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Existence and regularity results for fully
nonlinear equations with singularities

Patricio Felmer, Alexander Quaas and Boyan Sirakov

Abstract

In this paper we consider the Dirichlet boundary value problem
for a singular elliptic PDE lke F[u] = p(x)u™", where p,pu > 0, in a
bounded domain in R™. The nondivergence form operator F' is as-
sumed to be of Hamilton-Jacobi-Bellman or Isaacs type. We establish
existence and regularity results for such equations.

1 Introduction

In this paper we study a class of boundary value problems of the form
F(D*u, Du,u,z) + f(z,u) =0 in €, w=0 on 09, (1.1)

where F' is a positively homogeneous fully nonlinear elliptic operator, € is a
bounded C%-domain and f is singular at v = 0. Our main results concern
existence, uniqueness and regularity of solutions of (1.1).

The semi-linear version of this problem, that is, (1.1) with F' replaced by
a linear operator

has been attracting continuous attention since the 1970’s and the literature
nowadays is very large. A cornerstone in the study of singular problems of
this type is the classical work by Crandall, Rabinowitz and Tartar [10], whose
results, applied to the model equation

Lu+px)u™ =0 in Q wu=0 on 09, (1.3)

p >0, p(z) > 0 in Q, state that (1.3) has a unique positive solution which is

Holder continuous, that is u € C7(€2), and it satisfies
Cid (z) < u(z) < Cod' (),

where d is the distance to the boundary of Q, v =2/(p+ 1) and 0 < C; < Cy.
In addition, they showed that if 4 < 1 then the solution is Lipschitz in
Q. Later, Lazer and McKenna [25] developed a simplified approach to this
problem, in particular when L is in divergence form.

Concerning the regularity of solutions of (1.3), exact results were obtained
by del Pino [12] and Gui-Lin [18], for L = A and functions p which behave
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like powers of the distance to the boundary. In particular, they showed that
solutions of (1.3) are actually in C%(Q) N C1#(Q), for some 3 > 0, provided
p < 1 (see also an earlier result by Gomes [17]). Notice that this is the best
regularity one can expect, as the equation itself shows.

Then, in the last fifteen years numerous and various extensions of these
results were obtained, mostly to more general nonlinearities f(z,u) and to
quasilinear equations. In addition to the papers we already quoted we refer
to [6], [7], [11], [13], [20], [21], [31], [34], [37], [38] and the references therein.
An excellent starting point to these studies is the survey [19], where very
extensive literature is available.

Despite the large literature on semi- and quasi-linear equations with sin-
gular nonlinearities, we do not know of any works where such a study is
done in the setting of fully nonlinear equations. This is the main goal of this
paper. We are going to show that the recently developed theory of Hamilton-
Jacobi-Bellman and Isaacs equations [8], [22], [5], [9], [29] and [1] permits us
to prove the same existence results as in the semi-linear setting, when weak
(viscosity) solutions to (1.1) are considered. The regularity result requires
a new approach, since none of the methods used in the previous papers on
singular problems applies in the fully nonlinear setting. In particular, no
linear theory for adjoint operators nor Green functions are available for fully
nonlinear operators.

Throughout the paper all differential (in)equalities will be understood to
hold in the L"-viscosity sense — see [5] for a detailed description of this notion.
We now state our hypotheses and results. We assume F' is a Hamilton-Jacobi-
Bellman (HJB) operator, that is, a supremum of linear operators like (1.2)

Flu] = F(D*u, Du,u,z) = zlelg{Lo‘u(x)}, (1.4)

where the index « varies in some set A and
(S) for some constants 0 < A < A, v > 0, the matrix A%(z) := (afj(z)) is
such that A € C(Q), A\l < A%(x) < A, and |[b%(x)|,|c*(x)| < 7, for
almost all x € 2 and all a € A.

(C) F satisfies the following comparison principle : if u,v € C(Q) are LV-
viscosity solutions of F[u] > F[v] in Q and one of u,v is in W2 (),
then v < v in Q.

Notice we do not assume much regularity on the coefficients of F', however all
our results are new even for operators with smooth coefficients. For detailed
description of the theory and the numerous applications of HJB operators,
we refer to the book [15] and to the surveys [24], [33] and [3]. In particular,
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it is shown in [26] and [29] that, under (S) the operator F' has two real
"principal half-eigenvalues” A\ (F) < A\ (F) that correspond to a positive
and a negative eigenfunction and

F satisfies (C) < M (F) > 0.

In order to keep the statements simple, we are going to restrict to nonlinear-
ities f which have the same form as in (1.3). This model case is sufficient
to expose the ideas needed in order to study fully nonlinear equations with
singular nonlinearities. More general results can be obtained by mingling
our techniques with already existing ones, for instance for general decreas-
ing nonlinearities like in [10], or for nonlinearities with an added nonlinear
perturbation like Au?, p > 0 (these types of nonlinearities for fully nonlinear
equations were considered in [28] and [14]). We could also consider operators
with unbounded coefficients and quadratic dependence in the gradient, like
in [32] or operators whose coefficients have some singularity on the boundary
of Q, like in [20]. We leave these extensions to future studies.

Furthermore, all results below extend to Isaacs operators, that is, opera-
tors like in (1.4), with the supremum replaced by a combination of suprema
and infima of linear operators, provided more regularity in = is assumed,
and the operator F' is proper (that is, decreasing in u) so that comparison
principles are still available. We refer to [22] and [9] for more precise con-
ditions under which comparison is available for Isaacs operators. All our
statements and proofs remain almost unchanged in this case, only the spaces
W?2P which appear in them are to be replaced by C**. Here is our existence
and uniqueness theorem.

