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Abstract

In this short note is studied the observer introduced in [f]] and [ff]. The relationship

between the Lipschitz constant and the measurement stepsize is exhibited. For second
order system, we evaluate the authorized measurement stepsize.

1 Introduction
We consider a continuous time system of the form:
= f(z,u), v=(x1,...,2,) (1)

with the state x is in R™ and the input u is in U C R. The solutions of this system are denoted
asf] z(t). The state of this system is accessible via a discrete time measure

yr = Ca(ty), (2)
where (t)ren is a sequence of positive real number defined as:
tip1 =t +0

where 0 is a positive real number.

*Vincent Andrieu is with Université de Lyon, F-69622, Lyon, France; Université Lyon 1,
Villeurbanne; CNRS, UMR 5007, LAGEP. 43 bd du 11 novembre, 69100 Villeurbanne, France
vincent.andrieu@gmail.com

1Solution should be written z(xg,t,u(-)) but to simplify the presentation we prefer this notation.



The problem under consideration is an observer problem. How can we estimate the state
of the system knowing only the measurements.

This problem has been addressed in [[I] (see also [f] and the related filtering problem in
-

Following what has been done for continuous time measurement in [B], we consider the
case in which the system can be written (possibly after a change of coordinates) in the form:

&= Az + ¢(z,u) (3)

with Ax = (.TQ, ey Tp—1, 0),
Y = C{L‘(tk) = l‘l(tk)

and where the function ¢ : R" x U — R” satisfies an upper triangular globally Lipschitz

condition, i.e. is such that for ¢ in {1,...,n} we have:
|bi(z +e,u) — di(z,u)| <y e, V(re) € R"xR" , uel, (4)
j=1

where ¢y, is a positive real number named the Lipschitz constant of the nonlinear system.
Inspired by [l] and [H], an estimate of the state can be given as any piecewise continuous
function  : R, — R™ solution of the following continuous-discrete systemf]:
T = Ad + ¢(i,u)
. X te ko, (k+1)0
$= 65— a5 54 W ETLY)
#(t) = (1) = 95() " (Calty) — wi )
S(ty) = S(t,)+éC'C

with 6 a positive real number.

Note that compared to what has been done in [lJ], the Matrix updated law is a Lyapunov
like one instead of a a Riccati like one. This one has been used in [f] since it allows to study
analytically its limit and to give a better approximation on the bound involved in the high-
gain approach. Compare to [[] the only difference is the fact that the gain matrix depends on
S which is time varying.

2 Main Theorem

Inspired by the result of [fj], the following theorem can be obtain.

2 For a time function z(-) the notation z(t; ) means (when it exists) limy_, t<, 2(t)

2



Theorem 1 There exists a positive real number ¢ (which depends only on the dimension of
the system), such that, for all 6 < é there exist two positive real numbers 0, < 65 such that
for any 0 in [0, 6], the estimate & converges asymptotically to the state of the system ([3).

Proof : Let E = ©71(% — x) where © = diag{l,...,0" '} with 0 a positive real number
larger then 1 to be specified. The scaled error satisfies for ¢ in [kd, (k + 1)J):

E =074l — ]+ 07 ¢(&,u) - ¢(z,u)] ,
and since ©7'A = 0AO~! it yields for ¢ in [kd, (k + 1)0):
E =0AE + Ngo(x, E) |

with Apd(z, B) = O7o(2,u) — é(x,u)] such that |Aggi(x, E)| < cf, 23:1 |E;| since 6§ > 1.

Moreover, the scaled error satisfies:
Blt) = 07 [a(t) = 0S(t) 7' (Calty) — ) — alty)|
- <I - 5S(tk)—10'0) B(t)
where S(-) = ©5(-)©. Note that S satisfies:
S(ty) = S(t;) +6C'C (6)

and for ¢ in [tg, (k+ 1)0):

e
|

—0S —0A0 'S - SO 140 ,
—0S —9A'S — HSA . (7)

Note that the sequence (s)zen such that s, = 65(t;,) satisfies
Sk41 = exp(—p) exp(—A'p)sy exp(—Ap) + pC'C’,

where p = 60. Which gives,

T
1

sk = exp(—kp) exp(—A'kp)so exp(—Akp) + ) _exp(—Lp) exp(—A'lp)p C'Cexp(—Alp) ,
l

Il
o

Following what has been done in [[j], the following Lemma can be shown (its proof is given in
Section B)).



