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Moving horizon state estimation for linear discrete-time
singular systems

B. Boulkroune, M. Darouach and M. Zasadzinski *

Abstract

In this paper, the moving horizon recursive state estimator for linear singular
systems is derived from the least squares estimation problem. It will be shown that this
procedure yields the same state estimate as the Kalman filter for descriptor systems
when the noises are Gaussian. The obtained results are applied to the state and
the unknown inputs estimation for discrete-time systems with unknown inputs. A
numerical example is presented to illustrate the proposed method.

Keywords : Moving horizon approach, singular systems, least squares estimation, un-
known inputs estimation.

1 Introduction

Singular systems (or descriptor systems) arise in many areas of engineering including
electrical networks, power systems, aerospace engineering and chemical processing. Since
the late 1970s they have attracted the attention of many researchers and were introduced
to describe the dynamics of certain linear systems for which the standard state space
representation is not applicable. Various books and survey papers dealing with these
systems have addressed the issues of solvability, controllability and observability, etc. The
state estimation for singular systems has been treated by many authors [3], [7], [8], [5],
[18], [I7, [24], [25], [12] and [13]. Most of these works present the generalized Kalman
filter as a solution for recursive state estimation problem. Among these works, we can cite
the Kalman filtering obtained through a deterministic approach [7], [§], [12] and [13].

Investing the success of receding horizon control in the estimation of dynamic states
and parameters, for linear and nonlinear systems, recent attention has been concentrated
on the moving horizon estimation (MHE). The MHE method was proposed and success-
fully applied to various types of dynamical systems, in unconstrained linear systems [16],
constrained linear systems [20], hybrid systems [2], hybrid systems with unknown inputs
[19] and nonlinear systems [21].

The interest of the MHE is the possibility of dealing with a limited amount of data,
instead of using all the information available from the beginning. In this framework the
strategy of MHE is to transform the estimation problem into a quadratic program using
a moving fixed-size estimation window. The fixed-size estimation window is necessary to
bound the size of the quadratic program. Only a fixed amount of measurement data is used
to solve the optimization problem, so that the oldest measurement sample is discarded as
a new sample becomes available. Among the reasons of successes of MHE approach are the
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possibility of incorporating the equality and inequality constraints and also the reduced
size of data used for estimation.

The objective of this paper is to present the moving horizon estimation (MHE) ap-
proach for singular linear systems. The obtained results will be used for the state and
the unknown inputs estimation for the standard systems with unknown inputs. It extends
the MHE developed for standard systems to singular systems. We will show that under
some assumptions the obtained results are equivalent to the Kalman filtering for singular
systems. In our knowledge this is the first work on the MHE for singular systems.

The paper is organized as follows. Section [2| formulates the problem. The full infor-
mation estimation is presented in section 3] In section |4, the MHE for singular systems is
derived. Application to simultaneous state and unknown inputs estimation for standard
linear systems with unknown inputs is presented in section [f] Section [0] is devoted to a
numerical example.

2 Problem statement and assumptions

Let us consider the following discrete-time linear singular system described as follows

Ezxpy1 = Fxp+ Bup +wg (1&)
ZL = Hl‘k—f—vk (1b)

where x; € R" is the state vector, ug € R? is the known control input, z; € R™ is the
measured output, w, € R™ is the state noise vector and v, € R™ is the measurement
noise vector. Matrices £ € R™"*", F € R™M*" B € ®M*7 and H € R™*™ are reals with
appropriate dimensions. When n; = n, E is singular, i.e. det(E) = 0. We assume that
the statistics of the random variables xg, w; and v to be unknown.

Based on the measure z over time (0, k) and initial state estimate Zp, the estimate of
rg, denoted Ty, (the notation x;; means that this is a discrete-time variable at time i
given information up to time j) is computed from the least squares problem formulation.

Our objective is to present the MHE approach for singular linear systems described by
. The MHE attempts to preserve the old information by using a “information” window
that slides over the measurements. In the full information estimation, we are using all
the sequences of measurements zg, z1, ..., 2, for finding the filtered estimates. The state
is estimated from the horizon of the most recent N + 1 output measurements that moves
forward at each sampling time when a new measurement is available. The old information
is incorporated using a startup estimate Zjp_n that is calculated from old filtered states
and a specific weight P,_njx_n-

Before closing this section, let us introduce the following assumption which will be
used in this paper.

