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We consider the problem of aggregating the elements of a possibly infinite dictionary for building a
decision procedure that aims at minimizing a given criterion. Along with the dictionary, an independent
identically distributed training sample is available, on which the performance of a given procedure can
be tested. In a fairly general set-up, we establish an oracle inequality for the Mirror Averaging aggregate
with any prior distribution. By choosing an appropriate prior, we apply this oracle inequality in the
context of prediction under sparsity assumption for the problems of regression with random design,
density estimation and binary classification.

Keywords: Mirror averaging, sparsity, aggregation of estimators, oracle inequalities.

1. Introduction

In recent years several methods of estimation and selection under the sparsity scenario have
been discussed in the literature. The ¢;-penalized least squares (Lasso) is by far the most
studied one and its statistical properties are now well understood (cf., e.g., [6, 11, 12, 13,
38, 49, 54, 57, 58] and the references cited therein). Several other estimators are closely re-
lated to the Lasso, such as the Elastic net [59], the Dantzig selector [15], the adaptive Lasso
[60], the least squares with entropy or ¢1,s penalization [33, 34], etc. These estimators are
obtained as solutions of convex or linear programming problems and are attractive by their
low computational cost. However, they have good theoretical properties only under rather
restrictive assumptions, such as the mutual coherence assumption [24], the uniform uncer-
tainty /restricted isometry principle [15], the irrepresentable [58] or the restricted eigenvalue
[6] conditions. Roughly speaking, these conditions mean that, for example, in the linear re-
gression context one should assume that the Gram matrix of the predictors is not too far from
the identity matrix. Such type of assumption is natural if we want to identify the parameters
or to retrieve the sparsity pattern, but it is not necessary if we are interested only in the
prediction ability.

Indeed, at least in theory, there exist estimators attaining sufficiently good accuracy of pre-
diction under almost no assumption on the Gram matrix. This is, in particular, the case for
the fg-penalized least squares estimator [10, Thm. 3.6], [12, Thm. 3.1]. However, in practice
this estimator can be unstable (cf. [8]). Furthermore, its computation is an NP-hard problem,
and there is a challenge to find a method realizing a compromise between the theoretical
optimality and computational efficiency. Motivated by this, we proposed in [20, 21, 22, 23|
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2 Dalalyan and Tsybakov

an approach to estimation under the sparsity scenario, which is quite different from the ¢;
penalization techniques. The idea is to use an exponentially weighted aggregate (EWA) with a
properly chosen sparsity-favoring prior. Let us note that there exists an extensive literature on
EWA, which does not discuss the sparsity issue. Thus, procedures with exponential weighting
are quite common in the context of on-line learning with deterministic data, see [18, 32, 50],
the monograph [19] and the references cited therein. Statistical properties of various versions
of EWA are discussed in [2, 3, 9, 16, 17, 28, 30, 31, 39, 51, 52, 53, 56].

On the difference from these works, we focus in [20, 21, 22, 23] on the ability of EWA to deal
with the sparsity issue. Specifically, we prove that EWA with a properly chosen prior satis-
fies sparsity oracle inequalities (SOI), which are comparable with those for the fy-penalized
techniques and are even better in some aspects. At the same time, on the difference from the
lo-penalized methods, our method is computationally feasible for relatively large dimensions
of the problem, cf. [23]. Furthermore, our estimator has theoretical advantages as compared
to the /1-penalized methods, since it satisfies oracle inequalities with leading constant 1 that
hold with almost no assumption on the dictionary/Gram matrix (cf. detailed comparison with
the ¢; based methods in Section 8 below).

The results of [20, 21, 22, 23] are established for the linear regression model with fixed design.
The aim of this paper is to show that similar ideas can be successfully implemented for a large
scope of statistical problems with i.i.d. data, in particular, for regression with random design,
density estimation and classification. The procedure that we propose is mirror averaging (MA)
with sparsity priors. The difference from the EWA considered in [20, 21, 22, 23] is that we
compute the exponential weights recursively and then average them out.

This paper is organized as follows. In Section 2 we introduce some notation and formulate
main assumptions. Section 3 contains the definition of the MA estimator and a general PAC-
Bayesian risk bound in expectation. In Section 4 we introduce our sparsity prior and obtain our
main SOI as a corollary of the PAC-Bayesian bound. Sections 5, 6 and 7 consider applications
of this result to specific models, namely, to nonparametric regression with random design,
density estimation and classification. In Section 8 we briefly discuss computational aspects
of the MA aggregate and compare it to other methods of sparse estimation. Technical proofs
are given in the appendix.

2. Notation and assumptions

Let (Z,§) be a measurable space and let {Pf, fesF } be a collection of probability measures
on (Z,§) indexed by some set F. We are interested the estimation of f based on an i.i.d.
sample Z1,...,Z, drawn from the probability distribution P;. We will assume that f is a
“functional” parameter, that is F is a subset of a vector space & = { f: X — Rd} for some
set X and for some positive integer d. From now on, we denote by E; the expectation w.r.t.
Pr and by Z the random vector (Z1,...,Z,) € Z™.

To further specify the settings, let £: & x F — Ry be a general loss function. An estimator

of f is any mapping f : 2" — & such that the mapping z — £(f(z), f), defined on (Z",3")
and with values in R, is measurable for every f € F. The performance of an estimator f is
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Mirror averaging with sparsity priors 3

quantified by the risk

B/ (UF(2).0) = [ 7@, £) B (d).
Here P} stands for the product measure 3 ®...® Py on (2", §"). We will assume the following.
Assumption Q1: There exists a mapping ) : Z x € — R such that, for every f € F,

- the mapping z = Q(z,g) is measurable and Pj-integrable for every g € &,
fz z,9) Pr(dz) — U(g, f) is independent of g and finite for any f € J.

Assumption Q1 is fulfilled in a number of settings; detailed discussion is given in Sections
5-7. For example in the case of regression with squared loss, one has z = (z,y) € Z=X xR
and ¢(g, f fx g — f)?dPx, where Px stands for the distribution of the design and f is
the regressmn function. Assumption Q1 is then fulfilled with Q(z,g) = (y — g(=))?. In simple
words, assumption Q1 requires the existence of an unbiased estimator of the risk #(g, f),
up to a summand depending excusively on f, where f is the unknwon parameter and g is
a known function. It is worth noting that under assumption Q1 the minimizer of the loss
function g — ¢(g, f) coincides with the minimizer of the expectation g — [ Q(Z, g)Py(dZ).
This property is crucial in what follows.

Since, in general, there is no estimator having the smallest possible risk among all possible
estimators, we will pursue a more realistic goal, which consists in finding an estimator whose
risk, for every f, is nearly as small as the minimal risk mingeg, ¢(g, f) over a pre-specified
subset Fp of &, i.e., we will follow the oracle approach. To make this approach sensible, the
subfamily Fj should not be too large. On the other hand, it should be chosen large enough
to contain a good approximation to the (unknown) “true” function f.

The set F is indexed by the elements of some measurable space (A, £). More precisely, we
define F\ = { fa A€ A} C €& as a collection of functions (dictionary) such that, for every
x € X and z € Z, the mappings A — fa(z), A— Q(z, fa) and X — £(fx, f) from A to R are
measurable. The elements of the dictionary Fo can be interpreted as candidate estimators
of f. Define P, as the set of all probability measures on (A, £) and P1(F) as the set of
all measures 1 € Py such that [, [fa(z)|u(dX) < oo for every z € X. We define for every

il EfplﬂTA),
= /Afx,u(d)\) <fu(x) = /AfA(x),u(d/\), Vo € I)C)

We say that f, is a convex aggregate of functions f with u being the mixing measure or the
measure of aggregation. The estimators we study in the present work are convex aggregates
with data-dependent mixing measures.

In what follows, we denote by C(F,) the set of all convex aggregates of functions f, that is
C(Fa)={g9: X >R s.t. g="r, for some pu € P1(Fa)}.

