subsequence
(ng) and a function'Y : [0,T] — Y such that Y, (t) — Y (t) in (¥, d) for every t € [0,T].

When F,(t) is an integral functional of the form

Fo(t)(u) = /an(t)(z,Vu) dr if u € WhP(Q), (3.2)
400 otherwise,

we get a localized version of Theorem 3.1 which can be obtained by standard localization techniques
and integral representation results (see e.g. [11, 12]).

Theorem 3.3. Let f,, : [0,T] — F(Q,a,5,p) be a sequence of functions which are decreasing with
respect to t, i.e., for alln €N, all € € RN, and a.e. x € Q,

fa@®)(x,8) < fu(s)(x,&)  forevery0<s<t<T.

Assume further that the functions f,(t)(x,-) are convex. Then there exist a subsequence (ng) and a
function f : [0,T] — F(Q, o, B,p), still decreasing with respect to t, such that F,,, (t) : LP(£2) — [0, +00]
defined by (3.2) I'-converges to F(t) : LP(Q) — [0, 4+00] given by

Ft)(u) == /Qf(t)(x, Vu)dz ZJ;Z c V_VLP(Q)’
00 otherwise,

for every t € [0,T].
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3.3. Some technical results. We recall some results proved in [32]. The following lemma stated in
[32, Lemma 3.4] is a slight generalization of [17, Lemma 4.9] for varying sequences of functionals. It
will be instrumental for deriving energy inequalities in sections 5 and 6.

Lemma 3.1. Let (X, A, i) be a finite measure space, and let H, : X x RV — RY be a sequence of
Carathéodory functions which satisfy the following properties:

(i) there exists a constant v > 0 such that

| Ha(2,6)] < (1 + €771

for every £ € RN and p-a.e. v € X;
(ii) for all M > 0 and all sequences (£,) and (£)) in RN such that |¢,| < M, €| < M and
|&n — &L| — 0, then

|H,, (2,&,) — Hp(x,€)| — 0 for p-a.e. x € X.
Assume that (®,,) is bounded in Lz(X;RN) and that (¥,) converges strongly to 0 in Lﬁ(X;]RN).
Then for every ® € L¥(X;RN),

’/X [Hn (2, P (2) + Un(2)) — Hu (2, Pp(2))] - D(2) dp(x)| — 0.

Using Lemma 3.1, the next result has been proved in [32] pp. 442-443 and generalizes in turn [17,
Lemma 4.11]. Under technical assumptions, it ensures the weak convergence of the stresses associated
to a sequence of weakly converging deformations (in a suitable topology) for which there holds the
convergence of the corresponding elastic energies.

Lemma 3.2. Let f, and f € F(Q,a,B,p) be Carathéodory functions satisfying

(i) fu(z,-) and f(z,-) are convex and of class C* for a.e. x € Q;
(ii) for all M > 0 and all sequences (&,) and (£)) in RN such that |£,| < M, €| < M and
|&n — €| — 0, then |Dfn(x, &) — Dfn(x,€)| — 0 for a.e. x € §;

(iii) the sequence of functionals
WhP(Q) 30— /an(x,Vv) dz
I'-converges in LP(Q) to
WhP(Q) 3 v /Qf(x,Vv) dz.
Assume that (u,) C SBVP(Q) is a sequence weakly converging to some u in SBVP(Q), and that
/ fu(z, Vuy,) dz — / [z, Vu) dz.
Q Q

Then D f (-, Vun(-)) = Df(-, Vu(-)) weakly in )i (RN where 1/p+1/p' = 1.

3.4. T'-convergence in SBV and o-convergence. We now recall several facts about I'-convergence
of functionals involving bulk and surface energies defined on the space SBV?(Q). The following result
is a particular case of [32, Theorem 5.1] (see also [8]).

Theorem 3.4. Let f, and f € F(Q,«,(,p) be Carathéodory functions, and let E be a Borel set
satisfying HN 1 (F) < 4+o00. Then the sequence of functionals

WhP(Q) 3 v — / fn(z, Vo) dx
Q
I'-converges in L'(Q) to
WhP(Q) 3 v / fz,Vv)dx
Q
if and only if the sequence of functionals

SBVP(Q) 5 v o / Fula, Vo) dz + HY 1 (J, \ B)
Q
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I'-converges in L*(Q) to
SBVP(Q) 5 v / e, Vo) da + HN 1, \ E).
Q

It is also possible to account for boundary conditions (see [32, Lemma 8.1]). In the sequel, €' is
an open set containing {2 and such that Q' \ Q # (.
Lemma 3.3. Under the same assumptions than in Theorem 3.4, if (gn,) C WYP(Q)) is such that
gn — g strongly in WHP(Q'), then the sequence of functionals F, : L*(2) — [0, +oc] defined by
(v) = / fulz, Vo) + HN Y (I, \ E) ifve SBVP(Q),

= Q

400 otherwise,

[-converges in LY () to the functional F : L*(Q) — [0, +00] defined by

Fy,

N-1 . -
F(v) = o f(z,Vv) +H (JL\E) ifve SBVP(Q),

400 otherwise,

if and only if the sequence of functionals G, : L*(€)') — [0, +00] defined by

_ [ veSBVP(QY),
Gn(”U) = /an(z,Vv)JrHN 1(JU\E) Zf{ V=g, a.e in Q/\ﬁ7

400 otherwise,

T-converges in L1 (') to the functional G : LY (') — [0, +o0] defined by

N—1 . v € SBVP(QY),
G) := /Qf(ava)—&—H (S \E) i { v=g ae inQ\Q,
+00 otherwise.

We next recall a notion of convergence for countably H”~ ~1-rectifiable sets introduced in [32] called
o-convergence which is related to the I'-convergence of interfacial energies (see also [17] for another
notion of convergence called oP-convergence related to the weak convergence in SBVP(Q)). Indeed
consider a sequence (K,) in R(Q), and define for any u € L(Q')

N—-1 . ,
H, (u) ;:{H (Ju\ K,) ifue P(),

+00 otherwise.
Assume that H,, T-converges in L*(Q)') to H : L'(€’) — [0, +oc] defined by
h(z,v,) dHN 1 if u € SBVP(Y),
ww ={ 1,
400 otherwise,
for some function h : Q' x S¥=1 — [0, +00).
Definition 3.1. We say that the sequence (K,,) o-converges in to some K € R(Q) if the functional
H,, T-converges in L'(Q') to H, and if K is the (unique) set in R(Q) such that
h(z,vk(z)) =0 for HN '-a.e. 2 € K,
and such that for any K' € R(Q) we have
h(z,vi: () =0 for HN '-a.e. € K' = K' C K.
The o-convergence enjoys good compactness and lower semicontinuity properties as the next result
shows (see Propositions 6.3 and 6.7 in [32]).

Proposition 3.1. Let (K,,) be a sequence in R(Q2) such that

sup HN 1K) < +oo.
neN

Then, there exist a subsequence (K,,) and K € R(Q) such that K,, o-converges to K in €, and
HYY K\ E) <liminf HYN YK, \ E)
n—-+00
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for any Borel set E C Q with HN~Y(E) < +o0.

The notion of o-convergence is relevant to study the stability of unilateral minimizers through
I-convergence of the energies (see [32, Theorem 7.2]). Indeed, let f, € F(Q,«,,p) be a sequence
of Carathéodory integrands. We suppose that 2 has a Lipschitz boundary which can be split into
the union of two disjoint sets 92 = Op U On2, where OpQ is open in the relative topology of 9f2.
In particular, there exists an open subset ' of RY such that Q C € and 0pQ = Q' N IpQ. Then
consider three sequences (g,) C WHP(Q'), (u,) C SBVP(Q) and (K,,) C R(f) such that J,, C K,
and u, = g, a.e. in '\ Q for each n € N. We further assume that the pair (u,, K,) is a unilateral
minimizer with respect to the integrand f,, i.e.,

/ fo(2, V) de + HY YK, \ OnQ) < / fu(x, Vo) do + HN YK\ OnQ),

Q Q

for any K’ € R(Q) such that K,, C K’, and any v € SBVP()) satisfying v = g,, a.e. in '\ Q and
J, C K'.

Theorem 3.5. Suppose that g, — g in WP(Q), u, — u in SBVP(Q) and K,, o-converges to K in
0. Assume further that f, and f € F(Q,«a, B,p) are Carathéodory functions satisfying

(i) fo(z,-) and f(z,-) are convex and of class C* for a.e. x € §;
(ii) for all M > 0 and all sequences (&,) and (&) in RY such that |¢&,] < M, [€| < M and
|&n — &L| — 0, then |Dfn(x, &) — Dfn(x,€L)| — 0 for a.e. x € Q;
(iii) the sequence of functionals

WhP(Q) 5 v /an(x, V) dz
[-converges in LP(Q) to
WhP(Q) 5 v /Qf(a:,Vv) dz.
Then (u, K) is a unilateral minimizer with respect to the integrand f, i.e.,
/Q f(@, Vu)de + HN 1K\ 0xQ) < /Q f(x, Vo)de + HN 1K'\ OnQ),

for any K' € R(Q) such that K C K', and any v € SBVP(Q') satisfying v = g a.e. in Q' \ Q and
J, C K'. Moreover,

Q Q

We conclude this section by stating a transfer of jump set result which was initialy proved in [28]
and further extended in [17]. The version below is taken from [32, Theorem 7.4].

Theorem 3.6. Let f and f, be as in Theorem 3.5, and consider a sequence (K,) C R(?) such that

sup HN =1 (K,,) < +o0,
neN

which o-converges in Q to some K € R(Q). For every v € SBVP(R), there exists a sequence (v,) C
SBVP(Q) with v, — v in SBVP(Q) such that

fo(x, Vo) de — | f(x,Vv)dx,
Q Q

and

limsup HY ~1(J,, \ (ONQU K,,)) < HVN 7T, \ (OnQ U K)).

n—-+oo
Moreover, if v € SBVP(Q)) and if there is a sequence (g,) C W1P () which converges strongly in
WLP(QY) to some w € WHP(Q') such that v = g a.e. in '\ Q, then one can assume that the sequence
(vn) C SBVP(Y) satisfies v, = gp a.e. in Q' \ Q for each n € N.
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4. HOMOGENIZATION AND (GG-CLOSURE

In this section we recall well known facts about the homogenization of (convex) integral functionals,
and then we will specialize our study to the case of mixtures for which local properties of effective
materials can be obtained (see [7]).

Given f € F(Q,«,8,p), we denote by from(§) its homogenized energy density defined by

foom(§) = lim inf {]{O o fUY),§+Ve(y))dy: ¢ € W;}é’r’((O,TW)}

T—+o00

— inf mf{][ FUw) €+ Ve(y) dy - o € W2((0, k)N)}7 (4.1)
(0,K)N

keN

where (y) denotes the fractional part of the vector y € RY. Tt is known (see [10, 39]) that the
functional Fyom : LP(Q) — [0, +00] defined by

. 1
FhOm(v) = /thom(vv) de ifve WhHP(Q),
+00

otherwise,

is the T-limit in LP(Q) of the family F. : LP(Q) — [0, +o0] given by

Fe(v) = /Qf(<§>’w) de ifve Whr(Q),

400 otherwise.

Moreover, since the functions v are scalar valued, the asymptotic formula (4.1) reduces to the following
single cell formula

foom(€) = inf /Q € + Voly)) dy. (4.2)

PEWRE(Q)

We now deal with a particular case of composite materials which are mixtures. Given a charac-
teristic function x € L*>(€;{0,1}) and two convex functions Wy and Wa € F(a, 8,p), we define the
Carathéodory integrand W, € F(Q, «, 8, p) by

Wy (z,§) = x(@)Wi(€) + (1 — x())Wa(E).
For any 6 € [0, 1], define the following set

Py(W1,Ws) = {f € F(a, 8, p) such that there exists xy € L*°(Q; {0,1})
satisfying / xdr =46 and f = (Wx)hom},
Q

made of all energy densities obtained by a periodic mixture of W7 and W5 in proportions € and 1 — 6.

