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Abstract

By continuous-discrete time affine systems, we mean continuous dynamical systems
with discrete-time output measurements. The observability of this class of systems
depends on the system inputs and on the output sampling time. In this context, we
give sufficient conditions on both output sampling time and system input, which allow
to preserve the observability of the system and consequently, guarantee the convergence
of the continuous-discrete time observer synthesized in this paper.

In order to validate the theoretical results, the performance of the proposed observer
is illustrated through an example dealing with biomass growth and bio-synthesis reac-

tions.

keywords: Affine state systems, output injection, continuous-discrete time observer.

1. Introduction

By state affine systems up to output injection we mean systems of the form:

&= Au, y)z + ¢(u,y)
(1)
y=Cx.
The observer synthesis for these systems is widely investigated in the literature, see for
instance [? 7 ? ? ]. The proposed observers are obtained by using an approach similar to
that of a Kalman filter [? |. The main difficulty lies in the characterization of inputs for
which the observer exponentially converges. Indeed, although system (1) is observable in
the sense that it admits an input which renders it observable (universal input, see definition

below), there may exist an input which makes it unobservable. Since the convergence of the

observer is only guaranteed for inputs which make system (1) ”asymptotically” observable,
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in [? ? ? ], the authors characterized this class of inputs and gave an exponential observer.
This observer synthesis concerns continuous state affine systems with continuous time output
measurement.

However, in many practical situations the output measurements are discrete-time ones.
On the other hand, for single discrete output systems which are observable for any inputs,
the authors in [? | showed that a continuous-discrete time extended Kalman filter converges
exponentially if the sampling time is judiciously chosen. The proposed observer is based on
a canonical form of uniformly observable systems ([? ]).

Contrary to the uniformly observable systems, the observability of system (1) depends
on the inputs applied to the system (in the sense that it admits an input which makes it
unobservable). Now, let us consider the continuous-discrete time state affine systems up to

output injection of the form:

&= Au,y)z + o(u,y)
(2)
y(tr) = C(tr),

Even if an input u makes system (1) observable, there may exist an increasing sequence
(tk)k>0, with limt; = +oo such that u makes system (2) unobservable (see the counter
example given in subsection 2.2).

This last remark implies that any observer construction necessarily depends on the input
excitation and on the sampling time of the output measurements.

In this paper we give sufficient conditions on both output sampling time and system input,
which allow to preserve the observability and permit to design an observer for state affine

systems up to output injection with discrete output.

This paper is organized as follows: In section 2, we recall some observability properties



4

of state affine systems and we give an observer synthesis for continuous-discrete times affine
systems. In section 3, we extend this observer algorithm to continuous-discrete time state
affine systems up to output injection. The considered systems are assumed to be disturbed.
Finally, the performance of this observer is illustrated through a bioprocess model in order to
validate the theoretical results and to demonstrate the usefulness of the proposed estimator

in practical situations.

2. Observer design for state affine systems

2.1. Continuous time observer

Our goal here is to extend the well-known observer algorithm for continuous time state affine
systems to continuous-discrete time affine systems. Therefore, we begin by recalling some
properties concerning the observation of state affine systems. For more details, see [? 7 7 ].
State affine systems considered in the following are described by:

&= A(u)r + b(u)
re€R",ueUCIR™yelR?, (3)

y=Cxrx
where z(t) is the unknown state, u(t) is a known input, y(¢) is a known output, A and b
depend continuously on u, and C'is a constant matrix.

Contrary to stationary linear systems, for nonlinear systems, the state estimation depends
on the input excitations. We say that an input u defined on some interval [ty, to + 7] makes
system (3) observable on [tg, %y + T, or u is a universal input on [ty,ty + T, if for every
initial state xg # Zo; the associated outputs y(xo, u,t) and y(Zo, u, t) are not identically equal

on [to, to + 1.



Now, let ¢, (t,t9) be the transition matrix of system (3):

d
%qﬁu(t, to) = A(u)du(t, to)

¢(t0a tﬂ) - I7

where I is the (n x n) identity matrix.