Assumption 1. We assume that matriz [ ]57' } is of full column rank (see [8,15,18,[12]). o

This assumption is generally used for the causal filtering.

3 Full information estimation

In this section, we present the full information state estimation approach. In this approach,
all the sequences of measurements zg, z1, . . ., 2 are used for finding the filtered estimates.
The estimation problem is treated as purely deterministic estimation one.



The general description of the deterministic filtering problem for discrete-time singular
system is performed using the following least squares formulation [I] (see p. 135)

. 2 2
min Jo ({o}) = lleol%1 + looll?

for k=0 and
k—1 k
. 2 2 2
min Ji ({i}o) = lleolBr + D lwilliy—s + 3 lloslly (2)
i=0 =0

where

€0 = To — T0,

wg = Erpy1 — Foy — Bug,

Vi — 2k — H T.
for k > 0, where ||z||4 = 2T Az. The matrix V! is a symmetric positive definite penalty
matrix on the output filtered error, W1 is a symmetric positive definite penalty matrix
on the estimated state noise, P 1 is a symmetric positive definite penalty matrix on the

initial state estimate error, and Zg is the initial state estimate at time k = 0.
Before giving the solution to the problem stated in , we present the following lemma.

Lemma 1. [T5] Consider matrices o, 3, R and x of appropriate dimensions with R > 0.
The optimization problem

min (ax — 8)T R(az — ) (3)
x
has a unique solution if and only if the matriz of Ro is nonsingular. In this case the
optimal solution is given by T = (o’ Ra) 'a® RB. \Y
The optimal solution for the problem is given by the following theorem.

Theorem 1. Under Assumption the estimate Ty, that minimizes the cost function Jj
and the weighting matriz Py, are given by

R (7, 0 ... 0] _ -
T = — | Bkt Qr) " B (4a)
k
- - In
_ I, 0 ... 0], _ B 0
Pk:|li = — | G+ Q! gl (4b)
k :
0
for k >0, where
Pyo= (Po+H'V'H), 8,=[z2l zI, .. zI zI 77",
Qi = 7oy 0 N ST [ =T o
v 0 Qi1 |’ - OéZTQE Ei,1+a?9ai 9T OézTQ gi—1 |’
- w0 E
QOZECOFQOE(M =0 :Oa gOZZgQ()a Q= |: 0 Vfl :| >0’ = |: H :|7
A:[_F], zi:[B“i—l] for 1<i<k, Zoz[%],
0 Z5 20
[Pt o0 [ L [A 0...0
S R
and oy = 0. |



Proof. The discrete-time linear singular system can be rewritten as follows
o= o] - [25] = [
H| 0] ™ |z —Uk+1

w
Ywp +Arg — Zpp = [ F } .
—Uk+1

or equivalently as

Then, for all £ > 0, the minimization of J; can be written as follows

min (A4Xy, By,) " Ry, (A Xy, — By)
k

where
X A 0 0 0 a0 0 0 o
0 .00 Tp—1
2 = 0 O ¥ A 0 ;o R = 0 00 , Xg =
00 Q 0
00 0 % A 0 0 0 9 N
0 0 0 0 X 0 0

The solution to using Lemma [1|is given by

o~ -1
Xipe = (ATR2A,) ™ AL R, B,

This solution is unique if and only if Ql{i)%kﬁlk is invertible. From invertibility of Ry,
ng,‘ﬁ/ﬂlk is invertible if and only if 2 is a full column rank matrix. This condition is

satisfied under Assumption [T}
For k = 0, we have

~ —1

Top = (AJRoWo)  AFRoBo
= (=T%,) " =T 7Z
= (Z0+ Qo) " 90Bo

and
Poo = (S0+Qo)™"
= (P+HTV'H) "
So, the initial step is verified. Now let

z _
xm=ﬂﬂk],q+m=%%%,%=%m

then 7y, is given by

R I, 0 ...0] _ ~
fﬂkm:[ — | (G +Qu) " gk DB
k
Define
| 2k
Pk [ B—1 ]



we obtain

=+ Q 7oy T Qay
TR af QY Zp_y + Qr-1 + o Qay,
Let
= - Py g P12k:|
= + 1 — ? ’ , 14
R (14
then we have
[ﬁkk ] _ [Pll,k P12,Ic] [ZTQ 0 [ Z ]
Xp—1jk Py Py ol geo1 || Broa
and thus
= T T [ Z
e = | PuaX?Q+ PorafQ Piogge-1 | B, |

