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Abstract. We proved a Carleman estimate and a sharp unique continuation
result for the integro-differential hyperbolic system of the 3D viscoelasticity
problem. We used these results to obtain a logarithmic stability estimate for the
inverse problem of recovering the spatial part of a viscoelastic coefficient of the
form p(z)h(t) from a unique measurement on an arbitrary part of the boundary.
The main assumptions are h’/(0) = 0, h(0) # 0, p is known in a neighborhood of the
boundary and regularity and sensitivity of the reference trajectory. We proposed
a method to solve the problem numerically and illustrated the theoretical result
by a numerical example.

PACS numbers: 00.00, 20.00, 42.10
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1. Introduction and main results

This article is concerned with the inverse problem of determining an unknown
coefficient in the 3D viscoelasticity system. We set 2 an open bounded domain of
R3 with a Lipschitz continuous boundary 0€2. The viscoelasticity system endowed
with initial and boundary conditions is then the following:

Pu(z,t) = f(x,1), V(z,t) € Q x (0,400),

u(z,0) = ao(x), Vo €, 1)
dru(x,0) = 11 (z), Vx € €,

u(z,t) =0, V(z,t) € 9Q x (0,400),

where P is the integro-differential hyperbolic operator defined as
Pu(z,t) = Ofu(z,t) — V- (u(@)(Vu(z,t) + Vu(z,t)") + Mz)(V - u)(z, 1)])
t - 2
+/ V- (/l(x, 8)(Vu(z,t — s) + Vau(z, t —s)7) + Mz, 8)(V -u)(z, t — S)I) ds. ®
0

This system models the dynamics of a 3D viscoelastic material subjected to a load
f, u being the displacement vector, ug and @; the initial displacement and velocity,
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(A, 1) the Lamé coefficients and (X, i) the viscosity coefficients, respectively. The
well-posedness nature of the direct problem (1)-(2) is guaranteed by the following
proposition:

Proposition 1 (Theorem 4.2 in [1]) Under regularity assumptions on the coeffi-
cients (N, i, \, 1), if 4o € HY(Q)3, 4y € L*(Q)3 and f € L°(0,+o00; L2(Q)%) N
L2(0,+00; L?(2)3), then there exists a unique weak solution u € L>(0,+oo; Hi(2)3)N
W1e2(0, 4005 L2(2)3) N W?2:°°(0, +00; H~1(Q)3) to the problem (1)-(2).
If we assume now that the coefficient i can be decomposed as follows:

fi(z,t) = p(2)h(?), V(z,t) € Q% (0,400). (3)
Then, the inverse problem we are interested in is formulated accordingly:

Definition 1 (Inverse problem) Given (), p, A h, uo,u1, f), recover p(x), for all
x € Q, from measurements of

wzt), V(@b €T x (0,T),
where T is a part of 9Q and T > 0.

Several authors have dealt with the problem of recovering the coefficients of the
viscoelasticity system (1)-(2). Some of them, e.g. Grasselli [2], Janno et al. [3], von
Wolfersdorf [4], Cavaterra et al. [5], recovered the time dependance h of the coefficient
it by reducing the problem to a non-linear Volterra integral equation by using Fourier’s
method to solve the direct problem and by applying the contraction principle. Others,
e.g. Lorenzi [6], Lorenzi and Romanov [7], recovered the space dependance p of the
coefficient i by using the method of Bukhgeim and Klibanov [8] based on Carleman
estimates [9]. Thus, in 2007, Lorenzi et al. [10] recovered the coefficient p from three
measurements, relying on the assumption that all the coefficients in the operator (2)
are independent of the third space variable. Here, unlike the latter, we recover p from
a unique measurement, assuming that it is known in a neighborhood of the boundary.
Furthermore, Theorem 1 establishes the logarithmic stability with respect to a
unique measurement on an arbitrary part of the boundary for the inverse problem
of recovering the coefficient p. Its proof is given in Section 2. It relies on a Carleman
estimate (Theorem 2) and a sharp unique continuation result (Theorem 3) for the
operator (2). We prove theses results in Section 3 and 4 respectively. In Section 5,
we propose an adaptative spectral method to approximate the solution of the inverse
problem numerically.

1.1. Stability estimate

Inverses problems are ill-posed in the classical sense [11]. Stability estimates play
thus a special role in the theory. Bukhgeim and Klibanov [8] developed a remarkable
method based on Carleman estimates [9] to prove the uniqueness and stability for
inverse problems associated to partial differential equations. In [12], using this method,
we proved a Holder stability result with a unique internal measurement for the
recovering of p in the system (1)-(3). In this article, we extend this result using a
unique continuation estimate to obtain a logarithmic stability result. Although this
estimate is weaker, it is nonetheless related to a measurement on an arbitrary part
of the boundary. A similar result was proved in Bellassoued et al. [13] but for the
Lamé system. We follow their method but adapt it to take into account the additive
integral term of operator (2). We firstly need to define the following condition on a
scalar function ¢:
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Condition 1 The scalar function q is said to satisfy Condition 1 if
(i) there exists K > 0 such that Vz € Q, q(z) > K,

_ — 1
(ii) there exists xog € R\ Q such that Vx € Q, §q(9c) + Vyq(z) - (x —x9) > 0.

We can now enounce the main result:

Theorem 1 (Logarithmic stability) Let u (respectively @) be the solution of the
system (1)-(8), associated to the coefficient p (respectively p). We assume that

(H1) (A, p) € C*(Q)? and (\, 1) € C*(Q x (0, +00))? are such that the solutions u and
e W8>(Q x (0,4+0))3,

(H2) wu and X+ 2u satisfy Condition 1 with a same x,

(H3) p =P is known in a neighborhood w of 012,

(H4) h(0) # 0, h'(0) =0,

(H5) there exists M > 0 such that, Vz € Q\ w, |(Vig + Vad )(z) - (x — z0)| > M.

Then, for T' C OQ arbitrarily small, there exist k € (0,1) and Ty > 0 such that, for all
T > Ty the following estimate holds:

c
Y 102w = D)2 wx o,y

1<]al<2
where C > 0 depends on the C%(Q)-norm of p and p and on the W& (Q x (0,T))3-

norm of u and u.

lp = pllaz@) < C |log | 2+

An example of an initial datum @ verifying (H5) corresponds to the choice 1y €
H(Q)? such that 4g(x) = z, Vo € Q\ w. Thus,

|(Vig 4+ Val)(z) - (x — x0)| = |z — 20| > dp >0, VzeQ\w.

From Theorem 1, we immediatly deduce the Corollary 1.

Corollary 1 (Uniqueness) Under all the hypothesis of Theorem 1, we have then
Odu(z,t) = 0Su(x, t), V(z,t) €T x (0,T), |a/=1,2
= p(z) =p(z), Vo € Q.