Lemma 1 There exist two continuous function oy and o such that for all p > 0, the matrix
series converges to a limit denoted so(p), formally defined as:

+o0

500 = Y exp(—Lp) exp(—A'lp)p C'C exp(—Alp) |
/=0
such that
()] < 500 < as(p)] (5)

where o and oy are two strictly positive continuous functions.

The proof is divided in three steps :
Part 1: With this lemma in hand, we will first show that for all p > 0, there exists ¢, such
that for all ¢t > tg, the matrix S satisfies:

n(p)I < 05(t) < y2(p)I 9)

where v, and v, are two continuous positive function defined as,

Int(p)

t
& (p)Cl , 2(p) = aa(p)eacy

I
m(p) = exp(=p)oa(p)c; (10)
where Int(-) denotes the integer part of a positive real number, ¢; and ¢, are two positive real
numbers and (c3, ¢4) are two positive real numbers such that c¢3 < 1 and ¢4 > 1.

Indeed, for k in N and s in [0,0), S(k + s) is solution of ([), hence,
0S(k + s) = exp(—0s) exp(—A's)s; exp(—Abs) .

With Lemma , for k sufficiently large, the matrix s; is definite positive, it yields that for all
v in R™,
2

v'0S(k + s)v = exp(—05s) s,% exp(—Afs)v

Hence, we get for all v in R™:

~ 1 2 9
V'0S(k + s)v > exp(—p) ()\min {sg }) lexp(—Afs)v|
Note that

lexp(—Afs)v|* = |exp(—Abs)v|?
= |exp(—AInt(0s)) exp(—A[fs — Int(hs)))v|?
> (in {exp(—A) exp(— A) )T Jexp(— A[fs — Tnt(0s)])v]?
(min {exp(—A) exp(= )} T ¢y Jof?

V

v
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where ¢; = min,<; {A\min {exp(—Ar) exp(—Ar)}}. Furthermore, note that Det{exp(—A)" exp(—A)} =
1, hence c3 := A\yin {exp(—A) exp(—A)} < 1. Consequently,

lexp(—Afs)v)* > ant(p)cl
1 2
And since, ()\min {s,ﬁ }) > Amin { Sk}, it yields for all k sufficiently large and all v in R”

v'0S(k + s)v > exp(—p) Amin {5k} cgnt(p)cl|v|2
In a same way,

V'0S(k + s)v < ()\max {s%})Q | exp(—Afs)vl|?

and,
exp(—A0s)u” < (e fexp(—4) exp(=A) ) T eyl
where ¢2 = max, <1 Amax {€xp(—Ar)" exp(—Ar)}. Hence we get
VO3 + 50 < Amax {58} €2 (A {ex0 (=AY exp(=A) ) TR o
Due to the fact that cs := Apax {exp(—A) exp(—=A)} > 1, we get
V'0S(k 4+ 5)v < Amax {5k} CQC}nt(p)|v|2

which, with Lemma P implies that equation (f) holds and finishes the first part of the proof.
Part 2: Let now V(E) = E'SE. We will now show that it is strictly decreasing providing 6
and p satisfy an inequality constraint depending on ¢, the Lipschitz constant of the nonlinear
system. The function V satisfies along the trajectories of the system for ¢ in [kd, (k + 1)J):

V(E) = E [GA’S(t) FOS(HA + s] E +2E'$0p(z, E) (11)
— —OE'S(t)E + 2E'5(t) Moz, E) . (12)

With Schwarz inequality, we have for all ¢ > 0
E'S(t) 2 (x, E) < |B| |S(H) 290 (x, E)| < Anax {S(O)}E| A9 (x, )|, (13)

and we havef|

3Here we have used the inequality:

2 2

(a14...a,)> <n(ai+...+a2)



| Ay (z, E)| Z|Ae¢z z, E)|* (14)

n % 2 n 2
<3 (Xie) <nt (Siml) <o
i=1 j=1 j=1
Consequently, we get:
V(E) < [)\max{g(t)}chL - eAmm{S(t)}} E|? . (15)
Note that, due to equation ({), we get that if we can select # and § such that

). 2o

71(p) (16)

with p = 060 we would get
Amax {5 (1) }2ncr, — Omin {S()} < 0,

for all ¢ sufficiently large. Hence we get V(E) < 0 for all t in [kd, (k + 1)), with k sufficiently
large. Moreover, we have

V(E)(ty) = f([ 55-10'C )S(tk) (1_5§*10f0) B(t;)

/

—

(th) — 20C"C + 82C"CS(t)™ 10'0] B(t)
-1
- )y [ —6C'C + 82C'C <S( o)t 50'0) c’c] E(t)
— V(B)() - Bl CCE()
where,
5 —1
p=0-8C () +oc'C)
Following [H] (see also [[]), note that if we note ¢ = [Cg(t )IC + ] we have,
. N —1 _ 1
pq = {5 —8205(t;)! <I + 50’05(t,;)—1> C'] [CS(t,;)—lc’ + 5]
= 1
Hence, we get :
V(E)(t) = V(E)(t;) — E(t,)C'q ' CE(ty)
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with ¢ > 0. Consequently the function V' is decreasing along the trajectories of the system for
t sufficiently large. Its eigenvalues being lower and upper bounded as shown in the first part
of the proof, we get convergence of the estimation error to the origin.
Part 3: We now show that the constraint we have on 6 and p can be given in terms of an
upper bound on ¢ depending on cy.

To obtain estimation, we have to find ¢ and 6 such that ([[f) is satisfied and § > 1. Note
that ([Ld) is equivalent with :

5< £
Cr,
with ¢(p) = % where 7, and v, are defined in ([[7)). Hence, we get:
Int(p)
ai(p) a (c?,)
=pexp(—p)——— | — 17
o) =pexp(=plg e \a (17)

Note that since a;(p) < as(p) and ¢z < 1 and ¢4 > 1 we get:
lim o(p) =0, lim ¢(p) =0.
Hence we can define the positive real number  as :
= max{p(p)} ,

This function being continuous, we get that for all ¢;,0 < &, there exists p;(d) and p2(d) such
that

e(p) >crd , Vp € (p1(9),p2(0))
and,
p(p2(0)) = ¢(p1(9)) = cL6 .
The function ¢ being definite positive, we get that lims_,o p2(0) = +00. This implies that

there exists 0 < ¢,¢ < & such that for all 0 < § < ¢ there exist p;(J) and p2(J) such that we
have

8 < p1(8) < pa(8) , @(p) > cid , Vp € [p1(6), p2(0)] -

Hence, this implies

@>5,V9 S [91,02],1<01<02,
L

where 6, = plTw) and 0y = psz) which concludes the proof.



3 Proof of Lemma

We want to show that the sequence

k
Sp = Zexp(—ép) exp(—Alp)pC'Cexp(—Alp) , k € N,
=0

converges to a limit as k goes to infinity denoted s., and such that
a1 (p)] < s0c < a(p)] - (18)

First, note that A being nilpotent, it yields]

—

n—

Cexp(=Alp) = ) C(=Alp) =148,

<.
Il
o

where S, = diag <1, - ;) and, 7y, is a vector defined as :

(n=1)!
ro=(1,(=pl),....(=pO)"7") .
Consequently, we get
Sk = pSnMy(p)Sn ,

where M}, is the symetric positive (at least) semi-definite matrix defined as

k
My(p) = (Z exp(—Lp)ry, Tep> :

£=0

Hence to get the result it is sufficient to work on the sequence My, since we have for all k£ in N

where M), is definite positive:
2

1
v'spv =p ’Mlj (p)Spv

4In fact we have
Cexp(—Alp) = rpSp,O

where O is the observability matrix associated to the couple (4, (), i.e.,

C
CA
0= ) =1.