Theorem 1.1 Suppose Flu| is in the form (1.4) and it satisfies (S) and (C).
Assume > 0 and p € LN(Q), further satisfying p > 0 in Q and p > 0 on a
subset of €2 with positive measure. Then the problem

Flul+pz)u™ =0, u>0 in Q u=0 on 09Q, (1.5)

has a unique viscosity solution, such that u € W2N(Q) N C(Q).

loc

In order to prove this theorem we use the method of sub- and super-
solutions, as developed for viscosity solutions in [8], which we combine with
the recent results on existence of eigenvalues and eigenfunctions of fully non-
linear operators in [29]. We construct super- and sub-solutions by solving a
fully nonlinear eigenvalue problem with a weight. Uniqueness follows from
the comparison principle.

Our second main result concerns the behaviour of the solution of (1.5)
near the boundary of €2. Naturally, in order to give precise results we need to



put some restrictions on the weight p, the most important (and the simplest)
situation being when p is bounded away from zero in €. In order to parallel
previous results in [12] and [18], we are going to assume that p behaves like
a power of the distance function.

Theorem 1.2 Under the hypotheses of Theorem 1.1, assume there are con-
stants ¢y, co > 0 such that

cd*(z) < p(x) < cd*(x),  for some a >0, (1.6)
where d(x) = d(x,09). Then for the solution u of equation (1.5) we have:

(i) If u < 1+ a then u € CY5(Q), for some B which depends only on
e, Ay Ay, 0, N and €.

(i) If u = 1+« then u € CP(Q) for all B < 1, and there exist constants
ai, as, D > 0 such that

ard(z)(D — log d(z))Y 149 < u(z) < asd(z)(D — log d(x))Y/ 0+,

(111) If w > 1+« then u € C%(ﬁ) and for some constants ay,as > 0

ald(gj)(a+2)/(1+u) < u(z) < azd(x)(a+2)/(1+“), x e Q.

The most interesting part of this theorem is statement (i), whose proof
uses an extension to (1.5) of the celebrated method of Krylov and Safonov
[23], that proved global C'#-bounds for solutions of linear equations with
measurable coefficients, essentially opening up the theory of equations in
non-divergence form. More precisely, we are going to build up on a simplified
version of this method due to Caffarelli. To prove our regularity theorem
we need to get sharp bounds on the solution near the boundary, which are
obtained by appropriate comparison with radially symmetric solutions for
related extremal equations. See Section 3 for details.

We further mention that as a by-product of our results we provide solu-
tions for the following degenerate parabolic equation:

p(z)vy = v’ F(D?v, Dv,v,z) in  Q x (0,00), (1.7)

v(z,0) =vo(z) and ov(z,t)=0 on I x (0,00). (1.8)

Indeed, if we take v = un, where u is a solution of (1.1) and 7 is a solution of
n = —nP*!, with p = 3—1 and 8 > 0, then v satisfies the parabolic equation
(1.7). This special solution is suitable for sub- and/or super-solutions of the
initial value problem (1.7)-(1.8) for a large class of initial conditions vy.
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2 Proof of Theorem 1.1

2.1 Preliminaries and a weighted eigenvalue problem

We begin this section by restating the structural hypotheses we made on F'
in the introduction. We assume F : Sy x RY x R x 2 — R satisfies, with
S = (M,p,u), T = (N,q,v) € Sy x RY x R, the following hypotheses:

(HO) F is positively 1-homogeneous : F(tS,z) = tF(S,x) for t > 0.
(H1) There exist 0 < A < A, v > 0 such that for all 5,7

M™(M = N) =~(lp— gl + |u—v|) < F(S,z) — F(T, )
< MHP(M = N)+y(lp — gl + [u —v]).

(H2) —F(T — S,z) < F(S,z) — F(T,z) < F(S—T,z) for all S,T.
(H3) The function F(M,0,0,z) is continuous in Sy x €.

Here M~, M™ denote the Pucci extremal operators, defined as follows :
MF (M) = SUD 452 tr(AM), M~ (M) = ianeSIAV,A tr(AM), where Sy de-
notes the set of symmetric matrices whose eigenvalues lie in the interval
[A, A]. We have the following alternative way of defining M~ and M™

ME(M) =2 p+A >y and ME(M) =AD" A Yy, (2.1)

115>0 115 <0 15 <0 b >0

where pi1, ..., u, are the eigenvalues of M, see for instance [4].

Hypotheses (H0)-(H1) define an uniformly elliptic Isaacs operator with
bounded measurable coefficients. Such an operator is convex, that is, is in the
form (1.4) if and only if it satisfies (H2). As we already noticed, in all what
follows (H2) could be replaced by an hypothesis on the regularity of F' with
respect to x and monotonicity of F' with respect to u, for instance F'is C“ in
xwitha >1/2and ¢* <01in (1.4). See the remarks at the end of Section 1 of
[9] and the papers quoted there. These hypotheses guarantee the comparison
principle (C) holds, with W2 replaced by C1* in its statement. Hypothesis
(H3) is used to ensure the well-posedness of the Dirichlet problem. As it
is well-known, even a linear equation a;;0;ju = 0 can have more than one
viscosity solution if its coefficients are discontinuous, see [27].

Next we recall several known results which we use in the sequel. First we
give the comparison and existence results from [5], [9], [29], [36].



Theorem 2.1 Suppose F' satisfies (H0), (H1), (H2) and (H3). Then the
operator Flu] = Flu] — yu satisfies (C) and for any f € L™ (), there exists
a unique viscosity solution u € WY (Q) of

F(D*u, Du,u,z) —yu=f in €, u=0 on 0.

We also recall the following strong maximum principle (Hopf’s lemma),
which is a consequence from the results in [2] (a simple proof can be found
in the appendix of [1]).

Theorem 2.2 Suppose w € C(S2) is a viscosity solution of
M~ (D*w) — | Dw| — yw < 0 in Q,

and w > 0 in Q. Then either w = 0 in Q or w > 0 in Q and at any point
(xo + tv) — w(zo)
t

xo € 0 at which w(xg) = 0 we have lim\iglf v > 0, where
t

v is the interior normal to OS2 at xq.