For every ty,t5,t3, the following equality holds:

Gu(ty, t2)Pu(t2, t3) = du(ti, t3) (4)

In particular, ¢,(t,s) = ¢, (s, 1).

u

Let us denote by:

to+T
G(u,to, to+T) = / T (t, 1) CTCo(t, to)dt, (5)

to

the Grammian of observability of system (3)). It is not difficult to see that G(u,ty,to+7) is a
S.P.D. (symmetric positive definite) matrix if and only if « is a universal input on [to, to+ 7.
In [? ? ], the authors designed an observer which exponentially converges for every input

satisfying the following property:

Definition: A bounded input u : IRY — IR™ is called a regularly persistent input if:
AT >0; 375> 0; Ja > 0;Vt > Ty, G(u, t,t +T) > ol (6)

or equivalently, A\ (G(u,t,t +T)) > «

In [? ? ], the authors stated some topological properties of the class of such inputs and



showed that for every regularly persistent input, the following system:

T = A(u)i + b(u) — SICT(Ci — y)

S =—0S — AT(u)S — SA(u) + CTC

is an exponential observer for system (3):

36y > 0; VO > 0y;¥S(0) a symmetric positive definite matrix; Vz(0) € IR", we have

() — 2 (@®)]* < pe™[[2(0) — 2(0)]*,

where p is a positive constant.

2.2. Continuous-discrete time observer

As we have mentioned in the introduction, the time discretization of the output measurement

may lead to the loss of observability. Indeed, consider the following bilinear system:

' 0 wu
T (8)
y = z1(t)

Noting that every admissible control u : [to,to + 7] — IR which is not identically equal
to zero, u renders system (8) observable. In particular, (8) is observable for every constant
input u # 0.

s
Now, let ug > 0 be any constant input, and let 6 = — be any fixed sampling time constant,
Up



then ug makes the following continuous-discret time system:

y(k.0) = x1(k.9), k=0,1,2,...

\

unobservable.

Indeed, the outputs of (8) are:

0
y(t) = 21(0) cos upt + 22(0) sin uot. (10)
Ug
0
Now, let z(0) = , with 25(0) # 0, we obtain:
2(0)
y(k.6) =0, Yk >0
0 0
Thus, the different initial conditions, and yield the same output trajec-
0 1’2(0)

tory. Hence, the input ug renders system (9) unobservable although it makes (8) observable.

Consequently, in this section, we will give a sufficient condition on the sampling time

which permits to preserve the observability and to extend the observer stated in subsection

1 to continuous-discrete state affine systems.

Let us consider the continuous-discrete state affine system:

= A(u)z + b(u)

reR" ueUeR™ y(t,) € RP

y(tx) = C(ty)

(11)
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where (tj) x>0 is an increasing sequence such that klim tr = +oo and § = sup(try1 — t) < +00.
B —+00 k>0
Our candidate observer takes the form:

e Fort e [tk,tk+1[

(12)

o For t =154

S(tk_H) = Sf(tk_u) + (51§OTO
(13)

B(tr1) = &7 (1) — pORS™H (trs1)CT(CF7 (tr) — Y(tie))
where S(0) is an arbitrary S.P.D. matrix, (0) is also arbitrary and &~ (tx41) (resp. S~ (tx41))
is the limit of z(t) (resp. of S(t)) where t — tgi1, t < tyi1, O = tgr1 — tx, d = supdy and

k>0

p > 11is a fixed parameter.

Theorem 2.1: Let u be a regularly persistent input for system (11)), then system (12:13) is
an exponential observer for system (11). i.e. :

30 > 0; 36 > 0; VO > 6; V6 €]0,]; VS(0) a S.P.D. matriz; Iy > 0; Iug > 0 such that:

Ve >0, [la(t) — 2(0)]* < pe™"[2(0) — 2(0)]*

where z(t) is an unknown trajectory of (11) associated to the input u; &(t) is any trajectory

of system (12) associated to (u,y)

The proof of this theorem requires the following proposition:
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Proposition 2.1: Let u be a reqularly persistent input, then 30 > 0; 36 > 0; V0 > 6; V6 €

10,6]; ¥S(0) a S.P.D. matriz; 36; > 0; 33> > 0 such that:

Vt >0, Bl <S() < Bl (14)

In the continuation, we proceed as follows: First we give the proof of theorem 2.1. Next,

we prove proposition 2.1.