We denote by Go(Wy, Wy) := Py(Wy, W3) the closure of Py(W;, Ws) for the pointwise convergence.
For any 6 € L*°(€;[0,1]), let us further introduce Go(W7y, W3) as the set of all possible densities

f € F(Q,a,B,p) such that there exists a sequence of characteristic functions (xx) C L>(£;{0,1})

satisfying xj, — 6 in L>(£;[0,1]), and

/f(x,Vv)dx:F— lim Wy, (z, Vo) de.
Q k Q

— 00

A localization result proved in [7] states that
Go (W1, W) = {f € F(2,0,8,p) : f(2,") € Gopmy(Wr, Wa) for ae. z € Q} (4.3)

In other words, in the case of mixtures, periodic homogenization captures locally any kind of homog-
enization phenomena. Hence mixtures are completely characterized by periodic geometries.
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4.1. Some technical results. We now state several technical results about mixtures that will be of
use in the sequel. The first result is a generalization of [7, Theorem 3.5] which can be proved exactly
in the same way by using the Scorza-Dragoni Theorem (see [20, 25]).

Proposition 4.1. Let f and g € F(Q,«, 5,p) be convex functions in the second variable, and 6 €
L>(9Q;0,1]). Given W € F(Q,a,,p) such that W(z,-) € Gooy(f(x,-), g(x,-)) for a.e. x € Q, then
there exists a sequence (xn) in L=(2;{0,1}) such that x,, — 6 in L>°(Q;[0,1]), and
/ W(z,Vv)dz =T- lim [an(x, Vo) + (1 — xn)g(z, Vv)} dzx.
Q

n—-4o0o Q

The second result will also be useful. Its proof is very standard and relies on the Decomposition
Lemma [26], and the approximation of Lebesgue measurable sets by open or closed sets.

Lemma 4.1. Let f, and f € F(Q,a,[,p) be convex functions in the second variable such that

/f(x,Vv)dsz- lim /fn(x,VU)da:.
Q Q

n—-+o0o

Then, for every convex function g € F(a, 3,p) and every x € L*(;{0,1}), one has

/ [Xg(w) + (1= f(z, vu)} dz =T- lim [Xg(w) (1= ) fulz, W)} dz.
Q Q

n—-+o0o
The last result states that C! regularity of the integrand is preserved by homogenization.

Lemma 4.2. Let Wy and Wy € F(a,3,p) be convex and C' functions, and 0 € [0,1]. If f €
Go(W1,Ws), then f is also of class C*.

Proof. If f € Go(W7, W3), then there exists a sequence of characteristic functions (x,) C L (Q;{0,1})
such that x,, — 6 in L>(Q; [0, 1]), and

/ f(Vv)de =T- liIJIrl (xXn W1 (V) + (1 = xn)W2(Vv)) dz.
Q Tl JQ

Set Wy, (2, &) == xn (@)W1 () + (1 —xn(2))Wa(€) for every (z,£) € @ xRYN. Then W,,, € F(Q,, 3,p)
is convex and of class C' in the second variable, and for every ¢ and ¢ € RY, one has

|DWy, (2,§) — DWWy, (,€')] < [DW1(§) — DWi(£)] + [DW2(§) — DW2()]. (4.4)

In particular, if &, and ¢, € RY are two sequences in RY such that |¢, — ¢/,| — 0 and |¢,| < M and
|€,] < M for some M > 0, then |DW,, (z,&,) — DW,, (z,&,)] — 0 for a.e. = € Q. According to [32,
Proposition 3.5], we infer that f is of class C!. g

4.2. Regularity results. We next address more precise information on the G-closure set Go(W1, Wa).
We will prove that the map 0 — Gy(W7,Ws) is continuous with respect to the Hausdorff distance in
a suitable metric space. This property will be used in sections 5 and 6 to prove an alternative formula
for the lower semicontinuous envelope of the elastic energy in terms of the G-closure set. To do that,
we need to prove a regularity result of Meyers type for the solutions of the minimization problem
defining the cell formula (4.2).

Proposition 4.2. Let f € F(Q,«,3,p) be a convex function in its second variable. There exist a
constant C > 0 and an exponent r > p (both depending only on N, p, a and ) such that for any
EERY, if oe € WLE(Q) is a solution of the cell problem (4.2), then

per
1/r
(/Q wgr‘da:) <c(1+ Je)).

Proof. The proof is very closed to that of Theorem 3.1, Chapter V in [33] (see also [34, Theorem 6.7]).
It is clear from the growth and coercivity conditions (2.1) that there exists a constant ¢ > 0 depending
only on p, a and 3 such that

( /Q |ws|pdw)1/p < e(1+ J¢)). (4.5)
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Extend ¢¢ by Q-periodicity to RY, and for all 1 < s < ¢t < 2 consider a cut-off function 1 €
C((0,2)™:10,1]) such that n = 1 on (0,s), n = 0 outside (0,¢)" and |Vn| < 2/(t — s). Let

Egzzf Lpgdl‘:/(pgd.’lﬁ
(0,2)N Q

be the average of @¢ over (0,2)" and define v := @ + (1 — ) e € W)L((0,2)"). In particular,
extending f(-, &) by Q-periodicity to RV and using (4.1), we infer that

f o e+ Ve = @< f  Jee+ Vo)
0,2)N (0,2)N
and since v = ¢ outside (0,¢)", it follows that
/ f(x,§+V<p§)dx§/ f(x, &+ Vv)dz.

(0,H)N ok

Using the growth and coercivity conditions (2.1) and the fact that s < ¢ we obtain that
a/ €+ VpelPde < 3 (1+ 1€+ Voul?) da.
(0,5)N (UDR

Hence there exists a constant ¢; = ¢1(«, 8, p, N) > 0 such that

1 _
[ wepdnzal Vel dot o= [ lpe-prdo+ (1 eP) | (40)
(0,8)N (0,)N\(0,5)N (t=35)? Jo,2)~

Applying the “hole filling” method, we eliminate the first term in the right hand side by summing to
(4.6) ¢q times the left hand side of the previous inequality. We obtain

C1 1 —
Vel de < / Vepel? dz + / loe — BelP da + (1 +1¢]P).
/(o,s)N ¢ L+c1 Jopv : (t—=s)P Joo2)~ T

From Lemma 3.1, Chapter V in [33] (see also [34, Lemma 6.1]), we get that

/ |Vel? de < co (/ |<P§<P§|pd$+(1+|§|p)>
Q (0,2)N

where ¢o = ca(a, B, p, N) > 0. Using the Sobolev-Poincaré inequality (see e.g. [21, Theorem 4.5-2]),
there exists a constant ¢ = c3(«, 3,p, N) > 0 such that

/ Vel do < c3 <][
Q (0,2

)

p/q
i |wgwx> + (1 +1¢)

where ¢* = p, i.e. ¢ = Np/(N + p) < p. In view of Proposition 1.1, Chapter V in [33] (see also [34,
Theorem 6.6]), we obtain the existence of a constant C' > 0 and an exponent r > p depending only
on «, 3, p and N such that

1/r 1/p
([ 1) <c (f |wgpdw> +(+Ig)
Q (0,2)N

The result follows from (4.5) and the @Q-periodicity of . O
We now use the previous result to prove several properties of functions of the type (W )nom-

Lemma 4.3. For every £ € RN and every x, X' € L=(Q;{0,1}), one has

(r—p)/r
W) ko (©) — (W Ynom(€)] < ¢ (1 + [€P) ( /Q [/ dx) | (47)

where r > p is the same exponent as in Proposition 4.2.
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Proof. Let ¢ € WLP(Q) such that

/Q Wi & + Vi) dz = (W )nom(E).

By Proposition 4.2, there exist a constant C > 0 and an exponent r > p, depending only on «, 3, p

and N, such that
1/r
(fwetas)” <o+

Hence Holder’s inequality and the p-growth condition (2.1) imply that
(Wx’)hom(g) - (Wx)hom(é-)

< [ Wl Vordo— [ Wilni6+ Vi) da
Q Q

Sﬁ/QIX’—XI(1+|§+V<PI”) dz

(r=p)/r p/T
Sﬂ( /Q IX’XIT/(”’)dI) 1+( /Q s+wrdm>

(r—p)/r
<c(L+e) ( /Q Ix—x’l’"/(”p)dﬂs> .

Relation (4.7) follows from the symmetric roles played by x and x'. O

We define the space &, of all continuous functions f : RY — R such that there exists the limit

: e _
‘5‘1351_00 1+ gpt

This space is isomorphic to the space Co(RY) of all continuous functions on RY vanishing at infinity,
hence it is a separable Banach space for the norm
1£ ()]

= Sup —m-
I71 geﬂgv 14 [gfptt

We recall the definition of the Hausdorff distance between two closed sets A and B in &p:
dy (A, B) := max< sup inf ||f — ¢, sup inf ||f — .
(4, B) {gegfeAllf gll sup inf I1f gll}

We want to measure the Hausdorff distance between sets of the type Gy(W1, W3) for varying 6 € [0, 1].
To do that we first need to prove that these sets are actually bounded and closed in &,.

Lemma 4.4. For any 0 € [0, 1] the set Go(W1, Wa) is a bounded and closed subset of E,.

Proof. That Go(W1,W2) is a bounded subset of &, is a direct consequence of the fact that every
functions f € Gy(W7, Wa) satisfy the uniform p-growth and p-coercivity condition (2.1).

Let us show that Gg(W1,Ws) is closed. Since &, is a metric space it is enough to check that f €
Go(W1,Ws) whenever f; — fin &, and f; € Go(W1, W>) for each j € N. Let (Xi)keN C L*>(@;{0,1})
be such that

/ XL(y)dy =6 (4.8)
Q

and (Wxi)hom — f; pointwise as k — 4o0. Since (Wxi)hom € F(a,B,p), by (2.1) and (2.2), the

sequence ((fo;)h‘)m) ken is locally bounded and uniformly equi-continuous. Hence by the Ascoli
Theorem, (Wx?; Jhom — f; locally uniformly as k — +oo, and consequently, for every M > 1,
(7)€ — £6€)

lim lim su =
j—too k—-too |s|g5)w L+ [g[p*t
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On the other hand, from the p-growth condition (2.1) we have that
. |(Wo) o (6) = F(©)]
€1 M 1+ [gfptt

uniformly with respect to j and k. As a consequence

it [(9,,),..,, — 7] =0,

j—+o00 k—4o0

1+ [¢P c
<283 su < 0
<20 S TR S T M i

and by a diagonalization argument, it is possible to find an increasing sequence k; — +o00 as j — 400
such that (WX_;CJ_ )hom — f in &, (and also pointwise). Together with (4.8) it ensures that f €
Go(W1, Ws3). d

The following result is an adaptation of [40, Lemma 4.1] (see also [2, Lemma 2.1.7]) which states
that the map 6 — Gj is continuous with respect to the Hausdorff convergence in &,.

Proposition 4.3. There exist a constant ¢ > 0 and an exponent r > p (depending only on «, B3, p
and N ) such that for every 61, 65 € [0,1]

dH(G91 (le WQ)a G92 (W17 WQ)) < C|91 - 02|(r—p)/r.

