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SOME RESULTS OF KATZNELSON-TZAFRIRI TYPE.

M. ZARRABI

ABSTRACT. For semigroups S = Ry, Z and Z%, we show that if 7" is
a representation of S by contractions on a Hilbert space then

~

infes |T() f(T)|| = sup {|f(N)], X € Sp,(T,S)}, where f € L*(S) and
Sp, (T, S) is the unitary spectrum of 7' with respect to S. When T is
a representation of a suitable semigroup S by contractions on a Ba-
nach space, we give sharp conditions on Sp,(T,S) which guarantee
that the equality above holds. These conditions concern the thinness
of Sp, (7, S) in the harmonic analysis sense. These results are related to
theorems of Katzelson-Tzafriri type, which give conditions guaranteeing

that infies ||T°(¢) f(T)|| vanishes.

1. INTRODUCTION

Let G be alocally compact abelian group equipped with the Haar measure
and S be a suitable subsemigroup of G. Let T be a representation of G by
contractions on a Banach space X. For f € L'(S), we set

o~

f(T):x+— /Sf(t)T(t)xdt, z e X.

The subsemigroup S will be ordered in the following way: s <t < t—s € S.
So we shall denote limg, the limit as ¢t — oo through S. The purpose of this
paper is to study the asymptotic behaviour of | T'(¢) f(T)||, as t — oo. This
is related to Theorems of Katznelson-Tzafriri type ([14],[9],[10],[21],[3]). The
unitary spectrum of 1" with respect to .S is defined by

Spu(T,5) = {x € T3 [f()| < IF(D)] for all f in L'(S)},

where I' is the dual group of G. It is shown by Batty and V1 in [3], that if
f € L}(9) satisfies spectral synthesis for Sp,, (T, S), then limg ||T(t)f(T)| =
0. This result was first proved by Katznelson and Tzafriri ([14]) in the case
S = Z. More precisely, they showed that if T} is a contraction on a Banach
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2 M. ZARRABI

space and if A is an analytic function on the unit disk D, which has absolutely
convergent Taylor series and satisfies spectral synthesis for o(77) N'T, then

Tim [ TPR(T)] = 0. (L1)

Here o(T}) denote the spectrum of 77 and T the unit circle. When T}
is a contraction on a Hilbert space, Esterle, Strouse and Zouakia showed
in [9] that (1.1) holds for every function h vanishing on o(77) N'T. Re-
cently, Léka has extended this result in [16] to a power bounded operators
(sup,ez, |ITT']] < +o0) on a Hilbert space.

The case of Cp-semigroups was also studied. It was shown independently
n [10] and [21] that if T = (T'(t))¢>0 is a Cp-semigroup, with generator A,
then for every f € L'(R,) which satisfies spectral synthesis for ic(A) N R,

limy o0 [ (0 (T = 0.

If F is a locally compact Hausdorff space, we denote by Co(F') the algebra
of all continuous functions on F' vanishing at infinity. If h a continuous
bounded function on E and E C F', we set [|hllc(z) = sup {|f(N)], A € E},
with the understanding that ||hllc(z) = 0 if £ is empty.

Let T be a representation of S by contractions. Notice that we always have
||.ﬂ|C(Spu(T,S)) < limg HT(t)f(T)H In this paper, we investigate conditions
under which this inequality becomes an equality.

Let T be a representation by contractions on a Hilbert space. We show
(Theorem 2.6) that if for every f € L'(9), limg HT(t)f(T)H < HJ?HC(F) then

tim 7 7)1 = 1 s, cr.5)) (12)

As a consequence we obtain the following results:
(a) f T'= (T'(t));>( is a Co-semigroup of contractions on a Hilbert space
with generator A, then for every f € L'(RY),

Jim A(T@) D = 1 llegoaym)-

(b) If T} is a contraction on a Hilbert space then for every function A in
the disk algebra, we have lim,, 1o [|[T7"A(T1)|| = [|hllc(o(m)nT)-

(¢c) If 11, T, ..., T} are finite many commuting contractions on a Hilbert
space and f € (}(Z%), then

lim N | T T2 . T f(T, T, T | = ”f”c(gA(Tth,...,Tk)mTk)7

min (n1,n2,...,n5)—

where A is any unitary commutative Banach algebra that contains 71,75, ..., Tk
and o 4(T1,Ts, ..., Ty) is the joint spectrum of Ty, T5,. .., T} relative to A.
Notice that result (b) was obtained simultaneously in [27] and in [18] (the
present paper is an improved version of [27]). For the proof of (a) and (b)
we use in particular the von Neumann inequality, while a different method
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is used for (c). Indeed the von Neumann inequality fails for three or more
commuting contractions.