It is clear that C(F,) is a convex set containing Fa. For our main result we need the following
condition on the function ) appearing in Assumption Q1.
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4 Dalalyan and Tsybakov

Assumption Q2: There exist 5 > 0 and a mapping Vg : C(Fp) x C(Fa) — Ry such that

i) Ws(g,9) =1 for all g € C(Fp),
ii) the mapping g — ¥g(g, g) is concave on C(Fy) for every fixed g € C(Fn),
iii) the inequality

[ o0 (= 374QL0) — Q)}) Fy(d) < ¥i(0.3)
holds for every g, g € C(Fy).

At first sight, this assumption seems cumbersome but we will show that it holds for a number
of settings which are of central interest in nonparametric statistics. For example, in the model
of regression with random design and additive Gaussian noise, Assumption Q2 is fulfilled for
B > 202 + 2sup, || fx — fl|%, where o2 is the noise variance and f is the unknown regression
function. Assumption Q2 has been first introduced in [30, Theorem 4.2] for finite dictionaries
and a variant of it has been used in [3, Corollary 5.1].

Note also that if Assumption Q2 is satisfied for some (8, ¥g), then it is so for (5, \Ifg/ﬁ/) with

any ' > f3. In fact, condition ii) is ensured due to the concavity of the function ¢ — t#/5" on
[0,00), while iii) can be checked using the Holder inequality.

3. Mirror averaging and a PAC-Bayesian bound in
expectation

We now introduce the mirror averaging (MA) estimator. First, we fix a prior 7 € P1(Fy), a
”temperature” parameter 8 > 0, and set

5. (@) = 25 XL QU IN)
" Jaexp{ = 520 Q(Zi, fu) j(dw)’

~ ~ 1 L
HA:HMZ%:n+1§:0mﬂZ)
m=0

with é\o,A(Z) = 1. For every fixed Z, é}\ is a probability density on A with respect to the
probability measure w. Let i, be the probability measure on (A, £) having é}\ as density
w.r.t. w. By analogy with the Bayesian context, one can call é}\ and [i,, the posterior density
and the posterior probability, respectively. Following [30] where the case of discrete m was
considered (see also [41]), we define the MA aggregate as the corresponding posterior mean

~

fn = fa,, that is [in(dX) = 725 Y0 o OmA(Z) 7(dA) and
~ ~ 1 " ~
fa) = [ @R@TN = 3 [ A@ i@

To simplify the notation we suppress the dependence of .]/C;L on Z and x when it causes no
ambiguity.
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Mirror averaging with sparsity priors )

Theorem 1 (PAC—Baye/s\ian bound in expectation). If Assumptions Q1 and Q2 are fulfilled,
then the MA aggregate f, satisfies the following oracle inequality
n : BX(p, ™
Bt 0] < it ([ o0 pptax) + BT, ®

PEPA n 4+ 1

where K(p, ) stands for the Kullback-Leibler divergence

_ J Jylog (EN)p(dN),  ifp <,
:K:(p7 7'(') - . .
400, otherwise
Proof of Theorem 1 is given in the appendix. It is based on a cancellation argument that can
be traced back to Barron [4].

The oracle inequality of Theorem 1 is in the line of the PAC-Bayesian bounds initiated in
[42] and is applicable to a large variety of models. Some particularly relevant examples will
be treated in Sections 5-7. An interesting feature of Theorem 1 is that it is valid for a large
class of prior distributions.

The fact that (2) holds true for convex mappings g — Q(Z, g) has been discussed informally
in [3], p. 1606, as a consequence of an oracle inequality for a randomized estimator. A difference
of Theorem 1 from the approach in [3] is that the convexity of the loss function is not required.

Remark 1. If the cardinality of Fp is finite, say card(Fp) = N and A = {1,...,N},
inequality (2) implies that

- loa
E/[0(fn, f)] < I{linN (g(fj,f) I 5n0f 1]).

=Ly

Oracle inequalities of this type and similar under different sets of assumptions were established
earlier by several authors (cf. [16, 17, 51, 52, 53, 9, 30, 3] and the references therein for
closely related results). Our PAC-Bayesian bound (2) generalizes the oracle inequality of [30,
Thm. 3.2] to arbitrary, not necessarily finite, family Fx. In the settings that we study below
it is crucial to consider uncountable Fn. As we will see later, this generalization allows us to
take advantage of sparsity and suggests a powerful alternative to the classical model selection
approach.

Remark 2. For the regression model with additive noise and deterministic design, PAC-
Bayesian bounds in expectation on the empirical lo-norm similar to (2) have been obtained in
[20, 21, 22, 23] for an EWA, which does not contain the step of averaging. Earlier [39] proved
a similar result for the special case of finite card(Fp) and Gaussian errors. In the notation of
the present paper, the aggregate studied in those works is of the form f, = IR f)\@\n,Aw(d)\).
Interestingly, in a very recent paper Lecué and Mendelson [37] proved that frn does not satisfy
inequality (2) in the case of i.i.d. observations.

Finally, we note that the results of this work hold only for proper priors. However, it is very
likely that Theorem 1 extends to the case of improper priors under some additional assumption
ensuring, for instance, that the integral [, exp { — % S Q(Zs, fw) }m(dw) appearing in the
definition of the MA estimator is finite.
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6 Dalalyan and Tsybakov

4. Sparsity oracle inequality

In this section we introduce a prior 7w that we recommend to use for the MA aggregate under
the sparsity scenario. Then we prove a sparsity oracle inequality (SOI) leading to some natural
choices of the tuning parameters of the prior.

4.1. Sparsity prior and SOI

In what follows we assume that A C RM for some integer M > 2. We will use bold face
letters to denote vectors and, in particular, the elements of A. We denote by Tr(A) the trace
of a square matrix A. To deal with integrals of the type [, £(fx, f)p(dX) we introduce the
following additional assumption.

Assumption L: For every fixed f € F, there exists a measurable set Ag C A such that
A\ Ag has zero Lebesgue measure and the mapping Ly : Ag — R, where Lg(X) = €(fx, f),
is twice differentiable. Furthermore, there exists a symmetric M x M matrix M such that
M—V2L¢(A) is positive semi-definite for every A € Ag, where VZL¢(X) stands for the Hessian
matrix.

We are interested in covering the case of large M, possibly much larger than the sample size n.
We will be working under the sparsity assumption, i.e., when there exists X* € R such that
f is close to f y» and X* has a very small number of non-zero components. We argue that an
efficient way for handling this situation is based on a suitable choice of the prior 7. To be more
precise, our results will show how to take advantage of sparsity for the purpose of prediction
and not for accurate estimation of the parameters or selection of the sparsity pattern. Thus,
if the underlying model is sparse, we do not prove that our estimated model is sparse as well,
but we claim that it has a small prediction risk under very mild assumptions. Nevertheless, we
have a numerical evidence that our method can also recover very accurately the true sparsity
pattern [22, 23]. We observed this in examples where the restrictive assumptions mentioned
in the Introduction are satisfied.

Let 7 and R be positive numbers. The sparsity prior is defined by

M
w(x) = o { [T + ) Jaial < ) ®)

j=1

where |[A[l1 = 3_; |V stands for the £;-norm, 1(-) denotes the indicator function, and C7 g is
a normalizing constant such that 7 is a probability density.

The prior (3) has a simple heuristical interpretation. Note first that R is a regularization
parameter, which is typically very large. So, in a rough approximation we may consider that
the factor 1(||A|; < R) is almost equal to one. Thus, 7 is essentially a product of M rescaled
Student’s distributions. Precisely, we deal with the distribution of v/27Y, where Y is a random
vector with i.i.d. coordinates drawn from Student’s ¢t with three degrees of freedom. In the
examples below we choose a very small 7, smaller than 1/n. Therefore, most of the coordinates
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Mirror averaging with sparsity priors 7

of 7Y are very close to zero. On the other hand, since Student’s distribution has heavy tails,
there exists a small portion of coordinates of 7Y that are quite far from zero.

The relevance of heavy tailed priors for dealing with sparsity has been emphasized by sev-
eral authors (see [46, Section 2.1] and references therein). Most of this work is focused on
logarithmically concave priors, such as the multivariate Laplace distribution. Also in wavelet
estimation on classes of “sparse” functions [29] and [44] invoke quasi-Cauchy and Pareto pri-
ors respectively. Bayes estimators with heavy-tailed priors in sparse Gaussian shift models
are discussed in [1].