CAnfl



It yields,
1 2 1 2
o (i A5 (0)Mhasin {50} ) 1 < 51 < p (M I (0) A {50} 1
or,

PAamin AMi(0)} i £5031)* T < 81 < PAmas {Mi(9) P max ({S23)* 1
Consequently

o e DM H < s < o (M)}
So, provided its limit exists, ([[§) is satisfied with:
1(p) = D min {Mo ()} 5 2(6) = P {Moc(0)} (19)

where,

1. We first show that the for all k sufficiently large, the matrix My, is definite positive. First
note that:

Mi(p) > exp(—(n —1)p) (i T4, Tgp> , Vk>n .

Note that for all v in R",
n—1 n—1
' (Z "o ) v =3 lrgpol* =[R2 Ausa {R(p) R(p)} [0 .
=0
where R is a Vandermonde matrixf] R = (rg,...,r,_1). Hence, we get
Mi(p) = Amin {R(p)' R(p)} exp(—(n—1)p)] , Vk = n .
which shows that M is definite positive for all k& > n.

2. We now show that M, exists and is a continuous matrix function of p. Note that

k Ly o 2az‘+jf2mC
(Me(p))is = D exp(—Lp) (o)™ = (=p) ™2 5
/=0

5This implies that it is a full rank matrix.



where 7 (¢) = Elgzo exp(—£p). Note that we have

1
0o pum 1' == -
oo ) koo m(p) 1 —exp(—p)
Consequently;,
oti—2g

(Moo (p))ij = (—P)Hj*zaij_;O(P) ;

Note that this function is continuousf] for all p > 0.

4 Numerical evaluation of (

In this paragraph, we try to give the value of ( in the simple case where the dimension of the
system is n = 2.
Computation of M., a; and as: We have,

1 —pexp(—p)
B 1 —exp(—p) (1 —exp(—p))
Malp)= | e T o e —2p)]
(1—exp(=p)? (1 —exp(=p))?

Note that when n = 2, we have,

&l(p) = )\min {Moo(p)} ) a2<p> = )‘max {Moo<p>}

Employing WolframAlpha website, we are able to give explicitly this eigenvalues as a function
of p.
Computation of ¢, ¢y, c3 and ¢4: We have also,

! 1 -
exp(—A'r) exp(Ar) = ( . 1+TT2 ) ,

6Moreover, it satisfies:

tim [p(Mac ()] = (~1) 20+ ] = 2)1

Hence, we have:

limy a1 (p) > 0
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consequently,

2 /02
Amin {exp(—A'r) exp(Ar)} = 2 — vt

2 b
and,
2 2 Vi 44
Amax {exp(—A'r) exp(Ar)} = tr +2r At )

Note that r — Ay {exp(—A'r)exp(Ar)} is a strictly decreasing function on R, and that
7 = Amax {exp(—A'r) exp(Ar)} is a strictly increasing function on R,. Consequently, we

obtain
3-5 3+5

9 ,C3 = C = 9

Note that with these data, the function ¢ defined in ([q) can be computed threw matlab.
Its maximal value is reached for

Cl1 = Cy =

K= ma3<{g0(p)} = 0.0022 , poyr = Argmax,_o{p(p)} = 0.5327 > k.

p>

Consequently, in this case, ( = 0.0022.
Better approximation of v; and 7,: In the particular case of n = 2 a better approximation
can be given. Indeed, we have

2+ =BT PP —4
2

mi(rsl{)\min {exp(—Abs) exp(—Afs)}} = , p=100.
s<

Hence, we can take:

240" — B+ PP 4
2

Y1(p) = exp(—p)au(p) ; Y2(p) = aa(p)

240" +/(2+p?)? -4
5 :

The function (p) = %

for

can be computed threw matlab. Its maximal value is reached

K =max{p(p)} = 0.0148 , po,r = Argmax ,_,{p(p)} = 0.5313 > « .

p>0

Consequently, in this case, ( = 0.0148. This implies that given the Lipschitz constant of the
system cy,, the observer which maximizes the time between two measures can be tuned with

.014
5200 8 , 0 =359 cy, .
Cr
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Conclusion

In this short note, the continuous discrete observer presented in [f] has been studied. The
maximal time between two measurement has been exhibited as a function of the Lipschitz
constant. Even for small dimension, the obtained value seems to be small.
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