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Singular perturbations of curved boundaries in dimension three.
The spectrum of the Neumann Laplacian.

Antoine Laurain® Sergey Nazarov' Jan Sokolowski?

March 3, 2010

Abstract

We calculate the main asymptotic terms for eigenvalues, both simple and multiple, and eigenfunctions of the
Neumann Laplacian in a three-dimensional domain (k) perturbed by a small (with diameter O(h)) Lipschitz cavern
wp, in a smooth boundary 992 = 99Q(0). The case of the hole wy, inside the domain but very close to the boundary
0 is under consideration as well. It is proven that the main correction term in the asymptotics of eigenvalues does
not depend on the curvature of 92 while terms in the asymptotics of eigenfunctions do. The influence of the shape
of the cavern to the eigenvalue asymptotics relies mainly upon a certain matrix integral characteristics like the tensor
of virtual masses. Asymptotically exact estimates of the remainders are derived in weighted norms.

keywords. asymptotic analysis, singular perturbations, spectral problem, asymptotics of eigenfunctions and eigen-
values.

1 Introduction

1.1 Preamble

In the seventies and eighties of the last century two asymptotic methods, namely the method of matched [?] and com-
pound [4] expansions, were successfully developed to construct asymptotic expansions of solutions to elliptic boundary
value problems in domains with singularly perturbed boundaries as well as intrinsic functionals calculated for these
solutions. In this context the singular perturbation of the boundary means the creation of a small hole (opening) inside
the domain, smoothing corner and conical points or edges on the boundary and so on. Among the above-mentionned
functionals one finds the energy functional [?, ?, 2, ?], eigenvalues [?, ?, ?, ?, ?], the capacity [?] and others. The
theory of elliptic problems in singularly perturbed domains is presented in [?, 4] in much generality: systems of partial
differential equations, elliptic in the Agmon-Douglis-Nirenberg sense, many dimensional domains, two-scaled coeffi-
cients, miscellaneous perturbation types, and, besides, the procedures to construct and justify asymptotics of solutions,
a qualitative analysis of the problems is performed, that is "almost inverse" operators (paramatrices) are constructed,
asymptotically sharp estimates in weighted norms are derived and formulas for the index are obtained. The asymptotic
analysis of the Neumann Laplacian in a three-dimensional domain with a small cavern (Fig. 1 with the spatial domain
and its two-dimensional dummy) follows the general scheme in [?, 4] because a point on a smooth surface can be
readily regarded as the top of the cone R3, i.e. the half-space. However, the most interesting and important question
cannot be answered by the general procedure which only gives a structure of the asymptotic ansitze, list problems to
be solved, proves the existence of needed solutions and provides the principal asymptotic forms. At the same time,
the procedure leaves open the appearance of logarithmic terms in the decomposition of the auxiliary solutions, the
detection of shape and integral characteristics of the perturbed domain that figure in the asymptotic expansions, and
annulling of certain asymptotic terms. These particularities are to be specified by a direct calculation which, quite
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often becomes a very complicated task.

In this paper we compute the main asymptotic terms of eigenvalues, simple and multiple, and eigenfunctions of
the Neumann problem for the Laplace operator in a three-dimensional domain §2(h) with the small cavity @, (Fig.
1); notice that the case of a small hole at the distance O(h) from the boundary 9€2 (cf. the two-dimensional image in
Fig 2) is also under consideration. The unperturbed boundary 92 = 9€2(0) must be smooth but both dwy, and 9Q(h)
can be Lipschitz. We prove that the main correction term O(h3) in the asymptotics for eigenvalues is independent of
the curvature of the surface 0f2 at the point O which the cavity @y, shrinks to as h — +0, however some asymptotic
terms in the decomposition of eigenfunctions depend directly on the curvatures. The shape of the cavity influences the
eigenvalue correction term by a special integral characteristics, like the virtual mass tensor [7]. The major difficulty in
the treatment of perturbations of curved boundaries performed in this paper resides in the use of an appropriate system
of curvilinear coordinates to derive the asymptotic expansions.

Similar results on the boundary perturbations of spectral problems for the Laplace operator in two variables were
recently obtained in [?, ?]. We also mention publications on the perturbation of eigenvalues by smooth perturbations
of the boundary [?, ?, 2, ?], by a small hole inside a domain [?, ?, ?, ?, ?], [4, chapter 9], or by changing the type of
boundary conditions in a small part of 02 [?, 2, ?]. We especially emphasize that the case of a small cavern in the flat
boundary is not interesting. Indeed, by the mirror reflection of the domain and the even extension of the eigenfunctions
(Fig. 3), one arrives at a domain with the interior being a small hole, and such class of perturbation problems has been
investigated more than 25 years ago (see citations above).

Figure 1: The domains 2(h) and w(h)

Figure 2: Small hole at the distance O(h) from the boundary



Figure 3: Mirror reflection of a domain with flat boundary

1.2 Problem formulation

Let Q C R? be a domain with a smooth boundary I'. We assume that the origin O of the Cartesian coordinates
x = (21, z2,23) belongs to I'. Since T" is smooth, we can find a neighbourhood I/ of the point O such that there exists
a conformal application which maps I/ onto a neighbourhood of the origin in R3, and thus there exists an orthonormal
curvilinear coordinate system (n, s, v) in U (see Figure 4), where (s, v) are the parameters associated with the local

Figure 4: Orthonormal curvilinear coordinate system (n, s, ) in U

surface parameterization of the origin ), and n stands for the oriented distance to I', with n > 0in Q¢ = R3 \ Q.

We denote (ey, es,e,) the basis corresponding to the curvilinear coordinate system (n,s,v). By w € R? =
(—00,0) x R2 (see Figure 5), we understand an open set (not necessarily connected) with the compact closure @ =
w U Ow and such that dw is Lipschitz. The boundary 9= of the infinite domain = = R? \ @ is also assumed to be

Lipschitz.
Introduce a family of domains depending on the small parameter & > 0 (see Figure 1),
Wh = {(’)’L,S,U) | §: (51762753) = (h_lnvh_lsﬂh_ly) EW}, (11)
Qh) = Q\wp. (1.2)

Let us consider the spectral Neumann problem

—Au"(2) Nyl (), x € Q(h), (1.3)
Opnul(x) = 0,  xeT(h):=0h), (1.4)



Figure 5: The domain w

with the Laplace operator A, and where 9,,» = n" - V. denotes the normal derivative along the outer normal n".
Problem (1.3)-(1.4) admits the sequence of eigenvalues

D= <X <A <. <M <= oo, (1.5)
where the multiplicity is explicitely indicated. The corresponding eigenfunctions uf, uf, uf ..., u® . ... are subject to
the orthogonality and normalization conditions

(’U,Z, u?n)ﬂ(h) = 5p,m’ p,m¢c ]N07 (16)
where (.,.)p is the natural scalar product in the Lebesgue space Lo (D), and 6, ,,, the Kronecker symbol.
Our aim is to derive asymptotic formulae for the solution of the spectral problem (1.3)-(1.4) as h — 0. We will

intermediately conclude that for a fixed index m and with h — 0, the entry A", of (1.5) converges to the element \?,
in the sequence

0=X <X <AI<.. <A\ <. — +oo, (1.7)

of eigenvalues for the limit spectral Neumann problem
“A0%x) = ACz), zeQ, (1.8)
0 (x) = 0, zel. (1.9)

Therefore we will use an eigenfunction v° as our first approximation of u”. The eigenfunctions of (1.8)-(1.9) are

smooth in © and admit the orthogonality and normalization conditions

(9, 00)e = 6pm,  pym € No, (1.10)

prVm

1.3 Preliminary description of the asymptotic procedure
We use the following asymptotic ansitze for \?, and u/® .

A= A0 RN+ (1.11)
um (@) = () + hx(@)wy, (€) + B2 x(x)wp, (€) + hPup, (2) + ... (1.12)



Here v, and v2, are terms of regular type, and w},, w2, are terms of the boundary layer type, which depend on the

rapid variables ¢ = (&1, &2,&3). Finally x € C*°(€) is a cut-off function, which is equal to one in a fixed, independent
of h, neighbourhood of the point O and is null outside of a bigger neighbourhood /.

We emphasize that the coefficients of h' and h? vanish in (1.11) and the same happens for regular terms in (1.12).
This simplification of the asymptotic ansitze is not predicted by the general procedure in [4] but is a result of our
further calculations, and we now accept it as granted and verify this assumption in the sequel.