We are now in a position to state the SOI for the MA aggregate with the sparsity prior.
The result is even more general because it holds not only for the MA aggregate but for any
estimator satisfying (2) with the sparsity prior.

Theorem 2. Let fn be any estimator satisfying inequality (2), where the loss function ¢
satisfies Assumption L and 7 is the sparsity prior defined as above. Assume that A contains the
set Bi(R) = {X € RM | |A|l1 < R} with R > 2Mr. Then for all X' such that | X[y < R—2Mr
we have

M
Byl0(Fus 1] < fx £) + =0 3 log(1 7 I\ + ROM, 7), @
j=1

where the residual term is R(M,7) = 472Tr(M) + ni_H

Proof of Theorem 2 is deferred to Section 9.3 of the appendix.

As follows from (4), the main term of the excess risk Ef[ﬂ(fn, f)] = €(fx, f) is proportional

to z]]\/il log(1 + 7'_1|)\]7‘|). Importantly, the number of nonzero elements in this sum is equal
to the number of nonzero components of X that we will further denote by ||X*[|p. Therefore,
for sparse vectors X* this term is rather small. But still, in all the examples that we consider
below, it dominates the remainder term R(M,7), which is made negligible by choosing a
sufficiently small 7, for instance, 7 = O((Tr(M)n)~/2).

Theorem 2 implies the following bound involving only the ¢y norm and the upper bound R
on the ¢1 norm of X.

Corollary 1. If some estimator fn satisfies the oracle inequality of Theorem 2, then

48| X*lolog(1 + RT~1)
n—+1

Ef[0(far /)] < U(fx, f)+ +R(M, 1),

where X and R(M, 1) are as in Theorem 2.

Proof. Set M* = || X*||¢ for brevity. Using Jensen’s inequality, we get

M
1 — * *k\ — *
a7 2 los(L+ 7N < log (14 (M) X |y).
i=1
Using the inequalities || X*||; < R and M* > 1, the desired inequality follows. O
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8 Dalalyan and Tsybakov

Note that the sparsity oracle inequalities (SOI) stated in this section are valid not only for the
MA aggregate but for any other estimator (whose definition involves a prior 7) satisfying a
PAC-Bayesian bound similar to (2), possibly with some additional residual terms that should
be then added in the SOI as well. Examples of such estimators can be found in [3].

Remark 3. Assumption L need not be satisfied exactly. In fact, Ly(-) need not even be
differentiable. Inspection of the proof of Theorem 2 reveals that if L§(X) is well approximated
by a smooth function L¢(X), that is 0 < Lg(X) — Lf(X) < e, VA, for some small € > 0 and if
M, — V2I_Lf is positive semidefinite, then the conclusions of Theorem 2 hold with a modified
residual term 5

R{,_-(Z\4'7 T) BN 4T2TI'(J\_/[:5) + n—_|_1

This remark will be useful for studying the problem of classification under the hinge loss where
the function Ly is not differentiable, cf. Section 7.

4.2. Choice of the tuning parameters

The above sparsity oracle inequalities suggest some guidelines for the choice of tuning param-
eters 7 and R:

1. Parameter 7 should be chosen very carefully : It should be small enough to guarantee the
negligibility of the residual term but not exponentially small to prevent the explosion
of the main term of the risk. A reasonable choice (which is not the only possible) for 7
is

woRYy 6

vV Mn AM

T:min<

For this choice of 7 we have:
(a) the residual term R(M,7) is at most of order 3/n,

(b) the terms log(1+ |A7[/7) increase at most logarithmically in M and in n under the
condition that Tr(M) increases not faster than a power of M. Note that Tr(M) =
O(M) in all the examples that we consider below.

(c) the MA aggregate is accurate enough if there exists a sparse vector X', with ¢;-norm
bounded by R/2 which provides a good approximation fy- of f,

2. It is clear that one should choose R as large as possible in order to cover the broadest
class of possible values X*. However, we are not aware of any example where Assumption
Q2 holds with finite 3 for R = +o0 or, equivalently, for A = RM . Therefore, we assume
that R is an a priori chosen large parameter and interpret the above results as follows:
If there is a sparse vector A* such that ¢(fx-, f) is small and | X*||; < R — 2M 7, then
the MA aggregate has a small prediction risk.

Remark 4. The choice T = min (\/% ,%) ensures that the estimator ]/C; 1s invariant
n

with respect to an overall scaling of X. More precisely, if instead of considering the parametriza-
tion {fx : Al < R} we consider the parametrization {fo : [|w|i < R/s} with fu = few
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Mirror averaging with sparsity priors 9

for some s > 0, then the MA aggregate based on the prior defined by (3) remains unchanged.
This can be easily checked by the change of variables using the relation M = 52M where M
denotes the Hessian matriz analogous to M for the dictionary {f.}.

Along with choosing the parameters (7, R) of the prior, one needs to choose the “temperature”
parameter 8. A model-free choice of 5 seems to be impossible. In fact, even the existence of
B such that Assumption Q2 holds is not ensured for every model. Some more discussion of
the choice of 3 is given in Remark 7 below.

5. Application to regression with random design
5.1. Regression estimation in L2-norm

Let Z = X x R and we have the i.i.d. observations Z; = (X;,Y;), i = 1,...,n with X; € X
and Y; € R. We define the regression function by f(z) = E(Y1|X; = z), Vo € X, and assume
that the errors

& =Y — f(Xy), i=1,...,m,

are such that E[¢?] < oo. Then E(&|X;) = 0. Let Px denote the distribution of X;. For
s € [1,00] we denote by || - ||py,s the L*-norm with respect to Py. We also denote by (-, ) py
to the scalar product in L?(X, Px ). Throughout this section we consider the integrated squared
loss (f,g9) = |If — gH?DXQ. Then it is easy to check that Assumption Q1 is fulfilled with

Q(Z’g) = (y - g(x))Q’ z = (x,y) € Z.

Furthermore, we focus on the particular case where ¥y is a convex subset of the vector space

spanned by a finite number of measurable functions {(;5] }jzl - uC L?(X, Px), that is

M
ffA:{fA:;Aﬂpj ‘ A € RMwith A, gR} (6)

for some R > 0. Then assumption L holds with M being the matrix with entries (¢;, ¢;/) py,
which will be referred to as the Gram matrix. This definition of M will be used throughout
this section. The collection of functions {¢1,...,¢r} will be called the dictionary.

Remark 5. The value of the parameter T presented in (5) does not allow us to take into
account the possible inhomogeneity of functions ¢;. One way of dealing with the inhomogeneity
s to let T depend on j in the definition of the sparsity prior w. In this paper we consider for
brevity a less general approach, which is common in the literature on sparsity. Namely, we
normalize the functions ¢; in advance and use the same T for all coordinates of X. The
normalization is done by rescaling the functions ¢; so that all the diagonal entries of the
Gram matriz M are equal to one.

Following this remark, we assume that the functions ¢; are such that [|¢;| py 2 = 1 for every
j. Therefore, Tr(M) = M.
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10 Dalalyan and Tsybakov

Proposition 1. Assume that for some constant Ly > 0 we have max;—i . ||l Py,c0 <
L. If, in addition, the errors & have a bounded exponential moment:

3b,02 >0 such that E(e|X)) < e’ /2, Vit <0, Px-a.s., (7)

then, for every B > max (202 +2supyep HfA—fH%Xm, 4RLy/b), the MA aggregate . defined
by (1) with the sparsity prior (3) satisfies

N 18 M
Ef[llfa — fllby ) < inf {fo — fllbya+ n—fl > log(1+ Tl|>\f|)} +R(M, 1)  (8)
j=1

where the inf is taken over all X such that | X*||1 < R —2M7 and R(M,7) = 472 M + niﬂ

Proof of Proposition 1. In view of Theorem 2, it suffices to check that Assumption Q2 is
fulfilled for 8 > max (202 4+ 2supyep [|f2 — fH%)X,OO’ 4RLy/b). This is done along the lines of
the proof of [30, Corollary 5.5]. We omit the details. O

Proposition 1 can be used in signal denoising under the sparsity assumption. A typical issue
studied in statistical literature, as well as in the literature on signal processing, is to estimate a
signal f based on its noisy version recorded at some points X1, ..., X,,, under the assumption
that f admits a sparse representation w.r.t. some given dictionary {¢j§ i=1....M } By
sparse representation we mean a linear combination of a small number of functions ¢;. Assume
for the moment that the noise satisfies (7) with b = 400 and some known o € [0, 00) and that
the unknown signal is bounded by some constant that can be assumed to be equal to 1. The
latter assumption is fulfilled in many applications, as for example in image processing.