1.2. A Carleman estimate

In a pioneering work [9], Carleman has introduced what is now commonly known as
a Carleman estimate, in the context of proving the uniqueness in the Cauchy elliptic
problem. Since then, the theory of Carleman estimates has been extensively studied.
As for a general treatment of Carleman estimates, see Hormander [14], Isakov [15],
Tataru [16], Imanuvilov and Yamamoto [17]. In 2006, Cavaterra et al. [18] modified
the pointwise Carleman inequality of Klibanov and Timonov [19] for a hyperbolic
scalar equation and integrated, thanks to a change of variable, the integral term of
(2). In 2008, Imanuvilov and Yamamoto [20] proved a Carleman estimate for the 3D
Lamé system - operator (2) without the integral term. Their approach consisted in
decoupling the system by writing the equations satisfied by v, VA wu and V - u in
view of applying well known results for hyperbolic scalar equations [|. In this article,
we prove a Carleman estimate for the complete integro-differential operator (2) by
combination of these two techniques. Let us introduce now some notations used in
the sequel:
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e Distances -
For x5 € R3 \ Q, we note

do = inf |z —
0= Job Iz — oo,

d= \/supx—x0|2 — inf |z — x0|?.
zeQ T

e Domaines
For T > 0,e >0 and 6 > 0, we note Q = Q x (0,7),

Qe) = {z € Q,dist(z,00) > e},
Qle.0) = Qe) x (0,7 — ).
o Norms
For Q C R? xR, ¢ > 0 and k € N, we introduce the following norms:
| ”%ILU(Q) = [V * ”%Q(Q) +0?| * ||%2(Q)7
R D[R e
lo| <k
o Constants
C and Cj, 1 < j < 6 are generic positive constants.

We start by introducing the following Carleman weight function:

Definition 2 (a Carleman weight function) For zp € R3\ Q and 8 > 0, we
introduce a function ¢ in the following way:
o(x,t) = |z — zo|*> — Bt2, V(x,t) € Q x (0,+00). (4)
Equipped with this definition, we can now show the following result:
Theorem 2 (Carleman estimate) Let P be the operator defined by (1). We
assume that
(H1) (A, p) € C*(Q)* and (A, 1) € C*(Q x (0,+00))?,
(H2) v and X+ 2 satisfy Condition 1 with a same x.
Then, there exists B > 0 such that, if we suppose
d
(H6) T>1Ty=—,
VB
then, for all | > 0, there exist 6 > 0 and o9 > 0 such that, for all 0 > 0, € > 0
and for all u € H*(Q)? satisfying u(z,0) = 0 or dyu(z,0) = 0, Vo € Q, the following
estimate holds:

ooy S NPWe g + IV (P2 g

—|lue”?||
ag
o o(d?—
+e¢ ||U||§{2(Q(5,5)\Q(25,5)) + 0% l)||UH12L12(Q)7

where o is defined by (4) and C > 0 depends on the C*(Q)-norm of the coefficient fi
but is independent of o.

The last term of this estimate is rather uncommon since it is global but it will disappear
thanks to a clever choice of o.
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1.3. A unique continuation result

In [21], Bellassoued proved a sharp unique continuation result for the Lamé system.
He applied a method initially developed by Robianno [22] which uses the Fourier-
Bros-Tagolnitzer (FBI) transform [23] to change the problem near the boundary into a
problem for which elliptic estimates can be applied. In this article, we show a similar
result for the system (1)-(2) by adapting these techniques. In particular, we propose
a new transform inspired from the FBI transform but which is able to deal wtih the
additive convolution term of the operator (2). The result we prove is the following:

Theorem 3 (Unique continuation) Let u be the vector solution of

Pu(z,t) = R(z, 1), V(x,t) € Q x (0, +00),

u(z,0) =0, Vo € Q,
Opu(z,0) =0, Vr € Q,
u(z,t) =0, V(z,t) € 9Q x (0,400).

We assume that

(H1) (\p) € C*(Q)? and (M) € C*(Qx (0,400))? are such that the solution
u € WH>(Q x (0,4+00))3,
(H7) R(z,t) =0, V(z,t) € w x (0,+00) where w is a neighborhood of 0.
Then, for I' C 0 arbitrarily small and for all p > 0, there exists a Ty > 0 such that,

for all T > Ty, the following estimate holds true:
-1

C
Z ||3§U||%2(rx(o,3T))

1<]al<2

||u|\ip(wx(0%7p))§0 log | 2+

where C > 0 depends on the C%(Q)-norm of the coefficient ji and on the norm
W4 (Q x (0,T))? of u.

1.4. Numerical results

Section 5 presents a numerical example to illustrate one of our theoretical result [12].
Here, we propose a nonquadratic functional to solve the inverse problem. Moreover, as
regularization method [24], we use a spectral basis, adapted in space and in frecuency
to the solution. This idea, combined with mesh adaptation, allows to improve the
accuracy of the method by minimizing the numerical error. The unknown parameter
is successfully recovered at each vertex of the discretized domain.

2. Proof of Theorem 1

This section presents the proof of the stability result (Theorem 1). The idea of the
proof is the following. Firstly, we bring the unknown parameter p to the source by
writing the equation satisfied by © = 9;(u—4). Then, we use the method of Bukhgeim
and Klibanov, i.e. we differentiate the previous equation to bring the parameter in the
initial condition and we apply the Carleman estimate of Theorem 2 to the new variable
0¢0 in order to bound the initial energy. Thanks to a Carleman estimate for a first
order operator (Lemma 2), we come back to the coefficient in the estimate. Thus, we
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obtain a first Holder stability result with an internal measurement on a neighborhood
of the boundary. Finally, we combine this result with the unique continuation relation
of Theorem 3 to conclude.

Let u (respectively u4) be the solution of the system (1)-(3), associated with the
coefficient p (respectively p). We suppose that hypothesis (H1)-(H5) hold and we
fixe I' C 9Q arbitrarily small. By linearity and without loss of generality, we can
suppose that @, = 0.

2.1. Bring the unknown parameter p to the source

We suppose (p, u) known and we introduce p = p — p and & = u — @ which satisfies
the following equation:

Pi(z,t) = 0fi(z,t) — V- (u(z)(Vi(z,t) + Vi(z, )T) + A(2)(V - @) (z, t)])

-|-/0 V. (h(s)p(x)(Vﬁ(z,t —8) + Via(z, t —8)T) + N, s)(V - @) (2, t — s)[) ds

= —/0 h(s)V - (p(z)(Va(z,t — s) + Va(z, t —s)"))ds, V(z,t) € Q x (0,+00),

with null initial and boundary conditions. We notice that the coefficient p we wish to
recover appears in the source term. The problem is that this source term vanishes at
the initial time ¢ = 0, so it does not satisfy the hypothesis of the method of Bukhgeim
et Klibanov [8]. To overcome this problem, we derive the equation in time and set

O(x,t) = Opti(x, t), V(x,t) € Q x (0,+00).