The next theorem is a simple consequence of the compactness result of [9]
(Proposition 4.2 in that paper) and the convergence properties of viscosity
solutions (see Theorem 3.8 in [5]).

Theorem 2.3 Let f, — f in LN(Q). Suppose F satisfies (H1) and u,, is
a solution of F(D*uy,, Dy, un, ) = fn in Q, u, = 0 on 9, such that the
sequence u, is bounded in L*(S2). Then a subsequence of {u,} converges
uniformly to a function u, which solves F(D?*u, Du,u,z) = f in Q, u=0 on

002.

Now we give a proof of the existence of first half-eigenvalues for fully
nonlinear elliptic operators with a non-negative weight. More precisely, we
consider the eigenvalue problem

F(D*u, Du,u,z) = —Ap(z)u in Q, u=0 on 09 (2.2)
and we prove the following

Theorem 2.4 Assume F satisfies (H0)— (H3). Let p € LN(Q) be such that
p(z) > 0 in Q and p(x) > 0 on a subset of Q with positive measure. Then
there exists a couple (\*, 1) € R x W2N(Q) of solutions to (2.2), such that
et >0 in Q.



Proof of Theorem 2.4. We are going to use the Leray-Schauder alternative
given in Corollary 1 of of Theorem VIIL.1 in [30]. For that purpose we
consider the solution £(g) of the equation

F(D*u, Du,u,z) —yu = —p(x)g in Q, u=0 on 09, (2.3)

which is well defined for every g € C(2), thanks to Theorem 2.1. Then we
define the cone K = {u € C(Q)|u > 0in Q, u =0 on 92} and we observe
that L(g) € K for all ¢ € K. Next, from the hypothesis on the weight p,
we can choose a smooth uy € K \ {0}, with compact support, such that
p(x)up(z) > 0 on a set of non-zero measure. Then, using Theorem 2.2 we
can find M > 0 such that ML(ug) > up.

Now we are in a position to define the map 7, : R"™ x K — K as
To(p,u) = pul(u) + pel(ug), for € > 0. We notice that by Theorem 2.1 and
well known compact imbedding theorems, 7. is a well defined compact op-
erator. Moreover T.(0,u) = 0. Thus, by quoted Leray-Schauder alternative
there exists an unbounded connected component C. C R™ x K of solutions
to T.(u,u) = u, containing (0,0). We claim that C. C [0, M| x K. To verify
this, we have that for all (u,u) € C.

u = pl(u) + pel(up)

and then u > pl(u) and v > pel(ug) > +Zeug. If we apply £ again, by
Theorem 2.1 we get

> L(u) > %sﬁ(ug) > ——cuyg

=l

so that u > (47)%cug. Repeating this step we get
i
> (—=)" for all > 2
u_(M) eug forall n>2,

and we conclude that ;4 < M. This and the fact that C. is unbounded imply
that for each € > 0 there exists (p.,u.) € C. such that [Ju.]|c = 1. Now
Theorem 2.3 allows us to pass to the limit as ¢ — 0, to find u* € [0, M] and
et >0, T # 0 such that p* = pTL(p™"). From here we also deduce that
pt > 0 and by the Theorem 2.2 that o™ > 0. Finally we define \{ = —y+u™.
U

Remark. In Theorem 2.4 we have only stated the existence of an eigenvalue
associated to a positive eigenfunction, which is the only result we need here.
However it can also be proved that this eigenfunction is simple and that
there is a negative eigenfunction associated to a second eigenvalue A~ > A%,
Actually, nearly all results from [29] can be extended to (2.2).

In all that follows we denote the above eigenvalues with AT (F, p) to em-
phasize the weight p.



2.2 Proof of the existence theorem

In this subsection we are going to prove our existence and uniqueness Theo-
rem 1.1. Recall that we assume A\T(F,1) > 0, that is, (C) holds. It follows
from the definition of AT (F), see [29], that this eigenvalue is monotone in the
domain 2. Hence the first eigenvalue of F'is positive in any subdomain of €2
as well, so the comparison principle is valid in any subdomain of Q (including
non-smooth ones, as explained in [29], or as can be seen by approximation).

We now state a comparison theorem for super and sub-solutions of our
equation and regularized version of it.

Theorem 2.5 (Comparison) Assume F' satisfies (S) and (C). Let 6 > 0 and
u,v € VVliCN(Q) be respectively a sub- and a super-solution of

H(w) := F(D*w, Dw,w,z) + p(z)(w+ )" =0 in Q, (2.4)
with u < v on 0. Then u < wv in (.

Proof. Suppose by contradiction that Z = {x € Q|u > v} is not empty.
Let Z* be a connected component of Z and z = v — u. Then, since z = 0 on
0Z* and p,u > 01in €, by (C) we get z > 0 in Z*, a contradiction. O

Next we prove the existence and uniqueness of a solution for a regularized
version of our problem. We consider the eigenvalue A} := A*(F,p) and the
associated positive eigenfunction ¢*.

Proposition 2.1 Assume F' satisfies (S) and (C). For every § > 0 there
exists a unique solution to (2.4), with us = 0 on 02. Moreover, there are
positive constants a,b and 0 < n < 1, independent of §, such that

apt <u<blpt)" in Q. (2.5)

Proof. Let ¢* be the eigenfunction corresponding to A\ := AT(F,1) > 0.
We first observe that

H(ap™) = —p(z)(arf ¢ — (ap™ +6)7") >0,

for sufficiently small @ > 0, independently of § > 0. Thus v; = ap™ is a
sub-solution to (2.4).