Notice that we only need to calculate Py and Pjoj. After some algebraic manipula-
tions, we obtain

Pl_l,lk = ET(Q_I + Oék(Ekfl + Qkfl)_laf)*E
_ . _ I _
Pioj = —PipST (7 + a(Spm1 + Qr1) tod) an(Spmt + Q1) !

and the solution of @ is given by
Tk = (PuaSTQ+ PiogalQ) 2, + P B
Tkl = ( 11,k + L2, k0y ) k + 12 k9k—1Dk—-1
which is equivalent to
-1
T= Pr1pS" <In1+m - (Q_l + ag (St + Qro1) ! Oéz) ap(Ep-1 + Qk—l)_1a£> 0 Zy
_ — ~1 -1 -1
— P2t (Q Yo (Bpe1+Qr—1) Ot{) ok (Cr-1+Qr-1)  gr—1Br—1.
By using the values of ax, Zx_1, Qr_1, gx—1 and Bi_1, we obtain

. _ 1
T = P 3T Q7+ AP 1 AT) ATp_1k—1
_ —1
+ Py 2t (Inl-i-m — (' + APy 1 AT) APn,k—lAT) 02z,

with
PRl = =T(o7'+apgh A7) Ty (15)
and we obtain
Trp=PrpS" (@7 + AP11,1<;—1AT)71 (Zr — AZj_qjp—1) - (16)
If we take Py = P11, we find . This completes the proof. O



Remark 1.

1. When matrixz E is of full column rank, the system can be transformed easily to a
standard linear system and in this case we can apply the existing results for standard
linear systems.

2. The optimal solution given by Theorem[1] is equivalent to the optimal solution given
by [8, 3] and [15].

3. For E = I,, the deterministic estimate of Theorem 1| collapses to the usual state
space Kalman filter estimate obtained from stochastic reasoning [1] and [T])] when
wy, and v are zero mean white noises with variance matrices W and V. A

The relation between the solution of the deterministic formulation given by Theorem
and the Kalman filter expression obtained by stochastical reasoning can be obtained by
using the following lemma (see [12] and [13]).

Lemma 2. [18] Let R € R™*" be nonsingular and A € R"*P be a full column rank matriz.
Then AT R™1A is invertible and we have

(ATRT'A)™ = —[0 IP]U%T ,61]‘1[23]7

(ATR'A)'ATR™ =[0 I, ] [ ﬁp gl ]_1 [ Ig } :

The following section presents the MHE for singular systems.

4 Moving horizon estimation approach

The basic idea of MHE can be the dualization of the model predictive control problem
with respect to certain assumption. The moving horizon estimation method attempts to
minimize the estimated weighted error of the state and measurement noise back to the
past subject to some equality or inequality constraints, if any.

The full information formulation uses all k& output measurements to determine k state
noise vectors and obtain the state estimate at time k. We can see that the problem size
grows with time as the estimator processes more data. In the Kalman filter recursion,
the optimal state estimation at time k is determined recursively from the optimal state
estimate and output measurements at time £ — 1. In the receding horizon formulation, the
optimal state estimate at time k is determined recursively from the optimal state at time
k — N and the most recent N + 1 output measurements using the following least squares
formulation

k—1 k
. 2 2 2
min Jy ({2} ) = lewnllhr + 3 Jwillfms+ > Juslli (7)

i=k—N j=k—N
where €k—-N = Tk—N — Tk—N,
wy = FErgyr — Frg — Bug,
Vr = Zk— H:L’k.



The startup value Zj_py is determined from the filtered optimal estimate computed
N + 1 time intervals in the past

Tr-n = PenE" (01 + APk—N—lAT)_l (Zh—n — AZj_N_1jk—N-1) - (18)

Here, the initial penalty matrix Py_y is the matrix P,_nx—n given by .

Note that in the case where k < N, the state estimates are determined using Theorem
Under Assumption [I the unicity of the optimal solution of min Ji is ensured. The
solution of problem is given by the following theorem.