Proof: (Theorem 2.1)
Setting e(t) = &(t) — x(t), e (¢x) = lim e(t) and S™ () = lim S(¢), we get:
tZt,]: tzt:
é(t) = A(t)e(t) for ty <t <ty

e(ter1) = € (tepr) — pOrS ™ (try1)CTCe™ (tryr)

Now, consider V (t) = e(t)TS(t)e(t), and V~ (t;) = lim V (t)

t—tp
t<tp

e For t € [t, tr41], we have:

V(t) = 2e'Se+el'Se
= 2e"S0A(u)e — (0SS + AT (u)S + SA(u))e

-

By simple integration we obtain:

V(t) = e 0V (1), (15)

in particular,



V™ (ti) = eV (te), (16)

e For t = {14, the following equalities hold,

Vitke) = e (thp1)S(trrr)e(trin)

= (e (thr1) = kpS ™ (ter1)CTCe™ (tr41)) T S (trr1) (€™ (b)) — 0kpS ™ (try1)CT Ce™ (th41))

=V (tkr1) + (0kp)* (€ (th1) T CTCS ™ (1) O O (thr1) — 01(2p — ][ Ce™ (tr1) |

From proposition 2.1, we obtain:

_ 5P| O _ 2
V(ter1) SV (teg1) — k(20— 1) — T)Hce (ter)I”s (17)
Now we choose & such that:
_ (2p—1)B
5 < 2f— P 18
ZICT? 18)
JFrom (16) we get:
V(tier) < eV (ty,). (19)

Combining (15) and (19), we deduce that ¥ ¢t >0, V(t) <e %V(0).

Finally, using proposition 2.1, we get:

le®)[I* < pre™*[le(0)]®

for some constant pq > 0, which depends on 6, S(0).

This ends the proof of theorem 2.1.
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Remark: If u is a regularly persistent input, then a sufficient condition permitting to preserve the

observability and to guaranty the convergence of the proposed observer (12/13) is given by (18).

The proof of proposition 2.1 requires some technical lemmas that we well give in the following.
Let a > 0 be a fixed real number and let us consider the functional space:
E,([a1,as], RY) = {p : a1, as] — R! which are differentiable on [a1, ay] satisfying

sup || dt( ) < a}

tE[al ag]

Lemma 2.1: For every € > 0; for every sequence (ty)o<k<n; a1 =to <t1 < ... <ty = ag,

such that sup (tgy1 —tx) < ;, we have:
0<k<N-1 a.(ag — ay)
N 1
Ve € el R [ ottt =3 (i~ )ett0)] <2
k=0

Note that the sequence (t)o<k<n does not depend on .

Proof: It suffices to give the proof for scalar functions.

Let € > 0 and let us consider any sequence (x)o<r<ny With a; =ty < ... < tx = ag and such

€
that  sup (tpy1 —tp) < ————.
0<k<N-1 Cl-(al - @2)

Let ¢ € E,([ai, as],R), we obtain:

| / (s — t)olt)] < Z | / (1)t — (et — 1) (1)

Using the mean value theorem, we get:
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tot1 5 5
/ D)t = (toss — b)p(E), for T € [te tesa], hence:

ty

as N-1 N-1 i
| e(t)dt — ¥ (terr —te)p(te)| < (ter1 — ti)lo(te) — @(tr)]
a1 k=0 k=0
< a(ag —a1) sup (tg41 —tx) (since ¢ € Ey([ar,as],R))
0<k<N-1
< ¢

O
Lemma 2.2: Let u be a bounded input on R and let 7 > 0 be a constant, then:
Vt; Vs, such that |t —s| < 7; VM a S.P.D. matriz, we have:
Amin(M)e T < ¢ (¢, s) My (t,5) < Apae(M)e T (20)

where A = 2sup ||[A(w(t))||, Amin(M), (resp Amaz(M)) stands for the smallest (resp. largest)
>0

eigenvalue of M and I is the identity matrizx.