The above results are far from true for representations by contractions
acting on a Banach space. We will see in section 5 that equality (1.2)
depends on the thinness of Sp, (T, S).

Let E be a closed subset of I'. We shall now denote by T' a representation
of S by contractions on a Banach space. We show (Corollary 5.5) that
equality (1.2) holds for every T such that Sp,(7,S) = E, if and only if E
satisfies spectral synthesis and is a Helson set with «(E) = 1, where a(E)
is the Helson constant of E.

2. REPRESENTATIONS OF SUBSEMIGROUPS BY CONTRACTIONS ON A
HILBERT SPACE

We shall adopt the terminology of [2] and [3]. Let G be a locally compact
abelian group and S be a measurable subsemigroup of G with non empty
interior in G and such that G = S — S. The group G is equipped with
the Haar measure and S with the restriction of that measure. L!'(S) will
be identified with a subspace of L!(G). Denote by S* the set of all the
non-zero, continuous, bounded, homomorphisms of S into the multiplicative
semigroup C. Let

Sr={x€eS" |x(s)|=1 forall sin S}.

We shall identify S, with the dual group I' of G, in the natural way. For
f € LY(S) and x € S*, we set

o) = /S (@)t

Finally we shall assume that {f, f € L*(S)} separates the points of S* from
each other and from zero.

Examples. 1) Let G = R", S = R"}. The set S* will be identified with
C_", where C_ = {z € C: Im(z) < 0}. The identification map is given by
Z = Xz, where x,(t) = e 7%, 2 = (21,...,2,) €C_", t = (l1,...,t,) € R"
and t.z =121 + ... + tp2,. For f € L'(R%) and z € C_", we have

f@=F0e) = [ e "=t
R%
Clearly S;; = R".
2) Let G = Z" and S = Z7, where Z, is the set of all nonnegative
integers; S* will be identified with D" by the map z = (21,...,2n) — Xe,
where x (k) = zfl cooZFand k= (k... k) € 7% . We have Sy = T™ and,



4 M. ZARRABI
for f e LY(Z"),

F2) =" fR)ar . 2

kezZn

Let X be a Banach space, £(X) the Banach algebra of all bounded linear
operators on X. Let T be a representation of .S by contractions on X, that
is a strongly continuous homomorphism from S into £(X) such that T'(s)
is a contraction whenever s € S. For f € L1(S), let f(T): X —> X be the
bounded operator defined by

AT 2 / FOT(D)zdt.
S
The spectrum of T with respect to .S is defined by
Sp(T,S) = {x € % |F(x)| < | F(T)] for all f in L'(S)}.

We shall mainly be interested in the unitary part of the spectrum of T,
which is defined by Sp,(T,S) = Sp(T,S) NS} = Sp(T,S)NT.

We need the following version of the Douglas lemma ([7]) given in [2].

Lemma 2.1. Let V' be a representation of S by isometries on a Banach
space Y. There exists a Banach space Yy containing Y (by isometric iso-

morphism), and a representation Vg of G by isometries on Yy such that
Va(s)y=V(s)y (yeY, s€S) and Sp(Vy, G) = Sp,(V, 5).

Lemma 2.2. Let V' be a representation of S by isometries on a Banach
space Y and y €Y. Assume that for every f € L1(S),

LFVll < 11 Flleq)-

Then, for every f € L'(S),

IF)yll < 1 Flesp, v.s)-

Proof. Let Vy be the representation of G by isometries on a Banach space
Yy, given by Lemma 2.1.