Inserting v, and A, into the singularly perturbed problem (1.3)-(1.4) brings a discrepancy into the boundary
condition on the surface 9Q(h) N Owy, of the cavern wy. This discrepancy cannot be compensated by a function
depending on the variables n, s, v smoothly and, using the stretched curvilinear coordinates & from (1.1), we come
across the boundary layer phenomenon so that the first correction term becomes of the boundary layer type and must
be found out while solving the Neumann problem in the infinite domain = (Fig. 5). The corresponding solution decays
at infinity as a linear combination of derivatives of the fundamental solution for the Laplacian,

h(C1851 + 02862) (1.13)

1
ArlE]’
and after the multiplication with an appropriate cut-off function the main asymptotic term (1.13) of the boundary layer
produces lower order discrepancies in the differential equation (1.3) and the Neumann conditions (1.4) on 9Q(h)\ Owy,.
The expression (1.13) can be rewritten in the original coordinates n, s, v and becomes

B2 (c10s + ¢20,) (4m(n? + 52 + 2)V/2)~L, (1.14)

We emphasize that there appears an additional small factor and that the function (1.14) is not singular at a distance
from the point O where the discrepancies are mainly located due to the cut-off function. The latter allows to compen-
sate for them by means of the lower-order term of regular type (in the variable x) while the compatibility condition in
the problem for this function gives the main asymptotic correction of the eigenvalue /\9.

The above is a very simplified description of the asymptotic procedure to construct the compound expansion of
the solution to the spectral problem (1.3)-(1.4). Much complication arises from the fact that coefficients of differen-
tial operators written in the curvilinear coordinates are no longer constant. The latter crucially influences both, the
procedure to construct asymptotics and the derivation of estimates for the asymptotic remainders. For example, the
discrepancies of the expression (1.13) appears in the problem in = for the next term of the boundary layer type as well
as in the problem for the above-mentionned next element of regular type. The correct statement of these problems is
made by means of the procedure to rearrange discrepancies [4] which is silently used many times in our paper.

The most complicated task is to examine the behaviour of regular and boundary layer solutions for x — O and £ — oo,
respectively. The general structure is predicted by the Kondratiev theory [1] (see, e.g., monographs [6, ?]) but exact
formulas for the decompositions of the solutions need scrupulous and cumbersome calculations.

1.4 The asymptotic ansiitze and the structure of the paper

In the paper, the method of compound asymptotic expansions [4] is applied to identify different terms of ansétze
(1.11)-(1.12). In section 2.1 and 2.2 the first and second boundary layers w}, and w2, in (1.11), respectively, are found
out. Both the functions w}, and w?, enjoy, unlike in dimension two, the canonic property of boundary layers i.e. they
decay for |¢| — oo, with order |¢|~2 and |¢|?, respectively. The correction function of regular type v3, in (1.12) is
determined in section 2.3. From this correction we deduce A/, of ansatz (1.11), given by (2.50) in the case of a simple

eigenvalue \Y, and by (2.58) in the case of multiple eigenvalues in section 2.4.

The justification of asymptotics is based on the weighted Poincaré inequality (Lemma 1). We then reduce the
problem to an abstract equation in a convenient Hilbert space and use the lemma on "almost eigenvalues and eigen-
functions" (Lemma 3) which allows to give estimates for the remainders in ansétze (1.11)-(1.12), for simple or multiple
eigenvalues. The justification of the asymptotics consists of many steps: we need to estimate a remainder which is a



combination of the terms appearing in ansétze (1.11)-(1.12). The remainder is then divided into several terms which,
when combined in an appropriate fashion, provide an estimate of order h7/2. The estimates of different terms rely
mainly on the analysis of the behaviour of the boundary layers as  — O and |¢| — oo. Finally we derive in Theorem 1
the estimates for the remainders corresponding to ansitze (1.11)-(1.12), i.e. for the eigenvalues and the eigenfunctions,
respectively. In the proof of Theorem 1, we use Lemma 3 to obtain the existence of a certain number of eigenvalues
close to the eigenvalue \?, with the multiplicity s, in the sense of the desired estimate, and the main task of the proof
is then to show that these eigenvalues exactly coincide with the eigenvalues corresponding to a small perturbation of
the eigenvalue A0, with the multiplicity s¢,,.

2 Constructing the asymptotics

2.1 First term of the boundary layer type

Let P be a point in the neighbourhood U of O, and Pr its projection onto I'. Then we have
P =ney + Pr(s,v).

Thus, the components of the metric tensor are given by (see [?, pp. 83])

Inn = ‘an—P|2 = ‘en|2 = 17

gss = |0 P)> = |ndsen + 0. Pr(s,v)|?
= |nsxs(s,v)es +nry(s,v)e, + egl?
(14 nsy(s,v))* + (n7s(s,v))?,

Gy = |8,,P|2 = |vd,en + 0, Pr(s, V)2
= |vs(s,v)e, +n7,(s,v)es +e,|?
= (1+ns(s,v)+ (n7,(s,v))?,
where », and 57, stand for the two curvatures corresponding to the curves ¥ = const and s = const containing the
surface point (s, v), respectively, while 7, and 7, are the torsions of these curves, respectively. Since the coordinates

system corresponding to (n, s, v/) is orthogonal, we have ¢,,s = gn, = g5, = 0. We can always assume, shrinking the
neighbourhood U, that 1 4+ ns¢; > 0 and 1 + ns, > 0 in Y. The Jacobian is thus equal to

J(n,s,v)=[(1+ ns)? + (m’s)ﬂ 1/2 [(1 4 nse) + (nTy)Q]l/2

The Laplace operator A, in the curvilinear coordinates (n, s, v) admits the representation

- [an(mn) + s <Jas> o (Ja”ﬂ

Ay

= 049400 +9,,00+ T 0,00,
3 J Ja; S auJ Jau vv
+J71 ([ - ‘Qgs‘}aﬁ[ -y }@) 2.1)
gss gss glll/ guy

Under the transformation to the rapid variable & = (£, &2,&3) introduced in (1.1), the elements depending on the
torsion in J(n, s, ) are of order h? and thus the Laplace operator is independent of the torsions at orders h~2 and
htie.,

Ay =h"2Ac +h™" (55(0)(0e, — 2610Z,) + 2,(0)(0e, — 2610Z,)) + ... (2.2)
In the coordinates (n, s, ) the gradient takes the form
vx = (gnn71/287ugssil/zasaguu71/261/)

= (0n,(1+ ns) 10, (1 + n%V)_lay) )



The decomposition of the unit normal vector n" to Q(h) in the basis (ey, €5, €, is as follows
h = d=Y2 [Ny Jen + No(1 + nsz,)es + Na(1 + nse,)e, ] (2.3)

with
d = [N1J* + [No(1 + nse,)]? + [N3(1 + nse))?

and N = (Ny, N, N3) is the outward unit normal vector on the boundary = C R3. Therefore, denoting by O the
directional derivative along N, we obtain in the rapid coordinates the formula

Opr = Vg -nl

N 3 + nse,
= h 10N + &(NJss(O) + Nis,(0))0n — 261 (Nasres(0)0g, + N33, (0)Ie,) + ... 2.4)

1 ,, 1
- g2 <N1J8n +N211$35 N +n%sau>

In view of the homogeneous Neumann condition (1.9), the function v" in the C’h-neighbourhood of the point O has
the expansion

W(x) = 0%(0) + 59,0°(0) + vd,v°(0)
+%( 2020°(0) + 520%0°(0) + 20%0°(0) + 25092, 1°(0)) + O((n? + s* + u2)3/2)
= 1°(0) + h(£0:0°(0) + £0,0°(0))

SR (E0RP(0) + GO20(0) + G300 (0) + %se,0°(O)) + O(FY).

Under the coordinate dilation by factor h~! and setting h = 0, the domain Q(k) turns into = = R3 \ @, thus the
boundary layer w! is defined in Z. Replacing u" and A, 9,,» by their expansions in (1.12) and (2.2), (2.4) and
collecting terms of order h~! in the equation, and of order h° in the boundary conditions, setting formally h = 0, we
arrive at the problem

—Aew'(§) = 0, (€E, 2.5)
Ivw'(€) = —No(£)9:0°(0) = N3(€),0°(0), € € IE. (2.6)

We have the evident formulae
/ Nk(g) dsé = 07 / f_ij(f) dsf = —0j5k mes;),(w), ]7k = 172a3' (27)
I=Now O=ZNow

The first formula in (2.7) shows that the right-hand side of the boundary condition in (2.6) has null integral over the
surface 0=; note that No = N3 = 0 on the plane surface 9= \ Qw of the boundary, and, therefore, the right-hand side is
compactly supported. Thus, there exists a unique generalized solution w' € H}! . (Z) of problem (2.5)-(2.6), decaying
at infinity. The solution is represented in the form

w' () = 950°(0)W2(€) + 9,0°(O)W;5(8), (2.8)

where W5 and W3 are canonical solutions of the Neumann problem

—AWi(§) = 0,  ¢€E 2.9)
OWi(€) = —Ni(§), § € 0= (2.10)
They admit the representation
3
W) = -3 525 o), I = R @
j=2

where the coefficients my; have been introduced in Note G on virtual mass tensor in the classical monograph [7].