Proof:
e Proof of the second inequality of (20):
We know that: %[qﬁf(t, $)pu(t, 8)] = oL (t, s)[AT (u(t)) + A(u(t))]pu(t, s),

therefore,

%[qﬁf(t, $)bult, )] < A OT (L 5)bu(t, 5), (21)

where A = 2sup || A(u(s))]|-

s>0

Hence, OL(t,8)pu(t, s) < eM=sIT,



then,

Y(t,s), [t —s| <, ¢u<t75)M¢g(t75> < )‘max(M>€)\|t78|[

e Proof of the first inequality of (20):

Using a similar argument as in (22), we obtain:

G5 OMT(5,8) € Aman (MM
6)\\th|

Hence,

Oy (t,8)Mu(t,s) = [oul(s, )My (s, t)] !

v

Amin (M)e =517

Now, let us give the proof of proposition 2.1

Proof: Proposition 2.1
From (12)), (13), we obtain:
For t € [tk, tk+1[,

S(t) = e TG (1, ) (t) du(t. 1),

For t = tk+1,

S(tip1) = € %@ (1, tiin) S (B) bu(tr tipr) + 0 CTC,

where 0;, =t 1 — t and @I (ty,t) = (oL (¢, 1))~}

13

(22)

(24)

(26)
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Let 6 = sup dx < +o00.

k>0
Combining (25-26) and using lemma 2.2, the proof of inequalities (14) of proposition 2.1 can
be reduced to the proof of the following:

30 > 0; 30 > 0; VO >0; V5 €]0,6]; 331, (2 > 0 such that,

Vk>0, B <S(ty) < Bl (27)

e Proof of the second inequality of (27):

From (25),(26), we deduce that:

S<tk+1) = e_atk+1¢T(07 tk+1)S(0)¢u(O7 tk+1> (28)
k
+ Z e 0=t g (4,1 4 ) CT O (tign, teon)
=0

Since u is a bounded input, from lemma 2.2, we have:
L (ts, ) My (i ty) < || M|}t =4[ for 0 < i < k, where || M| denotes the Ly—norm of M.

Thus,

k
S(tepr) < (e(GA)tm 15(0)]| + Z §i€(9/\)(tk+1ti+1)HCTC’H> I (29)

1=0

Now, taking for 6 any constant such that 6 > )\, and 6 > 0; there exists a constant 8y > 0
such that:

e Proof of the first inequality of (27):
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Let u be a regularly persistent input, which means that u is a bounded input satisfying:
t+T
/ L (5,)CTChy(s,t)ds > al, (30)
t

for every t > Tj, where Ty, T, and a > 0 are constants.

Now, for every t > 0, denote by u; the mapping:

u 0 [0, 7] — R

s — w(s) =u(t+s).

JFrom the definition of ¢, it is easy to verify that:

Vt>0, Vs €[0,T] ¢u(s,0) = ¢u(s+t,t).

Hence, (30) is equivalent to:

t+T T
Vi>Th / o7 (5,)CTCdu(s,t)ds — / o7 (5,0) 0T T, (s, 0)ds
t 0

v

al (31)

Set ko = inf{l/t; > Ty + T} and for every k > ko, set v(k) = sup{l/t;11 < txs1, thr1 —tip1 >

T'} and finally, set § = sup;>( 0x. We obtain:

T <tgy1 — t,,(k) <T+96 (32)

To prove the first inequality of (27), we examine the following two cases:
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Case 1: k> kg

Expression (28) leads to:

k

S(tiy1) > Z _e(tk+1_ti+l)¢g<ti+1>tk+1)CTC¢u(ti+1;tk+1)
v(k)

k—v(k

)

A\

5 tk+1 v( Z+1)¢T ( H—lvthrl v( )CTc¢utu(k> (tNi-i-la ngrl*V(k))

where LTZ =livok) — tur) and gz = 5i+y(k)

Thus,

S(ter) > e Z ut( (Fis1, trs1—v())CT Cob, V) (i1 ths1-v(r)) (33)
k—v(k)

= 6_6T¢Ztu(k)(07tk+1fy(k)) Z 5i¢gu<k,)(tz‘+17O)CTCCbutV(k)(tz‘H,O) Pus, ) (05 L 1-v(r)
i=0