We assume that Y # {0}. By [2], Corollary 2.2, Sp, (T, S) is non-empty.
Let ¢ > 0 and g € L'(G). Since S has a nonempty interior, there exists
s € S such that

/ g(8)]dt < e
G\S—s
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Thus
lawvawl < | [ g<t>vd<t>ydtH+ | atVatod
S—s G\S—s
<|| [ ot = syvate - s)ydtH T el
S
< |va=s) ( /S ot — s>vd<t>ydt) H T el
< /S gs<t>vd<t>ydtH T ellyll = 15 (Vayll + el
where
[ gt —s) if tes
9s(t) = { 0 otherwise.
Hence

19s(Va)yll = [lgs(V)yll < [|gsllecry-
On the other hand, for every x € I', we have

9s(x) = 9(x) — /G . g(t)x(t)dt,

which implies that ||gs|lcry < [|9llcry + €. Therefore, we get

[9(Va)yll < [[glleery + (X + llyll).

Letting € — 0, we obtain

19(Va)yll < l1glleqr)-
Let f € LY(S) and let g € L'(G) be such that § vanishes on a neighborhood
of Sp,(V,S). Since Sp,(V,S) = Sp(Vy, G), we have g(Vz) = 0 (see [15], p.
201). It follows then from the last inequality that

IFWV)yll < 1F(Va)y — d(Va)yll < 1F — lle)-

Since A(T') = {g, g € LY(G)} is dense in Co(T) (see [22], Theorem 1.2.4,
p. 9), it follows from the structure of closed ideals of Co(I') that the set
{g, 9 € LY(G) and § = 0 on a neighborhood of Sp,(V,S)} is dense in
Z (Sp,(V,S)) :=={h € Cy(T"), h=0on Sp,(V,S)}. Hence

~ ~

Vy| < inf f—h = .
£ W)yl _heI(Slélu(V,S))”f ey = I fllecsp, (v;s))

The following is Lemma 4.1 of [21].
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Lemma 2.3. Let T be a representation of S by contractions on a Banach
space X. Then there exist a Banach space Y, a continuous homomorphism
m: X = Y with dense range, and a representation V of S by isometries on
Y, such that

(1) Sp(V,5) < Sp(T, S),
(i1) V(t)omr =mwoT(t) for everyt in S,
(7i1) lign T (t)x|| = ||wz|| for every x in X.
Remark 2.4. In the above Lemma, when X is a Hilbert space then Y is

a Hilbert space too. Indeed, let (.,.) be the inner product on X. By the
polarization identity we see easily that the limit

(@, y)r = Im(T @)z, T(t)y),

exists for every x,y € X. We set ¢(x) = limg [|[T(t)z| = /(x,y)r and we
continue as in the proof of Lemma 4.1 of [21].

Lemma 2.5. Let T be a representation of S by contractions on a Banach
space X. Let x € X. Assume that for every f € L1(9),

1i§nHT(t)J?(T)$H < flleq)-
Then, for every f € L'(S),
lim 1T F(T)all < [1Flecsp, @.9)-

Proof. Let V and 7 be respectively, the isometry and the contractive homo-
morphism given by Lemma 2.3. Let f € L'(S). Applying (i) and then (ii7)
of Lemma 2.3, we obtain

~ ~ ~

1 (V)mall = [la(f(T)2)ll = i | T(2) f(T)z]|-
Then we get ||f(V)7m:H < ||f“c(r‘). It follows from Lemma 2.2 that
lim |7 F(T)e]| = | F(V)mzll < I fllesp.wisy < I lesp,as)-
The last inequality holds since Sp,,(V,S) C Sp, (T, S). O

Theorem 2.6. Let T be a representation of S by contractions on a Banach
space X. Assume that for every f € L'(9),

lim | 7@ FTD)I < 1 lleqr)-
Then for every f € L'(9),

lim IT@OFDN = 1 flleisp, m5)-
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Proof. Let f € LY(S). For t € S, we have