Then, v satisfies the equation

t
Po(z,t) = — / h(s)V - (p(z)(Vo(z,t — s) + Vo(z, t — s)7)) ds 5)
0
~ WOV - (p(@)(Vao(2) + Viio()T)) . Vle,t) € Qx (0, +0),
with null initial and boundary conditions. As a consequence, the unknown coefficient
is still in the source term and it is not vanishing at the initial time anymore.
2.2. Use the method of Bukhgeim and Klibanov
We derive (5) and set
w(x,t) = 0o(x,t) = d2a(x,t), V(z,t) € Q x (0,400),
which satisfies then

P, t) = —/0 W)V - (p(a) (Ve t — )+ Ve, t — s)T)) ds
— K@)V - (p(z)(Vig(z) + Ve (z)")), V(z,t) € Q x (0,400),

with the following initial and boundary conditions:

w(z,0) =0, YV € Q,
O (z,0) = —h(0)V - (p(z) (Vo (z) + Vao(z)")) (7)
w(x,t) =0, V(x,t) € 9Q x (0, +00).

Therefore, the coefficient p that we want to recover appears now in the initial
conditions. We are going to write an inequality by bounding the initial energy of
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the system by the source and the observations. We introduce ¢ > 0, § > 0 and a
time T' > 0, unspecified for the moment. We have to ensure that the function we
consider has compact support in [0,7). So we define the cut-off function y2 € C*(R)
by 0 < x3 <1 and

1, it < T =26,
xz(t) _{ 0, if t>T-5

and we set
w*(z,t) = x2(H)w(x, t), V(z,t) € Q.
Since w* is null for ¢t > T — 4§, we can write:

T
/ |8, w* (x,0)|2e27¢@0) dy = —/ Oy / |B,w* (1) 2279 @ dy | dt
Q(e) 0 Q(e)

= / (4ﬁta\8tw*(x, t)[2e2¢ @t _ 929,w* (2,t) - O2w* (, t)e%“’(‘”’t)) dz dt.
Q(e,0)
In addition, we have
Oyw*(z,t) = x2(t) Oy (z,t) + x5(t) w(x, 1), V(z,t) € Q,
Ofw* (w,1) = x2(t) T (, 1) + 2x5(t) Ot (w, 1) + X5 (t) w(z, 1).
Therefore, we obtain

/ |8w* (2, 0)2e27¢@0) e
Q(e)

<C (/ (oli(z, )% + o|0pi(x, ) + |07 0(2, t)]?) €27 @D dy dt) .
Q(e:9)
We do the same work for the derivatives in z for || < 2 and thus we obtain:

Z 0_2(1*\04)/ |5§‘(8ﬂb)(x,O)\ZeQ"‘P(“’*O)dx

lal<2 (e)

C
~ NP2 N\ LT 12 2.\ ,0@||2
<5 (Hwe 22 ey T O™ 2.0 e 5y T+ 1(Bi0)e ”Hif’(Q(s,a»)'

We see that we have to apply the Carleman estimate of Theorem 2 to w, for which
we already wrote the equation in (6).
2.3. Apply the Carleman estimate

With ¢ defined by equation (4) and [ > 0, we obtain, for o and T sufficiently large
and for J sufficiently small, the following estimate:

1 ~ O (e ~ (e 2— “~,
;||we “’||Zg,,, <C (ec ||w|\12q2(@(5,5)\@(25,5)) + 0% l)”w"?{?(Q)

/()
/()

+ ||h'V . (ﬁ(Vﬂo + Vﬂg)) 6‘7‘/7”%2(@) + Hh’V (V . (ﬁ(Vﬂo + Vﬁg))) €U¢||%2(Q)) .

We now need a result to bound the integral terms. This is given by the following
lemma:

2
202 dy dt

) (8)

e27(@h) dy dt

/0 W)Y - (3(x) (Vo (a,t — )+ V(e t —5)T)) ds

/O h(s)V (V- (p(z)(Vw(z,t — s) + Vw(z,t —s)"))) ds
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Lemma 1 (Lemma 3.1.1 in [19]) Let ¢ be defined by (4). There exists C > 0 such
that, for all o > 0 and u € L?(Q),

2

¢
/(/ |u(x,s)ds> ezaw(z’t)dxdtgg/ lu(x, t) 22790 dy dt.
Q \Jo 7JQ

We use the result of Lemma 1 and the fact that & is bounded in R (H1) to write:

;Hwe ||H2 7 (Q(e,6)) CU”wHHQ(Q(s M\Q(2e,6)) T o e27 (=D ”wHH?(Q)
IV (3(Tio + VD) 7|22 gy + IV (V- (5(Viio + V) €73 g

Thus, taking into account the fact that iy € W°°(Q) (H1), we obtain
C ~ ag o A (e
@20 gy < 3 1D gy

la|<2

+e“1107 | 32 0 e o0\ 0(2e.8)) F O (d=D 07132 -

Similarly, we obtain, for i = 3,4,

¢ L5\ o0 A\ O
;H(atlu)e W||§{§v“(@(875)) < Z H(a;lp)e Lp”%z(Q)

jal<2

_|_eCa|| 320 dofl)”@zA

3@”?{2@(5 NQ(2e,6) T U||?{2(Q)-

We verify that the functions 934 and 9j4 have one of their initial conditions null.
This requirement is true since we supposed h'(0) = 0 in (H4). Finally, we write:

O N T CT S

la|<2 Q(e)

<C{ D 0P N7 10y + € il (@e.sn@ae.ay T+ o€ _l)||ﬁ||?qs(cg)
lal<2

We have to go back to the coefficient in the left hand side.

2.4. Return to the coefficient in the estimate

To this end, we need a Carleman estimate for a first order operator. It is given by the
following lemma:

Lemma 2 (Lemma 3.2 in [17]) We consider the following first order partial
differential operator:

R(x)x = a(x) - V * +ag(x)*, Yo € Q,
with
ap € C°(Q), laollcz@ < M1 and  a€ ct)n, lallce @) < Mo,
Jxg, |a(z) - (x — z0)] 2 Ms >0, wo() = |z — z0]?, Vz € Q.