The method that we suggest for estimating a sparse representation of f, under the assumption
M > n, consists of:

a) normalizing the functions ¢;,
b) fixing a parameter R > 0,
c) setting

o Ry )

Tr(M)n "AM
d) computing the MA aggregate ]/C; = ZJM=1 /)\\jgbj with coefficients /):j = Jaum )\jé\)\ﬂ'(d}\)
based on the sparsity prior (3) and the posterior density
5 1 ’f exp { — 5 2Ly (Yi — Fa(X0))?}
A= — .
W1 2= T { — L3 (Vi — fu(X0)?fm(duw)

B=20%+2(RLs+1)?, 7=min <

In view of Proposition 1, if we run this procedure with some value R > 0, we will get accurate
estimates for signals that are well approximated by a sparse linear combination of functions
¢, provided that the coefficients of this linear combination have an ¢;-norm bounded by
R — 2M . In most of the problems arising in signal or image processing the ¢;-norm of the
best sparse approximation to the signal is unknown. It is therefore important to make a data-
driven choice of R. Let us outline one possible way to do this. Consider that only the signals
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Mirror averaging with sparsity priors 11

formed by a linear combination of at most M* functions ¢; are of interest, and assume that
the dictionary {(bj} satisfies the restricted isometry property (RIP) of order M*, see equation
(1.3) in [15] for the definition. In other terms, assume that f =~ fy- with [|X'[|o < M* and
| fxllPy.2 = || X[l2 where || - |2 is the Euclidean norm. Then we can bound the ¢;-norm of
X as follows:

X[y < VMAXl2 < 2V M*[| x| Py 2 = 2V M| £ Py 2-

We can estimate || f ||%3X72 consistently by 1 3" | (V> — 02). Based on these estimates, we
suggest the following data-driven choice of R:

IS vz o)

7
i=1

§:4[ ]1/2

+

)

n

where x; = max(z,0) and M* a prior approximation of the sparsity index of the signal f.

Remark 6. The choice of 3 in (9) requires the knowledge of o%, which characterizes the
magnitude of the noise. This value may mot be available in practice. Then it is natural to
consider B as a tuning parameter and to select it by a data-driven method, for example, by
a suitably adapted version of cross-validation. This point deserves a special attention and is
beyond the scope of the present paper.

Remark 7. If the distribution Px of the design is unknown, it is impossible to normalize
the dictionary functions ¢;. In such a situation, i.e., when the functions ¢; do not necessarily
satisfy ||¢jllpx2 = 1, the claim of Proposition 1 continues to hold true with the modified
residual term R(M, ) = 472Tr(M) + niﬂ’ which can be bounded by 47’2ML?5 + ni_‘_l Thus,
once again, choosing T as in (9) makes the residual term R(M, 1) negligible w.r.t. the main

terms of the risk bound.

Remark 8. Proposition 1 is in agreement with the main principles of the theory of com-
pressive sampling and sparse recovery, cf., e.g., [14]. Indeed, if the tuning parameters are
well-chosen, the prediction done by j/’\n can be quite accurate even if the sample size is rela-
tively small with respect to the dimension M. This happens if the signal admits a M™*-sparse
representation in a possibly overcomplete dictionary of cardinality M. Then the number of
observations sufficient for an accurate prediction is of order M* up to a logarithmic factor.
Proposition 1 is also in perfect agreement with the principle of incoherent sampling (see, for
instance, [14], page 10). In fact, in our setting, the incoherence of the sampling is ensured by
the fact that ¢; € L*(X, Px) satisfy ||¢;]lpy.2 = 1.

Before closing this section, let us mention the recent work [26], where some interesting results
on the aggregation of estimators in sparse regression are obtained.

5.2. Linear regression with random design

Consider now the case of linear regression. Assume that the i.i.d. observations (X;,Y;), i =
1,...,n, are drawn from the linear model

Vi=X!X+¢, i=1,...,n, (10)
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12 Dalalyan and Tsybakov

where X; € RM are ii.d. covariates and X* € RM is the parameter of interest. Then our
method reduces to estimating X* by

n+1

. 1 .
Ap = Ab,, d\),
n—{—lmzz:o/RM ’Aﬂ-( )

where 7 is the sparsity prior and
5 exp { - A7, (Vi - X A%}
Hm,)\ = poes T .
fRAI €xXp { - /871 Zi:1(Yi - Xi w)Q}ﬂ'(dw)
Then the following result holds.

Proposition 2. Consider the linear model (10) satisfying the above assumptions. Let the
support of the probability distribution of X1 be included in [—1,1]™ and E[e1| X ] < e°t*/2
for allt € R. Set Xx = E[X1X]. Then for any > 20> + 2(R + | X||1)? and any X such
that || X1 < R —2MT we have

B
n-+1

M
B2, — X)[3] < (1+4§jlog<1+r—1wr>)}+472Tr<zx>. (11)
j=1

This proposition follows directly from Proposition 1 by setting ¢;(x) = z; if |z;| < 1 and
¢j(x) = 0if |z;] > 1, where x € RM and z; is its jth coordinate. Note also that here we have
M=Xyx.

5.3. Rate optimality

In this section, we discuss the optimality of the rates of aggregation obtained in Proposition 1.
We show that the MA aggregate with the sparsity prior attains, up to a logarithmic factor,
the optimal rates of aggregation (cf. [47]). Furthermore, fn is adaptive in the sense that it
simultaneously achieves the optimal rates for the Model Selection (MS), Convex (C) and
Linear (L) aggregation. In what follows, these rates are denoted respectively by ¥MS(M),
YC (M) and y¥(M). It is established in [47] that:

U (M) = n"'og M,
Y (M) = =" (M A+/n)log(1 + Mn~'/7?),
YE (M) =n"tM.

We wish to compare the risk of the estimator .]/C;L with the sparsity prior 7 to the smallest
error ||fx- — fH?DX , where X is one of AMS A€ or Al such that

AMS Hf)\ - f”%’x,Z?

rg min
IAllo=[IAll1=1
g min, [ fx = fllg 20
A= arg min ||fy — f”%’ 2-
AE]R]VI X

In the next proposition we denote by ¢ constants which do not depend on M and n.
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Mirror averaging with sparsity priors 13

Proposition 3. Assume that fn satisfies (8) with some B > 0 independent of M and n,
and that log(M) < con for some constant cy. If R > 4 and 7 satisfies (5) with Tr(M) = M,
then

Efll fo— flbe 2] < lfams — fllbe o + NS (M) log(1 + nM)

and

Bl fo = fliby o) < I Fxe = Fllbgz + cvi (M) log(1 +nM).
Finally, if |AY||; < R — 2MT, then

Ef[ll o — fl3e o) <Ifan — Fllbe 2 + R (M) log(1 +nM).

Proof. For model selection and linear aggregation the result follows immediately from (8)
by putting there X* = AMS or X = Al and using that |[AMS||p = |AMS||; = 1. The case
of convex aggregation with M < /n follows from the bound for the linear aggregation. The
case M > \/n requires some additional arguments, which are presented below.