T)f(T) = e f(T)
where 7; is the translation operator defined by: 73 f = f(-—1t). Let x €
Sp, (T, S). We clearly have the following equality 7 rf (x) = x(t )f(X) Thus,
using the inequality [7f(x)] < |7 f(D)ll, we get |F(0| < ITOFT]. So
1 Fllegss. r.syy < lims [T 7))
On the other hand, for ¢t € S, let M(t) be the linear bounded operator
defined on L(X) by
M(t): A—T(t)A.
We shall now use a similar argument as in the proof of Theorem 4.3 of
[3]. Let Lo be the set of all bounded operators A on X such that the map
t — T'(t)A is continuous; Ly is a closed linear subspace of £(X) that contains
@(T), whenever u € L'(S). Let My be the restriction of M to Lo. Then My
is strongly continuous and Sp, (Mg, S) C Sp, (T, S).
Take so € S. There exists a sequence (v, ), in L1(S) such that [7,] < 1
and f * v, — Ts,f, n — 00, in the L*-norm. For every g € L*(S) we have

o —

lim || Mo (£)g(Mo)on(T) || = B |T(t) (g v )(T)| < 17 Vnllery < lldller)-
Applying now Lemma 2.5 to My and f, we obtain

lim || 7(6)(F ¢ 0a) (T)]] = lin [ Mo(6)] (M) (T) |

< ||f||C(Spu(M0,5))
< | fllesp, (1,5)-

Since limy, o0 || f * vn — 75, f|| = 0 we have

~

Tim [[(F % 00)(T) — T(s0)[(T)]| =
It follows that
lim IT(t + 30) F(D)| < I lleesp, (r.9)):

which finishes the proof.

3. Cp-SEMIGROUPS AND CONTRACTIONS

Here we consider the case G = R and S = R;. We recall (see section
2) that 5* = C_,S*=T =R, and for z € C_ and f € L'(R"), we have
fz) = i) = 0+°°f() Tdt.

Let T = (T3)¢>0 be a strongly continuous semigroup of contractions on a
Hilbert space H and A be its generator. We have Sp,(T,Ry) = ic(A) NR
(see [3]).
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Theorem 3.1. Let T = (T(t)),~o be a strongly continuous semigroup of
contractions on a Hilbert space H and, let A be its generator. Then for
every f € LY(RT),

Jm ITOFD) = 11 Fllcoaym)-

Proof. Denote by D the domain where A is defined. Let v € D, with ||v|| = 1.
We have

(Av,v) = lim <1(T(t)v - v),v> = lim 1((T(t)v,v> -1),

t—+oo \ ¢ t—~oo t

where (.,.) is the scalar product of H. Since [(T'(t)v,v)| < 1, we have
Re ((Av,v)) < 0. So the numerical range {(—Av,v), ||v|| = 1}, of —A is
contained in —iC,. It follows from the von Neumann inequality (see, for
instance, [6]) that for every rational function » bounded on —iC, and with
poles in iC,., we have

lr(=A)l < sup_|r(z)] = sup |r(z)]. 3.1)
ze—iCy z€iR

We denote by F' the set of all functions of the form

n
= Zake“t, (3.2)
k=1

where (ag)1<k<n and (Ag)i1<k<n are a complex numbers such that for every
k, A\r has a negative real part. For f in F' of the form (3.2), we have

~ +°° S
f(z) = / e Fdt = Zak iz— M) Y, z€C_.
0

and

F(T) =) ap(—A— )" =r(-A),
k=1

o~

where r(2) = f(—iz) = Y p_; ar(z — A\g) 71, 2z € —iCy. It follows from (3.1)
that

IF(D)] < sup |r(2)] = sup |f()

z€iR zeR

Since F is dense in L'(R, ), the last inequality holds for every function f in
L'(R,). Now we apply Theorem 2.6 to finish the proof.
O

Let A € C, with positive real part. Under the hypothesis of the Theorem
3.1, we get limy,qo0 |T(H)(M — A)7Y| = m. More generally
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if ag,...,a, are complex numbers, applying the above theorem to f(t) =
(3oh_o 4tF) e, we obtain

lim (|T(t)) ap(M —A) 1 = sup ap(\ +iz)F1
t—+o0 kZO z€io(A)NR |-,
= sup ap(A — 2) 1.
z€o(A)NiR kZO

Now we turn to the case G = Z and S = Z,. We have S* = D and
Sy =TI =T. Every representation 1" of Z, by contractions on H is given
by T'= (17" )nez.., where T; is a contraction on H. We have Sp,(T,Z,) =
o(Ty) N'T (see [3]).