Figure 6: Even extension of the domain =

Remark 1. The approach we discussed in Section 1, with even extension of a harmonic function over the boundary
with the homogeneous Neumann condition (see Figures 3 and 6), is applicable to the function W. As a result, problem
(2.9)-(2.10) can be transformed to the exterior Neumann problem in the domain

B = {¢ = (&,6,8) e R : (—&]. &2, &) ¢ ). (2.12)

In this way, the extended functions Wy, W3 become solutions to exactly the same problems as introduced in monograph
[7, page 239] for the description of the virtual mass tensor. Hence, the first term on the right-hand side of (2.14) is
half the corresponding term of the virtual mass matrix (see Note G in [7]).

In the spherical coordinate system (p, 6, ¢) we have (£1,&2,&3) = (pcos ¢, p cos0sin ¢, psin 6 sin ¢) and

Wa(§) = *%p”cosesingbf%p”sinosin¢+o(p73)’
Ws(§) = —%p”sin@singb—%p*2sin9sin¢+()(p73)'

In order to observe general properties of my;, we apply Green’s formula on the set =g = {£ € = : p < R} with the
functions Wy, and Yy, = &, + Wy, k= 2,3,

YYQaNWQdSE = / Wgang — YQB,)WQ ng = / W28p£2 — 526PW2 ng
{¢€R3 :p=R} {¢€R3 :p=R}

27
/ / <372n22 %[cos O sin ¢]2> R?sin ¢pdpdf
/2 &

27
—/ / (?W'R_Q[cosﬁsin 6][sin (;5}2) R? sin ¢dpdf + O(R_l)

3m22

_ /%/ cos? Osin® ¢dd + O(R™)

= —m22+0( )

0=

On the other hand, applying Green’s formula in w and changing the direction of the normal, we have

YjaNWkd85 = / Wj@NWkd55 —/ ijkd55 = / Vng . Vng df + 5193‘ m653(w). (2.13)
o= ) o= =

Therefore as R — o0, and in a similar way for mgs and me3 = mgss we get

MEj = — /_ VeWy - VW, d€ — (Skj m653(w), k,jg=1,2. (2.14)



In other words, the 2 x 2-matrix

m(Z) = ( M2 M23 ) (2.15)

M3z M33
is symmetric and negative definite because it is the sum of two Gram matrices.
Example 1. For a semi-ball of radius R, m(Z) is a multiple of the identity matrix with the coefficient — R>.

Example 2. If© is a plain crack then mes3(w) = 0 and the matrix (2.15) becomes singular. For example, if © belongs
to the plane {& = 0}, then mz3 = ma3 = 0 while obviously W3 = 0. However, for a curved or broken crack (cf-
Figure 7b) the solutions Wy and W are linear independent and m(Z) is non-degenerate although mess(w) = 0.

Figure 7: straight a) and broken b) cracks

2.2 Second term of the boundary layer type
The right-hand sides in the problem
—Agw?(€) = F%(¢), €€E, (2.16)
Ivw(€) = G*(¢), EedE (2.17)

are to be determined using (1.12), (2.2) and (2.4), and collecting terms of order " in the equation, and of order h' in
the boundary conditions. As a result, we arrive at the following functions written in rapid variables

F2(&) = [#:(0) (9, — 26102,) + ,(0) (9, — 26,0Z,)]w' (€) (2.18)
and

) = Na&2020°(0) — N3&30;0°(0) — (Naés + N3&a)03,0°(0)
—&1 (N3 55(0) + N3 22,(0))(N20:0°(0) 4 N39,0°(0))

+2N58132,(0)0,0°(O) + 2N3€1 2, (0)0,1° (0)

—£1(N35(0) + N3 35,(0))dnw' (€)

+2N2&1 525 (0)dg,w' (€) + 2N3€1 36, (0) D, w (€)

= GO +Gs (&) + G3(&) + G2(©). (2.19)

G*(&) = —N1§2(0
@

() + G3(¢



We immediately notice that G3(€) + G3(£) = 0 according to the boundary conditions (2.6). In view of formulae
(2.18) and (2.11), the following expansion holds true:

F2&) = [(0)(0, —260%,) + 5,(0)(e, — 260%,)][050° (O)W(€) + 0,0°(O)W3(€)]
3 3
_ %S(O)aSUO(O)% (155;)? - 30%)?) + %V(O)&,UO(O)% (155;53 - 30’5;3)
ms §163 £36s + 663
+2,(0)0,0°(0) = (-27})5 + 30/)7)
3 3
+%V(O)asv°(0)% (—2752? + 305152:75152)
+0(p™?), p — 00. (2.20)
The function
U(€) = [55(0)(8e, — 2€02,) + 5, (0)(9g, — 260,)][050° (O)W2(€) + 0,0°(O)W3(€)]

_ my (1 &6 £+ 6886+ 48
- %3(0)85110(0)7 (15 68 30 20,5 )

0/ M3 &183 £36s + £16383 + L1683
+4,(0)0,0°(0) 22 (156,03 ~30 S0 )

0y T3 §183 3E3¢s + 2616363 + 36.63
+,(0)2,0°(0) 2 <27 S3 90 o >

0/ s T2 &ié& 3E38 + 2618380 + 36165
+4,(0)0,0°(0) 2 <27 S7 o 90 oo >

has the homogeneity order —1 (the same as for the fundamental solutions) and compensates for the leading term of
F2(&). Therefore, the expansion of w?(¢) at infinity can be written as follows :

w?(§) = ap™ +U*(€) + O(p~?). 221)
Remark 2. The formula z(§) = z0(§) + O(p~P) used in (2.11) and (2.20), (2.21) means that
2(&) = 20(§) +2(§),  [VEE(E| < cqp ™, q¢=0,1,..., p=I{ > Ro; (2.22)

where Vgg is the collection of all order q derivatives of the function z, and the radius Ry is selected such that
w C {€: p < Ro}. For a solution w* of problem (2.5)-(2.6) the estimate of form (2.22) for the remainder w*
is straightforward, since the remainder verifies the Laplace equation in the set {¢ € R? : p > Ro}. For such an
equation, e.g., the Fourier method can be used in order to provide a solution representation in the form of a convergent
series, with harmonic functions decaying at infinity. The pointwise estimates of the remainder in the representation
(2.21) are justified again by the general theory (see [3] and, e.g., [6, Chapter 3] ).

To evaluate the coefficient a, we compute the following integrals on the semi-sphere of radius R taking the expan-
sion (2.21) into account :

/:F2<s>d§+ / Pe)dse = - [ onw(O)dse + / G2 (€)dse

OwNO=E O=R OwNO=

= _/ , 8Pw2(€)d3€’
{¢€R? :p=R}

where we have used the fact that G2(£) = 0 on 9= \ Ow due to the evident relations &; = 0 and Ny = N3 = 0 on
O0Z=g \ Ow. In view of expansion (2.21) we obtain

(&) = —ap™? + U(€) + O(p™%) = —ap™? — p~1U*(§) + O(p™?)

10



and thus
—/ oyw?(&)dse = a/ p_2d35—/ 9,U?(&)dse + O(R™1).
{¢€R3 :p=R} ' {€€R3 :p=R} {¢€R3 :p=R}
= 2ma+O(R™1). (2.23)

Note that all terms in U?(€) are odd in either &, or &, thus it is also true for 9,U2(€) so that

/ 9,U*(&) = 0.
{¢€R3 :p=R}

Now we study the integral || SIS G?(€)ds¢ using (2.19). If we denote by w™ the domain obtained by adding to w its
mirror image with respect to the plane £; = 0 we, in view of (2.7), can write

[ o = 5[ e
OwNO=

owt

3
1 1
= -3 Zaﬁvo(O)/ Ni&rdse — 5331/“0((9)/ (N2€3 + N3&s)dse
P S+ owt
_ —%)\OUO(O) mess(wt) = —)\OUO(O) mess (w). (2.24)

According to (2.7), we also have

[ ciedse = o.
OwNOZE

Now we process the integral fER F2(€)d¢. Owing to (2.18), we first compute

| ooa@isc= [ mi@u'©dsc+ [ oG (©dse. (.25)

{€€R3 :p=R}

The last integral on the right-hand side of (2.25) is of order R~!. Indeed, the main terms of w!(€) are of order R~2,
however, according to (2.11), they are odd functions in either the variable &5, or £3. Therefore, the terms O(1) vanish
in the last integral on the right-hand side of (2.25) due to the full symmetry of the semi-sphere {£ € R : p = R}.
The first integral on the right-hand side of (2.25) is equal to

/ Ny (©w! (©)dse = / W (€)Oérdse

OwNO=E OwNO=E

/ €O W (€)dse + / (€00 (€) — w' (€)0,€1)dse.
OwNO=E

{¢€R? :p=R}

The integral f{geﬂg :p:R}(flapwl(g) — w'(£)d,£1)dse is also of order R~ by the same argument as above, since

dpw' (€) has the same symmetry in &, and &3 as w' (€). We also have [, .- &10nvw! (§)dse = 0 due to the boundary
conditions (2.10) and the second equality in (2.7).