Now we take vy = (¢)"+bop™, where b > 0 is chosen later and 0 < 7 < 1
is a fixed constant such that n < 2/(u+1). Computing Dvy, D?vy, and using
hypotheses (HO) and (H1) we see that v, satisfies

H(vz) < F[(¢7)"] +bF[¢7] + p(x)(ve +0)7"



IN

(¢ )" F(D*6T, Dt 6" ) + (1 —n)y(¢F)"

+(n = V()" M5 A (D¢t @ Do)

+OF(D*¢", Do*, 6", x) + p(x)(vy + )7 (2.6)
(@) =AM+ (L —n)v} —bA 6"

+(n = D)n(@")" M5\ (Dot @ D§™) + pla)(¢F) ™.
Notice that the matrix D¢+ ® D¢™ has |D¢T|* as the only nontrivial eigen-

value. By using Theorem 2.2 we see that there exists a neighborhood V' of
0 such that |D¢™| > ¢ > 0 in V, that is, for some k > 0

IN

(@) MA(DGT ® Do") = k(6F)" 7, (2.7)

in V. Now, recalling that n — 1 < 0 and 2 —n > un, by the fact that ¢+
vanishes on 02 and the inequalities (2.6) and (2.7), we find that for large b
the inequality H(vs) < 0 holds in V. On the other hand, in Q \ V' we find
that H(ve) < 0, again by choosing b large enough.

Using v; and vy as a sub- and a super-solution for (2.4), we may now use
the standard method of monotone iterations, to find a solution us for (2.4),
which vanishes on 0f2. By the regularity result of [35], us is in VV@CN(Q)
Moreover, by enlarging b we find that us < b(¢™)" in €, so that (2.5) also
holds. U
Remark. In the proof of this proposition we need that A™(F,1) > 0 and
that the weighted eigenvalue problem has a solution, but we do not use the
sign of AT(F, p).

We end this section with a proof of Theorem 1.1, the existence and unique-
ness result for the singular equation.
Proof of Theorem 1.1. Take a sequence 9,, = 1/n and use Proposition 2.1
to find a monotone sequence of solutions u,, = us, to equation (2.4) satisfying
(2.5) in Q. Then, by Theorem 2.3 and a standard diagonal procedure, we
find a solution u to (1.1). Uniqueness follows from Theorem 2.5. 0

3 Estimates on the solution near the bound-
ary of the domain

The first goal of this section is to obtain a sharp bound for the solutions to
(1.1) near the boundary of 2, under some extra assumptions on p. Precisely,
we prove the following theorem:



Theorem 3.1 Assume F satisfies (S) and (C). Suppose there are constants
c1,co > 0 such that

cd®(x) < p(z) < cd®(x), o >0, (3.1)
where d(x) = d(x,09). Let u be the solution to (1.1). Then
(i) If p < 1+ « then there exist constants ay,as > 0 such that

ard(z) < u(zr) < axd(x), x €.

(i1) If p =1+ « then there exist constants ay,asy, D > 0 such that

ard(z)(D —log d(z))Y 0+ < wu(x) < apd(z)(D — log d(x))"/ +m),

(i1i) If p > 1+ « then there exist constants ay,as > 0 such that

ald(z)(a”)/(l*“) < u(x) < agd(a:)(a”)/(l*“), x e Q.

In what follows we consider the following two operators
F*(u) = My ,(D?u) £ ~|Dul £+ yu, (3.2)

which are the extremal operators appearing in hypothesis (H1).

Let us denote by B, the ball with radius r centered at the origin, and set
A, ={z | p<r <R} for 0 < p< R (we denote r = |z|). In our first
lemma we construct an appropriate comparison function, to be used as super-
solution for (1.1) near the boundary of 2. Note that this construction can
only be done in a small neighbourhood of the boundary, since F'™ contains
a positive zero order term, and is therefore not coercive (that is, its first
eigenvalue is not positive) in large domains.

Lemma 3.1 Assume o >0, > 0. There exists Ry > 0 such that for every
0<p<R< Ry, C>0and M >0, the problem

Ft)+C(r—p)*v " =0 in A,p,
v =0 on dB,, v =M on JBg,

has a unique positive solution.

Proof. Since F'* satisfies (H0)-(H3), by Theorem 2.4 there exist ¢ > 0 and
AT € R, such that

FrHet) + AT (r—p)%" =0in A,r, ¢ =0o0n A,
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We also have an eigenpair (A], ) which solves
Frpt)+ Aot =0in A,r, &7 =0o0n dA,p,
so, in particular
M (D?6M) +9|Dé*| > (—Af —)¢* in Ayp, 6" =0 on OA, .
Applying the ABP inequality (see [5]) to ¢ we obtain
Sup ¢ < Cdiam(A, r) (N +7) sup o,

SO

Hence if we choose Ry small enough we have \{ > 0. Thus, proceeding as in
the proof of Proposition 2.1 and that of Theorem 1.1, we only need to find
appropriate sub and super solutions for

Ft)+Cr—p)*w+4d§)"=0, in A,xg, (3.5)
v=0on 0B, v = M on 0Bgp,

which are independent of § > 0. If we consider a small enough then v; = ap™,
is a sub-solution for (3.3)-(3.4), as we proved in Pr2.1. We observe that
vi(p) =0 and v1(R) =0 < M.

Next we find a super-solution for (3.3)-(3.4). As in Proposition 2.1, we
consider a constant 0 < n < 1 such that n < 2/(u+ 1). Let us prove that
vy = (¢T)7 4 bop™ + T is a super-solution, with v := M(r — p)/(R — p). In
fact, if we define for a function w

H(w) = F"(w) + C(r — p)*(w+6)7",
we easily check that

) S FH(@H)) +bES(67) + FF(0)+ C(r = p)(67) ™
< (1 =n)(@7)" = A ¢T + F (D)

+n(n = DA [(@7) P+ Clr = p)*(6") ™. (3.7)
Recalling that n — 2 < —nu < 0 and « > 0, since we have |(¢™)'(R)| > 0,
[(67) (p)] >0, T (p) = FF(v)(p) =0 and F*( ) < C, for a certain constant
C', we see that the right hand side in (3.7) is negative near r = p and r = R.
Then we choose b large enough so that H(ve) < 0 in the whole interval,

11



completing the proof that v, is a super-solution. We notice that vy satisfy
the boundary conditions (3.4).
Now we take Ay large enough so that the function

G(s,7) =—C(r—p)*(s+0(r) +0)" — Aos

is decreasing in s for all » € (p, R). Then by the usual iteration procedure
we can solve the hierarchy of equations

F(D*wiq + D*T, Dwiiq + DU, wipy +0,7) — Nwip1 = G(w;,r), 1€ (p, R),

with Dirichlet boundary conditions w;y1(p) = w;y1(R) = 0. The sequence
v; = w; + U is decreasing and bounded, so convergent to a solution of (3.5)-
(3.6). By letting 6 — 0 we then get a solution to our problem. O

Proof of Theorem 3.1.