From (32), we know that 7" < fkﬂ,y(k) < T+ 6, where § = sup 6.
k>0

Now combining this last fact with (33) and using lemma 2.2, it follows:

S(tk+1) Z eieTei)\{kleiV(k))\min Z 6 (b Z+17 )C C(but vk )( i+1, O)

> eieTei)\(TJr&))\min Z 5 ¢ut z+17 )C C¢ut (k)( i+1 O) (34)

where \,,;, stands for the smallest eigenvalue.
Consequently, to show that S(t;.1) > BI, Vk > kg, for some constant 3 > 0, it suffices to

show that:

inf mzn Z H—ly )C C¢ut Wk )( z+170)) >0 (35)
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To prove (35), let us remark that for every k > ko, the restriction of
¢T“tu(k) (s, O)C’TC’gbutu(k) (5,0) to [0, Zx4+1] belongs to F,([0, Tx+1], R™) (defined in lemma 2.1),
where a = M|CTC||eMT+9),
Indeed,
d
|60, (5,000 Chuy (5,0 = 167 a5, 0)[AT (1 () CTCCTC At )

Bu, (5.0)].

and by lemma 2.2 we get:

d r [
—Q y 0 CTC¢u 0 < N[t o|eMtr
sGS[lé,Il?k] Hds¢ tuuc)(s’ ) tu<k)(8’ M= Al le

< MN|CTC||eMTHD) (since frp < T 4 6).

«
Now, applying lemma 2.1 with e = 5 and « being the constant given in (31)), we get:

i N-1

[ ot (50T Cou, (5,015 = 3 (iss = 7)o (5:0)C7 Cl, (00 < 5.
=0
for every sequence (7)o<i<y, 0 = 79 < 7 < ... < 7Ty = {41 such that
c e MT+6)
022&““ —T) < adpn 2N CTC|[Fern
- ae—A(T+§)

In particular, this is true for 7; = ¢;;1 with u(lcs)il?gk<ti+1 —t;) < INCTCIT 1) Thus for

e~ MT+9)

0 <
— 2M|CTC|(T + 6)

and k > ko, (35) is satisfied.

Case 2: k < kg:

Clearly, Vk, S(tx) is a S.P.D. matrix, hence S(tx) > G(k)I, where S(k) > 0 is a constant.



18

Now, taking fy, = 0<ki£1/f » B(k) it follows:
SRSRO

S(tk) = Brol- (36)

Finally, choosing (3; to be the smallest value of the two constants obtained from case 1 and
case 2, we have:

Vk >0, S(te) =5l

This ends the proof of proposition 2.1 O

In the following section, we will give a generalization of the last result in the sense that
the state coefficients can depend on the output and the model takes into account the possible

presence of a perturbation.

3. State estimation for disturbed state affine systems up to output
injection
The aim here consists in extending the continuous-discrete time estimator given above, to the

class of nonlinear continuous-discrete disturbed state affine systems up to output injection

taking the form:

&= A(u,y)x + b(u,y) + d(t, x)

y(ty) = Ca(ty) re R", we R,y € IR?,

where d(¢, ) is a bounded and unknown function.

Earlier, in [? |, the authors gave an exponential observer for the following continuous-time



state affine systems up to output injection:

T = A(u,y)x + b(u,y)

y=Cx

And they shown that if (u,y) is a regularly persistent input for the system:

= A(u, )¢
z=CE¢,

then, system (40)) forms an exponential for (38) (see [? ]).

&= Au, )@ + b(u,y) — pSTICT(CE — y)

S =—0S—AT(u,y)S — SA(u,y) + CTC

This observer design is based on the following claim:

19

(39)

Claim 1: u is universal input on [0,T] for (38) if and only if (u,y) is a universal input on

[0, 7] for system (39).