Then, there exist oo > 0 and C > 0 such that, for all o > oo and for all ¢ € C*(R),

2 Z / |aa |2 20p0(x) dx <C Z / |aoz )|2 2mp0(w)dx

|| <2 |a|<2
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Since the coeflicient p satisfies the following first order system:
h(0)V - ((z)(Vao(z) + Vig(2)T)) = —9yw*(z,0),
we can apply Lemma 2 to each equation of the system with
q(x) = p(x), R(x)q(x) = 0w (x,0), po(z) = ¢(x,0),
ao(x) = h(0)V - (Vi (x) + Viio()T), a(w) = h(0)(Vio(z) + Viio(x)7),
which satisfy (H5) and we obtain then
Z / 109p(x)| e 200(@0) gy < C Z o2(1=lel) / |05 (Oyw™) (=, 0)|262‘w(x’0)dx.
laf<2” () lal<2 ()

We supposed in (H3) that we know p in a neighborhood w of the boundary 992, i.e.
p =0 in w and so we can assume ¢ to be sufficiently small such that Q \ Q(e) C w.
This allows to integrate on € in the left hand side. Then, we have

Z / |aaA |2 20’@(10

| <2

(9)

a~\ O AT o(d?— ~
<C E (0 p)e S0||21:2(Q) +eC ||UH12HG(Q(8,5)\Q(25,5)) + 0?7 (% Z)HUH%IG(Q)
lal<2

We can absorb the first term of the right hand side of (9) in the left hand side, thanks
to the Carleman weights. Indeed,

Y @) q) = /Iao‘ )PP (/} e2o(p(@)—e(@.0)) dt) dz,

laf<2 la|<2 (
with, Vx € Q:

/T 20 (p(z,t)—p(x O))dt < /+OO 7206t2dt 1 /+OO 7z2d ¢

e ' ' < e = e z = —.
0 0 V2003 Jo Vo
Then,

> @Dl < 2 /|aw el

jal<2

Finally, we obtain

2<7d0||p||H2 < Z / |aaA |2 2(7&,010

<2
< C (o oeanaees + e B il s
and thus, we conclude that
1Bll7r2 0y < C (ecgHﬂ"?{G(Q(e,&)\Q(Zeﬁ)) + e_al) ;
since sup(c®e ') < +oo and since we assumed that @ is in W&*(Q) in (H1) . In

(o2
order to have

ecgH’IALH%IG(Q(E,&\Q(%,&)) =e 7,
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we propose to set

1 2
0= o8 (||UHH6(Q(E,5)\Q(2€,5))> : (10)

We have o > 0 if we suppose that Hﬁ”%{G(Q(E oN\Q(2e,6y) < 1. Thus, the right hand side
of the equation can be written as follows:
L

oA —0o N +C
s qeanaces + ¢ =2 (lilm@emaens) -
We use now the following interpolation result:

Lemma 3 (Proposition 4 in [25]) For all m € N*, there exists a constant C > 0
such that, for all v satisfying 0 < r <m and for all u € H™(Q), we have

1— i
”uHHT(Q) < CH“”]}(EQ) ||U||Em(Q)

We apply Lemma 3 to the second derivative of 4 € H8(Q) with m = 6 and r = 2 in
order to write:

R ~111/3 ~112/3
lallmeq) < Cllall oo 1l o).

Hence,

l
~ ~111/3 +C
I8l < € (a2 e naeean) ()

So we already have a stability result with observation in Q(e, ) \ Q(2¢,0).

2.5. Use the unique continuation result

We can now apply Theorem 3 to 4. We verify that hypothesis (H6) holds, i.e. that
t
Rl 1) = —/ W)V - (p(x) (Ve t — s) + Va(e,t — 5)7)) ds
0

vanishes in Q\ Q(2¢) C w and choose p < §. We deduce that, if T is large enough, we
have

-1
c
12
@l 72 (@e,0n@2e.8)) < C |log (” 2 gaq2 )] :
laj=1 192 Ul 721 x (0,6T))

Therefore,

_ 1
A C 6(1+C)
18]l 20y < € |log <2 + SN )] :
la|=1 192 U2 (rx (0,6T))

0,1) and change 6T by T. This achieves to prove Theorem 1.

l
WeSGtK—WE(



Logarithmic stability in determination of a 3D wviscoelastic coefficient 11
3. Proof of Theorem 2

This section is devoted to the proof of the Carleman estimate (Theorem 2). The proof
consists in decoupling the system of equations by writing the equations satisfied by
u, VAu and V - u. Then, the idea is to introduce a change of variable to reduce the
problem to a scalar hyperbolic equation for which the Carleman estimate is well known
(Corollary 2). Finally, we come back to the initial variable by a serie of inequalities
assuming the regularity of the coefficients and the fundamental Lemma 1.

Let u be the solution of the system

Pu(xvt) - F(I7t)a v(‘rﬂt) € x (Oa +00)7
u(xz,0) =0 or Osu(x,0)=0, Vo € Q, (12)
u(z,t) =0, V(z,t) € 9Q x (0,400),

with
Pu(z,t) = Ofu(z,t) — V- (u(z)(Vu(z,t) + Vu(z, )") + A(@)(V - u) (2, t)])

+/0 V- <[L(IE, t—s)(Vu(z, s) + Vu(z, s)T) + Mz, t — ) (V - u)(z, 5)]) ds.

Notice the change of variable in the convolution of the integral term. Let assume that
hypothesis (H1) and (H2) are satisfied. We have first to decouple the equations as in
[20].

3.1. Decouple the system of equations

To this end, we take the curl and the divergence of the system (12). We introduce the
vectors u; = u, ug = V A u and the scalar us = V - u which satisfy then the following
system of seven equations:

¢
Oui(x,t) — q;(x) Az, t) +/ Gi(z,t — 8)Au;(z, s)ds
0

= Fi(z,t) + Ai(ug, ug,u3)(z,t), Vie{l,2,3},V(z,t) €Q,

where we set q1 = g2 = 1, g3 = A+20, @1 = G2 = [, g3 = A+20, Fy = F, Fy = VAF,
F3 =V - F. Here, the coupling terms A; are first order integro-differential operators
in x and ¢, with coefficients bounded in @, according to hypothesis (H1). These
equations are coupled only at order 1, therefore we can apply the results known for
the scalar equations. However, the problem is now that the trace of the functions V-u
and V A u on 9Q are not defined anymore.