Proof. Assume without loss of generality that 01 < 03. Let f € Gg, (W7, W3), there exists a sequence
(xx) C L>®(Q;{0,1}) such that

/QXk dx =0, (4.9)

and (Wy, Jhom () — f(€). Define Ey, := {x) = 1} and set {(p) := LN (B, N E;). The function
is continuous and increasing, and it satisfies £4(0) = 0 and ¢;(v/N) = 6. As a consequence there
exists pi € (0, \/N) such that g (px) = 01. We define now E) = B, N Ey and Xi = xj,- By the
Ascoli Theorem, one may extract a subsequence (not relabeled) such that (W, Jnom converges locally
uniformly (hence also pointwise) to some continuous fonction g € F(a, 3,p). Moreover, since

/ Xk dx = 0y, (4.10)
Q

we deduce that g € Go, (W1, Wa).
By construction, we have Fy, C Ej, and thus x; < xx. Consequently by (4.7), (4.9) and (4.10) we
obtain that

96 = SO = Hm|(Wxuom(©) = (W Jnom(©)|

k——+oo
(r—p)/r
lim (14 ]e) ( [ oyt dx)

< (L) - o)

and then ||f — g|| < ¢|61 — 62|"=P)/". Since this estimate holds for a particular g € Gy, (Wy, Wa) and
for any arbitrary f € Gy, (W1, W) we deduce that

sup inf [|f —g| <c¢|O1 — 92|(T_p)/r.
fEGy, 9€Ge,

IN

Similarly one can show that

sup inf |[f — gl < ¢l — 0| TP/,
g€Go, €Go,

which concludes the proof of the Proposition in view of the definition of the Hausdorff distance. [

5. QUASISTATIC DAMAGE EVOLUTION

This section is devoted to the investigation of a model of quasistatic evolution for a continuum that
undergoes damage. Specifically, we prove Theorem 1.1.
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5.1. Description of the damage evolution model. Let Q@ C R™ be a bounded open set with
Lipschitz boundary which represents the reference configuration of a nonlinearly elastic material. We
assume that at each point of {2, the stored energy density of this body can take only two values Wy
or Wy € F(a, 3,p) which are supposed to be uniformly convex functions (see (2.4)) of class C'. The
density W7 is that of the damaged material while W5 is that of the undamaged one so that W, < Ws.

Denoting by x :  — {0, 1} the characteristic function of the damaged part of €2, the stored energy
density of the material is

Wi (2, €) := x(2)Wi(§) + (1 — x(x)) Wa(E).

We now describe the boundary conditions. To do that, we split the boundary of € into the union
of two sets 092 = ONQ2U OpS2, where Op§2 is open in the relative topology of 0€). We suppose that the
Neumann part dy{Q is free, while on the Dirichlet part dp{2, a time dependent boundary deformation
g(t) is imposed. We assume that g € W1([0,T]; W'~1/PP(9pQ)) is the trace on dpQ of a function
still denoted g € W11([0, T]; W1P(2)). In view of the growth and coercivity properties of the stored
energy density, the natural space of all kinematically admissible deformation fields at time ¢ is given
by

A(t) == {v e WP(Q) : v = g(t) HN '-a.e. on 9pQ}.

Note that the Dirichlet boundary condition is the only driving mechanism which will make evolve
the damage process. Here the internal variable which will describe this evolution is the characteristic
function x of the damaged zone. Following [29] we adopt the yield criterion that the deformation
gradient Vu must stay inside the set

R = {€ € RN : W) — Wi (€) < ],

where £ > 0 is a constant of the material. Hence at a discrete time level, if u; € A(¢;) denotes the
current deformation field, and y; is the characteristic function of the damaged part of the material at
time t;, the evolution law for x; to pass from time ¢; to time ;11 is

o (z) = 0 if xi(z)=0and Vu;(z) € R,
Xttt = 1 it Xi(z) =1or Vu;(z) € R,

taking into account the irreversibility of the damage process. Hence the globally dissipated energy
from the initial time up to time ¢; is given by

K)/QXi(zr) dz.

The evolution of damage as previously described may be formulated by a two fields partial minimiza-
tion problem upon introducing the functional £; defined by

Li(u,x) = /Q[X(x)Wl(VU(x)) + (1= x(@)W2(Vu(z))] dx + K/QX(ff) dzx

for u € A(t;) and x € X; == {x € L=(2;{0,1}) : x > x4—1}. Then one looks for (u;, x;) as a global
minimizer of £; over A(t;) x X;. Unfortunately, even at the first time step, this minimization may
fail to have solutions and it is necessary to relax the original problem. The mechanical reason for
this phenomenon is that, for energetic convenience, the material prefers to create microstructures.
Thus the brittle character of the damage process is loosed for a progressive evolution where the
characteristic function of the damaged part is replaced by the volume fraction which takes its values
in the full interval [0, 1] (instead of {0,1}). Hence, at a given point z of 2, the effective material will
not be exclusively either healthy or damaged anymore, but it can also result from a mixture between
the weak and strong materials leading to a composite material.

5.2. Time discretization. Let 0 =tf < t§f < ... < tﬁ(k) =T be a discretization of the time interval
[0,T] such that

th — ¢k 0 5.1
1;%‘3;?(%) 7 171)_) 9 ( )

as k — +oo. We define gF := g(tF) e Wlr(Q).
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5.2.1. First time step. At the initial time, g& = g(0), and one wants to minimize

(v,x) — /Q {XWl(V’U) + (1= x)Wa(Vo) + nx] dx,

among all (v, x) € A(0) x L>=(£;{0,1}). Minimizing first with respect to x leads to the following
nonconvex integrand
Yo(§) == min{W1(§) + &, Wa(§)},

and the previous minimization problem is equivalent to

Iy := inf Vv) dz. 5.2

o= inf [ (o) (52)

The lack of convexity of the integrand 1y may prevent (5.2) to have solutions, so that it is necessary
to compute the relaxed problem. It is well known (see [25]) that it suffices to replace 1y by its
convexification. In the scalar case, it also coincides with its quasiconvexification Q¢ defined by

Quo(€) == inf /Q Yol€ + Vo) da,

PEWRE(Q)
and
Iy = i V) dzx. 5.3
0 v?}i{h)/QWO( v)dx (5.3)
There is another way to express Q) in terms of G-closure. In [22] (see [27] in the case of linearized
elasticity and [29]), it is stated that the quasiconvexification of 1y can be expressed in terms of the
sets Pg(Wl, WQ) or Ga(Wl, Wz) Namely,

Lemma 5.1. For every £ € RY,

Qo(§) = inf nf W*(£)+ﬁ9]

i
0€[0,1] |:W*€P9(W11W2)

= min { min W*(f)—i—/ﬁG}.
0€[0,1] | W*€Go(W1,Wa2)

Proof. To prove the first equality, we remark that for any 6 € [0, 1],

inf W*(&) + kb
W*ePy(W1,W3)

= inf inf / Wiy (y, &+ Vly)) + kx(y)) dy
{x€L>=(Q:{0,1}): [, x dy=0} peW el (Q) Q( X( ®)) ( ))

so that, inverting the orders of infimum,

inf inf W*(€&) + /{9}
0€[0,1] [W*€Pg(W1,W2)

= inf inf /W E+V + K d
e o e 0y Q( W€+ Vo(y)) + rx(y)) dy

= it (€ Vo) dy = Qun(©).
PeEWLE(Q) JQ
To prove the second equality, let 05 € [0,1] and fi € Py, (W1, Ws) be minimizing sequences such that
fu(&) + kO — Qibp(§) as k — +o0o. Up to a subsequence, there is no loss of generality to assume that
0r — 0. Moreover, since fr € F(«,3,p), using an argument similar to that of the proof of Lemma
4.4 based on the Ascoli Theorem, one can assume that f; converges to some W* in &,. Moreover, by
Proposition 4.3, we deduce that Gy, (W5, W) converges in the sense of Hausdorff to Gg(Wy, W3), and
thus W* € Go(W1, Wa) and W*(€) + k6 = Qo (&). O

Let up € A(0) be a minimizer of (5.3), and let Op(x) € [0,1] and Wy(z,-) € Gg,(a) (W1, W2) be
such that
Quo(Vug(x)) = Wo(x, Vug(x)) + ko ()
for a.e. x € Q. The next result asserts that it is possible to select 8y and W, as measurable functions
of x.
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Lemma 5.2. The functions 8y and Wy can be chosen to be respectively measurable and Carathéodory.
Consequently 0y € L (Q;1[0,1]), Wy € F(Q,a, 3,p) and Wy(z,-) is uniformly convex and of class C*
for a.e. x € Q.

Proof. Since Wy(z,-) € Gg,(q) (W1, Wa), it follows that it is a convex function, and according to
Lemma 4.2 it is also of class C*.

We now prove the measurability properties of 8y and Wy(-,£). Assume first that Vug is a simple
measurable function, then 6y and Wy(-,£) are simple measurable functions as well. In the general
case, there exists a sequence of simple measurable functions £, which pointwise a.e. converges to
Vug. Let 0,(x) and f,,(z,&) be simple measurable functions of x such that for each n € N, f,,(x,-) €
ng(x)(Wl, WQ) and

QYo (&n(x)) = fn(z,&n(2)) + Kb ()
for a.e. x € Q. Define
Wo(z,€) :=limsup f,(z,€) and 6Oy(x) :=limsup b, (x)
n—-+00 n—-+400

which are consequently measurable functions of x as well. For fixed = € 2, extract a suitable subse-
quence (possibly depending on x) such that

Wo(z,§) = jEI—Ql—loo fn;(2,€) and Og(x) := lim 6, (x).

Jj—+oo
Arguing exactly as in the proof of Lemma 4.4, we can show that f, (z,:) — Wo(z,-) in &,. On the
other hand, since f,,(z,) € ngj () (W1, W3) and 6, (x) — 0p(z), we infer thanks to Proposition 4.3
that Wo(z,-) € Gay(z) (W1, Wa). Then, by the continuity of Qip we get that
Q%(VUOU)) = ]EI—POO Q%(ﬁm (x» = jEI—EOC {fnJ (1‘7 g’ﬂj (‘T)) + Kenj (m>}
= Wo(x, Vug(z)) + kbo(x).

To show that it is uniformly convex, we first note that thanks to the local character of G-closure
(4.3), then Wy(z,-) € Goy() (W1, Wy) for a.e. z € Q. Now fix such a point x € €2, and consider
& and & € RY. There exist a sequence of characteristic functions (x,,) C L>(Q;{0,1}) such that
Xn — Oo(x) in L>(Q; [0, 1]), and sequences (¢,,), (¢,) C WHP(Q) weakly converging to 0 in W?(Q)
satisfying

Wol, &) = lim_ | Dan @)W (61 + Veou () + (1= xn () Wa(&1 + Veon(v))] dy,

and

n—-+oo

Wo(z,&) = lim g [Xn (W)W (&2 + V() + (1 = xa(y))Wa(ée + Von(y))] dy.
Note that from the p-growth and p-coercivity conditions (2.1), we have that
: P P ; P P
ljlrgilif ||v<pn||Lp(Q;RN) < C(1+[&]7), ljlrgilif ||v¢n||LP(Q;]RN) < C(1+ |&fP), (5.4)

for some constant C' > 0 depending only on «, 8 and p. Define 1, = (¢, + ¢,,)/2 € WHP(Q) with
tp, — 0 in WHP(Q) so that

Wo <x, G+ €2> < lim inf/Q {Xn(y)Wl (51_‘_52 + Vz/Jn(y))

2 n—+oo 2

+(1 = xn(y)) W2 (&—2%2 + W)n(y)ﬂ dy.

Then using the uniform convexity (2.4) of Wi and W5, we deduce that

§1+ &
2

Wo (93, ) < %WO(%&) + %Wo(x,fz)

n—-+oo

— 2vlim inf / €1+ Von — &2 = Vou > (1+ &1 + Vioul? + |62 + Vo) "% ay.
Q



A QUASISTATIC EVOLUTION MODEL FOR THE INTERACTION BETWEEN FRACTURE AND DAMAGE 19

We now distinguish two cases. First if p > 2, then by the convexity of the map
RY xRV 5 (¢&,&) = [& — &P+ &) + &P P22,

and by lower semicontinuity we deduce that

W (2, 9552 ) < SWa(o.€0) + 3Wa(o.&2) - 2 - & (14l + ) .

If on the other hand 1 < p < 2, then p/2 < 1 and by the reverse Holder’s inequality, we have

1 (p=2)/2
/ &1+ Vion, — & — V| (1 + 516+ Vi — & - VW) dy
Q

(p—2)/p

2/p P
- (/ €1+ Vign = &2 = Vul” dy) (/ (14161 + Venl* + &+ Vén|?)? dy)
Q Q

Then by lower semicontinuity, we have that

2/p
lim inf </ |fl + Vgon - 52 - V¢n|p dy) > ‘51 - £2|27
Q

n—-+oo

and according to (5.4), together with the fact that (p — 2)/2 < 0, we infer that

PN (212
lim inf (/ (1416 + Vo * + &2 + Vo, [*)” dy) >c(14[a + &),
Q

n—-+4oo

for some constant ¢ > 0 depending only on «, 5 and p. Hence,

Wo (% &1 ;§2> < %Wo(%ﬁl) + %WO(%&) —c& - &P+ G+ |£2\2)(p72)/2,

which completes the proof of the lemma. O

We now define the total energy at the initial time by

&y = / Qvo(Vug) de = / Wo(z, Vug) dz + /@/ (1 —-6y)dx = Iy,
Q Q Q
where Oy := 1 — 0 is the local volume fraction of the undamaged material.