Theorem 2. Under Assumption[l], the MHE of the state vector at time k given the output
measurement between k — N and k, is computed as

~ —1 ~
e =[In 0] (Ex+QY) ax BN (19)
with
~ Z, ~ DIEKO) VRN o ' 0

BN _ | _ k=N _ ~ k=N — _ 20
= ey | @ o] T et gy O
%S_N = Zk-N, QS_N - Pk:lN|ka7 §§_N - Pk_—lNUch' (20D)
u

Proof. We apply the same idea as in the proof of Theorem [1} For all £k > N, the problem
can be written as follows

rrjlein (ApXy, — %?V_N)T%k(ﬂk%k - %va_N) (21)
k
where 2, R and X, are given in except that the index 0 of the initial matrices Y,

Qo and xq is replaced by kK — N with Qp_n = Pk_le‘ka and Xp_n = I,.
Using Assumption [1| and Lemma (1} the solution of problem is given by

= -1 =k
i = (WRA)  ALRL BN
For k = k — N, we obtain
~ -1 ~
Tr-np-n = (W RN W n) AL NN BN
—1 _
= (SN % NZk-N) SN NTR-N
= Tk—N-

Note that z;_ is given by , then we can rewrite Zj,_ N|k—n as following

»Toxn 2T, ]‘1 [ E) 0 } [ Zi N ]

Ty-Npg-N= | In 0] { aTOY  (2,2) aTQ N1

90 Tk—N-1|k—N—-1

where (2,2) = af Qag + =g + @S_N_l. This is equivalent to
- -1 _
Tp-Npg-N= | In 0] (51 + Q]ffol) gVl Nl (22)

which verifies the initial step.

Since for k — N > 0, in the full information estimation case, we have proved that
in for all £ > 0 can be written in a recursive form, by the same manner we can deduce
that

~ -1 ~
B = 0] (Ev+QY) gk Ve (23)

which corresponds to ([19). O



This estimate will be shown to be the Kalman filter one when the noises are Gaussian.
The following lemma gives the expression of the matrix Pyy.

Lemma 3. The matriz Py, can be computed, for all N >0 and k > N, as follows

- -1 -1
Pk—‘; T (Q‘l + ant1 (EN + Q?V‘N) aﬁﬂ) ¥,
\Y

Proof. See the appendix. O

Theorem 3. In the stochastic case, if the noises are Gaussian, the state estimate Ty,
computed in is the one obtained at time k by the Kalman filter for singular systems. B

Proof. The proof is by induction. First, for N = 0, the solution of the least squares
formulation in yields the following estimate for all £ > 0

~ —1 _
Ty = In O] (51 + Q’fl) gttt (24)
then
S = [ 1 O][ZTQE 2T, }_1[ETQ 0 H 2 ]
ik " ol Oy ol Qay +Zo+ Q! afQ ght Th—1jk—1

and using the partitioned matrix inverse, we obtain

T = — Py ST (Q_l +a1(Zo + @18—1)—104?) - a1 (Zo + @lg_l)_lg(;c_lfk—l\k—l
+ Pk\k:ZT (Qo +a1(Zg + @gil)_la{)il Zy
which is equivalent to
T = P ST (1 + APk—l\k—lAT)_l (Z) — AZy_1)p—1)

which corresponds to the state estimate obtained by the Kalman filter, for k£ > 0, in the
stochastic case.

Now, by using Lemma [2] and Lemma [3] with the initial condition given in Theorem
the state estimate at time instant k given by for a horizon length N = M + 1 is

~ —1 ~
~ - e M—1\ " ke M—1qak—M—1
Tep=[In O] (~M+1 + Q1 ) It By

and

~ -1
Pt =37 (07" + awrsaEarn + Q) adre) B

Note that this is equivalent to eqution (A-2)). Also by performing the partitioned
matrix inverse we obtain

-1 k—M—1>_1

-~ T —1 —_ ~Nk—M—-1\—-1_T —_ A
T = — Py (Q +anmr2(Em+1+Qyyy ) OéM+g) QN 42 (:M+1+QM+1