Proof of statement (i). We first consider the case o — u > —1. We start by
analyzing the behavior of the radial solution u of (3.3)-(3.4), found in Lemma
3.1. We will prove that there is a positive constant ay such that

u(r) < ag(r —p), forall re€|p, Rl (3.8)

We will assume, without loss of generality, that R < 1. It is convenient to
define the function (s) by 0(s) = A if s > 0, and 6(s) = X if s < 0. Then,
since u is radially symmetric, the eigenvalues of D?u are u”(r) and u'(r)/r,
so by the properties of M™ we have

M*(D%)(r) = O(u" (W) (1) + 0 () (N — 1) ).

r

Thus u satisfies the equation
/
O(u" (r))u" + 6(u'(r)) (N — 1)ﬂ + | +yu+C(r—p)*u™=0. (3.9)
r
In order to write this equation in a simpler form, we define

) — AN )
oy

clr) = espl [ vis)ds) and {(r) =

1

Then (3.9) can be written as
() + =yl = yu+ C(r — p)*u"} = 0. (3.10)

12



If we set Ny = 2(N —1)+1, and N_ = &(N — 1) + 1, then we easily see

that for all p <r < R <1 we have

Ny —1<vy(r)r<N_-—1,

PNt < () < 7™M and % <((r) < @

Let 7o = sup{r € [p,R]|v(s) > 0,s < r}. By Hopf’s lemma r, > p.
Integrating for r € (p, o), we find

u'(r) < (C) ()[Cay”(s — p)* ™ + yu'(s) + yu(s)]ds

5
< { g/ ds+/:°<s—p>a-“ds}<oo,

since a — pu > —1, 0 < ¢(p) < &(r),€(r) < C, and u is bounded. Thus u/(r)
is bounded for r € [p, 7], from which we deduce the existence of a constant
as such that u(r) < as(r — p) for all r € [p, R], completing the proof of (3.8).

Now we prove Theorem 3.1 (i). Since €2 is smooth and bounded we can
find p > 0 such that for every point zy € € such that d(zy) < p, there exist
points yo = y(z) € 02 and 2o = z(x) & Q along the normal direction at yp,
with |yo — 20| = p. Set R = 2p and decrease p, if necessary, to have 2p < Ry,
where Ry was given in Lemma 3.1. Note that B(z, p) is an exterior tangent
ball to 0€2.

Using the hypothesis (3.1) we see that for all z € QN B(zg, R)

p(x) < cpd®(2) < eo|2 = 20| = p)*.

Now we consider the solution u of the singular equation (1.1), given by
Theorem 1.1, together with the solution v of (3.3)-(3.4) with C' > ¢, and
M = sup,cqu(r). By using Theorem 2.5 we conclude that u(z) < v(zx) for
all z € B(zp, R) \ B(zp, p). Finally, using (3.8) we get that

u(zo) < v(xo) = v(|zo — 20]) < aa(|zo — 20| — p) = azd(xo). (3.11)

Since xq is arbitrary among the points = € {x € Q|d(x) < p} we obtain the
desired upper estimate. The lower estimate is given in the proof of Theorem
1.1, thus case (i) is complete.

Remark. Note that only the inequality p(z) < d*(x) was needed for this
proof.

Proof of statement (ii). This case can be treated by giving explicit super and
sub-solutions as in [18]. Let us construct a super-solution, in order to obtain

13



the upper estimate. As above, we consider p and R = (1 + o)p, with p small
enough and ¢ > 0 to be fixed later. We further assume R = (1 + 0)p < 1.
We define

us(r) = C(r — p)(D —log(r — p))/" 44, (3.12)

where D > 1 + log(2diam(f2)) and C are chosen later. Setting
h(r) = (D = log(r — p)) /14,

a simple computation shows that

uy(r) = Ch(r)(D —log(r — p) = 1/(1 4 p)) (3.13)
“(r) = —C r P (D —log(r — p))t
1) = )1+ D —loglr = ) ) (1)
ca(r —p)*  cah(r)
A ) 519

where we used the assumption 1 = a + 1. Next we observe that uj(r) > 0,
uy(r) < 0, and we claim that o can be chosen to have

ML (DPus) = M+ AN — 1)22
? T
CAh(r) .

A 3.16

for all r € (p, R). In fact, we compute
M A (D?*uz) = C(r — p) = h(r) Axa(r),
where Ay A (r) denotes the following expression

AN = 1)(r — p) 1 A 1

D— —log(r—p))— 14
. ( T og(r—p)) 1+u< T

(D—log(r—p))~").

Then we see that for every r € (p, R)

A 1
A <——+ AN -1)o(D— —— -1
() €~ A = )o(D — o~ logo),

from which we infer that ¢ can be chosen small enough to verify the claim.
Then, from (3.2), (3.16) and the explicit formulae (3.12)-(3.15) we easily see

that by choosing C' large and ¢ small we obtain

co(r — p)® < _Oh(r)

F+
(w2) + uy r—p

k
(1 + ky(r — p)log(r — p) — C_’“il) <0

14



We may choose C' even larger so that us(R) > M, where M = sup,.q u(z).
As before we use Theorem 2.5 and obtain

u(zo) < ug(xg) = cd(xo)(D — log(d(:co)))l/(H“) (3.17)

for all zp € {x € Q|d(z) < p}. By enlarging D, if necessary, we see that this
inequality holds for all zy € €2, as desired.