We compute now
~24(0) [ @Ok = ~24(0) [ aNa(©dew'(©)dse 226)
Zr wNO=E

—25,(0) P 1&20g, w' (€)dse. (2.27)
{€€R? :p=R}
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The latter integral is of order R, hence the leading asymptotic term of order p~2 coming from the expression &0,

is still odd with respect to the variable &5 or &3, therefore it is annihilated by integration. The first integrand on the
right-hand side in (2.26) is the opposite of the first term in GZ(€), and, hence, they cancel each other. Finally, recalling
that G3(€) + G%(€) = 0, collecting the aforementionned integrals and taking (2.24) into account, we pass to the limit
R — oo and get the equality

1
a= —%)\OUO(O)IHCSg(w).

Note that the coefficient a does not depend on the curvatures z;(O) or 5, (O), although the original expressions (2.19)
and (2.20) do.

2.3 The correction term of regular type

We start by writing the boundary layers in the following condensed form
wi(§) =t1(&) + O(p"™"), p— 00,0 =12, (2.28)

where ¢! and ¢? denote the sum of functions of the homogeneity orders —2 and —1 in (2.8), (2.11) and (2.21), respec-
tively. In other words, t1(£) = h%t!(n, s,v) and t2(§) = ht?(n, s, v). Outside a small neighbourhood of the point O
we have,

hw'(&) + h2w?(€) = k3t (n,s,v) +t3(n,s,v)) + O(h?)
R*T(x) + O(h*). (2.29)

In view of the multiplier 43, the expression for T should be present in the following problem for the function v3 of
regular type in the asymptotic ansatz (1.12)

A3 (x) = AP(x) + No¥(x) + £ (), x €, (2.30)
oni(z) = ¢*(z), x el (2.31)

The first two terms on the right-hand side of (2.30) are obtained if we replace the eigenvalues and eigenfunctions in
(1.3) by the ansitze (1.11)-(1.12) and collect terms of order h? written in the slow variables 2. The right-hand side ¢>
of the boundary condition (2.31) is the discrepancy which results from the multiplication of the boundary layers with
the cut-off function . If we assume that in the vicinity of the boundary the cut-off function y depends only on the
tangential variables s and v, and it is independent of the normal variable n, then g® = 0, since the boundary conditions
(2.6) (2.17) on J= \ Ow are homogeneous. It is clear that such a requirement can be readily satisfied, and thus we
further assume g% = 0. The correction f2 in (2.30) is given by

S (x) = XX(2)T () + Au(x(2)T(2)). (2.32)

We will verify that the function f3, smooth outside a neighbourhood of the origin O, is of the growth O(|z|~2) as
x — O which means that f3 belongs to H~1(£2), since a function of order |x|~5/%*? is in H~(Q) for all § > 0. This
ensures that f2 is admissible for the right-hand side of equation (2.30). The observation is obvious for the first term of
f3, since t*(n, s) = O(|z|~2) and t?(n, s) = O(|z|~1). Let us consider the second term A, (x(x)T(x)). According
to (2.1), the representation of the Laplacian in curvilinear coordinates can be rewritten in the form

A, = Lo(ana 337 al/) + Ll(n; an» 857 a1/) + Lz(nv S, V, 8117 85, au)» (2.33)
with the ingredients
L2(0n,05,0,) = (93 +02+0}), (2.34)
LY(n,0,,05,0,) = 2,(0)(0, — 2n0?) + »,(0)(d,, — 2nd?) , (2.35)
L*(n,s,v,0,,0s,0,) = anai + aggﬁf + a3302 + 10, + a20s + az0,, (2.36)
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while the functions a;; and a; are smooth in a neighbourhood of O, in variable n and s, and in addition they have the
property

a;;(0,0) =0, Oka;;(0,0) =0, a;(0,0) =0, j=1,2,3. (2.37)
Therefore, we can write

AT = Lot + (Lo + LYY + L' + L2(t* +t2). (2.38)

We readily check that LOt! = 0 and L°¢? + L'¢! = 0 due to the definition of w! and w?, see (2.5) and (2.16). Function
t2 is of order |x| =1 thus L't? is of order |x|~2, and L?(t' + t2) is also of order || =2 due to (2.37). Thus, we have
concluded that g3 = 0 and f2 € H=1(Q).

According to the Fredholm theorem, and under the assumption that A? is a simple eigenvalue, the problem (2.30)-
(2.31) with the described right-hand sides admits a solution v in the Sobolev space H! () if and only if the following
orthogonality condition is satisfied by the right-hand side of (2.30)-(2.31) :

N (@200 4+ (£2,0%)0 + (6%, %) aq = 0. (2.39)
Owing to the normalization condition and since g® = 0, relation (2.39) becomes
=—(f* ). (2.40)

Integral of the product f3v° is convergent, which means that

(f3,0%q = lim [ AT + A, (xT))° dx, (2.41)
0—+0 Qs

where Q5 = Q\ {x : n? + s? + v? < §%}. The surface patch S5 = 95 \ IS turns out to be a semi-sphere in the
curvilinear coordinate system. We imitate the spherical coordinate system in the curvilinear coordinates by setting
n = rsinfcosy, s = rsinfsing and v = rcosf while denoting (, ¢, §) the spherical coordinate system, with
r=nhp>0,¢ € (—m/2,7/2),0 € (0,7). Using Green’s formula for the smooth functions 7" and v° in the domain
Qs yields

20 de = / (WPONT — TONVY) ds,. (2.42)
Q5 Sé
Let us observe that ds, = d(n,s)'/2.J(n, s) r? sin @dfdy on S;, and according to formulae (2.3) the derivative O
along the normal to the patch Ss satisfies the relation
OnsT = d*/*(N,8, T + N,0,T + N,,0,T) ,
where
N, =Jsinfcosp, N;=(1+nsx)sinfsing, N, =cosf(1+mnsx;), (2.43)
d = J?sin? @ cos® ¢ + (14 ns,)?sin? sin® p + (1 + nz,) cos? 6.

We can split the integral (2.42) into several pieces

f3de =1 4+ I + Is + I + o(1) (2.44)
Qs
with
w/2
L = / 0)dn,T6* sin 0dhdg
/2J0
/2
I, = / / 02 (0)Ong Tn(55(O)(1 + sin? 0 cos? ¢ + cos? 0) + 50, (O)(1 + sin? §))6? sin Odfdé
/270
w/2
I; = / (asvo((’))saNsT + 0,0°(O)vON,T)d? sin 0dfd¢ ,
7/2J0
/2 T
L = / / TOn v d/?.J 62 sin 0dOd¢ .
7/2J0

13



In view of formulae (2.43), we get the following expansion for On T
OnsT = 0,T +n[0,T(5,(0) cos? 0 4 5,(0)(sin? 0 sin? )) sin 6 cos ¢
+05T(52,(0) cos? 0 + 3,(O)(sin? @ sin® p — 1)) sin f sin
+0,T(—5,(0) cos® O + 5,(0)(sin? O sin® ©)) cos 0] + o(6).

The asymptotic expansions of integrands in /; and I already derived, lead to

/2
I+ 1, = v2(0)8? / / 0, T sin 8dfd¢
—m/2
/2
+0°(0)§ / n[nd, T (5,(0) cos? O + »,(O)(sin? fsin? p))
—m/2

+ 50T (32,(0) cos? 0 + 5,(0)(sin® fsin? ¢ — 1))
+ 10, T(—5,(0) cos? § + »,(O)(sin” O sin? ))]dOde + o(1).