Theorem 3.2. Let T7 be a contraction on a Hilbert space H. Then for
every h in the disk algebra A(D),

Jm TEA(T)N = [Blleonm)-

Proof. Let f = (f(ﬂ))nzo € EAI(ZJF). By the von Neumann inequality, we
have limy o0 [TPF(T)| < IF(T)] < Ifllcqry, where T = (T)ez, . Then
we get from Theorem 2.6 that limy,_, 0 |77 f(T1)]| = Hﬂ\c(spu(T,Z”). The
equality in the theorem follows since Sp,(T,Z4) = o(T1) N'T and since the
set {f, f €04Z,)} is dense in A(D). O

4. SEVERAL COMMUTING CONTRACTIONS

Let k > 2 be an integer. We shall write n = (n1,...,n) € Z’i. Let
T be a representation of Z’i by contractions on a Hilbert space H. We
have T' = (T7" ... T}'%)
contractions on H.

nezk where T1,...,T} are finite many commuting
There are several definitions of the joint spectrum. Let A be a commuta-
tive Banach algebra that contains 77, ...,T; and I be the identity map. We
define the joint spectrum o 4(71,...,T})), relative to A, to be the set of all
k-tuples of complex numbers A = (A1, ..., A\x) such that the ideal (and/or
the closed ideal) of A generated by A\; — T1,..., Ay — T} is a proper subset
of A.
Let f = (f(n))neZﬁ in ¢1(Z%). We have
FO =Y A A= (A, A €D

k
neZ+

and

F@) =" fymy .. 1.

k
neZ+
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~

Let A € 04(T1,...T). It is easily seen that f(T') — f()\) is contained in

~

the proper closed ideal generated by Ay —T1, ..., A\, —T). So f(N) € o(f(T)),
which implies in particular that |f(A)| < |f(T)||. Thus o4(Ty,...,Ts) C
Sp(T,Z%).

Let now A € Sp,(T, Zi) Since Sp(T, Zi) is o-compact, A is an w-
approximate eigenvalue of T, that is, there exists a sequence (z,), in H
with ||zp]| = 1 and such that |77 ... T %z, — A[* ...\ %2yl — 0, as
p — +oo, for each n € Zi (see [3], Proposition 2.2). In particular, for
every i =0,...,k, ||(T; — \i)zp|| = 0 as p — 4o0. It follows that the equa-
tion (71 — A1)S1 + ...+ (Tx — A\x)Skr = I has no solution Sy,...,S; € A.
Thus A € o4(Th, ..., ).

We deduce from the above observations that o 4 (71, . . . Tx)NT"™ = Sp,, (T, Z%).
We see that o 4(T1,...,Tx) NT™ is the same for any commutative Banach
algebra that contains T1,...,7T} and 1.

We know by the Ando Theorem [1] that the von Neumann inequality
holds for two commuting contractions on a Hilbert space while it fails for
three (or more) commuting contractions (see [8]). So we get from Theorem
2.6, that if T and 75 are two commuting contractions on H and h is in the
bidisc algebra, then

min(n1l,i711121)—>+oo 1T T2 h(T1, T) | = HhHC(UA(ThTz)ﬂTQ)’
where A is any commutative Banach algebra that contains 7T7,7T» and the
identity map. A similar result remains true for many commuting contrac-
tions, but for the proof we need a different method. We shall use an argu-
ment based on the ultrapower spaces, suggested by the proof of Theorem
2.1 of Léka’s paper ([16]).

Let U be a free ultrafilter on Zﬁ, KOO(Z@'HH ) the Banach space of all
bounded functions from Z’i to H and CO(Zﬁ,H ,U) the set of all functions
in EOO(Z?HH ) which converge to zero throughout the ultrafilter ¢/. The
quotient space Hys := £ (Zﬁ, H)/co (Zﬁ, H,U) is called an ultrapower space
of H. For z = (xn)neZ’jr we denote by T the equivalence classe of x, that is
z= (ﬂ:n)nGZ;Jcr + co(Z%, H,U). Notice that Hy is also a Hilbert space with
the inner product

(z,9) =U- hrrln@myn%
For S € L(H) we denote by Sy the operator defined on Hy by Syz =
(an)nezi (See [12]).
Let T : Z’i — L(H) be a representation of Zi by contractions on H. We
set Ty = (T(n)u)neZ’i'
homomorphism from £(H) into £(Hy), Ty is a representation of ZE by