~ ~ —1
><gﬁ%il%ﬁﬁfl+Pk\k2T<Q_1+OéM+2(EM+1+Q]]€\/[7%71)_104?\14+2) 2. (25)



We assume that relation is the Kalman filter result for a horizon N = M and for
all K > M, hence we can write

- T (= ~(e=1)—M\ " (k—1)—M & (k—1)—M
After some algebraic manipulations, we obtain
~ _ -1 _ -1
xk\k = —Pk|kET (Q ! + APk,”k,lAT) Axk,”k,l + Pk‘kZT (Q ! + AP]{,”]C,lAT) Zk

which is is the estimate obtained by the Kalman filter of singular systems in the stochastic
framework, for all k > 0 using Lemma [2] and Lemma [3| which prove the theorem. O

Remark 2.

1. If we take E = I,, N = 0, the solution is equivalent to the recursive Kalman filter
for standard linear systems.

2. When we take E = I,,, N # 0, we obtain the results that given in [16], which is the
moving horizon estimation for standard linear systems. A

5 Application to simultaneous state and unknown inputs
estimation for linear systems

The problem of state estimation for standard linear systems with unknown inputs has
been focused more attention. In practice, this problem is very important because there
are many situations where some of the system inputs are unknown and inaccessible. No
available knowledge of a priori information about the nature of the unknown inputs is
required in many works [22], [23], [10], [11], [9], [7], [6], [4] and [5]. Note that the state
and the unknown inputs are estimated using the state estimation for singular systems in
[5].

The aim of this section is to apply the results of the previous sections to linear systems
with unknown inputs. For the full information estimation approach, we will show that our
solution is equivalent to the optimal solution given in [8| [5] obtained by stochastical rea-
soning. To apply the moving horizon estimation approach to linear systems with unknown
inputs, the result of Theorem [2] will be used.

Consider the following time-invariant linear discrete system described by

Trr1 = Axp+ Buyp + Bgdyg + wy (27&)
zr = Cxp+ vy (27b)

where x, € R™ is the state vector, up € R? is the known control input, z; € R™ is
the measured output, di € RP is the unmeasurable disturbance or unknown input vector,
wy € R™ is the state noise vector, and v, € R™ is the measurement noise vector. Matrices
A, B, B; and C are constant with appropriate dimensions. Note that we do not assume
anything about the type of disturbances wy and vy.

The objective is to estimate the state vector x; and the unknown inputs dp using
the moving horizon state estimation, assuming no knowledge about the vector di. The
following assumption are generally made in unknown inputs observers.

Assumption 2. We suppose that the following conditions are verified



i) rank(C) = m,
it) rank(By) = p,
iii) p<m,
iv) rank(CB,) = rank(Bg) = p. o

Now system can be written in the following singular system form

EXpy1 = FXi+ Bug 4wy (28&)
2z = HXp 4 v (28b)
where
x
Xyt = { fi:l]’ (29)
E = [, —BJ, F=[A 0, H=[C 0. (30)

The condition of rank of [ E ] is verified by the Assumption This rank condition

H
is verified since [5]

([ ]) = ([ 7))
_ rank< f"é I?nHé _de

B [ I,, —Byg

= rank ( 0 OBy })
= n1 +rank(CBy)

= ni+p.

5.1 Full information estimation approach

In this section, we will present the application of the full information estimation approach
to the simultaneous state and unknown inputs by using the results of Theorem We
obtain the following estimates

§k+1\k+1 = [ I, 0 } (Ekt1 +Qk+1)71 Ik+1Bk41, (31a)
g1 = [ Onisp Ip 0] (St + Qus1) ™' Ghs 1Bkt (31b)

Notice that this estimator is given in a deterministic recursive way. The relation
between our algorithm and the Kalman filtering with unknown inputs can be established
as follows.