5.2.2. Subsequent time steps. Let i > 1, and assume that there exist a Carathéodory function W} | €
F(Q,a,8,p) and ©7_; € L=(Q;(0,1]) such that W) (z,-) € Gi_gr (o) (Wi, Wa) for ae. z € Q.
Following [27], at time tf and at every points x € {2 of the material, we look for all possible rearrange-
ments between the damaged material W; and the one obtained at the previous time step Wik_ 1 ().
The latter has a volume fraction ©F | (x) corresponding to the undamaged material Ws, and thus
the quantity of dissipated energy paid up to time t¥ | is 1 — ©F | (x). Consequently, if the material
remains in the same state, the cost of dissipated energy in 0, while if the material becomes damaged,
the cost is @f_l(aﬁ). By irreversibility, there is no other choice, and thus, at time tf one wants to
minimize

o0 = [ [Wa(T0)+ (1= W (2. V0) + s da o [ O v
Q Q

among all (v,x) € A(tF) x L>=(€2;{0,1}). We first minimize with respect to x which leads to the
following nonconvex integrand

¢f($af) i= min{W1(§) + ’fe)iil(‘r)’ Wi’il(xa§>}?

and the previous minimization problem is equivalent to

IF := inf )/quf(:c, Vo) dz. (5.5)

veEA(tF
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Once again, the integrand ¥ is not convex, and thus (5.5) may fail to have solutions. We need then
to consider the relaxed problem, and as before it suffices to replace z/)f by its (quasi)convexification
defined by

QUf(e,€) = inf / W (€ + Veoly)) dy,
Q

PEW(Q)

or by Lemma 5.1,

k . . * k
- = W ) 0 5.6
QS = [wmmm,.» (O rO )] o0
with
IF = min / k(z, Vo) da. 5.7
t= o [ Qi) (57)

Let u¥ € A(t¥) be a solution of (5.7), then
I} = / QU (z, Vuy) du,
Q
and there exists 0¥ (x) € [0,1] and W (z,-) € Gk (o) (W, WP | (x,-)) such that

Qy (&, Vuj () = Wi (z, Vuf (2)) + kOF_ ()67 («)
for a.e. x € Q). Let us denote by
eF :=0efF (1-06F (5.8)

the volume fraction of the strong (undamaged) material.

Lemma 5.3. The functions 0% and WF can be chosen to be respectively measurable and Carathéodory.
Moreover, 0¥ € L>(Q;[0,1]), W} € F(Q,a,B,p) and Wk(z,-) € G1_ek (o) (W1, Wa) is uniformly
convex and of class C' for a.e. x € Q.

Proof. We first show that
Wk(z,-) e Gi_ek(zy) (W1, W) for ae. z€Q. (5.9)
Indeed, since
Wi(z,-) € Gaf(z)(wlawik—l(xv ) and W (x,-) € Gl—@,’fil(x)(wlaWQ)v
then one can find sequences of characteristic functions (x%) and (x?_;) in L>=(Q;{0,1}) satisfying

X208 (x) and xP , = 1—6F | (2) in L=(Q;[0,1]), and such that

r tim [ [EOWTw) + 0= W @ Vo) dy = [ W Tow) dy,

n—-+oo Q

and

n—-+oo

r- lim [x?_l(y)Wl(Vv(y)H(l—x?_l(y))Wz(Vv(y))} dy:/Wf_l(x,Vv(y))dy-
Q Q

As a consequence of Lemma 4.1, we derive that

- lim I~ lim [(X;l(y)ﬂl—x?(y))x?il(y))Wl(W(y)

n—-+o0o m—+oo Jo
H1 =)0 = XA Wa(Vo)] dy = [ WG Vulu) dy

and for every ¢ € L1(Q),

n—-+oo m——+oo

lim  lim Q[x?(y)+(1—X?(y))x?il(y)]w(y)dy= (9f(x)+(1—95(x))(1—@f_l(x)))/Qsﬁ(y)dy-
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Using a diagonalization argument together with the metrizability of both L*>°(€;[0,1]) and Sy, we
obtain the existence of a sequence m(n) — 400 as n — +oo such that, setting x,, := X?—l—(l—x?)xﬁ(l"),
then Y, — 0% (x) + (1 — 0F(x))(1 — ©F_,(x)) in L>=(9;[0,1]) and

r dim [ R OW(T0w) + (0= WVl dy = [ WE,To() du

n—-+oo /o
Consequently, WF(z,-) € Gk (2)+ (16" (x))(1—0F_, (2)) (W1, W2), and by the localization property (4.3) of
the G-closure set, we conclude that Wk (z,-) € Gor (2)+(1-0% (2))(1-0F_, () (W1, W2). Then by definition
(5.8) of ©F we deduce that W} (z,-) € Gi_ek(z) (W1, Wa).
Now thanks to (5.9) and Lemma 4.2, it follows that the function W} (z,-) is of class C* and convex.

Then a similar argument than that used in the proof of Lemma 5.2 implies that Wi’“(w, 1) is actually
uniformly convex, and the functions 0¥ and W} (-,£) can be chosen to be measurable. d

We deduce from Lemma 5.3 that
IF = /Q Wk(z, Vub) dae + K/Q(@f,l - 0N dx, (5.10)
and we define the total energy at time t¥ by
EF =TF + I*i/n(l —0F \)dr = /QWik(x, Vul) dz + /@/Q(l — O dx. (5.11)

5.3. A few properties of the discrete evolution. We now establish some minimality, monotonicity
and energy inequality properties of the discrete evolution, that will used to pass to the limit as the
time step tends to zero.

5.3.1. Minimality. Since uf is a solution of (5.7) and W}(z,-) € Gaf(x)(Wl,Wf,l(x,-)), it follows

immediately that u is also a solution of
inf Wk(z, Vv) de. 5.12
B RS (5.12)

5.3.2. Monotonicity. We now show that the stored energy of the damaged material decreases as the
time increases. This is in agreement with the fact that the irreversible damage process decreases the
rigidity of the body.

Lemma 5.4. For each i > 1, one has

Wi(z,€) < Wi, (@) (5.13)
for all ¢ € RN and a.e. x € Q.
Proof. We first establish that Wi(¢) < WF(z,€). From Lemma 5.3 we know that WF(xz,-) €
G1_ek(z) (W1, W2), and thus there exists a sequence (xn) C L*(Q;{0,1}) with fQ Xn(y)dy = 1—
O©k(x) for every n € N, and

W) = tmint [ Wi+ Vi) + (- xa@)Walé + Veln)|dy
NEER eeWp(Q) JQ

> it [ W Vo) dy = W),
PEWLR (Q) JQ
where we used the fact that Wy > W7 in the first inequality, and the convexity of Wi in the second
one.
We are now in position to establish the claimed monotonicity property. Indeed, since Wi’f(m, )€
Gore(zy (W, WP | (x,-)), then one can find a sequence (x,) C L>=(Q;{0,1}) with fQ Xn(y) dy = 0% ()
for every n € N, and

W) =t it | Wi Vel) + (- @)W (€ + Vo) dy
T eeWpd(Q) JQ

< /Q @)W (E) + (1= xu (W))W (2, €)) dy < WE 4 (2,€),
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where we used the fact that W1(¢) < WE | (2, €) in the last inequality. O

The next result will be of use to derive the lower bound on the total energy in Proposition 5.3. It
is based on a diagonalization argument similar to that of Lemma 5.3.

Lemma 5.5. For every j > i, one has

Whw) €G oy (W1 W, )
oF (z)
for a.e. x € Q.
Proof. For every i > 2, one has
W (x,-) € Gor (o) (W1, WE (z,-)) and W} (z,) € Gogl(z)(Wl’ WE o (x, ).

Using a diagonalization argument exactly as in the proof of Lemma 5.3, we can prove that

Wi(z,) € G1— ok (W, Wy (2,),

9572(”3)

and the conclusion follows from an induction argument. O
5.3.3. Upper bound on the total energy. We now derive an energy inequality for discrete times which
will be used in passing to the time-continuous limit. For every i > 0, since Wk (x,-) € Go(Wy, Wk (z, ),
by definition (5.6) of QuF, |, we derive that QuF, | (z,£) < Wf(z,§) for a.e. x € Q and every £ € RY.
Consequently, by (5.7), we deduce that

< [ WE@uk + Vs - Vo) do.
Using the fact that the map

te [ WE@Vub + (gl = Vb)) da
is of class C! from R to R with derivative given by

te /Q DWH (e, Vuk +1(Vglsy — Vgb) - (Vgbiy — Vgb) d,
then by the Mean Value Theorem one can find s¥ € [0, 1] such that
/QWik(w, Vulf +VgF , — VgF)de = /Q Wk(z, Vu¥) da
+ [ DWHG Dk + sty = Vo) - (Volis = V) do.
Consequently,
o<t —n [ (O =N de+ | DWHa, Vul + 5 (Vakiy = Vo) (Vs = Vb da.
and from the definition (5.11) of the total energy, we get that
ehy < €+ | D Vb + s (Vs = Vo) - (Valis = V) do.

Hence summing up for i =0 to j — 1 leads to

j—1
<t + Y /g DW @, Vb + 5E(Valys = Vb)) - (Valiy = Vel da. (5.14)
1=0
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5.4. Piecewise constant interpolation. Before taking the limit as the time step tends to zero, we
need to define piecewise constant interpolations for all the discrete time functions considered before.
For each t € [tF,tF, ), we set

ge(t) :=gF, wup(t) :=ul, Op(t):=0F W) =Wk,
and we define A (t) := A(tF) and & (t) := EF. In particular, (5.12) implies that u(t) € Ag(t) is a
solution of

min Wi (t)(x, Vo) dz,
vEAL(t) Q k( )( )

the monotonicity property (5.13) and the definition (5.8) of ©F yield Wy (t) € F(Q,«, 3,p), Ok(t) €
L>(€;[0,1]) for every k € N and ¢ € [0,T], and

Wi(t)(x,€) < Wi(s)(z,§) and  O(t)(z) < Ok(s)(z)

for every 0 < s <t < T, every £ € RY and a.e. z € Q.
Let us define the function ®y, : [0,T] — LP(;RY) by

thy
Dy (t) = sH(Vgh, — Vgb) = st / Vi(r) dr
i

for t € [tF,t¥ |). Then ®; is Bochner integrable, and from (5.1) together with the fact that Vg €
LY0,T; LP (9 RY)), we deduce that [|®4(t)]|1»(q.r~y) — 0 uniformly with respect to ¢ € [0,7]. From
the energy estimate (5.14), we infer that

E(t) <& + /Ot /Q DWWy (1)(x, Vug(1) + @r(7)) - Vg(1) dx dr. (5.15)

5.5. The time continuous limit. We now pass to the limit as the time step tends to zero. We first
establish a compactness result on (ux(t), O (t), Wi(t)).

Proposition 5.1. There exist a subsequence (not relabeled) and functions u(t) € A(t), O(t) €
L>(9;10,1]) and W(t) € F(Q, o, B,p) such that for every t € [0,T],

ug(t) — u(t) in WHP(Q),

Ox(t) = O(t) in L*(9;(0,1]),

/ W(t)(z,Vv)dex =T- lim Wi (t)(x, Vv) da.
Q k—+too Jo

Moreover the map u : [0, T] — WYP(Q) is strongly measurable and u € L>([0,T]; W1P(Q)), the maps
t— O(t) and t — W(t) are decreasing, and W (t)(x,-) € Gi_g@) () (W1, W2) is uniformly conver and
of class C* for a.e. x € Q and every t € [0,T).