Since the mapping S — S5y is an isometric algebra
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contractions on Hz;. Moreover, we have Sp(Tu,Zﬁ) = Sp(T, Zﬁ) and if
Tn)=T{"...T;*, ne Zi, where 771, ..., T} are finitely many commuting
contractions on H, then Ty(n) = (Th) - .. (Th) -

Theorem 4.1. Let 11,15, ...,T; be a commuting contractions on a Hilbert
space H and f € (1(Z%), then

~

lim ~ ||,1—11an’2”2 s T]:ka(Tl’ Ty, ... aTk)H = ||f”C(aA(Tl,Tg...,Tk)ﬁ']I"“)’

min (n1,n2,...,nk)—

where A is any unital commutative Banach algebra that contains Ty, T, ..., Ty
and o A(Ty, Ta, ..., Ty) is the joint spectrum of Ty, Ty, ..., Ty relative to A.

Proof. Let T be the representation of ZX defined by T'(n) = T7" ... T;** for
n=(ni,...,ng) € Z%. Let V, 7 and Y be the elements associated to 7' and
given by Lemma 2.3. Notice that by Remark 2.4, Y is a Hilbert space.

For every f € (1(Z%) and every unit vector x € H, we have

~ ~ ~

lim [7(n) f(T)| = |lf(V)ml < [IF (V).

Notive that for every n € Z’i, V(n) = V" ... V", where Vi,...,V, are
commuting isometries on the Hilbert space Y. In this case the von Neumann

~

inequality holds, that is ||f (V)| < H]/”\HC(T;C) (see [19], p. 28-29; [8]). So we
get from Lemma 2.5 that

~

%ﬂﬂ@ﬂﬂwéwm$mmm» (4.1)

Take U a free ultrafilter on Zﬁ and let Hy; be the ultrapower space of H
defined previously.

Let € > 0. We set o := limZ;i T (n)f(T)| = infneZﬁ |T(n)f(T)]. For ev-
ery m € Z¥ | there exists a unit vector z,, such that (1—€)a < ||T(m) f(T)am|-
So for every n < m, we have (1 — €)a < ||[T(n)f(T)xm]|-

Let 7 = (xm)meZ’i + ¢o(Z%, H,U). We have

T Fiel = | (T Fren) . + el v

= U-lim IT(n) f ()|
f(r

> liminf |[T(n) f(T)zm| > (1 — €)a.

Now applying (4.1) to the operator Ty, and = and letting € — 0, we obtain

a < ||f||c(spu(Tu7zli)) = || ||c(spu(T7zli)) = ||f”c(o—A(ThTQ___,Tk)m'Ek)a

which finishes the proof. U
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5. REPRESENTATIONS OF SUBSEMIGROUPS BY CONTRACTIONS ON A
BANACH SPACE

Let G, T and S be as in section 2. If I is a closed ideal of L'(G), we set

~

h(I)={xeTl: f(x)=0, forall f eI},

where f(x) = [, f(t)x(t)dt.
Let E be a closed subset of I'. We set,

I(E)={f e LY @), f=0on E}

and

J(E) = clos {f € L'(G), f =0 on a neighborhood of E}.

Clearly I(E) and J(E) are closed ideals of L'(G), J(E) c I(E) and we
have h(I(E)) = h(J(E)) = E (see [22], p. 161). The set F is said to satisfy
spectral synthesis if J(E) = I(E). Notice that E satisfies spectral synthesis
if there exists a unique closed ideal I such that h(I) = E. A function
f € LY(@) (or f) is said to satisfy spectral synthesis for E if f € J(E).

Let A(T") denote the Banach algebra of functions fife LY(G) endowed
with the norm ||fllacy = [Iflzi)- Let A(E) = {fig, f € LY(G)} be
the Banach space equipped with the quotient norm of LYG)/I(E), that is
1 fllace) = infgermy |1 f — gllLr(@)- It is well known that A(E) C Co(E). The
set F is called a Helson set if A(F) = Co(F). Notice that E is a Helson
set if and only if the canonical injection i : A(E) — Co(E) is onto. This is
equivalent to the fact that the quantity

a(E) = sup { HJ:HA(E), feLYG) and ﬁE + 0} ,
[ fllece)

is finite. By duality, we have

a(F) = sup{ HAMH , w€ M(FE) and pu # O} ,
172]l

where M (F) is the set of Borel measures on I' with support contained in F,

||e]| is the total variation of p and ||fi||ec = sup,cq |E(2)|; a(E) is called the

Helson constant of E (see [11] and [22]). At the end of this section we give

various examples of Helson sets satisfying spectral synthesis.