The term Py 1541 may be interpreted as the degree of the uncertainty for estimation

error Xgi1 — Xpq1p41 at step & + 1. Then, the deterministic interpretation as degree
of uncertainty for Py 141 parallels the stochastic interpretation as the covariance of the

error Xj11 — X k+1lk+1 [B]. The weighting matrix Py 541 is partitioned as follows

P de

| Tk Detaje
Prifk+1 = | pda | pd | (32)
kil LRkt

10



with Pi?i1|k+1 = (ngl‘kH)T. Using and ([4D)), we get
. Pt +CTv=ic —P.lBy
PI€_+1|k+1 = | BT p-1 BTPLIB (33)
“Pd Lk d ' klkPd
with Py = W + APf, AT
Using the inverse of the partitioned matrix in relation , we have
-1
p—1 Ty —1 p—1 Tp—1p \—1pT p-1
Pif+1|k+1 = (Pk|k VO~ Pk\de(Bd Pk|de) By Pk|k) )
Plg|k+1 = (BICT(V+ Cpk|kCT)_lCBd)_1 ;
d p—1 Tp-1p \—
PI§+1|k+1 = PI§+1|k+1Pk\de(Bd Pk|de) Y
-1
d d Tp-1( p-1 Ty —1

Pk = PrppBa P (Pk|k +CV C) :

In section (3, we have proved that relation can be written as (see )
~ _ _1 ~
Xitihs1 = Pepipp Z7 (7 + AP AT) <Zk+1 - AXk|k> ~ (34)
After some algebraic manipulations, we find
-1
Tortpnr = (Pooe—PohenBl) <W+API§|kAT) (AZy, + Buy)
P OV 2
= d d T z AT\ 1/ am
A1 = (Prfappr = FPrjer1Ba) <W+Apk|k‘4 ) (AZgp, + Bug)
P CTV 2

which is the generalized Kalman filter for systems with unknown inputs obtained by [8] [5].

5.2 Moving horizon estimation approach

In this section, we will give an optimal solution of the problem of the simultaneous state and
unknown inputs estimation using the moving horizon estimation approach. The optimal
estimate at time k + 1 is determined recursively from the optimal estimate at time k —
N + 1 and the most recent N + 1 output measurements using the following least squares
formulation

min Jgyq <{Xi}fiklf]v+1> = HXk—N+1 - Xk—N+1H2P—1

k—N+1
k k+1
2 2
+ Y will+ >0 il (35)
i=k—N+1 j=k—N+1

where w; and v; are given by .
The startup value Xj_ 11 is determined from the filtered optimal estimate computed
N + 1 time intervals in the past

— _ 71 o~
Xi-n+1 =Py T (@71 + AP, yAT) (Zka+1 - AXk—NUc—N) - (36)

Here, the initial penalty matrix P41 is the matrix Py_niqjx—n+1 given by .

Note that in the case where k41 < N, the estimates are determined using Theorem
Under Assumption [2 the unicity of the optimal solution of min J;; is guaranteed. The
solution of problem is given by the following theorem.

11



Theorem 4. Under Assumption[3, the estimate of the state vector, the unknown inputs
and the weighting matriz at time k + 1 given output measurements up to time k + 1 are
computed as follows

~ —1 ~
oo = [ Lo 0] (Sv+ Q1Y) ght Bl (37a)
~ ~ -1 ~
A1 = [ Onixp I o}(EN+Q§“V+1—N) GRALI-Noght1=-N (37D)
- ~pr1-N\"1 | I
Poyipsr = | Ingtp 0]<5N+Qlfv+1 N) [ n(1)+p:| (37¢)
with
BE-N 2k N — 2TeY o N _ [ ZTQ 0
yooT syl T o @] T Ll gy
FE-N Tp—N SE-N _ pl kN _ p-1
20 a [C/l\k—N—l}’ o Thonkn 90 T Honpen
|

6 Numerical example

In this section, a numerical example is provided to show the performances of the proposed
approach. The result given by Theorem [ will be applied to a linear system with unknown
inputs. Consider the example of the electromechanical actuator described in [26] and
constituting of a direct current motor with an elastic coupling and the load shaft as shown
in figure [I] This plant can be described by the following state-space model

T = AeTm + Reu + M.d (38a)
y = Cexp, (38Db)
where the index “c¢” stands for continuous-time and
F ks ; _
J{n Nl Jm ﬁ—a 0 1 0 0 Wm
_ | = . _ m 10 o .
0 2 _ e 0 Je ¢
L Je Je |

The state variables are the motor shaft velocity w,,, the elastic torque Ag and the
motor shaft velocity w.. The control input u is the stator current ¢.. The unknown
disturbance d is due to Coulomb frictions and load disturbance. The vector w represents
finite energy disturbances which affect both the control input and the second measurement.
In the state-space description, J,, and J. represent the motor and the load shaft inertia, F},
and F,. the motor and the load viscous friction coefficients, k, the motor torque constant,
k; the coupling rigidity coefficient and N; the gear ratio. The numerical values of these
parameters are N; = 20, k, = 0.156 [m? kg sec™2 A~2], k, = 37.7 [m? kg sec™?], F,, =
0.0032 [m? kg sec™!], F. = 0 [m? kgsec™!], J,, = 0.00024 [m? kg], J. = 0.0825 [m? kg].