Proof. According to [27, Remark 4] and Theorem 3.3 (see also Theorem 3.2 with L>°(£2; [0, 1]) endowed
with the weak* topology which is a compact metric space), there exist a subsequence (still denoted
k) independent of t, O(¢t) € L>°(;[0,1]) and W (t) € F(Q, o, 3, p) such that for every ¢ € [0,T]

Or(t) = O(t) in L>(;0,1]),
(5.16)
/ W(t)(z,Vv)dxr =T- lim Wi (t)(z, Vo) dz,
Q k—+oo Jq

where ©(t) and W (t) are still decreasing with respect to t. Since Wi (t)(z,-) € G1_e,(t)=) (W1, Wa),
by the local character of G-closure (4.3) we deduce that Wy(t) € Gi_g, ) (Wi, W2), and using a
diagonalization argument together with (5.16) and the metrizability of I'-convergence and L>°(£; [0, 1])
(endowed with the weak™ convergence), we infer that W (t) € G,_g() (W1, W2). Hence, using again
(4.3) we obtain that W (t)(x,-) € Gi_g) () (W1, W2). Moreover, as in the proof of Lemma 5.2, one
can show that W (t)(z,-) is uniformly convex.
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From the minimality property satisfied by wug(t), the fact that the sequence (gx) is bounded in
L*°(0, T; WHP(Q)) and Poincaré’s inequality, we infer that

sup sup [lug(t)||w1.p @) < +oo. (5.17)
t€[0,T] keN

For each t € [0,T], there exist a t-dependent subsequence (k;) and u(t) € W1P(£2) such that
up, (t) = u(t) in WHP(Q).

Moreover, the continuity of the trace and the fact that gy (t) — g(t) strongly in W1?(Q) ensure that
u(t) = g(t) HN"'-a.e. on dpQ, so that u(t) € A(t). From standard properties of I'-convergence we
get that u(t) is a solution of

min / W(t)(z, Vv)dx. (5.18)

veA() Jo
Note that since W (t)(z,-) is in particular strictly convex, then the previous minimization problem
admits a unique solution which must be u(¢). Hence by uniqueness the whole sequence ug(t) weakly
converges to u(t) in WLP(Q). If L € [WP(Q)], then ¢t — (L,ux(t)) is a simple scalar valued
measurable function, and since u(t) — u(t) in WP (Q) for each ¢ € [0, T], then (L, uy(t)) — (T, u(t))
for every ¢ € [0,T] which proves that the map ¢ — (L,u(t)) is measurable. Consequently, ¢t — u(t)
is weakly measurable from [0, 7] to W1?(2), and according to the Pettis Theorem (see [25, Theorem
2.104]) together with the separability of W1P(Q), we deduce that t +— wu(t) is actually strongly
measurable from [0,7] to W1P(Q). Thanks to (5.17), we get that

sup [u(t)|lwr.r0) < +oo,
te[0,T]

and thus u € L> ([0, T]); WhP(Q)). O

We define the total energy at time ¢ € [0,T] by

£(t) ::/QW(t)(a:,Vu(t))dx—i—/i/Q(l—@(t))dx.

Our next goal is to prove the energy balance. We first prove a technical lemma which will allow us to
apply Lemmas 3.1 and 3.2 to get a first energy inequality. Note that this is the only part of the proof
where the uniform convexity is really essential. Indeed, this hypothesis ensures the strong continuity

of the map RN 5 £ — ¢¢ € WE(Q), where ¢¢ is the (unique) solution of the cell problem (4.2).
Lemma 5.6. The following properties hold:

(i) There exists a constant v > 0 such that for every k € N, ¢ € RN, t € [0,T] and a.e. z € Q,
then
[ DWi(t) (2, )] < v(1 +[€[P7);

(ii) For any sequences (&) and (€,) C RN such that & < M, |&,| < M and |& — &,| — 0 as
k — +oo, for some M > 0, then

|DWi(t) (@, &) — DWi(t)(z, &)| — 0,
for every t € [0,T] and a.e. x € Q.

Proof. The first item is a consequence of the fact that Wy (¢)(x, ) € F(a, B, p) is a convex function of
class C! together with (2.3).

We now investigate the proof of (ii). By a diagonalization argument, there is no loss of generality
to assume that Wi (t)(z,-) € Pi_e,t)(x)(W1, W2). From Lemmas 5.2 and 5.3 we know that for each
keN,t€[0,T] and a.e. z € Q, the function Wy, (¢)(x,-) is uniformly convex and of class C*. Thus by
(2.5), there exists v/ > 0 such that

(DWi(t)(, &) = DWi(t) (2, 1)) - (€2 — &) = V/[€1 = & (1+ [&|* + |&f*) P72/ (5.19)
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for every & and & € RN, Let M > 0 and &, &, € RY such that |&| < M, |€| < M and
|&x — &l — 0 as k — 4o00. Consider x, € L*(Q;{0,1}) such that fQ Xk(y)dy = 1 — Ok(t)(x) and
Wi(t)(x,-) = (Wy, Jhom- Let g, and @ € WLP(Q) satisfying

Wi () (2, 6) = /Q W (& + Voo ) dy and  Wi(t)(z,€) = /Q Wi (4, €4 + Ve, ) dy.

By the p-growth and p-coercivity conditions (2.1), we have that
Ve llr@ryy < C(1+ [&k]) and [[Voe || r@rry < C(1+ €51) (5.20)

for some constant C' > 0 independent of k. Note that since W; and W5 are uniformly convex, then
Wy, (y,-) is in particular strictly convex, and thus the solutions ¢, and g, of the cell problem (4.2)
are actually unique. Moreover, the weak formulation of the Euler-Lagrange equation gives

/Q DWy, (4.6 + Vipg,) - Vody =0 and /Q DWy, (y. & + Vg, ) - Vpely =0, (5.21)

for every ¢ € WLE(Q).

per

For any v € SV¥~! and any t € R, one has
Wi () (, & + tv) = Wi () (2, &) _ / W (y, &k + tv + 9e,) — Wi (4, &k + V@sk)dy
t - t ’
Q

Since W, € F(Q, o, 5,p) by the p-growth condition (2.1), (5.20) and Fatou’s Lemma, we get letting
t— 0,

DW(t)(w. ) v < | DWy (0.6 + Ve, dy- .
and thus changing v in —v, we infer that ¢

DWi(t)(z, &) -v = /Q DW,, (y,& + Ve, ) dy - v.
Consequently, we proved that

DW(t) (. &) = /Q DW, (5, € + Voo, ) dy (5.22)

and similarly
DWi(t)(z,€}) = /Q DWy, (4, € + Vo, ) dy. (5.23)

By (5.19) and (5.21), we get that
/ / —2)/2
v /Q (6 — ) + (Ve — Ve )2 (1+ [k + Ve, |2 + 1€ + Vg [) T2 dy
< /Q (DWXk (yagk + V(pﬁk) - DWXk (yagllc + VQOE;C)) : ((ék + v(p@c) - (gllc + v@f,’c)) dy

= /Q (DWXk (y, &k + v‘ﬁ{k) — DWy, (%f;c + v‘pf;)) (&k — f;c) dy.

Therefore, since DW,, satisfies the (p — 1)-growth condition (2.3), we deduce that

—2)/2
/Q (6 — &) + (Vpe, — Ve )P (1 + € + Ve, > + €4 + Veoe 1) T2 2 dy

<O+ &P+ 16T IE — &, (5.24)

for some constant Cy > 0 independent of k. We claim that Vg, — Vg — 0 in LY(Q;RYM). To
show this property, we first consider exponents p > 2. Then from (5.24), since (p — 2)/p > 0, we
immediately get that

/Q Ve, — Voo P dy < Calér — €,
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where Cs > 0 is a constant depending only on p, N, M and v/. On the other hand, if 1 < p < 2, then
p/2 < 1, and by the reverse Holder’s Inequality (see e.g. [1, Theorem 2.6]), we have

—2)/2
/Q (€ — ) + (Veoe, — Veoe )1 (1+ 6 + Vo, 2 + € + Ve [) 7722 dy
2/p p/2 (r—2)/p
z(/Q |<5k—f;>+<wgk—wgwdy) (/Q (L1 6 + Ve, |2 1 1€ + Vg ) dy)
2/p
> Cy(1 4 MP)P-2)/p ( JRCEEARLS wg,;npdy) ,
Q

for some constant C5 > 0 (independent of k), where we used (5.20) and the fact that (p — 2)/p < 0.
Then using again (5.24), we deduce that

/Q Ve, — Ve, [P dy < Calés — €4,

where Cy > 0 is a constant which only depends on p, N, M and v/. Gathering both cases, it turns out
that indeed Ve, — Ve — 0 in L'(Q; R™) and also a.e. (up to a subsequence). From (4.4) (with
Xk instead of x,) together with (5.22) and (5.23), we get that

|DWi(t)(x, &) — DWi(t) (2, &) < /Q |DWy, (y, &k + Vipe,) — DWy, (y, &1, + Ve, )| dy

IN

/Q IDW1 (& + Veoe,) — DW1 (& + Vg, )| dy

+ /Q IDWa(&x + Vipe,) — DWa(€ + Vi ) dy.  (5.25)

It remains to show that the right hand side of (5.25) is infinitesimal. To do that, we split the above
integrals as a first integral over the set

hi= {2 € Q& + Ve, (2)| < R and [¢, + Vg ()] < R},

where R > 1, and a second one over the complementary Q \ A %, and we estimate separately both
terms. Concernlng the integral over A%, we denote by wi g (resp. we r) the modulus of continuity of
DW; (resp. DW3) in Bg. Since DW1 and DW, are uniformly continuous on Bg, then wq g(t) — 0
and wo p(t) — 0 as t — 0. Then for ¢ = 1 and 2, we get from the Dominated Convergence Theorem
that

/Ak |DWi (& + Ve, ) — DW;(&), + Ve, )| dy < /Ak wi R([€k — &1+ Ve, — Ve ) dy — 0 (5.26)

R R
as k — 0 for fixed R > 1. We now deal with the integral over @ \ A%. We first remark that thanks
o (5.20), there exists a constant C' > 0 (independent of k and R) such that £V (Q \ A%) < C/RP.
Therefore, using the (p — 1)-growth condition (2.3) satisfied by W;, Holder’s inequality and (5.20), we
get that

/. e [PWil+ Vi) = DA€ + Vi)l dy

<4 / (24 € + Ve [P~ + € + Vo [PY) dy
Q\ Ak

R
< C (1416 + Ve [ lgumn) + 16k + Vg [0 tgmm) ) £V(@\ AR)17
p—1
L ct+ M)
- R
as R — +oo, uniformly with respect to k. Now gathering (5.26) and (5.27), and passing to the limit
first as k — 400 and then as R — +o00, we obtain that

-0 (5.27)

lim /\DW (6 + Vige,) — DWi(Es + Vipe, )| dy = 0,

—»-‘,—(x)
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which implies, in view of (5.25), that |DWy(¢t)(z, k) — DWi(t)(z, ;)] — O. O

Remark 5.1. As noticed in section 2.2, the functions Wi (&) = a|&|P and W (§) = B|&P (with p > 1
and 0 < a < @ < 400) do not fulfill the assumption of uniform convexity, although they are very
important examples. However, the proof of Lemma 5.6 still works in that case since the differentials
DW; and DWs (and thus also DWy(t)(z,-)) are strongly monotone by (2.6) and (2.7).

We are now in position to state a first energy inequality.