(13)

3.2. Use a change of variable

We need to change the integro-differential hyperbolic equation (13) into a hyperbolic
equation in order to apply the classical results. As in [18], we introduce the following
change of variable:

t
;(x,t) = qi(x)u;(x,t) —/ Gi(z,t — s)u;(x, 8)ds, Vie {1,2,3}, V(z,t) €Q. (14)
0
Then, we have, for all i € {1,2,3} and for all (z,t) € Q,
t
8?1],-(@15) = qi(z)afui(x,t) - / 8f§i(x,t — s)ui(x, s)ds
0

+8tdl(x7 O)”z(xa t) + Ql<x7 0)8tul(.’13, t>7
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and

Atz t) = qi(z)Auy(z, t) — /0 Gi(z,t — 8)Au;(z, 8)ds + 2Vq;(z) - Vu,(x,t)

t t
+Aq; (z)ui(x,t) — 2/ Vii(z,t — s) - Vu;(z, s)ds — / AGi(z,t — s)u(x, s)ds.
0 0
Therefore, Vi € {1,2,3} and V(z,t) € @, the @; satisfy an hyperbolic system of the
type:
021 (x,t) — qi(x) At (z, 1)
= qi(z) (Fi(w,t) + Ai(ur, uz,uz)(z,t)) + Li(wi) (2, 1),

where the L; are first order integro-differential operators, the coefficients of which are
bounded in ). We introduce then the cut-off function x which satisfies 0 < x <1 and
such that

x(x,t) = xa(z)xa(t), V(z,t) € Q,
where x; € C§°(R?) and x2 € C*°(R) verify

1, if z€Q(2) 1, if t<T—-26
x1(z) = Or=)

0. if zeo\Q@E M XQ(t):{o, it t>T -0 (15)
Then, we set
uy (x,t) = x(x, t)a;(z, ), Vi € {1,2,3}, V(z,t) € Q.

Thus, u} satisfies the equation
0Ruf (1) — gs(r) A (1, 1)

= x(z,t) (0ft;(z, t) — p(2) At (2, t)) + 20, x(x, 1) Dy (w, 1)

it t) (93X (2, 8) — () Az, 1)) — 20(2) V(2 8) - Via(, 1)
= X(2, 1) (@i(2) (Fy(,t) + Ai(ur, ug, us) (2, 1)) + Li(w;) (2, 1)) + Li() (2, 1),

where L; is a first order integro-differential operator with coefficients bounded in Q.
We now need a Carleman estimate for a scalar hyperbolic equation.

3.3. Use a Carleman estimate for an hyperbolic scalar equation

The equations we consider are valid in (0, +00) and because of the presence of the
integral term, we can not extend the solution to (—o0,0). That is why we can not use
a classical global Carleman estimate found ion the literature. Therefore, we will start
with the following pointwise Carleman estimate:

Lemma 4 (Theorem 2.2.4 in [19]) Let ¢ € C?(Q) satisfy Condition 1 and ¢ be
defined by (4), with 3 > 0 sufficiently small. Then, there exist o9 > 0 and C > 0 such
that, for all o > o¢ a,nd for all u € H?(Q), we have

(0| Vo iu(z, t)]? + o lu(z, t)[})e? @D £ V. Uz, t) + 0,V (x,1)

16
< Clo2u(x, t) — q(x) Au(z, t)|2e27¢ @) V(z,t) € Q. (16)
Here, (U, V) is a vector-valued function and satifies
U@, )] + |V (2,0)] < Ca]Vapulz, ) + o®ulz, 1)*)e?7 0, V(z,t) € Q.

Moreover, V(z,0) =0, Vo € Q if u(z,0) =0 or dpu(z,0) =0, Vz € Q.
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From this Lemma, we deduce the following Carleman estimate:

Corollary 2 Let ¢ € C?(Q) satisfy Condition 1 and ¢ be defined by (4), with 3 > 0
sufficiently small. Then, there exist oy > 0 and C > 0 such that, for all 0 > oy and
for all u € H?(Q) satisfying u(z,0) = 0 or dyu(z,0) =0, Vo € 2, we have
C’||U€W||§1Lo(Q) <C (H(@QU - qAU)EWH?;?(Q) + O'”uemp||2H1v0(8Q\(Q><{0}))) . (17)
Proof We integrate (16) over Q:

/ (0|V o su(z, t)]? + o®|u(z, t)[?)e2 @D dz dt
Q

< —/ (V U(x,t) — iV (2,t) + C|0Fu(w,t) — u(m)éu(m,t)|262w(l’t)) dx dt
Q

and we notice that

T
/V~U(a:,t)dmdt:/ / U(m,t)-ndacdt:/ U(z,t) -ndxdt
Q 0 Joq 20 (0,T)

and

T
/BtV(:c,t)dxdt:// atV(x,t)dtdz:/(V(:c,T)fV(x,O))dz.
QR QJ0 Q
Thus,
—/ V~U(m,t)dmdt—/ OV (x, t)dx dt
Q Q

= / (U (@, )] + |V (2, t))e*# = da dt
2Q\(@x 0))

<C (0| Vo pu(z, t))? + o®|u(z, t)|?)e2? @D dz dt.

oQ\(2x{0})
This achieves to prove the expected result. O
Since we supposed u}(z,0) = 0 or dyu}(z,0) = 0, Vo € Q, and that, according to
(H2), the coefficient ¢; satisfies Condition 1, we can apply the Corollary 2 to u}, i.e.

there exists § > 0 sufficiently small such that, for ¢ > 0 sufficiently large, we have
olluie® o (q) < COFu; — qidui)e™ | 1a(q),
without boundary term because u} and V, ;u; are null on 9Q \ (€2 x {0}).

3.4. Return to the initial variable u

3.4.1. Upper bound for the right hand side We take into account the fact that
e yisnullin @\ Q(e,9),

e all the coefficients A, u, A, i and x are bounded in @ according to (H1),

all the operators A;, L; and L; are of order inferior or equal to 1,
e Lemma 1 holds,
to calculate:

107} — qildu;)e” |2
= (X (o (F; + Ai(ur, uz,u3)) + Li(wi)) + Ei(ai)) e”||72(q)-
Then,

UHU;FBWPH%ILU(Q) < C||E€U“0||%2(Q) +C Z ”ujemP”?-Il«G(Q(s,é))' (18)
1<5<3
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3.4.2. Lower bound for the left hand side We use again the change of variable (14):

o :Lﬂ»x twu.ms S i T
wi(x,t) @) i( ,t)—i—/o () i(x,8)ds, Vie{l,2,3}, V(z,t)€qQ,

Then, we can write, taking into account (H2) and thanks to Lemma 1, Vi € {1,2,3}:

/ (s (2, ) 22790 4y dt < © / s (2, 1) 227D g it
Q(e,9) Q(e,9)

C
+—= / i (z, )22 @ dz dt.
7 JQ(e.9)
For o sufficiently large, we obtain

/ Jui (z, )| 2e2¥ @ dz dt < C | (2, 1) 2e27? @D dg dt.
Q(e,9) Q(g,d)

In the same way,

/ |V ui(z, t)|262w(x’t)dx dt
Q(E,5)

<O [ (s + Vel D) de d
Q(e,9)

which allows to write, Vi € {1,2,3}:

[uie” 3105y < Cllaie” 3o .- (19)
In addition, x = 1 sur Q(2e,26), so we have 4; = u}. Hence Vi € {1,2,3},

@€ | Ho (@e.sy) = 145 €7 o (@eae,25)) + 18€7 [ H1o Qe @(2¢,26)- (20)
Finally, using (18), (19) and (20) and again Lemma 1, we obtain

> olluie 3o o)
1<i<3

<C ). (”FWWH%%Q)+||“iew||§1w((9(e,s>>+U”“iew||§11=0(Q(a,6>\c2(25,26>>)’
1<i<3

and thanks to the Carleman weights, we absorb the second term of the right hand
side in the left hand side. We have

o(x,T) < d3 < p(z,0), Vo €,
Thus, for [ > 0 fixed, using (H2), we can fix ¢ sufficiently small such that
o(x,t) < d? -1, V(z,t) € Q x (T —25,T).