Lemma 5.1. Let V' be a representation of S by isometries on a Banach
space Y and y € Y. Assume that Sp,(V,S) C E, where E C T is a closed
set that satisfies spectral synthesis and which is a Helson set. Then for every

feLl(s),
IF(V)yll < alBE) | Flleelyll-
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Proof. Let V; be as in Lemma 2.1, with Sp(Vy, G) = Sp,(V,S). Let f €
L'(S). Since E satisfies spectral synthesis, for every g € L'(G) such that g
vanishes on F, we have g(Vy) = 0 (see [15], p. 201). So

IF 7yl = 1 (Vayll < o 1F(Via)y = G(Va)yl
S 1F = allyl = 11 lags vl
Now since E is a Helson set, we get ||f(V)y] < a(E)HfHC(E)HyH
U

Lemma 5.2. Let T be a representation of S by contractions on a Banach
space X and x € X. Assume that E := Sp, (T, S) satisfies spectral synthesis
and is a Helson set. Then for every f € L1(S),

im [T@) f(T)z]| < a(E)flle) 2]
Proof. Let V and 7 be respectively, the isometry and the contractive homo-

morphism given by Lemma 2.3. Let f € L!(S). We have limg HT(t)f(T)xH =
||f(V)rz| and by Lemma 5.1, we get

lim |7() F(T)2] < a(B)| Flleqs Imall < a(B) Flloce 2]

We shall also need the following lemma.

Lemma 5.3. Let T be a representatzon of G by isometries on a Banach
space. Let I = {f € LY(G): f(T) =0}. Then I is a closed ideal of L'(G)
and Sp, (T, S) = Sp(T,G) = h(I).

Proof. 1t is easily seen that [ is a closed ideal. Notice that Sp(T,G) is the
Arveson spectrum of 7' ([20]) or the finite L-spectrum of 7' ([15]). The
equality Sp(7, G) = h(I) follows from [20], Proposition 8.1.9.

The equality Sp,, (T, S) = Sp(T, G) is stated without proof [4], p. 170. For
the sake of completeness we include here the proof. The inclusion Sp(7, G) C
Sp, (T, S) is straightforward. Let x € Sp,(T,S), f € L'(G) and € > 0.
There exists s € S such that fG\(S_S) |f(t)|dt < e. We set

) if teS
fs(t) = { 0 otherwise.

We have f; € L}(S) and

OO 100l + € < IF (D) + € < (D) + 2.

< |F(D)]], for every f € L*(S) and thus x € Sp(T,G). There-
fore Sp(T, G) = Sp, (T, S).

T
@
B
a
@
?@
Z

O
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Theorem 5.4. Let ¢ > 1 and E a closed subset of I'. Then the following
are equivalent.

(1) E satisfies spectral synthesis and is a Helson set with a(FE) < c.

(i) For every representation T of S by contractions on a Banach space
X such that Sp,(T,S) = E, we have

lim [T FD) < el Fles), | € L)

Proof. (i) = (i1) Let T be a representation of S by contractions on X with
Sp,(T,S) = E. Let M(t): A~ T(t)A. Then we apply Lemma 5.2 to the
restriction of M to a closed subspace of £(X) as in the proof of Theorem
2.6.

(ii) = (i) Let I be a closed ideal of L'(G) with h(I) = E. Let 7 :
LY(G) = LY(G)/I denote the canonical surjection and, for t € G, 7 the
translation operator defined on L'(G) by : 7 f(z) = f(z—t), # € G. We set
T@t)(w(f)) = 7(nf), f € LY(G). Since I is invariant under the translation
group 7 ([22], Theorem 7.1.2, p. 157), T'(t) is well defined and is an invertible
isometry.