The continuous-time model is discretized using the “bilinear” method (see function
“bilin” with option “tustin” in Matlab® with a time period T = 0.02 second. The discrete-
time model of this plant is given by the following equations

Tpr1 = Az + Bug + Bgdg + wi (39a)

12



zr = Cxp+ v (39b)

with
[ 0.7081 —128.2948 1.2829 1110.2784
A= 0.0008 0.8513 —0.0185 |, B= 0.5309 ,
| 0.0037 8.4597 0.9154 2.4259
B 1%5252(331 c 0.0085 —0.6415 0.0064
d — — VY. ) = .
| 232170 0.0000 0.0423 0.0096

In the discrete-time model , the noise vectors wy and v, have been added to
represent the modeling errors due to the discretization.
The weighting matrices were chosen as follows

300
P? = 103x| 0 3 0 |, PI=3x10% P =0,
00 3
10000 0 0
W o= 0 1000 0 ,V:[QOOOO 280].
0 0 40

The initial conditions for the system and for the filter have been chosen as Xg =
[z dF1" =11 —1 0.1 0]7, Xo=[2L dl']" =[200 100 100 100]7 and let us take
the horizon length N = 5.

Note that Assumption [2|is satisfied.

The simulation results based on Theorem [3| are given in figures where the actual
values are in blue line and the estimated values are in red line. The actual and estimated
values of the state z are given in figures [2-4] for the total duration of simulation, while
the figures relate to only the period going up to one second. The actual and the
estimated unknown inputs are given by figure [§f with the control input « (in green).

In these simulations, the noises are of important magnitudes. The results show that the
states are well estimated, however the input estimate is fluctuating around the true input,
this is due to the importance of the noises and to the fact we have no any information
about this input.

7 Conclusion

In this paper the moving horizon estimation method was extended to a discrete-time linear
singular systems. The equivalence between this approach and the Kalman filter is shown in
the Gaussian case. An application to simultaneous state and unknown inputs estimation
for linear systems with unknown inputs is presented. A numerical example is given to
illustrate the obtained results. The general case where the state and inputs are subjected
to inequality constraints is currently under study.
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Appendix : proof of Lemma (3))

The proof can be obtained by induction. For N = 0, we have

~ -1
Pot=3T@ 4o (20+Q57") oD)7's (A-1)

Substituting the expressions of variables oy, Zg and @0 into (A-1)) gives

Py =XT(Q7 '+ AP A7) IR (A-2)

The above difference equation is similar to the filtering Riccati equation for all £ > 0
given by [8, 5 12] using Lemma[2] Assume that

-1
PJ—+1N71|J,+N71 =T (Q—l +an (EN_1 + Qﬁv_l) a%) ) (A-3)

is verified for k =75+ N — 1.
For k = j + N with all j > 1, we have

SUPN | -1
P e =57 (Q—l Fani (EN n Q{V*) oL +1> 5. (A-4)

- ~ o\ -1
Substituting the values of any1, =n and Q?{l into any1 <EN + Qg\;l) a%-ﬁ-l and

by using the partitioned matrix inversion formula, we obtain
~ -1
QN+1 (EN + ng—l) 047]\}+1 = o1 <2TQE — ZTQQN
T A By - T
X (aNQaN +Z=EN_1+ Q?\/fl) aNQE> aj. (A-5)

Using (A-3]) in the above equation gives

-1
- ~1
QN1 (:N + QY ) ok = 041Pj+N—1\j+N—1OK%F- (A-6)
Then, inserting (A-6)) into (A-4) yields
Plvien = ST (@7 + a1Pynajjen-101) TS, (A-7)

This equation can be shown to be the filtering Riccati equation and this completes the
proof.
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