Then, we have

2
E O—”uiemp||H1’U(Q(s,6)\Q(2s,25))
1<i<3

= (UHUiew||%11v”(Q(875)\Q(25,6))+UHWewHiﬂ"’(@(fﬁ)\@(sﬁ&))
1<i<3

2
3 p20/(dg 1

Co
<e ||UH§12(Q(5,5)\Q(25,5)) to )HUH%IQ(Q)'

Finally, we need the following lemma:
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Lemma 5 (Lemma 2.2 in [13]) Let ¢ defined by (4). There exist C > 0 and
oo > 0 such that, for all o > oo and for all uw € H*(Q) satisfying u(x,t) = 0,
V(z,t) € 0Q x (0,T), we have

1
- gp |2
e ”ue ”H%U(Q)

S C (0||ue””||2i,g@) + HV(V . u)e‘wH%z(Q) + ||V(V A ’U,)GUSOH%Q(Q)) .
Using this lemma, we can finally write:
- gp |2
5 e Mz (e

op||2 gp |2 op||2
< C (0||U1€ LPHH;"’(Q(E,(S)) + ||VU2€ LP||L2(Q(575)) + HVU36 SoHL%Q(e,S)))
<C Y olluie™ i e
1<i<3

< C(IFe™ 7200y + I(VF)e”|[72 (g

o (e 27
+e¢ ||UH%12(Q(5,5)\Q(25,5)) + oBe27 (% l>||“|\%12(@))-

and this concludes the proof of Theorem 2.

4. Proof of Theorem 3

In this section, we prove the unique continuation result of Theorem 3. It consists
in transforming the integro-differential hyperbolic system (1)-(2) into an elliptic one
thanks to a FBI type transform. Then, we show a Carleman estimate (Theorem 4) for
the resulting integro-differential elliptic operator, using the same techniques as in the
proof of Theorem 2. And we use this Carleman estimate to obtain interpolation
inequalities which link the value of the solution in an interior domain near the
boundary to the one on the boundary. Finally, we come back to the solution of
the initial problem by a series of inequalities.

Let u be the solution of

Pu(z,t) = R(z,t), V(z,t) € Q x (0,400), (21)

with null initial and boundary conditions and let assume that (H1) and (H6) are
satisfied.

4.1. Transform the hyperbolic system into an elliptic one

Let us choose € > 0 such that Q \ Q(3e) C w. We introduce the cut-off function
X3 € C§°(R?) which satisfies 0 < x3 < 1 and is such that

(2) = 0, if zeQ4e),
BEIZ 1, i 2 e\ QBe),

and we set

u*(z,t) = x3(z) u(z, t), V(z,t) € 2 x (0, +00).
Thus, the new variable u* satisfies the following equation:

Pu”(z,t) = x3(x) Pulx, t) + [P, xslu(z, )

. (22)
= Ou*(x,t) — L(z)u*(z,t) + /0 L(z, s)u*(z,t — s)ds = [P(z,t), x3]u(z, t),
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since, according to (H6), R(x,t) is equal to zéro in w. We have introduced the following
operators:

L(z)x =V (u(x)(V*+Vx") + Xz) (V- %)),
Lzt =V (p(x)h(t)(v 4+ VT) 4 Az, 1)(V - *)1) .

We define a special transformation which is inspired from the classical Fourier-Bros-
Tagolnitzer transform [23]:

1 ~
Definition 3 LetT > 1 and0<n < 6 We introduce Q = Qx (=%, 2L)x (=31, 3n).
Then, V(x,t,r) € Q, we define

+o00 ) 5
(Fyu®)(x,t,7) = \ %/ e~z (t+ir—y) 0(t — y)u*(z,y)dy,
0

where § € C*(R), 0< 6 <1,

T
, if z>—§+3n,

T 3n
0, f z<—5+2

Thanks to this transform, we will convert locally the hyperbolic system (22) into an
elliptic system. Firstly, we notice that, V(z,t,7) € Q,

+oo ) 5
Or(Frum)l@ t,r) = %/O —iy(t+ir —y)e” T HTV0(t — y)ut (x,y)dy
+oo 5
—y o [ e o @y
m
2 (t4ir—y)? _ *
% [T 0,00t — y)u* () dy.

The boundary terms of the integration by parts vanish because u*(x,0) = 0 and
e~ FtHir—u)’ __, 0 if y — 00. Moreover §(t —y) = 0 if y > T. Then,

O2(Fou®) (z, t,7) */% / =’ 92 (0(t — y)u* (@, ) dy

L (02u)) (. t, ) — Fy(,t,7), Y(z,t,7) € Q,

where

(,tr) = [ o / e T (@ (1 gyt (2, ) — 20 (t — y)Dyu” (2, y)) dy.
™

Similarly, we can write:
aE(FWU*)(I’,t,T) = (fﬁ(agu*))(z7tar)a V(I,t,’f’) € @a

and it is easy to see that

L(z)(Fyu*)(z, t,r) = (Fy(Llz)u"))(z,t, 1), V(x,t,r) € Q.
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We have now to look at the integral term

z (/Oyé(x,s)u*(x,y - s)ds) (2,1,7)

[y [T e v
= 2—/ e~z (tHir—y) H(t—y)/ L(z,s)u*(z,y — s)dsdy
™ Jo 0
v +oo +oo 5 ) 5
=4/ / L(x, s)/ e 2= gt — )t (x,y — s)dy ds
21 0 s
+oo +oo
A 2
= L(x,s —/
|ty |
+oo N
= / L(z,s)(Fyu*)(x,t —s,7)ds = / L(z,t—s)(Fyu™)(x,s,r)ds.
0 —-T/2

The main advantage of this transformation with respect to the FBI transform is that
it transforms the convolution product of two functions into the convolution of the first
function by the transform of the second function. The function v, = F,u*, function of
three variables (z, ¢, ), satisfies then a system of elliptic integro-differential equations,

V(z,t,7) € Q:
Qu. (,t,7) = — 202u (z,t,7) — OPuy (x,t,7) — L(2)u, (2, t,7)