Let s = s, be the integer part of \/n, denoted by [/n]. We assume that AC has at least sy,
non-zero coordinates, the case |A€|ly < [/n] being a trivial consequence of (8). Using the
Maurey randomization argument as in [7, 43|, one can show that

INCIIE 1

min ||fx— fllpe2 < Ifaxe = flibg 2+ < [l fxe —fH?DX,QJrg- (12)

INi<t min(s, [|A%|o)
0x

Let A*€ be a point where the minimum on the left hand side of (12) is attained. Since A%€
has not more than s nonzero coordinates and | A*C||; < 1, we have >_jlog(l + |)\§’C/T|) <

slog(1 + [A*C||1/7) < slog(1 4 7~1). Thus, applying (8) to A* = A*© and using (5), we get

~ cslog(l+771)
o e e (13)

where c is some constant independent of n and M. Recall now that || fys.c — f ||%DX 5 is equal
to the left hand side of (12). This implies

1 eslog(l+771)

Efllfn - f”%?x,z] < lfxe — fH%;X’2 + » + —

which leads to the desired result due to the choice s = [\/n] and (5). O
Remark 9. The theory developed here relies on the fact that the risk is measured by the
expected squared loss. In the case of general Ly-loss with p > 1, a universal procedure for

aggregation is proposed in [27] and it is proved that the aggregation in L, for p > 2 is more
difficult than it is in Lo.

imsart-bj ver. 2011/01/24 file: Bernoulli-revised5.tex date: July 26, 2012



14 Dalalyan and Tsybakov

6. Application to density estimation

Let X1,...,X, be the observations, which are independent copies of a random variable X :
Q — X whose distribution has a density f with respect to some reference measure pu. We
consider the problem of estimating f based on X7, ..., X,,. We measure the risk of an estimator
f of f by the integrated squared error

(F.0) = 1F = 2 = [ (FG@) = 7)) n(d),
X
Define the mapping Q(-,g) : X x L?(X, 1) — R by

Qx,9) = llgll% o — 29(x).

It is straightforward that E;Q(X,g) — (g, f) = —||f H o and, therefore, Assumption Q1 is
fulfilled. To further specify the setting, we consider the family F5 defined in (6) where the
functions ¢; are chosen from L?*(X,p) so that |¢j]l,2 = 1 and ||¢jlluee < L, j=1,..., M,
for some positive constant L. Note that the functions ¢; need not be integrable or positive.
We have the following result.

Proposition 4. Let the assumptions given above in this subsection be satisfied and | f|| 00 <
L. If B is such that

(B — 2R?)e4BULAVD)/B > of 4 4RI, (14)

then the MA aggregate ]/C; based on the sparsity prior (3) satisfies

Eflllfo— fl72) < i/{ﬁ{fo ~ fll2+ —Zlog L+ 77N ) } +R(M,7) (15)
where the inf is taken over all the vectors X* such that ||X*||y < R —2Mr.

The proof of this proposition is given in the appendix. It consists in checking that Assumptions
Q2 and L are satisfied and then applying Theorem 2. Condition (14) can be significantly
simplified in many concrete situations. For example, if we assume that R =1 or R = 2, then
one can choose § = 12L and § = 23L respectively, provided that L > 2.

7. Classification

Assume that we have a sample (X1,Y7),...,(X,,Y,), where X; € X and Y; € {-1,+1}
are labels. Here X is an arbitrary measurable space and (X, Y;) are assumed to be generated
independently according to a probability distribution P. The goal of binary classification is to
assign a label +1 or —1 to a new random point x which is distributed as X; and independent
of )(1,... ,)(n-
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Mirror averaging with sparsity priors 15

The problem of interest in classification is to design a classifier f: X — R having a small

~ ~

misclassification risk R[f] = fo{—1 1) I(sgn(f(z)) # y) P(dz,dy). Denote by  : X — [—1,1]
the regression function

nz) =EYi|X1=2)=2P(Y1=1X;=2)-1, VzelX

The Bayes classifier is defined as follows: f(z) = 1(n(x) > 0) — 1(n(x) < 0) = sgn(n(z)). One
easily checks that

RIf) - RIf] = /x 1sgn(F(z)) # £(2))|n(z)| Py (dz),

where Px is the distribution of X7. This shows that the Bayes classifier f minimizes the
misclassification risk. Clearly, the Bayes classifier is not available in practice because of its
dependence on the unknown regression function 7(-).

This problem is a special case of the general setting of Section 2 if we take there Z; = (X;,Y;)
and £(g, f) = R[g] — R[f]. Assumption Q1 is then fulfilled with Q(z,g) = 1(sgn(g(z)) = y)
where z = (z,y). However, Assumptions Q2 and L are not satisfied.

7.1. Classification under smooth ®-losses

An alternative approach is to consider the ®-risk of classifiers. For a fixed convex twice
differentiable function ® : R — R, the ®-risk of a classifier f is defined by

o~ ~

—~ -~ 1
Ralf) = [ e(-uf@) Pldedy) = 5 [ {#(~Fw) (L) +0 (@) (1-0(w) } P ().

In this subsection, we are mainly interested in the four common choices of ® presented in the
top lines of Table 1. For these and other loss functions, sharp relations between the ®-risk and
the misclassification risk of a given classifier f have been established in [55], [5]. In particular,
it is proved in these papers that the minimum of ®-risk is attained at any classifier satisfying

fo(x) € argrgleiﬂrg{@(—u)(l +n(x)) + (u)(1—n(x))}, Vel

Note however that in practice the computation of fg is impossible because of its dependence
on the unknown 7.

Our aim here is to design a classifier having a ®-risk which is nearly as small as the minimal
possible ®-risk. This task can be recast in a problem of estimation where fg is the function

to be estimated and the quality of an estimator (classifier) f is measured by the excess risk

~

Rg[f] — Ro[fs]. Therefore, this is a particular case of the setting described in Section 2 with

Ug,f) = lo(g, fo) = Rolg] — Ro[fs] and Q(z,9) = ®(—yg(x)) for every z = (z,y). Here
Assumption Q1 is obviously satisfied.

In the same spirit as in the previous sections, we assume that we are given a dictionary
{¢;}j=1,..m of functions on X with values in R. The family F, is defined as the set of all
linear combinations of the functions ¢; with coefficients A1,...,Aps, such that the vector
A = (A1,...,A\x) belongs to the ¢; ball with radius R, cf. (6). The next proposition shows
that a strong sparsity oracle inequality holds for an appropriate choice of 3.
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16 Dalalyan and Tsybakov
| Loss P(w) | fe(x) | Q(z,9) | Be | Ca
Squared (14 u)? n(x) (1 —yg(z))? 2(1+ RLs)? 8
Truncated Squared | {(1+ u)+}? n(z) {max(1 — yg(x),0)}* | 2(1+ RLs)? 8
Boosting e 1log % e v9(@ eftbe 4eltle
Logit-Boosting log(1+e*) | log }ff}g; log(1 + e~v9()) eftbe 4
Misclassification H(u=1) n(x) 1(g(x) # y) - -
Hinge (I —u)t n(z) max(1 — yg(x),0) - -
Table 1. Common choices of function ®; classifiers f¢ minimizing the ®-risk; the corresponding

functions @; constants B¢ and C's appearing in Proposition 5.

Proposition 5. Assume that for some constant Ly > 0 we have max;—i . ||| Py,c0 <
Ly. Let the function ® be twice continuously differentiable with!

@/(U)Q
//(u)

Then the MA aggregate defined with 5 > e and with the sparsity prior (3) satisfies

Be := sup < 00

lul<RL,

M M
~ . 4ﬁ —1 \* 2 2 B
< * _— N . -
Eflle(fu < min, (ewA P ; log(1+7 yw) +Co1 ; 1611 2 77
(16)

where Cp = 4 max|y|<RL, " (u).

Proof. We apply Theorems 1 and 2. First, we show that Assumption Q2 is satisfied. Recall
that Q(2,9) = ®(—yg(x)) and set Ug(g,9) = [y, 1y P (=B7{Q(2,9)=Q(=,9) }) P(dz, dy).
Let us show that for 8 > ¢ the mapping g — Wg(g, ) is concave. By standard arguments,
this reduces to proving that the function ¢t — ¢(t) = ¥g(tg + (1 — t)g,g) is concave on
t € [0,1] for every fixed g,g and §. A simple algebra shows that the second derivative of ¢ is
non-positive on [0,1] whenever 3 > ®'(—yg(z))?/®"(—yg(z)) for all (z,y) € X x {£1} and
all g € Fa. On this set of x,y, g the value —yg(x) belongs to the interval [-RLg, RLy4|. Thus,
Assumption Q2 is satisfied for 8 > 8¢ and Theorem 1 can be applied.