Now, instead of continuous-time measurements, we consider here the state estimation

based on discrete-time observation y(tx) = Cx(tx), where (¢x)r>o is an increasing sequence,

with lim ¢, = 400 and sup(tg1; — t) < +o0.
k——+o0 k>0

Our proposed estimator takes the form:
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e Fort € [tk,tk+1[

o Fort =114

B(ter1) = 2 (terr) — popS™ (ter1)CT(CE™ (ti1) — y(tta))
(42)

S(tpr1) = S~ (trer) + 6,CTC
where S(0) is a S.P.D matrix, §; = txr1 — tx and p is a constant such that p > 1.
The convergence of the above estimator is based on the following assumptions:
(H1) There exists a class of bounded inputs denoted by v € U C L*(IR*,U) and two
bounded sets K; C K5 of IR" such that for every U and every initial state xqg € Ki, the
trajectory x(t) of (38) associated to xy and u lies in K.
(H2) For every u € U and every initial state zq € K7, the associated output y is such that
(u,y) becomes a regularly persistent input of the system (39).

Now, we can state the main result of this section.

Theorem 3.1: Under hypothesis (H1) and (H2), we have:
36 > 0; 30 > 0; V6 E]O,S]; Ve > 6: VS(0) a S.P.D. matriz; Iy; > 0; o > 0; Iy > 0 such
that:

vt >0, [l2(t) — 2(@)]] < e 2(0) — z(0)]| + s

where

d =supdy, Op =trs1 —tg, ©(0) € Ky and 2(0) € IR".
k>0
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3 becomes small as soon as sup lly(t) — y(tx)|| and sup ||d(t, x)|| becomes small.
kZO, te[tk,tk+1] (:Iﬁ,t)

In the sequel, we will denote by ¢ the function defined by §(t) = y(tx) for tx <t < tgi1,
k=0, 1...

The proof of theorem 3.1 requires the following lemma:

Lemma 3.1: Under hypothesis (H1) and (H2), there exists a 6* > 0 such that for every

§ €]0,6%, (u,q) becomes a reqularly persistent input for system (39).

Proof:

Let u € U and z(0) € K, from (H2), we know that (u,y) is a regularly persistent input:

t+T
3Ty > 0; Ja > 0; IT > 0; Vit > Ty, / VI (s5,t)CT Oy (s, t)ds > al, (43)
t
where,
d
Ewll)(sv t) = A(w(s))z/zw(s, t)

ww(tv t) =0

Using the notations of section 2 (see(31)), the expression (43) can be rewritten as:
T
/ U, (5,0)CT Cipyy, (5,0)ds > al, Yt >ty (44)
0

Let L>=([0,T], IRY) denotes the space of the bounded borelian functions from [0,7] into

IRY, which is induced with the norm ||v||, = sup [[v(¢)]. It is not difficult to see that the
t€[0,T]
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Grammian map:

L>(j0,T], R™") — R"

w(t) / L, 0)CT Cu (-, 0),

is a continuous map.
Now, using the mean value theorem and the fact that z(t) € Ky, Vt > 0 (hypotheses (H1)),

we get:

=g ( < d|y(- , where (6 = supd
||yt( ) yt( )HLOC([QL],]R,P) — ||y( )||L°°([07L],]R,P) ( kz%) k’)

= (5|\C’A(u('),y('»x(')”po([o,m,]fip)

IA

~.0

where 7 is a constant which depends on the bounded set K3 and wu.
Now, combining this last inequality with (44) and the continuity of the above Grammian
map, we can find constants 6 > 0 and o > 0, such that for every § €]0, §*] and every t > T,

we have:

T
/ @Z)at@)(s, O)C’TC’gb(ut,gt)(s, 0)ds > ofI.
0
Hence (u,9) is a regularly persistent input for system (39) O

Proof: Theorem 3.1
Set e(t) = &(t) — x(t) and,

we get:
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e Fort € [tk,tk+1[,

é(t) = A(u(t), y(t))e(t) + AAz(t) + Ab — d(t)

(45)
S(t) = —05(t) — AT (u(t), 5(1))S(t) — S A(u(t), 5(1))
o For t =14,
e(trin) = e (ter1) — porS™ (ter1)CT Ce™ (tra)
(46)
S(tk+1) = S_(tk+1) + 5kCTC
Now, considering the quadratic function V (t) = e(t)?S(t)e(t), we obtain:
e For t S [tk7tk+1[7
Vo= —0V +2T()St)[AA(t)z(t) + Ab(t) — d(t)] (47)