After simplification of the expression in brackets we get

w/2
I + I, =0°(0)§ / / 0,T sin 0dfd¢

—m/2
w/2
+0°(0)5,(0)6 / (200, T + s0,T + 209, T)dOd¢
—m/2
/2
+0°(0)30,(0)d / (2n0, T + 250,T + v9,T)d0d¢ + o(1)
—m/2

w/2
:110((9)62/ / 0, T sin 0dld¢ + o(1).

—m/2J0

In the calculation above, we have taken into account the fact that the expressions 2n0,T + s0sT + 2v0,T and
2n0,T + 2s0,T + vd,T are odd in either s, or v, therefore, the corresponding integrals over the patch S5 vanish.
For integrals I3 and I, we have
/2

I3 + Iy =0,0°(0)6> / (sOnsT — TONgs) sin 0dOdg
—m/2

w/2 ™
0)8? / / (VONT — TOngv)sin 0dfdg 4 o(1)

7/2J0

/2 T
=9,0° 52/ / (sartl — tl&,s)|r:5 sin dfd¢

w/2

/2 T
+ 9,0° (52/ / (VO tt — t10,v)| =5 sin 0dOdd + o(1).

7/2J0

Gathering all the integrals in (2.44), we obtain

/2
/ 300 dz =0°(0)5? / / 0, T |,—s sin Odfd¢ (2.45)
Qs —7/2
w/2
+ 0,0°(0)8? / / (50pt" — t10,.8)|p—s sin OdOd ¢ (2.46)
/2 J0
/2 T
+ 9,0°(0)s? / / (VO tt — t10,V)| =g sin Odfde + o(1). (2.47)
/2 J0
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The first integral in (2.45) is equal to

/2 ™ w/2 ™ w/2 T
/ / 8, T, —s sin 0d0de = / / BptY|,_s sin 0dfdep + / / O,t2|,_s sin 0dOde,
—x/2J0 —7/2J0 —m/2J0

and according to (2.7) we get
/2 T
/ / Optt| =g sin BdBde = 0.
—m/2J0

In view of (2.23) we also obtain

/2 T
/ / Opt?|p—5 sin 0ddg = —2ma /5.
—m/2J0

The two integrals in (2.46) and (2.47) are calculated with the help of (2.13) and (2.14), and we obtain in a similar way
that

/2

0,0°(0)5? /

—m/2
/2

/ (50,t* — t10,.8)|,—s sin OdOd¢p
0

+0,0(0)5? /

—m/2

/ (WOt — 10,0) s sin 0d0dS =V, 10 (O)m(Z)V, ,1°(O),
0

where m(Z) is the virtual mass matrix of the cavity w in the half-space which depends on the shape of Z and is given
by

m(Z) = < M2 23 > : (2.48)

m32 1M33

Furthermore,
VS_VVUO(O) = (85110((9), 3yvo(0))T.

The previous results show that

(f3, 0% q = Vo (0O)m(Z)Vv°(0) — 27a, (2.49)

and finally the perturbation term in the asymptotic ansatz (1.11) of the simple eigenvalue \?, takes the form
N = (Ve tm(0)) ' m(E) Vi 0 (0) + Ay v, (O) [ mess (w). (2.50)

Remark 3. The max-min principle (see, e.g., [?]) reads:
h‘L2 O 2
Moo= max inf va: e ( (h>)2” : @.51)
ercH (Qm) uree\fo}  [[ul; L2(Q(h))]|
- .L2 9) 2

A= omax g NVeu L] (2.52)

e0CH () vee\{0} [lv; L2(Q)[? 7
where Ejh and EJQ stand for any subspaces of codimension j — 1, i.e.
dim(H'(Q(h)) © &) =j — 1, dim(H (Q) © &) =j — L.

For the cavity wy, of a general shape, there is no obvious relation between H'(Q(h)) and H'(Q) so that (2.52) and
(2.51) do not allow to establish directly a connection between )\;L and )\?. Notice that in case mesg w > 0, (2.50) can
be made both, negative or positive. Indeed, assume that the eigenfunction v,, changes sign on the boundary 1" and put
the coordinate origin O at a point where vy, vanishes. Then the last term in (2.50) becomes null and X}, < 0 due to
the above-mentionned properties of the matrix m(Z). On the contrary, if the point O constitutes an extremum of the
functionT' 3 x v+ vy (), then Vs ,v,,(O) = 0 and X\, > 0 provided v,,,(O) # 0 and mesg w > 0.
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In the limiting case of a crack ©, i.e. a domain flattens into a two-dimensional surface (see Figure 7), one easily
observes that H*(2) ¢ H(Q(h)) since a function in H'(Q(h)) can have a nontrivial jump over wy, but v € H'(Q)
cannot. As a consequence of (2.52), (2.51), we conclude the general relationship

h
A< A (2.53)

This formula is in agreement with (2.50) for the correction term in (1.11) because messw = 0 for a crack and,
therefore,
A = (vs’vvgn(O))Tm(E)VS’VU?n(O) <0

since the matrix m(Z) in the case of a crack is negative or negative definite (see Example 2).

2.4 Multiple eigenvalues

Assume now, that )\Qn is an eigenvalue of the multiplicity s, > 1, i.e.,

A <A, = =0 <A (2.54)
In such a case ansitze (1.11) and (1.12) are valid for p = m, ..., m + s, — 1, however, the principal terms in
the expansions of the eigenfunctions u”,, ... u", 4 ,,—1 of problem (1.3)-(1.4) are predicted in the form of linear
combinations
0" =alv, 4+ 4 al v (2.55)
of eigenfunctions of problem (1.8)-(1.9) corresponding to the eigenvalue \? , and subject to the orthogonality and
normalization conditions (1.10). The coefficients of the columns a? = (a}, ..., a’;’(m) in (2.55) are to be determined.
If the columns a™, . .., a™ 1>~ are unit vectors and
a?-a? =0pq, Dyg=m,..., M+ 2y — 1, (2.56)
then the linear combinations (2.55) withp = m, ..., m+ 3¢, — 1, are simply a new orthonormal basis in the eigenspace

of the eigenvalue A, .
The construction of boundary layers is performed in the same way as in the previous section. When solving
problem (2.30)-(2.31) for the regular term vP3, there appear sz, compatibility conditions

M (WP o) + (F75 v =0, k=0, 50 — 1, (2.57)
which can be written in the form of the linear system of s, algebraic equations
MaP = \PaP (2.58)
with the matrix M = (M) 72 of the size s, X 3,
Mt = (Vo004 (O) T m(E) V.08, 15(0) + A0, (0N, 5(O) mesa(w). (2.59)

Formula (2.59) is derived in exactly the same way as it is for formula (2.50) The matrix M is symmetric, and its
real eigenvalues \™, ... A" *t*m =1 correspond to eigenvectors a™, ..., a™ *m =1, which satisfy conditions (2.56).
Actually, just these attributes of the matrix M with elements (2.59) are included in ansétze (1.11) and (1.12), (2.55)
for eigenvalues /\Z and eigenfunctions u;‘ of problem (1.3)-(1.4) for p = m, ..., m + s, — 1 in the case (2.54).

3 Justification of asymptotics

3.1 The weighted Poincaré inequality

Let H'(2(h)) . denote a subspace of the Sobolev space H'((h)) which contains functions of zero mean over the
set Q(h).
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Lemma 1. The following inequality is valid
l[u; Lo (QR))|| < ellry, 'us La(QR)) || < C|[Vous La(2(R))], (3.0

where T, = r + h and r(x) = dist(z,0) = |z
h € (0, ho| and function uw € H*(Q(h)) .

, and the constants ¢ and C' are independent of the parameter

Proof. We use the representation
u(z) = us(z) + by, (3.2)

where the constant b, is chosen such that
/ (@) dz =0, by = —(mes(Q*))_l/ u(z) dz. (3.3)
Q. Q.

In (3.3), the domain .. C ( satisfies 2, # @ and Q, Nwy, = & for h € (0, hg]. Let us construct an extension 4. of
u, in the class H', from the set Qpj, := Q \ Bgy, onto €2, in such a way that the following estimate is valid

IVaii; La(Q)] < el Vaue; La(Qrn) | = el Vou; La(Qrn)l| < el Vs La(Q(R))]- G4

Here Bgy, is the ball of radius Rh and center O, with R a constant chosen such that w;, C Bgy,.