To use Theorem 2, it remains to prove that Assumption L is satisfied with M being the matrix
with entries (3Co(¢;, ¢;7)), where j and j' run over {1,..., M}. From the formula for Ro[f]
given at the beginning of this subsection we get

V2Li(A) = V2 Ro[fa] = / (VIa(@) Vi) )@ (—yfalz)) P(dz,dy).

Ax{£1}
Since yfa(z) € [~RLg, RLy) the matrix M—V2Lf(X), where M = 2Co [(VfAVf})(2) Px (dz),

is positive semi-definite. The desired result follows now from the linearity in A of fx(x). O

For the four common choices of ® presented in the top lines of Table 1 all the conditions of
Proposition 5 are satisfied for a properly chosen constant 5. The minimal values of 3, as well

'We use here the convention 0/0 = 0.

imsart-bj ver. 2011/01/24 file: Bernoulli-revised5.tex date: July 26, 2012



Mirror averaging with sparsity priors 17

as the values of the constant Cg, for each loss function ® are reported in the last two columns
of Table 1. It is often interesting to use binary classifiers ¢; (i.e., functions with values in
{£1}), in which case Ly = 1. Also note that the expressions for S suggest to choose R not
too large, especially in the case of the boosting and the logit-boosting losses.

7.2. Classification under the hinge loss

One of the key issues in machine learning is classification by support vector machines. They
correspond to a penalized ®-risk classification with the loss ®(u) = @5 (u) = max(1 + u,0),
referred to as the hinge loss. A notable feature of the hinge loss is that the classifier fo,, ()
equals sgn(n(x)) and therefore coincides with the Bayes classifier for the misclassification risk.
However, since the hinge loss does not satisfy Assumptions Q2 and L, Proposition 5 cannot
be applied. Furthermore, as shown in [36], no aggregation procedure can attain the fast rate
of aggregation (i.e., the rate 1/n up to a logarithmic factor) when the risk is measured by
the hinge loss.

The reason for the failure of Assumption L is that the hinge loss is not continuously differ-
entiable. One can circumvent this problem by using the smoothing argument of Remark 3.
Indeed, let us fix € > 0 and introduce the function K.(z) = (vVe? + 22 — )1(z > 0), which is
a smooth approximation to the positive part of z. It is easy to see that K.(z) < max(z,0) <
K.(2)+¢ and that K”(z) = e2(¢2+22)73/2 € (0,e7!] for z > 0. This allows us to approximate
the loss la,, (g, f) by

(9. =5 [ {0 = @)1 +0(e) + Kol + @) (1= n(e)} Px(de) = Ry 1]

Although Assumption Q2 is not fulfilled, the next proposition shows that it is possible to adapt
the argument of Proposition 5 to the hinge loss ® = ® ;. However, unlike Proposition 5 where
the rate of convergence is of the order 1/n (up to a logarithmic factor), the resulting sparsity
oracle inequality has only the rate 1/y/n (up to a logarithmic factor), cf. also Remark 10 (1)
below. This is the best we can get for the hinge loss without imposing any condition on 7.

Proposition 6. Let ®y(u) = max(1+u,0) be the hinge loss and maxj—1 . ||®j Px,00 < Lo
for some Ly > 0. Then, for every B > 0 the MA aggregate f, based on the prior given by (3)
satisfies

2(1 + RLy)? +RLs

M
Ef[lo, (fo, )] < min <€¢H(fx7f)+n4—flzlog<l+r1\A§!)>+7e6+Ii
j=1

B

I3l <R—2Mr
where R(M,7) = 47Lgyv/M + B(n +1)~1.

The proof of this proposition is given in the appendix.

Remark 10.

imsart-bj ver. 2011/01/24 file: Bernoulli-revised5.tex date: July 26, 2012
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18 Dalalyan and Tsybakov

1. Consider the sparsity scenario, i.e., assume that for some vector X* having at most M*
non-zero coordinates, the excess risk Lo, (fx, f) is small and ||X*||; < R/2. Proposi-
tion 6 with the choice of B = (1 4+ RLy)\/n/M* and 7 = min (\/lfM, £) leads to the

sparsity oracle inequality

(1 +—]%L¢)\/KE¥
\/ﬁ

Ejlto, (o f)] < min <E<I>H(f>\*, H+

X 1<R/2
X o<

{C+4log<1+f—1||x*u1>}>,

where C' > 0 is a constant independent on M, M* and n if M* < n. This result is
valid for arbitrary n. It should be noted that the MA aggregate .]/C;L satisfying this SOI
depends on the upper bound M™* on the sparsity level, which is not always available in
practice. Constructing a classifier independent of M™ and satisfying the above SOI is
an interesting open problem.

2. An important special case is a dictionary composed from a large number of simple binary
classifiers ¢; : X — {£1}. If we choose R = 1, all aggregates fx with ||Al1 < R, as well
as their miztures, take values in [—1,1], and therefore the function Q(z, f) associated
with the hinge loss is linear in X. This property has two important consequences. The
first one is that Assumption L holds with M = 0 and it is no longer necessary to
smooth out the function L§(X) and to use Remark 3 in the proof Proposition 6. Thus,
the residual term R is equal to B(n + 1)~ The second consequence is computational,
related to the Langevin Monte-Carlo approzimation of the MA aggregate briefly described
in Section 8.2 below. Namely, in this case we have strong mixing properties that are
independent of the ambient dimension M, due to the independence of the coordinates of
the Langevin diffusion.

3. According to [36], if the underlying distribution P satisfies the margin assumption of
[48], then the rate of aggregation can be substantially improved. It would be interesting
to investigate whether this property extends to the sparsity scenario. It is likely that one
of the randomized procedures of [3] used in conjunction with our sparsity prior can yield
an aggregation rate optimal classifier.

8. Discussion
8.1. Comparison with other methods of sparse estimation

In this paper we have proved sparsity oracle inequalities (SOI) in a setting, which is important
but not much studied in the literature on sparsity. We considered the i.i.d. random sampling
and we measured the quality of estimation/prediction by the average loss with respect to the
distribution of Z = (X,Y’), namely, our main example was the loss ((g, ) = [, Q(z,9) P (dz).
Most of the literature on sparse estimation is focused on the high- dlmensmnal linear regression
model with fixed design, so the data are not i.i.d. and the empirical prediction loss, rather
than the average loss is considered. Notable exceptions are the papers [13, 33, 34, 35, 49]
where the framework is similar to ours. Among these, [35] focuses on regression with random
design and study the Dantzig selector, while [13, 33, 34, 49] analyze the penalized estimators
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Mirror averaging with sparsity priors 19

of the form
~ 1 <&
Ap, = in|— Z;, Pen(A
arg min <n;Q( fx) + Pen( ))

where Pen(A) is a penalty, which is equal or close to the £1-penalty r||A[; with a suitable
regularization parameter 7 > 0. For the penalized estimator f, = f; they prove SOI of the
form (here we give a “generic” simplified version based on [33]):

C(1+ R?)M* >
————Lam

17
o (17)

W f) < min <3€(fx,f) n

X <R

X [lo<M™
with a probability close to 1, where C' > 0 is a constant independent of n and M, £, s is
a factor, which is logarithmic in » and M, and &, 3/ is minimal sparse eigenvalue appearing
in the conditions on the Gram matrix of the dictionary quoted in the Introduction. With the
same notation, a “generic” version of our SOI for the MA aggregate f, is the following:

C(1+ R*>M*
_{_Lﬁn,M)‘

Bl O] < nin (w0 + SO

[X|lh<R
[ X lo<ar™

(18)

There are two advantages of (18) with respect to (17). First, (18) is a sharp oracle inequality,
since the leading constant is 1, whereas this is not the case in (17). Second and most important,
(18) holds under mild assumptions on the dictionary, such as the boundedness of the functions
¢; in some norm, whereas (17) requires restrictive assumptions on minimal sparse eigenvalue
Kn,p Which can be very small and appears in the denominator. In particular, (18) is applicable
when &y, 3 = 0. Finally, we note that (17) is an oracle inequality “in probability” while (18) is
“in expectation”. Inequalities in expectation can be derived from the inequalities in probability
of the form (17) obtained in [13, 33, 34, 49] only under some additional assumptions. So,
strictly speaking, even more assumptions should be imposed in the case of (17) to make
possible direct comparison with (18).