< =0V () + 20/ V(O)[(AA()z(t) + Ab(t) — d(t))S()(AA()z(t) + Ab(t) — d(t))]Y/?,

i From lemma 3.1, we know that (u,q) is a regularly persistent input.
Applying proposition 2.1 we deduce that there exist two constants §; > 0 and B > 0 only

depending on &%, § and (u,y) such that for every d €]0, §*] we have:

Vt >0, Bl <S(t) < pBol. (48)

Combining (47) and (48),we deduce that:

V(t) < =0V (1) + 2¢/ B/ V(1) | AAz(t) + Ab— d(t)|?,



or equivalently,

CVVD) < g V0 + VBRI AA(1) + Ab(e) — (1)

Thus,

2
for t, <t < tpi X/@)§<f%“*%M/v%t)4—7§\0%.

where,

pw=sup ||AA x(t) + Ab— d(t)]

t>0

o For t =14,

As in the proof of theorem 2.1 (see (17))), the following inequality holds :

B 52 2 C 2 B
Vi) < V(i) — (20— 1) - B ce (i)
2 2 2 .
Thus, for § such that §(2p — 1) — % >0, (ie. 0 < %), we obtain:

Vitke) < VV (i)

= \/6_ (tk+1)S_ (tk+1)€_ (tk+1)
21/ Ba
0

< e PRV (t) +

(20— 1)1

Thus for ¢ €]0, min(wa
p
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(50)

(51)

6%)], the inequality (49) together with (51) implies that e(t)
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20/ B
0

is attracted by a neighbourhood of the origin which depends on the constant , where

p is given by (50). O

Noticing that this neighbourhood is small if 4 is small. This is the case when ||§(t) — y(t)|| L

and the perturbation norm ||d(t)|| =~ are small.

4. Application to a biological denitrification process

In this section we present an the application of the continuous-discrete observer developed

in the section above to the estimation of kinetic reactions in biological denitrification.

4.1. Model representation

This process is defined as the dissimilatory reduction, by anaerobic bacteria (Pseudomonas
denitrificans (ATCC 13867)), of one or both of the ionic nitrogen oxides: nitrate and nitrite,
to gaseous nitrogen products by using organic substrates. The bio-degradation takes place
through two principal steps:

NO; — NO; — N,

The dynamic model that we use takes into account the accumulation of nitrite and the
inhibition by nitrate [? |. It is built based on the kinetics of substrates consumption and it

is given by the following system:

(
i = (i + p)a — Da

51 = =Y T — D(Sl - Sl,m)
(52)
So = (Yropt1 — Yaopi2)T — Dso

S3 = —(y13pt1 + Y23ht2)T — D(53 — 83.n)

\
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where z, s1, so and s3, represent respectively, the cell mass, the nitrate, nitrite and acetic
acid concentrations. D is the dilution rate and s;;, (¢ = 1,3) is the concentration of the
substrate in the inlet stream. y;; are yield coefficients and are assumed to be constants.

In previous work [? |, it is shown that under some operator conditions the specific growth
rates u;(71 = 1,2) can be modeled using the well known Monod law:

S1 S3
S1 + ]ﬁ S3 + kg

H1 = Him
(53)

S9 k‘[ S3
Sg + ko 51+ kr s34 ks

H2 = HUom
\

where f1;,,(i = 1,2) are the maximal specific growth rates for the cells grown, k;(i = 1,2, 3)
are, respectively, the nitrate and nitrite half saturation constants and k; is the nitrate
inhibition constant. However, it is well-known that for complex bioprocesses, where many
components and bioreactions take place, p;(f) can have a more complex representation
and identification results are sensitive to operator conditions. This explains the interest

in representing fi;(t) as a state variable which needs to be estimated.