Proposition 5.2. For any t € [0,T], one has E;(t) — E(t), and
t
Et) <&+ / DW (r)(x, Vu(r)) - V§(1) dx dr. (5.28)
0o Jo
Proof. By the I'-convergence result (5.16), we have that

£(t) < lim inf { /Q Wi() (2, Vg (1)) dz + 5 /

k—-4oo Q

(1 —0x(t) dw} ,

hence from the upper bound estimate (5.15), we get that

Et) <&+ lirnsup/O /QDWk(T)(ac, Vug(7) + @p(7)) - V(1) da dr.

k—-+oco

As a consequence of Lemma 3.1 (with = LVNT1L(Q x [0,7]) and A = L(Q) ® B([0,T]), where L(Q)
is the o-algebra of all Lebesgue measurable subsets of 2, and B([0,T]) is the o-algebra of all Borel
subsets of [0,7]) and Lemma 5.6, since ®;, — 0 in LP(Q2 x (0,T); RY), we infer that

£(1) < &+ limsup / /Q DWi(r) (2, Vun(7)) - Vi (7) da dr. (5.29)

Next we would like to apply Lemma 3.2 to deduce (5.28) from (5.29). To do that, we need to show
the convergence of the elastic energy. First, by the I'-lower bound, we have

/ W (t)(z, Vu(t)) de < hgfolof QWk( )z, Vug(t)) de. (5.30)

We now prove that this inequality is actually an equality. Consider a recovery sequence (uj,) C Whr(Q)
such that u} — u(t) in WHP(Q) and
/ W(t)(z, Vu(t)) de = lim Wi (t)(x, Vuy,) do
Q k—+o00 Q

Since gx(t) — g(t) strongly in W1P(Q) and u(t) = g(t) on dpf, by a standard truncation argument
which uses a suitable cut-off function, there is no loss of generality to assume that u} = gx(t) on dp2
so that uj(t) € Ax(t). Hence by minimality of ux(t) we obtain that for each k € N,

/Wk(t)(x,Vuk(t))dxg/Wk(t)(x,VuZ)dx
Q Q

and thus, taking the limsup as k£ — 400, we deduce that

limsup/ Wi (t)(z, Vug(t)) de < | W(t)(z, Vu(t)) dz. (5.31)
k—+o00 Q
Hence gathering (5.30) and (5.31), we get that

khrf / Wi (t)(x, Vug(t)) de = / W (t u(t)) dz,

and consequently & (t) — £(t). We are now in position to apply Lemma 3.2 from which we obtain
that for every ¢ € [0, T,

Jim /Q DWi(t)(z, Vur(t)) - V(t) da = /Q DW (£)(x, Vu(t)) - V§(t) da,

and using (5.29) together with the Dominated Convergence Theorem, we get the desired energy
inequality (5.28). O
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We next prove that the energy inequality (5.28) is actually an equality. Following [17] the argument
rests on the approximation of the Bochner integral by suitable Riemann sums (see [17, Lemma 4.12])
that we recall here.

Lemma 5.7. Let X be a Banach space and f : [0,T] — X be a Bochner integrable function. Then
there exists a sequence of subdivisions (sF)o<i<i, of the interval [0,T], with

O=sh<sh<...<sFf | <sf =T and lim max (sf —sF ) =0,
k k k——+o00 1<i<iy

such that
ik
Jm 3 / 1£(s5) — £l dt = 0.

Now thanks to Lemma 5.7 we are in position to show the following lower bound inequality on the
total energy.

Proposition 5.3. For any t € [0,T], then

E(t) > & + /0 /Q DW (1) (z, Vau(r)) - V§(r) dz dr.

Proof. Let s < t. Since u(t) 4+ g(s) — g(t) € A(s), by I'-convergence, one can find a sequence (v) such
that vy, € Ag(s) for each k € N, vy, — u(t) + g(s) — g(t) in WHP(Q), and

Jlim /Q Wi(t)(x, Voy) da = / W (1) (2, Va(t) + Vg(s) — Vg(t)) dz. (5.32)

Let i < j be such that s € [t}, ¢, ;) and ¢ € [t5,¢% ). Since by Lemma 5.5
ij(.’lf, ) S G17 6?(1) (Wl, Wik;l(l', ))

oF_ (=)

for a.e. x € Q, then from (5.6), (5.7) and (5.10) we have that
k k k k k k 0] @)
/ W (;U,Vui)dw—i—/i/(@Z-A —0;)dr < / W (ac,Vvk)dx—&—/{/ e [1- dx,
Q Q Q Q

95—1 ()
and thus

/QW;C(S)(:E, Vug(s)) dx + H/Q(l — Ok(s))dz < /QWk(t)(x, Vuy) dx + 11/9(1 — Ok(t))dx

Hence taking the limit as k — +o0, (5.32) leads to
/ W (s)(z, Vu(s)) da + m/ (1 - O(s))dz
Q Q

< /QW(t)(x, Vu(t) + Vg(s) — Vg(t)) dz + 5/9(1 _ o())ds,

and consequently,
E(s) <E(t / W (t)(z, Vu(t) + Vg(s) — Vg(t)) de — / W(t)(z, Vu(t)) dz.

By the Mean Value Theorem, there exists p(s,t) € | such that

£(t) — £(s) > /Q [DW(t) (1: Vu(t) — p(s, 1) / Vi(r dT> / Vi(r dT} (5.33)

By Lemma 5.7, consider a sequence of subdivisions (s¥)o<;<;, of the interval [0, ], with

k k
0=skF<sf<. . <sfF  <s =t and lim max (s¥ — s} =0
0 1 ip—1 Tk [ 1§i§ik( 1— 1) ’

such that

ik

lim Z
k—-+oco

i=1

(sk = sk Vo)~ [ vatas ~0 (5.34)

Lr(;RN)
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and
ik

sy
(sh = ko) = [ o =0 (5.35)

where
U(t) = | DW(t)(xz,Vu(t)) - Vg(t)dz. (5.36)
Q
For all s € [s¥,s¥ ), we define

- . Sit1
Wi(s) = W(sfi1),  an(s) :=ulsfyy) and Wy(s) := —p(8?78§+1)/k Vg(r)dr.

As Vg € LY(0,T; LP(;RY)), we have that
19 (5)] e (rr) — 0

uniformly with respect to s € [0,t]. In (5.33) we replace s by sf and ¢ by sf_H, then summing up for
i =0 to i — 1 yields

£(t) — £(0) > A /Q DWW (7)(x, Vi (7) + Ty (7)) - Vi(7) da dr-

Note that DW(t) obviously satisfies the (p — 1)-growth condition (2.3). Moreover, since for ¢ €
[sF, sk 1), one has Wy(t)(z, ) = W(sF ,)(z, ) € Gi_e(sh, (=) (W1, Wa) for ae. z € Q, we deduce
from similar arguments than those used in the proof of Lemma 5.6 that for all M > 0 and all
sequences (&) and (&) in RY satisfying |&| < M, [€},] < M and [& — &, | — 0, then

| DW . (t)(x, &) — DW i (t)(2, )| — 0

for a.e. & € Q. As a consequence, applying Lemma 3.1 and remembering that ¥; — 0 in LP( x
(0,7);RY), we get that

E(t) — £(0) > lim sup/ / DW (1) (, Viig(7)) - V§(7) d dr. (5.37)
k—+oo JOo JQ

By the (p — 1)-growth condition (2.3) satisfied by DW (s¥, ) together with Holder’s inequality and
(5.34), we have

— k k k k k S
> | [ DWlst) Vutsh) - (s — Vi) = [ Vi dn) | da
=0 S5
. ip—1 . . ok S?+1 .
<C (1 + ||vu||iw(0’T;LP(Q;RN))) Z (sit1—si)Va(siyr) — /k Vi(t)dt — 0,
=0 Lp(Q;RN)
and thus from (5.35), (5.36) and (5.37) we deduce that
ip—1
£~ £0) = tmsup 3 (shy —sb) [ DWGsk ) Vulsh ) - Volsty ) do
k=too 0 Q
t
- / DW (7)(z, Vu(r)) - Vi(r) da dr,
0 Jo
which completes the proof of the proposition. O

Next, we prove a unilateral minimality property satisfied by the triple (u(t), ©(t), W(t)) which is
stronger than (5.18).

Proposition 5.4. Let t € [0,T]. For any v € A(t), any 0 € L>(;[0,1]) and any W € F(Q, o, 8, p)
such that W(x,-) € Gozy(W1, W(t)(x,-)) for a.e. x € Q, then

/QW(t)(x,Vu(t))dxg/QW(:U,Vv)dm—i—H/Q@(t)Oda:.
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Proof. Let t € [0,T], v € A(t), 6 € L*(Q;[0,1]) and W € F(Q,a,3,p) such that W(z,-) €
Go(zy(W1, W(t)(z,-)) for a.e. x € Q. By Proposition 4.1, there exists a sequence of characteristic
functions (y,) C L>(9Q;{0,1}) such that x,, — 6 in L>=(;[0,1]), and
/ W(z,Vv)de =T- hI_iI_l [XnWl(Vv) + (1 = xn)W(t)(z, Vo) | dx
n—-—1+0oo

Moreover, since

/ W(t)(z,Vv)dz =T- lim Wk( )(z, V) dx

—>+(x>
we deduce from Lemma 4.1 that for each n € N,

/ {anl(w) (1= )W (H)(z, W)} dr =T- lim {XnWI(W) (1= ) Wi (8)(, Vu)} da

k—+oo

Let (v,) C WHP(Q) be a recovery sequence weakly converging to v in WP(Q) such that

/Wx Vo)dz = lim {anl(an)Jr(lfxn)W(t)(x,an) dz. (5.38)

n—-+o0o Q

Without loss of generality, one can assume that for each n € N, v,, = v on a neighborhood of 9%,
and in particular v, € A(t) for each n € N. Consider now (v, k) C WHP(Q) such that v, x — v, in
WLP(Q) as k — +oo, and satisfying

/Q [xnwl(vvn) (1= xn)W () (z, vun)} dz

= lim [anl(vun,k) (1= o) Wi () (z, vak)} dz. (5.39)
— T 00 0
Once again, since for every ¢ € [0,T], gr(t) converges strongly to g(t) in W1P(Q) as k — +oo, it is
not restrictive to assume that v, , = g (t) on IpQ so that v, € Ak(t).
Fix k € N and let i be such that ¢t € [tF, ¢ ), by (5.7) and (5.10), we have that

W (x, Vul) dx—l—m/(@f_l — 0 dx < / Q¥ (2, Vi) d.
Q
On the other hand, since x,(z)Wi + (1 — xn(2))WF(z,-) € G

where

(@) (1 xn ()02 () (W1, W (,4)),

K3 @f_l )
we deduce from the expression (5.6) of Q¥ that

[ Wk vubydo s [(©F, —0bde < [ [wWi(Tona) + (1= x) W, Vo) do
Q Q Q
K @f—l [Xn + (1 - Xn)eﬂ
Q
= [ [eWi(Fon) + (1= x) Wi, wn,o} da
Q

—|—I€:/Q [Gf—an + (1 - X?L)(@ Gk)]

Define ZF(t) = ©F_ if t € [th,t¥ ) and 2(t) its weak* limit in L>°(€; [0, 1]). Thanks to (5.39) we get
by passing to the limit as k& — 400 that

W) (x, Vu(t)) dz + /-;/ (2() — (1)) da

Q

< [ [V + (1 = x)W(o)a. Vo,)] de

5 / [E(H)xn + (1 — xa) (E(t) — O(1))] d.
Q
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Sending then n — 400 yields, according to (5.38),
/ W(t)(x,Vu(t))dx+/~@/ (2() — O(1)) da
Q Q
< /QW(x, Vo) dz + n/ﬂ [E(H)0+ (1 —0)(E(t) — ©(t))] du,

and thus
/ W (t)(z, Vu(t)) de < / Wz, Vv) dx + Ii/ O(t)0 dz,
Q Q Q
which is exactly the desired unilateral minimality property. O

Finally, as a consequence of the fact that W (t)(z,-) € Gi_g@) () (W1, W2) for a.e. x € Q and all
t € [0, T], together with the local character of G-closure (4.3), we deduce that the quasistatic evolution
obtained in Theorem 1.1 is not too low in the sense that the total energy is as close as we want from
the one associated to the original model.