The reason for such procedure is that a direct extension form £2(h) onto {2 may not exist in the class H*, for example
in the case of a crack (cf. Remark 3). Stretching coordinates x +— 1 = h~ 'z transforms the set Y ) = {z €
Q : Rh > r > Rh/2} into the three-dimensional half-annulus Y'(h) with fixed radii and gently sloped ends, due
to the smoothness of the boundary 95). In stretched coordinates, we write U, () = wu.(z). Then, we proceed to the
decomposition

U.(n)=Uy(n) +by (3.5)

where the constant b is chosen such that
/ UL(n)dny =0, by = (mes(T(h))"" / U, (n)dn. (3.6)
T(h) Y(h)

The extension ought to be made in the stretched variables. Due to the orthogonality condition in (3.6), the Poincaré
inequality holds true for U, in T(h)
1UL; Lo (Y (W) < e[ VaUs La(Y(h))]| = ¢ VyUss; Lo (T (h))|

where the constant ¢ does not depend on h because Y (h) has gently sloped ends. Therefore, there exists an extension
Uy of Uy from Y(h) onto Y(h) = {n:z € Q,r < Rh}, such that

10 HY (Y ()| < ellULs HY (T(R))]] < e VoU; La(T(R))]],

where ¢ is independent of h € (0, ko] and U, .
Choosing 2, = Q \ Bgy, the required extension . is thus defined as follows:

. ] u(z), x € Q\ Bgp
u*(x) _{ UL(U)‘i’bLy QN Bgy. (3.7

Now we give estimates for the extension .
IVt La(Q)] = [ Vatea; L2(2\ Bra)l| + Vo ULs L2(2 0 Bra) |l
and further, using the previous estimates, we obtain
VU5 Lo(Q 0 Byl = b2V, U s La(Y(R) | < V2|01 HY (T(R))]
< ch' 2|V UL; La(Y(R))|
< b2V Uss La(Y (M) = €| Vo La(Sra) |l
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Gathering the two previous estimates for Vi, we obtain due to the definition of X gy, that
IVt La(Q)]] < el Varies La(2\ Bayya) | < el|Vous La(Q(h))]. (338)

The last inequality is true if Q \ Bry, /2 C Q(h), which is certainly verified for an appropriate choice of R and  small
enough. The constant c in the previous inequality is independent of h.
We show using the Poincaré inequality that

l[ds5 L2 (Q) ] < ¢l Vatia; La(Q)]] < [ Vau; La(2(R))]]- (3.9
Precisely, we use the following auxiliary assertion,
Lemma 2. Let Q; C Qs be two smooth domains, with mesz (1) # 0, then for any w € H' () we have
[[w; La ()| < e((|Vaw; La(Q2)[] + [lw; L2 (21)])), (3.10)
where the constant ¢ depends on 21 and .

Proof. Assume that (3.10) is not true and take a sequence w, such that ||w,,; L2(Q22)|| = 1 and the right-hand side of
(3.10) tends to zero. From the boundedness of w and V,w in Ly (5) we get the boundedness of w in H' (). Thus,
up to a subsequence, w,, converges to some 1w € H*(23) and since ||V wa; La(Qs)|| — 0 we get V,w = 0 and o is
constant. Since ||wz; L2 (£21)|| — 0, this constant is zero and thus @ = 0. This implies

[[wn; La(€2)[| — 0,

in contradiction with ||w,; L2(£22)|] = 1. Thus, (3.10) holds true. 0.
Applying Lemma 2 to our situation, we get

[[s; L2 ()] < ([ Vatia; La ()] 4 [ L2($2)]])
< ([IVati; La(Q] + [ Vatin; L2(€2.)]])
< ¢l Vaii; L2(Q)],
where we have also used the Poincaré inequality in €., since #, coincides with u, and has zero mean value on this

set. Then with (3.8) and the previous inequality we obtain the desired estimate (3.9).
Next we invoke the one-dimensional Hardy inequality

1 1
/ ()2 dr < 4/ 210,212 dr, 2 e CL([0,1)), 3.11)
0 0
which, after the integration in the angular variables 6 and ¢, leads to
77 ;Lo (Q)]] < ([ Vatin; La(Q)]| < €| Vau; La(Q(R))])- (3.12)

For the constant b in decomposition (3.5) we now obtain

bi| =

(mes(X (1))~ / U, (n)dn

T(h)

< c|Us; Lo (Y (R))|| = ¢||Us; Lo(X(R))|| = ch ™3/ |[tts; Lo (Sra) |
< ch™Y3|r Y, Lo(Srp) ||

Further , the image X, (h) of the set 2(h) N B gy, under stretching of coordinates, possesses a gently sloped boundary,
hence, applying Lemma 2 we obtain

1Us; La(Bu (M) < (I VaUss La(Z0 (M) + [1Ux; L2 (T (R))]))-
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Recall that 7, = r + h > h. In this way we have

7, " La(Q(R) VBRa)ll < Bl La(Q(h) N Bra)|
= h'/2||Us; La(Su(h)))|
< ch' 2|V Us; La(Su (W) + |1 Us; La(T(R)1)
< ch'2(|VyUs; La(Su (W) + UL Lo (L (R)) | + bL])-

(
(
Using the Poincaré inequality for U, in T (h) and the estimate for b, , we get from the previous inequality

Iy s L2 (Q(R) N Bra) || < e(Al| Vo La(Q(R) N Bra) || + |7 s La(Sra)|)- (3.13)
We can now, applying (3.12) and (3.13), write

Iry s Lo Q)| = [l s La(Q \ Bra) [l + 7y, s La((R) N Bra) |
< cllry s La(Q)]| + (Al Vo La(Q(h) N Bra)l| + ™ s La(Era) 1)
< e[V L2(Q(R))]-

We give an estimate for the constant b, as follows:

[b.| =

(mes(Q(h))) ! /Q(})(u(gc) — uy(z)) dz /Q(h) uy () dz

< cflus; La(QR))|| < eflr™ us; Lo(QR)) || < e Vaus La(2(R))]].

Finally we have

Iy, s La(QUA)I < e(llry, s La(Q(R) |+ [l bas La(QM)])
< ¢|[Vau; Lo (Q(R))],

which proves the lemma. n

In the sequel we write |||u; Q2(h)||| = ||}, u; L2(S2(h))||. In the proof of Lemma 1, an extension @ := i, + b, of
the function u € H'(Q(h)) onto the domain (2 is constructed such that

s QI + Vet La(Q) < e[ Vau; La(Q(R))]- (3.14)

Assume that m > 1 and 12 is the extension described above of the eigenfunction u ; then, in view of (1.6) and the
integral identity [2], namely

(Vaul, Vez)am = A (ulk, 2)amy, 2 € HY(QR)) L, (3.15)
which serves for the problem (1.3)-(1.4), the following relation is valid:
[ HHQ)? < el Vaup,; La(QR)|? = ey, (3.16)

The max-min principle (see e.g., [8]), where the test functions can be taken from the space C2°(§2. ), show that for an
arbitrary m there exist positive numbers h,, and ¢,,, such that

MNo<e,  forh e (0,hy). (3.17)

therefore the norms |ah ; H'(Q)]| are uniformly bounded with respect to the parameter h € (0, h,,] for a fixed m, i.e.
the pairs {\" admit the weak limit {\? a2} € R x H'(Q) for h — +0 and the strong limit in R x Ly().

m? m
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In the integral identity (3.15) we choose a test function z € C2°(Q \ O) with null mean value. For sufficiently small

h, 4" = ul on the support of the function z, thus passing to the limit in (3.15) leads to the inequality

(Va2 , Vez)a = A (82, 2)a. (3.18)

Since C2°(Q2\ O) is dense in H'(f2) (elements of the Sobolev space H*(£2) have no traces at a single point), by a
density argument, we can assume that in (3.18), the test function z belongs to H'() .
In view of (3.14), (3.15) and (3.16), it follows that

/ﬁfndx—/ ul da
Q Q(h)

<

/ i da: / it |de
QNBgh Q(h)NBrp

< b2 (|[[@f; Q[ + ([l QR
< Ch5/2

[lapo— [t s
Q Q(h)

Since ||02,; Lo(Q)]| — ||9%,; L2 ()| and || ; L2 ()| = 1, the previous inequality provides

and

< ch?

oo, € H'(Q) and ||99,; L2(Q)[| = 1,
i.e. in view of (3.18), 5\21 is an eigenvalue and f)?n is a normalized eigenfunction of problem (1.8)-(1.9).
Proposition 1. Entries of sequences (1.5) and (1.7) are related by passing to the limit
A A0 as b — 0. (3.19)

Proof is completed at the end of this section. We only observe that it has been already shown that A", — /\g, thus
it suffices to prove that p = m.