@

*%(t*”"*'zyf)(t —s—z2)u"(z,2)dzds
¢

t 23
+ / L(x,t — s)uy(z,s,7)ds = 2F,(z,t,5) + G,(,t,s), (23)
—-T/2

where

+oo ) 5 A
Gy(z,t,r) =4/ %/0 e~ z(tHir=y) 0(t — y)[P(x,t), xsli(x, y)dy,

with the boundary conditions:

uy(z, t,r) =0, V(x,t,r)€dx (—%, %) x (—3n,3n),

T
on(ﬂj,t,’l") = O? V(x,t,r) S Q x {_5} X (_3777377)
‘We notice then that
Gy(z,t,7) =0, Vo e Q\ Q(3e), (24)

because [P(z,t), x3] only involves the derivatives of x3 and its support is in £2(3¢) \
2(4e). We also have

1N 23y < Ce™ | m2ax0,31)) (25)
as well as

[yl 2@ < CeMu* || 2 (0x (0,31, (26)
where C' depends of 1, T, {2 but not of v and where m is independent of T'. Indeed,

2 _
||F’Y||L2(@) -
2

B

+o0 R
/ e BRI (Ot — yyut (2, y) — 20/ (t — y)yu” (x,y)) dy| drdtde.
0

QWQ
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with
2

+o0 5
/ e T (97 (4 — yyu* (2, y) — 20/ (t — y)Dyu*(z,y)) dy
0

<

y>0, —T/2+43n/2<t—y<-T/2+3n

t+T/2
X (/ 10" (t — y)u*(z,y) — 20'(t — y)dyu*(z,y)|* dy)
0

<

- —y)%—r? *
(/ e~{(=9) )dy> Cllu*(, )13 0.31)
y>0, —T/2+3n/2<t—y<—T/2+3n

< Cem™ Tl (2, )3 (0,51 V(z,t,7) € Q.

Indeed, (t —y)? > (-2 + 37))2 and 72 < 9n? therefore (t — y)? — r? > (T —6n).
Thus, if we suppose T' > 1, since n < 1/6, then there exists m > 0 independent of T'
such that (t — y)?> —r? > mT. We can do the same work for the derivatives of F..

Likewise, we have
YT g (etir—y)?
2 /o e 2T G(t — yyu* (z, y)dy

, 5T/2 31
IMM~:// /
TILAQ) QJ-1/2 J-3q
2

2
dr dt dx

with, V(z,t,r) € Q,

+o0
/ e TV g gyt (z,y)dy
0

/2 ) t+T/2 )
< / e Fkir-w? 2g, / 8t — y)u* (z, )| dy
0 0

3T
— —y)2—r2 * *
< (/0 e (=) )dll> Cllu (337')“%2(0,3T) < Ce“|u (xa')||2L2(0,3T)~

And we use the same procedure for the derivatives of u to obtain the desired result.

4.2. Prove a Carleman estimate

We write a Carleman estimate for the system of elliptic integro-differential equations
(23), applying the same methods we used in the hyperbolic case. That is, we combine
the decoupling of the equations proposed by [13] with the change of variables of [10],
and we use a classical Carleman estimate for a scalar elliptic equation (Lemma 2).
The difference is that here we have 3 variables (z,t,7), so the weight function has to
be modified. Let us introduce first some notations:

e Domains
For T' > 0 and n > 0, we note

~ T 5T
Q =0 x (_5? 7) X (_377737])a
5 =00 x (—L 2Ty & (Zanam).

N
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e Norms

15 By = 3 2ED 0 x |2, 5.

lo|<k
| * ||2Hka(i) = Z 0'2(167‘0(')”8& * Hiz(i)

|| <k

Definition 4 (a Carleman weight function) Let o € R*\ Q and ¢ > 0. We
introduce a function v in the following way:

T ~
W(z,t,r) = |x—xo|2—|—(t+§)2+r2, Y(z,t,r) € Q,
and we set
o(z,t,r) = e*w(”’r), Y(x,t,r) € @ (27)

Because we introduced this new weight function, we must now check that we still have
a result, similar to to one of Lemma 1, to bound the integral terms in the proof of the
Carleman estimate. It is given by the following lemma:

Lemma 6 Let ¢ be defined by (27), c > 0 and u € Lz(é). Then, there exists a
constant C' > 0, independent of o, such that

. 2
/~ / lu(z,s,7)|ds | 2@t dg dt dr < g/~ lu(z, t,r)[2e2?@0) da dt dr.
Q \/-1/2 e

Proof Using the Cauchy-Schwarz inequality, we can write:

2
t
/~</ |u(x,s,r)|ds> 2@ ) g dt drr
o \J-1/2

t
T
< /N (/ Iu(x,s,r)lzds> (t 4+ =)e2o? @) dg dt dr.
Q —-T/2 2

We notice then that, V(z,t,7) € @,

T, , bt (@:t,r) C
op(tr) « _ ( 2<w(x,t,r>) <_ ( 2w<x,t,r>) )
(t+2)e < Ito O (e < aat e

Therefore,

. 2
/ / lu(z,s,7)|ds | 2 ?@t) dg dt dr
Q \J-1/2
3n 5T/2
// / / lu(z, s,7)|2ds | 9,(e*7? @) dt da drr
T/2 T/2
5T/2
< —// / u(z,t,r)|2e27 @) dt da dr
T/2
5T/2
—e2oe(@5T/2r) / lu(z, s,7)|*ds | dzdr| .
-T/2

Thus, we deduce the result.

We are now ready to state the Carleman estimate for the operator Q:
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Theorem 4 (Carleman estimate) Let Q be the operator defined by (23). Let K be

a compact set in Q x (=%, 2Ly x (=3n,3n). We assume that

(H1) (\p) € C2(Q)? and (N, 1) € C*(2 x (0, +00))>.

Then, there exists &y > 0 such that, for all € > &, there exists g > 0 such that, for
all 0 > o and for all u € C§°(K)3, we have the following estimate:

1 o012 op|2 op||2
;Hue L,O||H2J(é) S C (H(Qu)e SDHH1((§) + ||U€ LPHHZU(E)) ’

where o is defined by (27), and C > 0 depends on the C%(Q)-norm of the coefficient
i but is independent of o.