In conclusion, we see that the oracle bounds for ¢;-penalized methods, such as the Lasso or
its modifications can be quite inaccurate as compared to the those that we obtain for the MA
aggregate.

The £y-penalized methods for models with i.i.d. data are less studied. To our knowledge, this
is done only for regression with random design [10] and for density estimation [40]. The oracle
inequalities in those papers are less accurate than the ours since the leading constant there is
greater than 1. Moreover, if we want to make it closer to 1, the remainder term of the oracle
inequalities explodes.

Furthermore, as mentioned above, our sparsity oracle inequalities are potentially applicable
not only for the MA aggregate, but for any estimator associated to prior distribution 7 and
satisfying a PAC-Bayesian bound in expectation as in Theorem 1.

8.2. Computational aspects

If the dimension M is large the computation of the MA aggregate with the sparsity prior
becomes a hard problem. Indeed, its definition contains integrals over a simplex in RM.
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20 Dalalyan and Tsybakov

Nevertheless, accurate approximations can be realized by a numerically efficient algorithm
based on Langevin Monte-Carlo. This algorithm along with the convergence and simulation
studies is discussed in [22, 23]. Here we only sketch some main ideas underlying the numerical
procedure. For simplicity, we consider the case of linear regression (cf. Subsection 5.2). The
argument is easily extended to other models discussed in the previous section.

Thus, assume that we have a sample (X;,Y;), i =1,...,n, and a finite dictionary {¢; : X —
R} of cardinality M. We wish to compute the expression

Jons )\675*1||Y7F>\(X)||§7T(d)\)

A=
ot € B Y BB (dn)

(19)

where FA(X) = (fa(X1),..., fa(Xn))" and fa = 3207, X;;. A slight modification of the

sparsity prior consists in replacing 7 defined in (3) by

M —w(a);)
T(dA) o <j1_[1 m) I([|A[L < R) dA, (20)

where « is a small parameter and @ : R — R is the Huber function: w(t) = #21(|t| <
1)+ (2]t| = 1)1(J¢| > 1). Introducing the product of e=®(®%) in the definition of the prior does
not affect its capacity to capture sparse objects, in the sense that the MA aggregate based
on the prior (20) can be shown to satisfy a SOI which is quite similar to that of Theorem 2
(cf. [22, 23] where the regression model with fixed design is treated). On the other hand,
this modification of the sparsity prior makes it possible to rigorously prove the geometric
ergodicity of the Langevin diffusion defined below.

Note that we can equivalently write X in the form

< Jan AL < R)py(A) d o)
Joar I AL < R)py(A) dX
where py(A) o< eV with
M
VA) = =B Y = Fx(X)[3 - 3 2{ tog(r* + X2) + m(ay) }. (22)
j=1

Consider now the Langevin stochastic differential equation (SDE)
dL; =VV(L;)d +V2dW,;,  Ly=0, t>0

where W stands for an M-dimensional Brownian motion. For our choice of the potential V'
this SDE has a unique strong solution. It can be also shown (cf. [22, 23]) that this choice
of V' guarantees the geometric ergodicity of the solution, which implies that its stationary
distribution has the density py(A) oc €™ XA € R™. This and (21) suggest the Langevin
Monte Carlo procedure of computation of X. Indeed, consider the time averages

WV

_ 1 /T 1 /7
T:T/ LA(| Ly < R) , ST:T/ WL < R)d, T >0
0 0
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According to the above remarks, the ratio of these average values converges, as T' — 00, to the
vector A that we want to compute. Note that Ly and Sr are one-dimensional integrals over a
finite interval and, therefore, are simpler objects than A, which is an integral in M dimensions.
Still, one cannot compute L7 directly, and some discretization is needed. A standard way of
doing it is to approximate L7 and S by the sums

1 [T'/h]—1 [T'/h]—1
FE Z E E R Z
= — <

where {L¥} is the Markov chain defined by the Euler scheme
LY =LE+hVV(LE)+V2hWy,  LE=0, k=0,1,...,[T/h] - 1.

Here W1, W, ... are i.i.d. standard Gaussian random vectors in R, h > 0 is a step of
discretization, and [z]| stands for the integer part of z € R. It can be shown that E?,h is
an accurate approximation of Ly for small h. We refer to [22, 23] for further details. The
computational complexity is polynomial in M and n. Simulation results in [22, 23], as well
as the experiments on image denoising [45], show the fast convergence of the algorithm; it
can be easily realized in dimensions M up to several thousands. They also demonstrate nice
performance of the exponentially weighted aggregate as compared with the Lasso and other
related methods of prediction under the sparsity scenario.

9. Appendix
9.1. Proof of Theorem 1.

First, note that without loss of generality we can set § = 1. If this is not the case, it suffices
to replace @) and ¢ by Q) = %Q and ¢ = %f, respectively. By Assumption Q1,

By6(Fu 1) = [ BlQE £ Br(d) — AW, (23)
In the last display we have used Fubini’s theorem to interchange the integral and the expec-

tation; this is possible since the integrand is bounded from below. To get the desired result,
one needs now to bound the first term on the RHS of (23), which we rewrite as follows

[ BiQG F Pre) = = | By [1og (exp{ = Qe F D] i) (24)

Recall now that .]/C;L is defined as the average of the functions f) w.r.t. the probability measure
- If we knew that the mapping g — exp{ — Q(z, g)} is concave on the convex hull of Fjy,
we could apply Jensen’s inequality to get

exp{ — Q= )} > /A exp { = Q(z f2) }in(dN).
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As we see below, this would allow us to get inequality (2) by a simple application of the
convex duality argument. Unfortunately, the above mentioned concavity property is rather
exceptional and therefore the quantity

51(:2) =1og ( [ exp{ = Qe Fa)} @) = Tog (exp { - Q=2 )}
is not necessarily a.s. negative. However, we may write
/ E/[log (e @) By(dz) = / E/[So(2, Z) — Si(2,2)] P (dz) (25)
where : )
0(,2) = 1og ( [ exp{ = Qe F2)} fnlaN).
By the concavity of the logarithm

So(z, Z log (/ Q=fNg,, w(dx))

Replacing é\m)\ by its explicit expression and taking the integral of both sides of the last
display, we get on the RHS a telescoping sum. This leads to the inequality

1 n+1
b — S Q) (n+1)
/ZEf [0z 2)] P(d2) > —— log (/Ae RCICHN w(d/\))Pf (dz).

By a convex duality argument (cf., e.g., [25], p.264, or [16], p.160), we get

Z_n+1

n+1

Z/Qz@,fx (dX) — K(p, ),

for every p € Pp. Therefore, integrating w.r.t. z1,..., 2,41 and using the symmetry, we get
X
/Ef[So(z Z)| P (dz) > //Q  IA) p(dN)Pr(dz) — ( )
- [t - A -

log / =S Qi fA) d}\

K(p, )

n+1"
This and equations (23)-(25) imply
BitFa 0] < [ Wi npan + 500 4 [Bsicain@). o)

Let us show that the last term on the RHS of (26) is non-positive. Rewrite Si(z,Z) in the
form

S1(2) = 1og [ exp (= Qe £) = Q= Fo)}) ().
By the Fubini theorem, the concavity of the logarithm and Assumption Q2, we get

[ Bsdsi(e.2) Baz) < By 1o [ 1(0a o) ()]

(recall that we set 5 = 1). The concavity of the map g — ¥q(g, fn) and Jensen’s inequality
yield

Jrn E fnlan) < ([ PN, Fo) = WalFunFa) =1,

and the desired result follows.
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9.2. Some lemmas.

We now give some technical results needed in the proofs.