Proposition 5.5. Let (u(t),©(t), W(t)) be any quasistatic evolution given by Theorem 1.1. Then
there exists a time dependent sequence of characteristic functions (xn(t)) C L>=(£2;{0,1}) which is
increasing with respect to t, such that for any t € [0,T],

Xn(t) = 1—O(t) in L>(9;[0,1]),
/WX"(t)(x,Vv) dz 5 / W (t)(z, Vv) dz,
Q Q

and if v, (t) € A(t) is the (unique) solution of

i W. , Vv)dz,
vg}}&)/ﬂ (0 (@, V) do

then vy, (t) — u(t) in WHP(Q), and

(Q
/Wxn(t)(x,an(t))dacﬁ/W(t)(:r,Vu(t))dac.
Q Q

6. FRACTURE VERSUS DAMAGE

This section is devoted to the proof of Theorem 1.2 which is an existence result of a model of quasistatic
evolution for a continuum that undergoes both damage and fracture. This study was initiated in [22].
Since the arguments will be very close to those employed in the previous section, we will not prove all
the statements postponing to section 5 for more details.

In addition to the damage process, we assume that the material under consideration can experience
fractures. The modeling of the fracture process is conceptually similar to that of damage (we refer
to [30, 9] for detailed description of the model). At a discrete time level, and for a given time ¢;, the
created crack I'; will be assimilate to the union of the crack at the previous time step I';_; and the
jump set J,, of the current deformation field w; which is solution of a minimization problem involving
a surface energy which penalizes the presence of cracks. According to Griffith’s theory we assume that
the energy spent to produce a crack is proportional to its area so that the dissipative energy from the
initial time up to time t; is

G HN NI, \ On ),
where G, > 0 is the toughness of the material that we assume to be equal to 1 for simplicity. Note
that there is no energy associated to the part of the crack that lies on dn€2. On the other hand, it
possible for the crack to reach the Dirichlet boundary dp€2, and I'; N 9p€) will be interpreted as those
points of dp where the deformation u; do not match the boundary datum g(¢;).

For technical reasons, we assume now that the boundary datum g € Wbhi([0, T]; WEP(RM)) N
L®(RN x [0,T]). The reason why we further impose an L> bound is that it will enable us to apply
the maximum principle in the following minimization problems, ensuring their wellposedness.

Since 9p is open in the relative topology of 952, there exists an open set ' C RN such that
Q C Q and Q' NN = Op . Then the space of all kinematically admissible deformation fields is given
by

A(t) == {v e SBVP(Q) : v = g(t) a.e. on Q" \ Q}.
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Note that if v € A(t), then v = g(t) HN"!-a.e. on OpQ\ J,, where we still denote by v the inner
trace of v on Opf).

6.1. Time discretization.

6.1.1. First time step. At the initial time, g% = g(0), and one wants to minimize
o) = [ [Wa(T0) + (1= 0WalT0) + hx] do -+ 1Y, 0,
Q

among all (v, x) € A(0) x L>®(;{0,1}). Minimizing first with respect to x leads to the following
nonconvex integrand
Yo(§) == min{W1(§) + x, Wa(§)},
and the previous minimization problem is equivalent to
Iy := inf {/ Yo(Vv) de +HN71(J, \aNQ)}. (6.1)
veA(0) Q

The lack of convexity of the integrand 1y may prevent (6.1) to have solutions, so that it is necessary
to compute the relaxed problem. Since the boundary datum ¢(0) € L*°(£Y’), then by the maximum
principle there is no loss of generality to assume that the minimizing sequences are uniformly bounded
in L*°(Q)). Hence by Ambrosio’s compactness Theorem (Theorem 2.1), the limit functional space
remains SBV?(Q) and to get the relaxed functional, it suffices to replace vy by its convexification
(see Theorem 3.4), which coincides in the scalar case of its quasiconvexification Qg defined by

Quol©)i= _int [ dnle+ Vo)
PeEWR(Q) JQ

or by Lemma 5.1
Qvo(§) = min mi W*(€) + n&} )

0€[0,1] |:W*EG9(‘£‘1/17W2)
Then by Theorem 3.4
Iy = min { / Qo(Vv) dz +HN 1 (T, \ 8NQ)}‘ (6.2)
v€e.A(0) Q
Let ug € A(0) be a minimizer of (6.2). By Lemmas 5.1 and 5.2, there exist 6y € L*°(€;[0,1]) and
a Carathéodory function Wy € F(Q, a, 3,p) such that for a.e. = € Q, Wy(z,:) € Gy (W1, Wa) is
uniformly convex and of class C', and

Qvo(Vug(x)) = Wo(z, Vug(z)) + kbo(z).
We now define the total energy at the initial time by

& = /Qwo(Vuo)dx+HN_1(JuO\8NQ)
Q

= Wola, Vuo) de + H/ (1 - ©0) dz +HN 1Ty \ O Q) = I,
Q Q

where Qg := 1 — 0 is the local volume fraction of the undamaged material, and I'g := J,,, is the crack
created at the initial time.

6.1.2. Subsequent time steps. Let i > 1, and assume that there exist a Carathéodory function W} | €
F(Q, a,B,p), OF | € L>®(Q;[0,1]) such that W} | (z,-) € Gi_er (a)(W1,W2) for ae. z € €, and

¥, € R(Q). At time t¥ one wants to minimize
o) = [ [\WA(70)+ (1= WE (0, 90) 4w da s [ O e+ 1Y (0, (T U aN)),

among all (v,x) € A(tF) x L>®(Q;{0,1}). We first minimize with respect to x which leads to the
following nonconvex Carathéodory integrand

¥y (2,€) == min{W1 (&) + kOF_, (z), WF (x,8)},
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and the previous minimization problem is equivalent to

IF .= inf {/ V¥ (2, Vo) de +HVN (T, \ (TF, U 8NQ))}. (6.3)
vEA(LF) Q

Once again, the lack of convexity of the integrand ¥* may prevent (6.3) to have solutions, and it is nec-

essary to compute the relaxed problem. As before it suffices to replace ¥ by its (quasi)convexification

defined by

QU6 = inf / W (€ + Vio(y)) dy,
Q

PEWRE(Q)

or still, by Lemma 5.1,

k . . * k
/ — w e’ o|. 6.4
WO = i [W*eaﬁtlsvm) (OOl ] o
Then, by Theorem 3.4
IF = min {/ QUF(z, Vv)dx + HN (T, \ (TF_, U 8NQ))} . (6.5)
vEA(tF) Q

Let u¥ € A(tF) be a solution of (6.5), i.e.,
I = [ QUi Vul do+ 1Y \ (T U 0N0).
Q k2

By Lemma 5.3, there exist % € L>((;[0,1]) and a Carathéodory function W¥ € F(£, o, 3,p) such
that for a.e. x € Q, Wk(x,-) € G (2 (W1, WP | (x,-)) is uniformly convex and of class C!, and

Qi (w, Vuj () = Wi (z, Vuf (2)) + £OF_ ()07 ().
We define the volume fraction of the undamaged material and the crack at time tf by
oF:=0F (1-6F and TF:=TF UJ,.

Then, as in the proof of Lemma 5.3 one has W} (z,-) € G1_ek () (Wi, Ws) for a.e. z € Q, and
IF = / WE(z, Vulr) do + H/ (OF , — 0N de + HN V(T \ (T, UdNQ)). (6.6)
Q Q ’
We also define the total energy at time t¥ by

EF = If—i—m/(l —OF dr +HNTHTE  \ oNQ)
Q
= /Wf(x,Vuf)dm—&—/@/(l—@f)dm—&—HN_l(Ff\@NQ).
Q Q

6.2. A few properties of the discrete evolution. Since u} is a solution of (6.5) and Wk (z,-) €

4

Gore(zy (W, WFE | (x,)) for a.e. x € Q, it follows that u¥ is also a solution of

inf {/ Wk (z, Vo) de +HN 1T, \ (TF_, U aNQ))} , (6.7)
veAt®) L Ja

and the pair (uf, I‘f) satisfies the following unilateral minimality property:
/ WH(z, V) do + HY (T8 \ 0x9Q) < / Wh(z, Vo) de + HY LK\ 0xQ),  (6.8)
Q Q
for any K € R(Q) satisfying I'* C K, and any v € A(tF) with J, C K.

Moreover, W} satisfies the same monotonicity properties than in Lemmas 5.4 and 5.5, and arguing
exactly as in section 5.3.3, we derive the following upper bound on the total energy:

j—1
EF <&+ /Q DWF(x, Vuf + s¥(Vgk,, — Vgk) - (Vgk,, — VgF)dz. (6.9)
1=0
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6.3. Piecewise constant interpolation. For each t € [tF,tF ), we set
gr(t) :=gF, wp(t) :=uf, O(t):=0F Tyit):=TF Wi(t):=WF,
and we define Ay (t) := A(tF) and &.(t) := EF. In particular uy(t) € Ak(t), and by (6.8) the pair
(uk(t),Tr(t)) satisfies the following unilateral minimality property: for every t € [0,T],
/ Wi (t)(x, Vug(t)) de + HY 1T (t) \ OnQ) < | Wi(t)(z, Vo) do + HYN YK\ OxQ),  (6.10)
Q Q

for any K € R(Q) satisfying I'y(t) C K, and any v € Ag(t) with J, C K. Moreover, the mappings
t— Wi(t) € F(Q,a,8,p) and t — Ok(t) € L>®(£;]0,1]) are decreasing, and ¢ — 'y () is increasing
for every k € N.

As in the previous section, there exists a Bochner integrable function ®; : [0,T] — LP(;RY)
satisfying ||®x(t)| Lr(@ry) — O uniformly with respect to ¢ € [0,7], such that the energy estimate
(6.9) can be rewritten as

En(t) < & + /O /Q DWi()(z, Vur(7) + ®1(7)) - Vi(7) da dr. (6.11)

6.4. The time continuous limit. We now pass to the limit as the time step tends to zero. We first
state a compactness result on (uy(t), O (t), T (t), W (¢)).

Proposition 6.1. There ezist a subsequence (not relabeled), a set I'(t) € R(QQ), and functions u(t) €
A(t), ©(t) € L*(2;[0,1]) and W (t) € F(Q, «, 8,p) such that

Tk (t) o-converges to T'(t),
up(t) = u(t) in SBVP(Q),

Ok(t) = O(t) in L>=(Q;[0,1]),

/ W(t)(xz,Vv)dx =T- lim Wi (t)(z, Vv) dz.

Q k—+o0o Jq

Moreover the map (u,Vu) : [0,T] — LP(2) x LP(;RY) is strongly measurable, the maps t — O(t)
and t — W(t) are decreasing and t — T'(t) is increasing, and W (t)(x,-) € Gi_e@)(@) (W1, Wa) is
uniformly convex and of class C* for a.e. x € Q and every t € [0,T]. Finally, we have convergence of
the bulk energy at every time t € [0, T,

/QW(t)(:mVu(t))dx = kErfoo/QWk(t)(x,Vuk(t))dx. (6.12)

Proof. The compactness of the pair (O(t), Wi (t)) and the properties of the limit (©(t), W (t)) can be
obtained exactly as in the proof of Proposition 5.1.
We now deal with the compactness of (I';(t)) and (ux(t)) by first deriving a priori estimates. From
the maximum principle, we have that [[uf|| 1) < [|gF||r~ (o) and thus
sup sup ||ug(t)|| o o) < +oo0. (6.13)
te[0,T] keN
Then taking v = gf as test function in (6.7), we get from the p-growth and p-coercivity conditions
(2.1) satisfied by Wy (¢) that a||Vuf||’£p(Q,RN) <p(1+ ||ng||1[£,,(Q,R,\,))7 and thus
sup sup || Vug (t)|| Lr(arry) < +00. (6.14)
te[0,T] keN
Finally from the energy estimate (6.11), the (p — 1)-growth condition (2.3) satisfied by DWy(t),
Holder’s inequality and (6.14), we get that
sup sup HY 1T (t)) < 4o0. (6.15)
t€[0,T] keEN
According to (6.15), Proposition 3.1 and a variant of Helly’s Theorem for increasing set functions
(see e.g. [18, Theorem 6.3] for the case of Hausdorff converging compact sets), one can assume that
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for the same subsequence, 'y (t) o-converges to some I'(t) € R(€) which is still increasing with respect
to t.