To obtain the lower bound the argument is symmetric. We consider p
small enough and

w(r) = e(p —r)(D —log(p — 1))/, (3.18)

where D and ¢ are chosen later. From the definition of F~ given in (3.2) and
the formulae (3.13)-(3.15) we easily see that by choosing ¢ small enough we
obtain for r € (p/2, p)

c(p—r)” - ch(r)
wy T r—p

<—AM(7~) — ki (r = p)log(r — p) + %) )

F_(U1) +

which is positive for small ¢ > 0, since Ap (1) <const. We decrease ¢, if
necessary, so that uy(p/2) < m, where

m = min{u(x) | d(z) > p/2}.

Now, given xy € 2 such that d(z¢) < p/2, there are points yo = y(z¢) € 0
and zg = z(zg) € Q such that |yg — 20| = p and d(zo) = p — |20 — 20| Now
B(zp, p) is an interior tangent ball to 9. Then we again use Theorem 2.5
in the annulus B(zo, p) \ B(20,p/2), to obtain in particular that

u(0) > ui(w9) = cd(z0)(D — log(d(wo))) /. (3.19)

This inequality holds for all zy € {z € Q/d(z) < p/2}. By decreasing ¢ even
more, if necessary, we see that this inequality holds for all xq € €2, as desired.
Proof of statement (iii). Finally we study the case a + 1 < u. We take again
p small and R = (1 + o)p, with o to be chosen later. We consider

C(2+a)

wa(r) = G = p) 3/, ) = 2

(r = p)h(r),

C2+a)(l+a—up)
(1+p)?

with  h(r) = (r — p)(2+a)/(1+,u)—2'

uy(r) =

ca(p—1)* _ cah(r)

uly cr

h(r) and
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Then we claim that, if we choose o small enough, we have

2+a)(l+a—p
2(1+ p)?

M\ (D?uy) < CX h(r) (3.20)

for all € (p, R). We compute and we find

2+ a)h(r) (A1 +a—pn) AN —=1)(r—p)
1+p ( 1+p * T )

Since (r — p)/r < o, for all r € (r, R), by choosing o small enough, the claim
follows. Now, taking into account the formulae obtained above we easily see
that, by choosing ¢ large enough we we obtain

ca(r — p)°
F + (UQ) + M < 0.
Uz
Then we continue with the comparison exactly as in case (ii).
In order to obtain the lower bound, we proceed as in case (ii), but taking
as sub-solution u,(r) = &(r — p)@+®)/0+1m  This completes the proof of

Theorem 3.1. O

4 Global regularity of the solution in

In this section we prove Theorem 1.2, that is, we obtain regularity results in
the whole domain €. We notice that interior regularity of the solutions can
be obtained by the general theory as in [35]. However, due to the singularity
of the equation at uw = 0, that is, on the boundary of the domain, global
regularity requires additional arguments which we provide in this section.
We recall that we have already obtained bounds on the solutions in Theorem
3.1.

Our first theorem deals with the case of a strong singularity which occurs
when o — p+1 <0.

Theorem 4.1 Assume F' satisfies (S) and (C).

(i) Assume a + 1 < p and (3.1) holds. Then the solution u of (1.1) is in
Ci ().

(ii) Assume o+ 1 = p and (3.1) holds. Then the solution u of (1.1) is in
CP(Q), for all B < 1.

Proof. The first step is to straighten the boundary, which is assumed at
least C?-smooth. This can be done easily by using the computation in the
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proof of Lemma 6.5 in [16] and the representation of F' as a supremum
(or a sup-inf) of linear operators. With the change of variables each linear
operator is modified, but the resulting supremum satisfies (H0)-(H3), possibly
with modified constants. More precisely, if xq is fixed point on 90 there
exists a neighbourhood A,, and a C?-diffeomorphism y = Wy(z) such that
Uy (Az, NON) is a hyperplane portion of the boundary of Wy(A,, N ), say
a portion of {yy = 0}. From now on we assume u is a viscosity solution in

CO(BY) of
F(D*u, Du,u,z) = g(r) in BY, u=0 on T, (4.1)

where Bt := Br, NRY and T = Bg, N ORY, for some ball Bg, of small
radius Ry.

We first consider the case @« — pu+ 1 < 0. By (H1) and Theorem 3.1 we
know that the solution of (1.5) satisfies (4.1), with a function g such that for
some a > 0

lg(z', xn)| < axg\c,v_%)/(uﬂ) in BT. (4.2)

Let 0 < Ry < Ry < Ry and Ty, = Bg, N aRf. There is pg > 0 so that
(',6p9) € By, for all (2/,0) € Ty. Then fix (7’,0) € T3, define z, = (7', 3p),
for 0 < p < pp and the scaled function

():Mw+%)

w(y T Y€ DBs
p

where 7 := (2 + «)/(1 4+ p). By Theorem 3.1 w is bounded independently
of p in Bj, and satisfies

F,[w] := F(D*w, pDw, p*w, py + ,) = g,(y) in Bs, (4.3)

2—T1

where g,(y) = g(py + x,)p> ™. By (4.2) and our choice of 71 we see that
19,(y)| < ¢ for all y € By, with ¢ independent of p. Observe that F), satisfies
(HO0)-(H3), since p < 1. Then we use the interior elliptic estimates for this
problem, as in [35], to deduce that w € C'(By). Thus there exists a constant
C independent of p, such that

‘w<yl) - w(yz)\ < C|?/1 - 92’, for all y1,y2 € Bo.