Lemma 1. For every M € N and every s > M, the following inequality holds:

M de M

T /{ ey L0 < e

Proof. Let Uy, ...,Up beiid random variables drawn from the scaled Student #(3) distribu-
tion having as density the function u +— 2/[r(1 + u?)?]. One easily checks that E[U?] = 1.
Furthermore, with this notation, we have

A4
7T/2M/{u||u”1>s (1+u <Z|U| I

In view of Chebyshev’s inequality the last probability can be bounded as follows:

ME[UZ] M
(Z'U' ) < GBI < Gy

and the desired inequality follows. U

Lemma 2. Let the assumptions of Theorem 2 be satisfied and let py be the probability
measure defined by (30). If M > 2 then [, (A — A\})?po(dX) < 472

Proof. Using the change of variables u = (A — X)/7 we write

M

/A()\l — A1)?po(dX) = Cy7? /Bl(QM) ul ( [Ta+ u?)_2> du

j=1
with

M —1
CM:</131(2M <H (1+uf) )du) (27)

where u; are the components of u. Extending the integration from By (2M) to RM and using
the inequality [ uf(1 + uf) ?dus < 7, we get
M—1

/ (M = XDpoldN) < Cyrrn / @) 2ar)" = 20ur /)M,
A R

—2

where we used that the primitive of the function (14 22)~2 is 1 arctan(z) + m To bound

Chur, we apply Lemma 1 which yields
Cor < (2/mM (1 —1/M) 7" < 2(2/m)", (28)

for M > 2. Combining these estimates we get [, (A1 — A})?po(dA) < 472 and the desired
inequality follows. O
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Lemma 3. Let the assumptions of Theorem 2 be satisfied and let py be the probability
measure defined by (30). Then X(po,m) < 42;‘11 log(1 + [Af/7) + 1.

Proof. The definition of w, py and of the Kullback-Leibler divergence imply that

M T2 +_%f 2
_ o 3M
o) = [ g{ ool s, }m(dx)

72+ 22
. 1og{72—32}p0<dx>. (29)
1 ’T

= log (7 3MCMCTR —1—22/

B + N =)
We now successively evaluate the terms on the RHS of (29). First, in view of (3), we have
M 1 M
Crp=1"3M ————du; < 7 M /(1 +u2)2du;)  =713M(n/2)M
Bl(R/T)jl—Il (1—|—u§)2 J ( R J J)

This and (28) imply log(CyCr r) < log2 < 1.
To evaluate the second term on the RHS of (29) we use that
724 N2 21 (N — *2
2 =l T ( >\]* N /7) ‘ )2
T+()‘j_)‘j) + (N )‘ +()‘j_>‘j)
< 1+|Aj/f|+ N /7)? < (L4 X /7))

This entails that the second term on the RHS of (29) is bounded from above by Zjvil 2log(1+
[A7]/7). Combining these inequalities we get the lemma. O

9.3. Proof of Theorem 2

In view of inequality (2), we have
BX(p, )

By leFn DI < [ A Dplan) + 2

for every probability measure p. We choose here p = py where pg has the following Lebesgue
density:

)

dpo dm

A o
Here the sign o indicates the proportionality of two functions. Since [|[X|; < R — 2MT,
the condition A — X* € By(2M7) implies that A € By(R) and, therefore, py is absolutely
continuous w.r.t. the sparsity prior 7. By Taylor’s formula and Assumption L. we have

fa, f)=LyA) <SLpX)+ VLX) TA=X)+ (A= X) M = X), YA € Ag.

A = X) g, @ur) (A = X). (30)

Integrating both sides of this inequality w.r.t. pg and using the fact that the density of mg is
symmetric about X* and invariant under permutation of the components we find

[ x5 p0ldA) < L)+ 00 [ (4 = APl (31)
Combining this inequality with those stated in Lemmas 2 and 3, we get the desired result.
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9.4. Proof of Proposition 4

Note that Assumption Q1 obviously holds and Assumption L is fulfilled with M being the
Gram matrix. The diagonal entries of M are equal to one since ||¢;/,2 = 1, and therefore we
have Tr(M) = M.

It remains to check Assumption Q2 in order to apply Theorem 2. Introduce the function

=(t) = exp ( — ﬁfl{Q(tho +t(g1 — g0)) — Q(Xl,g)}>

—oxp [ = 67 {loelZo — 19120 + 250 — ge(X1)}], ¢ ef0,1]

where go, g1 and g are functions from the convex set Fy, and g = go + t(g1 — go) € F. It
is not hard to see that Assumption Q2 follows from the fact that the mapping t — E¢[Z(t)]
is concave for any triplet go, 91,9 € Fa. Let us prove now this concavity property. Since the
functions go, g1, ¢ are uniformly bounded we get that Z(-) is twice continuously differentiable
and the differentiation inside the expectation E¢[Z(t)] is legitimate. Therefore,

S BE() = 287 By (g0, ) — (X)),
2
o B2 = 2678, [ BIAI3 ~ 2{ (e ) — h(X1)}?)Z(0)].

where h = g1 — go, and

O B0 < —(BIMIB 2o, )V [2(0)] + 2B, [{A(X1)? — 2{ge, WYA(X1)}2(0)]

This leads to

=) <exp | = 87 {llgllho — 1317} +4RL/B| = =1(t)

and

B/(E(0)] > exp [ - 87 {2 — 1912, + 4max By lg(X0)[}}] = 2 (e 7E+VDI7,
Combining these estimates with inequalities

E[h(X1)] < LIAIE,  [{ge i)l < llgell2llBlle < RIAll2,  E[l{ge, h)A(X1)[] < RL|A|3,

we get

52 d2
5 73 Br[EO] < —lIRIEE (5) (8 - 2R?)e RUIAVD/S _ o1, _ 4RL)) <0,

whenever (8 — 2R2)e*4R(L+*/Z)/5 > 2L 4+ 4RL. This proves the concavity of ¢t — Ef[=(t)],
and thus the proposition.
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9.5. Proof of Proposition 6

In view of (26), for any prior 7 and any § > 0 the MA aggregate fn satisfies the inequality

BK(p, m)
n

E;[lo(fn, f)] < lnf /&b Fs [ pldA) + 1

PEPA

)+8 [ Bdsiz ) B (32)

with S1(z,Z) defined by S1(z,Z) = log [, exp ( — ﬁ_l{Q(z, fa) — Q(z,ﬁ)}) tn(dX). Let us
introduce the function () = exp ( - t{Q(z, fa) — Q(z,ﬁ)}) This function is infinitely
differentiable, equals one at the origin and we have Si(z,Z) = log [, ¥x(81)fin(dX). Using
the Taylor formula, we get

2

B QG x) — Qe F) 2@ vt > .

Ua(t) < 14ty (0) + 5

Furthermore, since the hinge loss is convex, the Jensen inequality yields [, ¥4 (0) fin(dX) < 0
Replacing t by 47! and using that Q(z, ﬁl) <1+ RLg, we get the inequalities

(1+RLs)/B R
% /A (Q(2, ) — Q(, fn))zﬁn(d)\)>

2e(1+RLy)/B

/82

S1(z,Z) 10g/ Ya(p ,un(d,\) log <1+
(14+RLy)/B R
S % /A (Q(z. f2) = Q2 Fa)) in(dX) < (1+ RLy)*.

Thus we obtain

K(p, 91 + RL.)2e(1+RLy)/B
B (p”))+ (1+ RLg)"e (33)

n+1 B ’

which is valid for any prior 7. Note that the term with the infimum in (33) coincides with the
right hand side of the oracle inequality of Theorem 1. Therefore, when the sparsity prior is
used, this term can be bounded from above using Remark 3 with L¢(X) = [ [n(x)| K (fa(z)—
f(x)) Px(dz). Since also |n(z)| < 1, we get

Bylta(Fun ) < inf ([ tatfa pptan) +

pEPA

23
n—+1

M
{al Xl + > tog(1 + 71|x;.|)}> e+ 472Tr (M)
j=1

E[0(fu, /)] < . min (a Fe )t

X |1 <R—2MT
2(1 + RLg)?e(1H1Le)/8
3 )

where the entries of the matrix M. are e™! [\ |n(z)|¢;(z)¢; (x)Px (dz) with i,j = 1,..., M.

Thus, Tr(M.) < LiM e~1, and we get the result of the proposition by minimizing the right
hand side of the last display with respect to £ > 0.
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