Moreover, according to (6.13), (6.14), (6.15) and the fact that (by construction) .J,, ) C T'x(t), we
deduce that

sup sup (||Uk(t)||Loo(Q') + IVug ()| Lo (o mvy + HY 1 up(t ))) < +o00. (6.16)
t€[0,T] keEN

Hence by (6.16) and Ambrosio’s compactness Theorem (Theorem 2.1), for each ¢ € [0,7T], there
exist a t-dependent subsequence (k;) and u(t) € SBVP(Q') such that uy,(t) — u(t) in SBVP(Q').
Moreover, the fact that gx(t) — g(t) strongly in WP(Q') for every t € [0, T] ensures that u(t) = g(t)
a.e. on '\ Q, so that u(t) € A(t). By (6.10), Lemma 5.6 and Theorem 3.5, we deduce that the pair
(u(t),T'(t)) is a unilateral minimizer with respect to the integrand W (t), i.e.,

/Q W (t)(x, Vu(t)) dz + HN 1T (t) \ OnQ) < /Q W (t)(z, Vv)dz +HYN 1K\ OnQ),

for any K € R(Q) satisfying I'(t) C K, and any v € A(t) satisfying J, C K. In particular, if we fix
K =T(t), since W(t)(z,-) is in particular strictly convex (see the proof of Proposition 5.1), then the
minimization problem

min {/Q W (t)(z, Vv)dz : v € A(t), J, C I‘(t)}

admits a unique solution which must be u(¢). Hence by uniqueness the whole sequence ug(t) weakly
converges to u(t) in SBVP?(Q) and using again Theorem 3.5, we infer that the convergence of the bulk
energy (6.12) holds. Finally, one can show exactly as in the proof of Proposition 5.1 that the map
(u, Vu) : [0,T] — LP(Q) x LP(Q; RY) is strongly measurable. O

We define the total energy at time ¢ € [0, 7] by

) :/W(t)(m,Vu(t))dx—l—m/(1—@(t))dx—l—HN_l(F(t)\@NQ).
Q Q

Our next goal is to prove the energy balance. We start by proving the upper bound inequality on the
total energy.

Proposition 6.2. For any t € [0,T], one has
t
E(t) < & + / / DW ()(z, Va(r)) - Vi(r) da dr. (6.17)
0o Ja
Proof. By the I'-convergence result (5.16) and Theorem 3.4, we have that

E(t) < liminf {/ Wi (t)(x, Vug(t)) de + n/ﬂ(l — Ok(t)) dz + HNH(Tx(t) \ 8NQ)} , (6.18)

k——+oo

and from the upper bound estimate (6.11), we get that

E(t) < E + limsup / / DWi(7) (2, Vug(7) + Bu(7)) - Vi(r) da dr. (6.19)
k—+oco JO

Thanks to (6. 12) and arguing exactly as in the proof of Proposition 5.2 we conclude that

. lirf DWy(T)(x, Vug(r) + @4(7)) - Vg(T) dz dr
—+oo Q

= lim //QDWk(T)(x,Vuk(T))-Vg(T)dxdT

k——+oo 0

/ / DW (r)(z, Vu(r)) - Vi(r) dzdr, (6.20)
which, together with (6.19) completes the proof of (6.17). O

We next prove that the energy inequality (6.17) is actually an equality. Following [17] the argument
rests on the approximation of the Bochner integral by suitable Riemann sums (see Lemma 5.7).
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Proposition 6.3. For any t € [0,T], then

¢
Et)> & +/ / DW(T)(x,Vu(r)) - Vg(T) dx dr.
0 Jo
Moreover, for every t € [0,T), there is convergence of the surface energy
HYTHTw(t) \ On Q) — HYTHI(H) \ On Q)
as well as the total energy Ex(t) — E(1).

Proof. Let s < t. By the Jump Transfer Theorem (Theorem 3.6), since u(t) 4+ g(s) — g(t) € A(s), one
can find a sequence (vy) such that v, € Ag(s) for each k € N, vy, — u(t) + g(s) — g(t) in SBVP(QY),

Jim [ W), Vo) dr = / W) (@, Vu(t) + V(s) — Vo(t)) da, (6.21)
—TXJO Q
and

1imiupHN*1(Jvk\(Fk(s)uaNQ)) <HN T (T \ (D(s) UONQ)). (6.22)

Let i < j be such that s € [t},t},,) and ¢ € [t¥, % ). Since by Lemma 5.5

Wj (z,") € Gl ok (2) (W, Wz’—1(ﬂ3a )
TeF (@

for a.e. x € Q, then from (6.4), (6.5) and (6.6) we have that

/ WH(z, Vb da + / (0%, — ©F)dr + HN 1 (T, \ (T, Udye)
) ) ;

()
S/ WE(z, Vo) da + s / oF, (1- ,J(x) dx +HN T (Jy, \ (TF; UONQ),
Q Q 071 (z)

and thus

/Wk(s)(x,Vuk(s))dx—l—/i/(l—G)k(s))dx
Q

Q
< / Wk(t)(:c,Vvk)dx—i—n'/(l—@k(t))da;—&—HN_l(Jvk\(Fk(s)UGNQ)).
Q Q

Hence taking the limit as k — +o0o, (6.21) and (6.22) lead to
/ W(s)(z, Vu(s)) dx + li/ (1—-0(s))dz
Q Q

< [ WO, Tult) + Vals) - Vo) da + [ (1= Oz + HY () \ (05) UONE))
Q Q

and consequently, since J,,(;) CcI(@),

E(s) <E(t /W (@, Vu(t) + Vg(s) — Vg(t)) dz — /QW(t)(a:,Vu(t))dx

The rest of the proof of the energy inequality is exactly the same than that of Proposition 5.3 by
choosing a suitable subdivision (s¥)p<;<;, of the interval [0,¢] thanks to Lemma 5.7.
To prove the convergence of the total energy, for ¢t € [0, T], we have thanks to (6.18) and (6.20)
E() < liminf & () < limsup E(t)

k—-+o00 k— oo

50+1imsup/ /DWk T)(z, Vug(r)) - Vg(1) dx dr
k——+oco

IN

— +/ / DW ()(z, Vu(r)) - Vi(r) dz dr < E(2).
Then the convergence of the surface energy follows as a consequence of (6.12). O

We next prove that (u(t), ©(t),I'(t), W(¢)) satisfies a unilateral minimality property.
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Proposition 6.4. Let t € [0,T]. For any K € R(Q) such that T'(t) C K, any v € A(t) such that
Jy C K, any 0 € L>®(Q;(0,1]) and any W € F(Q, a, 8,p) such that W(z,-) € Gorzy (W1, W (t)(z,))
for a.e. x € Q, then

/W(t)(a:,Vu(t))dx+’HN_1(F(t)\8NQ) g/W(x,Vv)dx—l—HN_l(K\E)NQ)—i—m/ O(t)0 dz.
Q Q Q

Proof. Let t € [0,T] and take v, K, W and 6 as above. By Proposition 4.1 there exists a sequence of
characteristic functions (x,) C L>(; {0,1}) such that x,, = 6 in L>(9;[0,1]), and

/ W(z,Vv)dr =T- lim [anl(Vv) + (1 — xn)W(t)(x, Vv)} dz.
Q Q

n—-+4oo

Moreover, since
/ W(t) (2, Vo) da = T
Q

we deduce from Lemma 4.1 that for each n € N,

/Q [anl(vv) (1= xa)W(t)(z, vv)} dr=T- lm_ | [anl(vv) (1= o) Wit (, vv)] dz.

-l Wi (t)(z, Vo) da,
) k(t) (@, V) do

According to Theorem 3.4 and Lemma 3.3, there exists a recovery sequence (v, ) C SBVP(£) weakly
converging to v in SBVP(Q) such that v, € A(t) for each n € N and

/ W(a, Vo) dz +HY (], \ (D(£) U dx Q)
Q

— lim ( /Q [anl(wn)+(1—Xn)W(t)(x,wn)} dx—i—HN_l(Jvn\(F(t)UaNQ))). (6.23)

n—-+o0o

By the Jump Transfer Theorem (Theorem 3.6), we can consider a sequence (vy, ;) C SBVP(Q') such
that v, , — v, in SBVP(QY) as k — +00, v, € Ag(t) for each k € N,

/Q [anl(vvn) + (1= X)W (t)(z, vvn)] di

= dim [ [aWi(Tva0) + (1= xa)Walt) (@, Vons)| da. - (6.24)
— T 00 0

and

limsup HY "1 (J,, , \ (T (t) UONQ)) < HN 1 (T, \ (T(£) UONQ)). (6.25)
k—+oco

Fix k € N and let i be such that ¢t € [tF, ¢ ), by (6.5) and (6.6), we have that
/ Wk(z, Vub) de + n/ (OF | —eM dx + HN 1 (T \ (TF, UONQ))
Q Q ‘

< / QUY (, Vup k) du + HN 1 (Jy, , \ (T, UONQ)).
Q
On the other hand, since x,(z)Wi + (1 — xn(2))WF(x,-) € Gxn(w)+(lfxn(:v))9f(a:)(Wl?Wik—l(x’ ),
where
o, -o

oF = d
(2 k I
@ifl

we deduce from the expression (6.4) of Q¥ that
/ W (z, Vuy) do + K/ (0, — 67)dr < / [anl(wn,k) +(1- Xn)wf(%wn,k)] da
Q Q Q

b [ B T+ (1= x)68)] d WY, (0 U ONe)
Q

= / {XnWl(an’k) + (1 = xn)WE(z, an,k)} dx + Ii/ [@;21)(71 +(1—xn)(OF | — @f)] dx
Q Q

+HY (T, \ (TFUONQ)).
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Define E¥(t) = ©F | if t € [tF,¢F |) and E(t) its weak* limit in L>°(€2;[0,1]). Then

AWk(t)(x,vuk(t))dx+m/

(Ek(t)—@k(t))dﬂcé/ [onl(an,k)+(1—xn)Wk(t)(x,an,k) dx
Q Q

e / [Z6()xn + (1 = xa) (@) — Ok(t)] dz+ HY1(J,, , \ (Tk(t) UOND)),

and thanks to (6.24) and (6.25) we get by passing to the limit as k — 400 that

/QW(t)(a:,Vu(t))dx+m/Q(E(t) o)) da g/

Q

—

X Wi (Vo) + (1 — xn )W (8)(x, vun)} d

+ n/ﬂ [E(t)Xn + (1 — xn)(E(t) — O(t))] dz + HN (T, \ (D(t) UONQ)).

Sending then n — 400 yields, according to (6.23),

/QW(t)(:z:7 Vu(t)) dx + Ii/ﬂ(E(t) —0O(t))dx
< /Q W (z, Vv) dx + n/ﬂ [E®)0+ (1—0)(E@) — O@))] de+HN1(J, \ (D(t) UdNQ)),
and thus since J, C K,
/Q W (1) (2, Va(t)) dz + HY1(T(t) \ OnQ) < /Q Wz, Vo) de + 5 /Q O da + HY (K \ OnQ),
which is exactly the desired unilateral minimality property. O

Finally, using the fact that W (t)(z, ) € Gi_e()@) (W1, W) for a.e. z € Q and all t € [0,T]
together with the local character of G-closure (4.3) and the Jump Transfer Theorem (Theorem 3.6),
we deduce that the obtained quasistatic evolution is not too low in the sense that the elastic energy
is as close as we want from the one associated to the original model.

Proposition 6.5. Let (u(t),0(t),T'(t), W(t)) be any quasistatic evolution given by Theorem 1.2. Then
there exists a time dependent sequence of characteristic functions (xn(t)) C L>®(£2;{0,1}) which is
increasing with respect to t, such that for any t € [0,T],

Xn(t) =1 =6(t) in L>([0,1]),

/Wxn(t)(xavv)dxg/W(t)(x,Vv) dz,
Q Q

and if vy (t) € A(t) is the (unique) solution of
min {/ Wy, (x, Vo) dz : v e A(t) and J, C F(t)} ,
Q

then vy, (t) — u(t) in SBVP(Q), and

/ Wy,.o) (2, Vug(t)) de — / W (t)(z, Vu(t)) dz.
Q Q
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