4.2. Observer for the bioreactor model

Let us use the following notations:
p1 =183 and  pp = 83
In the following, we show how we can estimate a;(t) (consequently p;) using biomass and
organic substrate concentrations as the only available discrete time measurements. To do so,

we will introduce the following reduced model:
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&= (o + ag)xsz — Dx
S3 = —(y13a1 + y23a2)x83 - D(SS - 33,m)
(54)
T
y(ty) =
83

It is well known that the parameter a;(t) is not constant, it must be treated as a time
varying parameter which can depend on biomass, substrates and operator conditions (see
[?7 7?7 ?7]). Moreover, its dynamics is not well known since it is subject to many causes of

disturbances and even theoretical uncertainties. Consequently, system (54) can be extended

as follows: )
T = (a1 + ag)xs3 — Dx
S5 = —(y1301 + Y2s2) w53 — D(s3 — S3,0n)
Q1 = Qg
Qg = (g
(55)

6[1 =& (t)
512 = Eg(t)

T
y(ty) =

53

\

where ¢;(t) are unknown and bounded functions which may depend on the states, the inputs,
noise, etc.

System (55) can be rewritten as follows:

X(t) = A(y(t), ()X (1) +by(t), u(t)) + d(t) (56)

y(te) = CX(t)
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where ~ ~ ~ ~
T 0 0 TS3 TS3 0 0
S3 0 0 —yi3xss —yo3xss 0 O
aq 0 0 0 0 1 1
X(t) = A=
Qg 0 0 0 0 11
aq 0 0 0 0 0 0
Qg 0 0 0 0 0 0
—Dz
—D(Ss - 53,m)
0 51(t)
b(X (), u(t)) = d(t) = C=1110000
0 52(75)
0
0

Now applying the theoretical result of section 3, an continuous-discrete observer for system
(56) takes the form:

(1) a prediction step at t € [tx, tx41] given by:

A

X () = Aly(t), u() X () + bly(ty), u(t))

(57)
S(t) = —05(t) — A" (y(te), u(t))S(t) — S(t) Aly(te), u(t))
(7i) a correction step at t =ty given by:
X(tesr) = X (ta1) — p6S ™ (thr)CT (CX_(tk+1> - y<tk+1)> (58)

S(tk+1> =5 (tk+1> + sCTC
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where ¢ is the discrete sampling period and p > 1 is a constant.

4.3. Simulation results

In order to illustrate the performances of estimators (57:58), we compared the corresponding
results with data obtained from simulation, i.e. we simulated the process model (52) by
considering kinetic expressions given by (53). The numerical values of system parameters
are given in the Table 1.

We suppose that the reactor works in continuous mode, with the dilution rate D(t) varying
between 0.1h~! and 0.2h~! as shown in Fig.1.

The simulations were carried out under the followings initial conditions:

=005 £2=005 &'=15 a2=002 a4, =0 Gg=0

In order to show the effects of the initial estimation of «;, the value of ¢&; is initialized with
an error of 30 compared to the initial simulated value. The sampling period is § = 25 min
and the tuning parameter 6 given in equations (58) can have different values. In our case,
0 = 1.56 and p = 3 give a satisfactory estimation.

The corresponding results are presented in Fig.2 and Fig.3. As can be seen from these

figures, the estimator converges after 3h.

5. Conclusion

In this paper, we gave sufficient conditions on input and sampling time which allow to
construct an exponential observer for continuous-discrete time state affine systems up to the

output injection. The problem of observer synthesis for these systems is related to the input
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excitation and the sampling time of the output measurements. We therefore gave a sufficient
condition on the sampling time, which allows to preserve some observability properties: In
particular, the asymptotic observability of continuous systems, which is induced by regularly
persistent inputs, is preserved for continuous-discrete time systems.

The obtained result is then exploited to estimate reaction rates in the biological deni-
trification process. These promising results could be used in the future using experimental
data and/or to create a control system based on nonlinear control laws that allows us to

manipulate the variables that take part in the bioreactor.

References



Parameters Values Units

im 0.18 h1
H2m 0.09 ht
ky 0.05 g/l
ko 0.07 g/l
ks 0.047 g/l
ky 0.005 g/l
Y11 4.7728 -
Y12 3.343 -
Y13 1.1 -
Yoo 1.214 -
Y23 1.6 -

Table 1: Yields and kinetic parameters during continuous culture.
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Fig.1. Time evolution of the process input (the dilution rate) and the process outputs
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