From this we infer that
lu(z1) —u(xg)| < Clog —ao|™, forall yi,y2 € B(z,, p), (4.4)

where the estimate is uniform in p € (0, pp) and 7’ € T5.
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Next we claim that for a given ' the one-dimensional function z(s) =
u(’, s) satisfies

|2(s1) — 2(82)| < Cls1 — so|™, forall s1,s9 € [0,4p0), (4.5)

where the constant C' can be chosen independently of ' € Ty. To prove the
claim we define the sequence p; = (1/2)'po for i € N. We assume first that
s1 > s > 0 and later consider the case s, = 0. Let ¢ < j be indices such
that s; € [2piy1,2p:] and sy € [2p;41,2p4]. If i = j then (Z/,51), (T, s2) €
B(x,,,,, pi+1) and (4.5) holds, by (4.4). If j =i+ 1 then

|2(51) — 2(s2)] - |2(51) — 2(2piy1)| . 12(2p;) — 2(s2)]
|51 — 82| N |51 — 82 |51 — sa|7

< 2C,

since 51 — s9 > 51 — 2p;41 and 51 — 59 > 2p; — s9. If i < j + 1 then we have

k=j—1
|2(51) — 2(s2)] < |2(51) — 2(2pi1)]| n z]: {IZ(ka) - 2(20k+1)\}
|51 — 8|7 51— 2|7 Pared] 51— 2|7
4 123) = 2(52)
|51 — 82|
k=j—1 1 ~v(k—i—1)
< 204+C - < kO,

2 ()

where k£ > 0 independent of 7, j since the series converges, proving the claim in
case 8o > 0. Here we used that s;—sy > (1/2)%py = (1/2) %20 —2p111)
In the case s, = 0, we use the continuity of u to obtain that

k=00

2(s1) = 2(0) = z(s1) = 2(2pin) + Y {2(20) — 2(2pps1)

k=i+1

from where we proceed as before, completing the proof of the claim.

Then we prove Holder continuity of u in all Bf.gz as follows. Given x =
(', xn),y = (¥, yn) € Bf;, we consider two cases:

i) If we have |z — y| < zn/3 (or |z — y| < yn/3) we just apply (4.4) in a
ball containing both z and y.

ii) Otherwise we have

|u(z) — u(z’,0)] u(z) — u(z’,0)]

<3 : <3¢,
lz —y| TN
_ / _ /
lu(y) —u(y',0)| < g |uly) —u(y', 0)| <30,
|z —y| TN
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by using (4.5). Since u(z’,0) = u(y’,0) = 0, the Holder continuity follows.
In case @« — = —1, we just take any 73 < 1 and the same argument
applies. [

Next, we are going to show that in the case a —pu+1 > 0 we can improve
the global regularity of the solution, obtaining a Holder estimate for the
gradient in . Here naturally the interesting case occurs when o — p < 0,
since otherwise there is no singularity on the boundary, and the proof is much
easier.

Theorem 4.2 Assume that F satisfies (S) and (C), and that (3.1) holds,
with o — p € (—1,0). Then there exists 8 € (0,1) such that the solution u of
(1.1) is of class C1F(Q).

In order to prove Theorem 4.2 we start with a preliminary result, which is
an extension of Theorem 9.31 in [16] to viscosity solutions of fully nonlinear
equations with singular right-hand sides.

Proposition 4.1 Assume F satisfies (H0)-(H3) and w € C°(B™*) is a solu-
tion of
F(D*u, Du,u,z) = g(x) in BY, u=0 on T, (4.6)

where BT := Br, NRY and T = Br, NORY, for some Ry < 1. Suppose that
u/xy is bounded in BT, and for some a > 0
lg(z', xn)| < axiy " in BT (4.7)

Then there are Ry € (0, Ry) and 7,C > 0 such that for all0 < R < Ry

U
oscgt — < CR'.
R TN

Proof. Suppose first that u > 0. By (4.7) g € L2(B*), so u € W2P(B"),

loc loc

for each p < co. As in [16] we start by proving that there exists 6 > 0 such
that

inf v<2 inf v (4.8)
lo/|<R Brya,s
-TN=5R
for any R < Ry, where
o) = " id Bus = f{a| | < R, 0<ay < OR).
TN

We may assume that the left hand side in (4.8) is positive, since otherwise

the inequality is trivial, and we normalize so that R = 1 and inf ./ <r v = 1.
zN=0R
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Now we consider in B 5 the following barrier function

1—v 1—v
T -9
w(z) = (1— 2] + W)m,

where v is some fixed number in the interval (z — a, 1). Then we compute

Dw = (=2xyzy, ..., —2xy 12y, 1 — |2/ + 6V V2((2 = v)ak” — 7)),
[ 22N 0 0 —2x i
0 —2rN 0 —2x9
D*w(z) = : : ,
0 0 —2rny  —2xN-1
| 21 —2TN_1 bx ]

with b = (2 — v)(1 — v)/(617)/2). Note that b is large when ¢ is small.
It is convenient to write D*w(z) = A + B, where

A = diag(—2zy, ..., =22y, 0(2 — v)(1 — v)xy”)

and the matrix B has only two nontrivial eigenvalues, which are +2|z'|. To
see this last point, take x = (Z,0) with & L 2/, 24 = (2, £|2'|), and check
that

B(x) =0 and Bry = +2|2'|z.

It is simple to check that xy € (0, ) implies |w|, |[Dw| < C'in B; . Then we
estimate

MiA(A) + M A(B) = 7| Dwl

—Azy(N — 1) +2(A = A)|2'| + oz — C

2czy — C > coxry’,

M A (D*w) — 4| Dl

AVAR VARV

provided ¢ is sufficiently small. On the other hand
M A (D*u) = 7|Dul < Flu] +9luf < a2y + C < cory’

since a—u > —v, again for sufficiently small §. Finally, we observe that w < 0
on the lateral and the lower boundaries of By s, while w/zy <1 < u/zy on
the upper boundary of B;s. Hence w < u on 0B 4, and we can apply the
usual comparison principle to the inequality

M (D*w) = 5| Dw| > M; \(D*u) — 7| Dyl
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which holds in the strong sense in B; ;. More precisely, w —u € W2P(By5)N
C(By ) satisfies M} \ (D*(w — u)) +v|D(w — u)| > 0 in By s and hence is
a solution of a linear inequality to which for instance Theorem 9.1 in [16]

applies. So u > w in B; 5. Therefore

x}\;u _ 51—1/
Sa—0)/2

3 _ 1 .
v>(1—|2)* + )21—51 /225 in B,
where the last inequality holds by making 6 smaller, if necessary. By remov-
ing the normalization we get (4.8).