For f € LY(G), ]/C\(T) is the operator defined by: 7(g) — 7(f * g). Hence
]/C\(T) = 0 holds if and only if f * g € I, whenever g € L'(G). Since there
exists a sequence (g), in L'(G) such that ||f — f * gnl| — 0 (see [22],
Theorem 1.1.8, p. 6), we see that f(T) = 0 holds if and only if f € I. Tt
follows from Lemma 5.3 that Sp,(T,S) = Sp(T,G) = E.

Let f € L}(G) and € > 0. There exists s € S such that fG\(S_S) |f(t)]dt <
€. We set

B 0 otherwise.

fs(t)—{f(t_s) if tes
We have £, € L(S), | Flle) < | fllegs + € and
Ty = [ se- 91 wie=1() [z
S

S—s

Since for every t, T'(t) is an isometry with Sp,(7,S) = E, we get

[t = 12D = in T O LW < e < ol o

Hence

1F)) < ‘

f(t)T(t)dtH + /G o FOT(t)dt

< (|| Fllew + o) + /G () ldt

S—s

< el llem) + (e + De.
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Letting ¢ — 0, we obtain

IFD < el flle)- (5.1)
Notice that f(T) is the operator m(g) — 7(f * g). Obviously, we have the

inequality ||f(T)H < ||7(f)||- On the other hand side there exists a sequence
(un)n of functions in L'(G) such that, for every n, |[unllr1) = 1 and

fxuy, — f (see ([22], Theorem 1.1.8, p. 6). It follows that || f(T)|| > ||=(f)].
Thus

-~

LA = [l (HII- (5:2)

If m(f) =0, that is f € I the last equality is obvious. It follows from (5.1)
and (5.2) that
(O < ell fllem)- (5.3)

We take I = J(E). It follows from (5.3) that if f € L*(G) with f =0 on
E, then 7(f) = 0 and thus f € J(E). This shows that E satisfies spectral
synthesis.

We take now [ = I(F). Let i : A(F) — Co(F) be the canonical injection.
Inequality (5.3) shows that the range of i is closed. On the other hand,
since A(T") is dense in Co(I") ([22], Theorem 1.2.4, p. 9), the range of i is
also dense in Co(E). So i is surjective, which implies that F is a Helson set
with a(E) = [|i 7| < ec. O

We get immediately the following result.

Corollary 5.5. Let E be a closed subset of I'. The following are equivalent.
(1) E satisfies spectral synthesis and is a Helson set with a(FE) = 1.
(i) For every representation T of S by contractions on a Banach space
such that Sp,(T,S) = E, we have

lingT(t)f(T)H = flleqey, fe€L'(S).

In particular if T is a representation of S by contractions and if Sp,, (T, S) =
{x}, then

~ ~

liz | T() f(T)] =10, f € LH(S).

Remark 5.6. In this remark we give some examples of Helson sets which
satisfy spectral synthesis and we discuss the constant «(FE). Let E be a
closed subset of I'; E is called independent if for every x1,...,xx in F and
every integers ny,...,ng,

n Nk

X1 X =Ll = =X =

A compact subset I of I' is called a Kronecker set if the following property
holds: for every continuous function h on E with |h| = 1 and for every € > 0
there exists ¢ € G such that sup, ¢ g |h(x) —x(t)| < €. Every Kronecker set £
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satisfies spectral synthesis and is a Helson set with «(F) = 1. Indeed, every
measure 4 with support contained in a Kronecker set satisfies ||u|| = ||//|oo
(see [22], Theorem 5.5.2, p. 113). It follows from the discussion made at
the beginning of this section that a Kronecker set E is a Helson set with
alE) = 1.

The fact that a Kronecker set is of spectral synthesis was proved by N.
Varopoulos ([25]) for totally disconnected Kronecker sets and then extended
to any Kronecker set by S. Saeki (][23]).

Notice that every Kronecker set is independent. If F is a finite independent
set and if every element of F is of infinite order, then F is a Kronecker set
(see [22], p. 98).

We recall also that if F is a finite set, then FE satisfies spectral synthesis and
is a Helson set with a(F) < \/#E where #F is the cardinal of E. On the
other hand, for n a nonnegative integer, there exists E such that #F = 2"
and a(E) > \/#E/2 (see [11], p. 33).

Finally we note that a countable, compact, independent set is a Helson set
and satisfies spectral synthesis (see [22], Theorem 5.6.7, p. 117 and p.161).
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