From Lemma 1 it follows that the left-hand side of identity (3.15) can be chosen as the scalar product (u” , z) in
the space H'(Q2(h)) . We define the operator K" in the space H'(2(h)) by the formula

<Khu,z> = (u,2)om), U,z € Hl(Q(h))L. (3.20)

It is easy to check that K" is symmetric, positive and compact, therefore, self-adjoint. For m > 1 we set u?, =
(AR )~1. The positive eigenvalues and the corresponding eigenfunction of problem (1.3)-(1.4) can be considered in an
abstract framework, so we deal with the spectral equation in the Hilbert space H = H*(2(h)):

KMl = phal (3.21)

The norm, defined by the scalar product (-, )z = (-, -) is denoted by || - || zz. The following statement [9] is known as
lemma on almost eigenvalues and eigenvectors.

Lemma 3. Let ppand U € H be such that | K"U — pU|| = «and |U ||z = 1. Then there exists an eigenvalue u”, of
the operator K", which satisfies the inequality

= gy | < .
Moreover, for any ae > « the following inequality holds
U= Ul <20/ e
where U, is a linear combination of eigenfunctions of the operator K", corresponding to the eigenvalues from the

segment |1 — e, jt + avg] and ||Uq|| g = 1.

20



The asymptotic approximations x and U of a solution to equation (3.20) are defined by the number (A? +h3\/ )~!
and by the function |[V;2|| ;' V", respectively, where m > 1 and \,, with V" are, respectively, the correction given
by (2.50) and the sum of the first four terms in the ansatz (1.12). In the case of multiple eigenvalue A\?, we consider
the specification provided at the end of section 2.4.

We estimate the quantity « from Lemma 3. Since ||V,?||g > |[v%, ||z — emb and A0, + A3N,, > A\ — ¢,,h3, for h
sufficiently small it follows that
o = [|K"U - uU|n
= (Ao + BN IV IO, + RPN (K" = ) Vil
= (Ao + B0 IVl sup (A5, + RPN, ) (K" = )V, 2)]
< emsup [(AD, + AN (V. 2)amy — (Vi 2)am)l, (3.22)
where the supremum is taken over the set {z € H'(Q(h))L : ||z||lg = 1} and, hence, the Ly-norms of the test

function z indicated in inequality (3.1), both standard and weighted, are bounded by a constant /. Besides that, the
standard proof of the trace theorem [2, page 30] implies

h=12||z; La(0wn NT(R))|] < e(ll|z; QR + |V 2 La(Q(R))]]) < V. (3.23)
The expression in the sup in (3.22) can be processed as follows:
I = (A + 1PNV 2)am — (Vik, 2)am)
= I'"+ R -nSP 41— 15— R3I°
= (Vo Va2)am) — A (U 2)am) + P (Vevp,, Vaz)am) — (A, + A, 2)am)
—hON, (U, 2)aqn) + (Vax(hwy, + hPwh,), Vaz)am) — A (x(hwy, + h*w?,), 2)am)
=3\, (x(hwy, + hPw},), 2)am)- (3.24)

The estimates of 1> and 16 are straightforward, that is

Pl < enllofs QN < enh, (3.25)
19 < on| [ xralhl + B2l 2) do
Q(h) )
1/2
< enlllz M) ( / <xrh<hwa+h2w3n>>2dx>
Q(h)

1/2
X1+ p)(hp™2 + h?p1)? dﬁ)
=\Br

< enNh3/2 (/ R2(1 + p)?(hwy, + h*w?)? dé + /
ZENBRr
< N2 (3.26)

Here, expressions (2.8) and (2.21) of the boundary layers are taken into account.
The remaining integrals require additional work. In view of relations (1.8)-(1.9) and (2.29)-(2.32) we have

I' = (Dm0, 2)ownnr(n)s (3.27)
2 = 112 + 122 + 132 = (6nh,vfm Z)awhﬂl‘(h) + (fg, Z)Q(h)
= (O, 2)ownnr(n) + (BaX(tr, +12,), 2)am) + A (X(t, + t0)), 2)an)-

To get the estimate for 12, we, first of all, need to prove the following inequality:

=22 Lo (D) + "2 Lo( QW) < ellz: B (AR (3.28)
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By (3.23) and (3.1), we may write the inequality
Iy, 22 La(D(R)) | + [y, 25 La(QR))I| < ez H (Q(R))]. (3.29)

Thus, we only need to verify that (3.28) is true in a h-neighbourhood of O. Using the dilation by h~!, we are left to
verify inequality

02 2; Lay(OZR) || + lp~ 1 Z; La(ZR)|| < | Z; HY(ER)|, (3.30)

in the parameter-independent case, where Zr := = N By, Bp is the ball of radius R centered at O = {p = 0} and
R > 0is chosen so that =z D w. Three situations may then occur: (i) if O lies outside =g, then p > ¢ > 0 and
(3.30) is trivially satisfied, (ii) if O is inside Zg, then p > ¢ > 0 on 0= and thus the first norm on the left-hand side
of (3.30) is bounded by ¢||Z; H'(ZRr)|| due to the standard trace inequality. The estimation of ||p~Z; Lo(Zg)|| in
(3.30) comes from Hardy’s inequality (3.11), (iii) if O is on 0=, then we need to rectify the boundary 0=. Note that
the boundary 0= is Lipschitz. Without loss of generality, let us assume that there exists a neighbourhood V of O such
that 0= NV is the graph of a Lipschitz function . We rectify the boundary 0= N}V using the transformation

T: (61762753) = (51352753) = (§I7§2a§3 - 1/J(517§2))

The image of 0= NV by T is a piece of plane. Let (p, 0, (ZS) be the spherical coordinate system associated with
(&1,&2,&3). Using the Lipschitz property of v, one readily checks that there exist constants ¢; > 0 and ¢y > 0,
dependent on %, such that

c1p < p < cap.
Using Hardy’s inequality (3.11) and the equivalence of p and p, we have

lp712; La(Er O V)I| < ellp™" 25 Lo(T(Er N V)| < el Z: B (T(ER AWV < el Z: H' (Er N V).

For the trace inequality, we separate the radial and angular variables and use the two-dimensional trace inequality in
the angular variables:

lp™22: Lay(@ER V)| < el 22 Lo(T(@ER N V)]

R 2m B _
c / / VAR 2
0 0
R ™ 27
o[ [ (121 + 0522 + 10,2) ddaap
0 0 0

for some R > 0. Then we may use Friedrich’s inequality to obtain

R T 27
[ (2810522 +10,27) didoas < clzst @ Ernv))
0 0 0
< e|zH' @MY

Therefore, we have proved (3.30) and in view of the previous comments, (3.28) follows. Using (3.28), we get the
estimate for I?

|Il2| cm||r1/23nwf’n; Lo (0w, NT(R))|| Hr_l/Qz; Lo (Owp, NT(R))||
N2 ||t 2] s HY (Q(R) |

emht/?, (3.31)

INIACIA

where we have also used the estimates

|vgv?n('r)‘ S Cpr_p7 p= 17 27 A (332)
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for the solution of (2.30)-(2.31) which follow from the theory of elliptic boundary problems in the domains with
corners or conical points (see e.g. [6]) and from the analysis (2.38) of the right-hand side of equation (2.30).
By remark 2 and (2.28), the following estimates are valid for p > Ry

[0 (O)] = |wp, (&) = th, (&) < cp™?, (3.33)
[@02,(8)] = |wZ (&) —t2,(&)| < cp™?, (3.34)

which means that

|I° — h3I3]

IN

1/2
XY (/Q (rx(@)(ha@}, + B2@2,))? dx)

(h)

IN

hld 1/2
Nh7/2 (/ p74 dep>
R

< NHK/?, (3.35)

1/2
w ([ rtng) (it + w0 o

IA

where d is the diameter of the support of x.
We denote

4 _ 74 | TA._ 1 2,2 1 2,2
12 = 112 + 122 = (Vx(huim +£L wi,), Vxxz)g(h) — ([IAI,XQ](hwm + hfw?,), Z)Q(h) (3.36)
I3 = I + I3 == (XDu(ty, +17.):2) gy + ([Bas XI(t +10.),2) g -
Here [A,, x] = 2Vux - Vi + (AgX) is the commutator of the Laplace operator with the cut-off function x. The
supports of the coefficients of first order differential operator [A,, x] are contained in the set supp |V, x| which is
located at the distance d,, from the origin. Thus, taking into account relation remark 2 and (2.28), we find

Iy — h?IZ| = ([Ax, X](h,, + h*Wr,), 2)aam)
d 1/2
< cm( / (h2p6+h4p4> Tdr) 12; La(QA))|| < emh*N. (3.37)
dy p=r/h
Moreover,
It+n31; = I3+1)

= (B (Wi, + W2w7,), X2) ) + (O (g, + h2w3), 2) 5, 0 - (3.38)
Remark 4. The presence of corners on the boundary of domain = may result in the singularities of derivatives of the
boundary layers, therefore the inclusions xA,wl, € La(Q(h)) and x0,nwi, € La(T'(R)), in general are not valid.
However, the terms in (3.38) may be well defined in the sense of duality obtained by the extension of scalar products
(s )a(n) and (-, -)p(n) in the Lebesgue spaces to the appropriate weighted Kondratiev classes (see [1] and e.g., [6,
Ch. 2]). Additional weighted factors are local, i.e., the factors are written in fast variables. That is why the norms of

test functions z can be bounded as before by the constant N.