Define now the set
Bhos =1z |]2'| < R, 0R/2 <y < 30R/2}.
Then by the Harnack inequality, applied in Bj, /250 We obtain

sup u < C( inf u+ Rlaxy’|[ivs: ) (4.9)

« R/2,6
BR/2,§ R/2,8

< ClRl_V and

But HamJ_\fVHLN(B}E/z,(s) <

BRE=VSse 1 Bres
so, using (4.8) and dividing (4.9) by R, we obtain

sup v < C(Bi*nf v+ CORY™Y) < O inf v+ CiR'™Y)

|z|<R

Bz*?,/z,& R/2,8 zn=6R
< CO(inf v+ CR™).
Brya2,s

Now we set M = supg,, v and m = infp,, ,v. We define the positive
functions v7 = M — v , v9 = v — m and the associated u;, = Mxy — u,
uy = u — mxy. Applying the above argument to v; and v, we get

sup (M —v) < O(M —my + C1R'™)

BE’./Q,B

and
sup (v —m) < C(M; —m + CLR'™Y),

Bry2s

where M, = sup Brjas U1 and my = sup Bryas U1 Here we should notice that
up and wugy satisfy elliptic equations with modified right-hand sides, which
however satisfy (4.7) with a replaced by a+ 1, provided we restrict to a suffi-
ciently small neighbourhood of the boundary. Also, u; satisfies an equation
with the operator F' replaced by G[u] := —F[—u|, which also satisfies (H1).
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Adding the last two inequalities we obtain
M—m<C(M—mi+ M, —m+ C,R"™),

which implies
1—v
OSCBp s U < o(oscp,p; v+ CR™),

with 0 < 0 = (C —1)/C < 1. From this and Lemma 8.23 in [16] we obtain
7 and C with the desired property. [J

Proposition 4.2 Under the hypothesis of Proposition 4.1, there are numbers
Ry € (0, Ry) and 8 € (0,1) such that u € CP(B},).

Proof. It is a direct consequence of Proposition 4.1 that the function w is
differentiable on 77 = Bg, N ORY and that Du(-,0) € C7(T7). We observe
that we also have
Ju(z’, 0 !
U(ﬂ?, ) _u(x,a:N) =0, (410)

11m
(@' an)—(@,0) 0Ty TN

uniformly in (z’,0) € Ty = B, N IRY, for any fixed Ry € (0, Ry).

Now, let us consider py > 0 so that (2/,6p9) € By, for all (2/,0) € Tp
and define 7, = min{l — v,7}. Then for any fixed (z/,0) € T» we define
z, = (7',3p), for 0 < p < pp, and the scaled function

1
w(y) = P {ulpy +x,) — dop(yn +3)}, vy € Bs,

where dy = dy(7') := a%(f;\;o) is uniformly bounded. By Proposition 4.1

u(z) — ando(7') < Cayfm,
so w is a bounded function in Bj satisfying

F(D*w, pDw + p'~™d, p*w + p* " dyn, py + ,) = g,(y),

1—71

where ¢,(y) = g(py + x,)p' ™. By our choice of 7, we see that |g,(y)| < ¢
for all y € By, with ¢ independent of p. Then the interior elliptic estimates
for this problem give a constant 3 € (0,1) such that w € C1#(B;), that is,
for some constant C' we have

|Dw(y1) — Dw(ya)| < Clys — y2|®,  for all yi,y, € By.
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Here, as in Theorem 4.1, § and C' are independent of p and 2/ € T,. We
decrease f3, if necessary, so that § < 7 and we see that, by the definition of
w?

|Du(z1) — Du(z2)| < Cly — xs]?, forall 1,29 € B(z,,p), (4.11)

where the estimate is uniform in p € (0, pg) and &’ € T». Hence we can prove,
following the same steps as in the proof of Theorem 4.1, that for any given
7’ the one dimensional function z(s) = Du(Z/, s) satisfies

|2(s1) — 2(s2)| < Clsy — s9|?, forall sy1,s9 € (0,4pp), (4.12)

where the constant C' can be chosen independent of z’ € T5.
To extend this to s; = 0 we need to prove that the gradient of u is
continuous in BEZ. Observe that

u(z', xN) |

Du(x’ —
Dula, ) — S

— |Dula’,xy) - D)
< Clay =& < Clanl’,  (413)

where we used the mean value theorem to find £ € (0,xy) and then (4.12),
recalling that this inequality holds uniformly in 2’ € T5. Hence if (7’,0) € Ts,
then by

u(z, xy) N u(z', xy)

TN TN

Du(z',zn) — D(Z',0) = Du(2',xn) — — D(7',0),
we get the continuity, thanks to (4.10) and (4.13).

Therefore we can extend (4.12) to all s € [0,4p], exactly as in Theorem
4.1. Then we can finally prove the global Holder continuity in BEQ as follows.
Given z = (¢, zn),y = (v, yn) € B}, we consider two cases:

i) If we have |z —y| < zn/3 or |z — y| < yn/3 we just apply (4.11) in a
ball containing both z and y.

ii) Otherwise we have, by using (4.12),

|Du(z) — Du(z’,0)] |Du(z) — Du(z’,0)]

<3 - <3C,
|z —y| TN
— ! _ !
[Du(y) Du@,mr§3wuhww Duw,®|§3n1
|z —y| TN

and

|Du(z’,0) — Du(y',0) < |Du(2’,0) — Du(y/,0)

C,

lz —y| lz" =y
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where we used |x — y| > |2/ — ¢/| and the Hélder continuity of Du on Ts, as
mentioned at the beginning of the proof. Here may need to decrease -, if
necessary to have v < 7. O
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