1
m

2

= verifies the

By definition, the function w,, remains harmonic, and according to (2.16)-(2.17) and (2.35), w
equation

— A2, (€) = LH&, Vo)W, (€), € €= (3.39)

Therefore,
A (hw), + h2@2) = k2L @2, + L (hw}, + h*w2,). (3.40)
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In (3.40) the operators L9 are written in the slow variables and the function w? in fast variables (in contrast to (3.39))
where A¢ = h2LY(0,,05,0,) and L' (&1, V) = hL(n, 0y, s, 0,). Owing to (3.40), (2.28) and applying Remark
4, we have L2(hw},) = hO(p~3), L} (w2,) = h=*O(p~3) and L?(h*w2,) = h?O(p~?). Thus, it follows that

, 1/2
115 < ||IZ>Q(h)|I</Q (rx () Ay (hivy, + h*w7,)) dm)

(h)
1/2

IA

N (/: W2 p%x(he)? Ay (hih, + h2@2%,))° h? dg)

IN

1/2
Nh5/2 (/ pQX(hf)Q (h/f?’ +h2p72 +hp73)2 df)
E\Br

hld 1/2
< NR/? (/ p‘4p2dp>
do
< N2, (3.41)

For the two last terms it suffices to process the difference of integrals from (3.27) and (3.38):

I'+ I = — (Opn (hw), + h2w?, +vb)), Z)awmr(h) .

Note that, due to the very construction of w), and w2, we have 9, (hw}, + h2w?, + v9)) = O(h?), see (2.16)-(2.19)
for instance. Thus, we get the estimate

|I1 + Ifﬂ cm|lz; La(Owp, NT(R)) HhQ(rnesQ(&uh))l/2

<
< enhPN, (3.42)

where mes, denotes the two-dimensional Hausdorff measure. Collecting estimates (3.25)-(3.26), (3.31), (3.35), (3.37),
(3.41) and (3.42) of the terms in (3.24), we arrive at the following estimate of « in (3.22)

a < emh™?. (3.43)
We are ready now to verify the theorem on the asymptotics, which implies the main result of the paper.

Theorem 1. For any positive eigenvalue N\, of multiplicity >, in problem (1.8)-(1.9), see (2.54), there exist numbers
Cm > 0 and hy, > 0 such that for h € (0, h,,] the eigenvalues \I . . . . | )‘lrln—&-um—l of problem (1.3)-(1.4) and except

m?
for all other eigenvalues in sequence (1.5) satisfy the following inequalities

AR = XD —BIN| < cph™2, g=m,. . mt sg, — L (3.44)

hm
5 -

Moreover, there is a constant C,, and columns a .. aPmrEn =l which define an unitary matrix of the size s, X

2, such that

m—+sey, —1

0% + x(hw® + h*w?®) + W30 — " altul; HY(Q(R))|| < Cph, (3.45)
p=m
q=m,...,m+ x, — 1.

Here v10 denotes the linear combination (2.55) of eigenfunctions in problem (1.8)-(1.9), constructed in the end of
Section 2.4, and w7, w*® and v?® are given functions which are determined for fixed v%° in the way described in
Section 2, finally N\ is an eigenvalue of the matrix M with entries (2.59). In the case of a simple eigenvalue \0, (i.e.,
%m = 1), we have v"™° = v0 the corresponding eigenfunction, and \™ = X, is given by (2.50).
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Proof. Given eigenvectors a™, ..., a™ *m~1 of the matrix M, we construct linear combinations (2.55) and the
associated appropriate terms in asymptotic ansatz (1.12). As a result, approximation solutions {()\2 + 3N U q}
forg =m,...,m + s, — 1 are obtained for the abstract spectral problem (3.20).

Let A? be an eigenvalue of the matrix M of multiplicity ,, i.e.,

ATV < XY == \TFRaT T  \a R (3.46)
We choose the factor ¢, in the value o, = c,h® in Lemma 3 so small that the segment
[\ 4+ h3A) L — b3, (A0 + h3AY) 1 4 ¢ h?) (3.47)

does not contain the approximation eigenvalues (A2, + h3A\?")~! whenp & {q,q + r, — 1} . Then Lemma 3 delivers

the eigenvalues u?(q), e 7'““?(q+nq—1) of the operator K" such that
ity — (A, + PP T < a < cnh™? p=q,.. g+ kg —1. (3.48)
We here emphasize that, at the time being, we cannot infer that these eigenvalues are different. At the same moment,
the second part of Lemma 3 gives the normed columns b"? = (bhf SRRRRS be ot qu—1) verifying the inequalities
kEmq+Nmq—1
P _ ko, h < o < chl/2
U > bPup HY (Q(R)]| < e < ch'/2. (3.49)
k=FKmq
Here { /‘qu’ RN MZM+ qu_l} implies the list of all eigenvalues of the operator K" in segment (3.47). Note that the

numbers k,,, and N,,,4 can depend on the parameter / but this fact is not reflected in the notation. Since

[hxw's HH(QR))|| < ch®/2, |[hPxw?; HY(Q(h))|| < ch®/?, (3.50)
[R?0% HY (Q(R))| < ch?®,

the normalization condition (1.10) for the eigenfunctions of problem (1.8)-(1.9) and similar conditions for eigenvectors
of the matrix M ensure that

|(Uant)L2(Q(h)) _6p,t| §0h3/27 pat:qw'wq—i_ﬁq—i_l' (351)

In a similar way, inequalities (3.49) and the orthogonality and normalization conditions (1.6) for eigenfunctions u! of
problem (1.3)-(1.4) lead to the relation

kmg+Nmqg—1
UP, UN ooy — . IO < b/, (3.52)
k=kumgq
Formulas (3.51) and (3.52) are true simultaneously if and only if
Nig > Kq, (3.53)

otherwise we arrive at a contradiction where at least one of the coefficients b, "P has to be close to zero and to one
simultaneously. To actually prove that the equality occurs in (3.53), we first of all notice that, for a sufficiently small
h > 0, the relations of type (3.53) are valid for all eigenvalues )\ Tocees A?n of problem (1.8)-(1.9) and all eigenvalues
A? of the associated matrices M. We have verified above Proposition 1 that each eigenvalue /\h and the corresponding
eigenfunction u ' of singularly perturbed problem (1.3)-(1.4) converge to an eigenvalue and an eigenfunction of the
limit problem (1 8)-(1.9), respectively. This observation ensures that the number of entries of the eigenvalue sequence
(1.5), which live on the interval (0, A?n), does not exceed m + ¢, — 1 for a small & > 0. Summing up the inequalities
(3.53) over all )\(1), ceey ,\9n and A7, we conclude that the equalities Npg = kq are necessary. Moreover, we now are

able to confirm that the eigenvalues ,u?( Qe u?( gy —1) CAN be chosen different one from another. Indeed, we take
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a, = C.h7/? in Lemma 3 and fix C, so large that the inequality (3.49) with the new bound ¢/C. still guarantees that
the segment

Ag(h) = [()\?n FRIAT) L = ORI (A0, + R3NTY L 4 O/ (3.54)

contains exactly k4 eigenvalues of the operator K k. Tt suffices to mention two facts. First, for a small o > 0, the
intervals A, (h) and A, (h) with A # AP’ do not intersect. Second, any eigenvalue 1} = (A!)~! in the interval (3.54)
meets the inequality (3.44). B

Remark 5. Estimates (3.50) show that the bound in (3.45) is larger than the norms of the functions w, w?? and
v93 included into the approximation solution and, therefore, estimate (3.45) remains valid for the function v?° alone,
without three correcting terms. This is the usual situation in the asymptotic analysis of singular spectral problems:
One needs to construct additional asymptotic terms of eigenfunctions in order to prove that the correcting term in the
asymptotics of an eigenvalue is found properly. In theory, one can employ the general procedure [4] and construct
higher order asymptotic terms of eigenvalues and eigenfunctions. We keep the boundary layer and regular corrections
in the estimate (3.45) because they form a so-called asymptotic conglomerate which is replicated in the asymptotic
series (see [4] and [5]; actually the notion of asymptotic conglomerates was introduced in [5]).
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