Proof Let K be a compact set in Q x (—Z, 2L) x (=3n,3n), let u € C§°(K)? be the
solution of:

Qu(z,t,r) = S(z,t,r), Y(z,t,r) € @, (28)

and let assume (H1). We must first decouple the equations. To this end, we take the
divergence of (28) and we introduce the scalar v = V-u and the vector w = VAu. We
obtain the following system of seven scalar equations only coupled at the first order:

t
—202%u(x,t,7) — Otu(z, t,r) — p(x)Au(z, t,r) + / iz, t — s)Au(zx, s, r)ds

—T/2
= S(z,t,7r) + A1 (u,v)(z,t,r), V(z,t,r) € Q,
—202%v(z,t, 1) — O?v(z,t, 1) — (A + 2u)(x)Av(z, t,7)
+ /t A+ 20) (z,t — s)Av(x, s,)ds (29)
-T2
= (V- -8)(z,t,r) + As(u,v,w)(z, t,r), Y(x,t,r) € Q,

¢
—202w(x,t,r) — OFw(w,t,r) — p(z)Aw(z, t,r) + / iz, t — s)Aw(zx, s,r)ds
~-T/2

:(V/\S)(l’,t,’f’)+A3(U,’U,'U))($,t,7"), V(m,t,’]") eQa
where A1, As et Ag are first order integrodifferential operators. We only treat the
first equation of (29), the others equations can be treated accordingly. We introduce
the following change of variable:
t

i t,r) = pla)ule, t,r) - [ et s s s, Vet €

Thus, u satisfies the classical elliptic equation
—20%a(x, t,7) — O%u(x, t,r) — p(x)Au(x, t,r)
= p(x) (S(x,t,r) + Ay (u,v) (2, t,7)) + Ly (u)(z, t,7),
where L; is a first order integro-differential operator with bounded coefficients. We

now need a Carleman estimate for a scalar elliptic equation. It is given by the following
lemma:

Lemma 7 ([26] and [27]) Let Q be an open domain in R™, K be a compact set in
Q and ¥ be a C*(Q) function satisfying Vi(x) # 0, Vo € K. Let

olx) = e V@) yr e Q,
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where £ > 0 is sufficiently large. We consider the scalar second-order elliptic operator
R(x)x = a(x) : V% +b(z) - V % +cx, Vo € Q,

where all the coefficients are C*(Q). Then, there exist oo > 0 and C > 0 such that,

for all o0 > o¢ and for all u € C§°(K), the following Carleman estimates hold true:

C
;HUGWH%M(Q) < H(RH)GWH%%Q) + ||U€w||§{2,o(a<;))a

CUHWWH?JM(Q) < ||(RU)€W||2L2(Q) + U||U€mp||%{1w(aQ)~

As the weight function ¢ defined in (27) satisfies the hypothesis of Lemma 7, we can
apply the first inequality to :

e 1 gy < O (I(-2020 — 370 — pdi)e |2, o 2 )

We take into account the fact that the coefficients A, )\, W, [ are bounded in @, that
the Lemma 6 holds and that all the terms of the operators A; and L; are of order less
or equal than 1. Then, we obtain

+ flae”?|7

2 laec®
L
< 0 (18I agy + 10e7 s gy + 1067 1 gy + 1067 s ) -
We use again the change of variable
1 Lzt —s) ~
u(z, t,r) = —a(x,t,r) +/ ———u(x,s,r)ds, V(z,t,r) € Q.
() -T/2 ()

Hence,
[|u(:c,t,r)|262”“’(m’t”)dmdtdr
Q
C
SC/ |ﬂ(a:,t,r)|262”¢(x’t’r)d:cdtdr+—/ lu(z, t, )22 @) dadtdr,
Q 7JQ

For o sufficiently large, the second term is absorbed. We do the same for the derivatives
of u, which leads to

1
el op |5 _
e N gy < O 06 P
Finally,
e e g
< C (186712 gy + @120 ) + 10120 ) + ue™ 2 5, ) -

Thanks to the Carleman weights, we absorb the second term of the right hand side in
the left hand side. We make the same work for v and w but using the second Carleman
inequality of the Lemma 7 in order to obtain

olloe™ |20 )
<C (H(V ’ S)empHQLQ(@) + Huem‘oll?{l,a(é) + ||wew||ip,o(@) + U||v60¢||§11,a(§3))
ollwe 120 5

o 2 o 2 o o
<C(I(VAReI2, 5 + e 2 0 gy + 1067 20 sy + O™ 25 ) -
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Hence,
olloe® 12,0,
< C(I(V8)e™ 20 g, + eI ) + Iwe@ 120 ) + olloe™ 25 ) -
Finally,
e g
< 0 (10U gy + T ITQU gy + S0 By + 06 s, )

And thanks to the Carleman weights, we absorb the third term of the right hand side
in the left hand side to obtain the result:

1 g g g
e 2 gy < C (1Que 2 g, + e 2 5,)

and this concludes the proof of Theorem 4. O

4.3. Obtain local estimations

We are now going to apply the Carleman estimate we proved in Theorem 4 to the
function u.. To ensure that its support is in a compact set of 0 x (—%, %) x (—3n,3n),
we multiply it by a cut-off function. A good choice of this cut-off function leads to
two local estimations. Summing these estimations, we obtain the desired interpolation
result. This work is inspired from [21] which uses some results of [22] but noticing

that we have here an additional variable.

4.4. First estimation

Let I' C 09 be arbitrarily small. We begin by estimating u., in a ball, which is close
to T. Let us choose 0 < 7 < ¢ and (¥ € R3\ Q such that

B(z® . n)nQ =190, Bz 2n)nQ #0, Bz 4p)noQ cT.
We define then

T ~
=P+ Yz tr) €Q,

2
w(o)(x,t,r) =|z— x(0)|2 + i(t + >

T2

and we set
& O (g ~
ga(o)(z,t,r) — e nz¥ @t ), V(x,t,r) € Q.

We introduce the cut-off function x4 € C§°(R) such that

1
0, if z<§,z>87

xa(z) = 3
1, if -<z<7,
4
and we set
¢(0) ~
U:(l‘,t,r):X4 <’l’]2> u7($7tar)7 V(l‘,t,’/’) GQ

Here, u} has a compact support in Q x (f%, %) x (—3n,3n) since

PO (x,t,43n) > 1002 — ul(w,t,r) =0 if |r|>3n,
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5T 5T
¢(0)(x,7,r)>10772 = ul(v,t,r)=0 if t>—,
and
T 377
t = if t<——
uy(z,t,r) =0 1 < 2+ 5"

Therefore, we can apply the Carleman estimate we showed in Theorem 4 to this
function'

* O' (0) *x O
e Py < € (10200 I ) + e s, )
T 5T)

The last norm is actually in =T x (=5, %) x (=3n,3n) C 5. Indeed, we supposed
B(z®,4n) N 0Q C T, therefore, if z € 9Q \ T, then u’(z,t,7) = 0. In addition,
Y(z,t,7) € Q,

Qu’ (x,t,1)

o) »O
) ot
(0) (0)

_ (d’ > Nzt 1) + Gy(z,t, 7)) + [Q, X4 (7’[;72)] Uy (x,t,7)

(0) (0)
_ (d’ ° Fy(x,t,7) {Q X4 <¢no )] Uy (z,t, 1),

since we saw in (24) that G,(z,t,r) = 0, Vo € Q\ Q(3¢). And here, x4 (ﬁ?) is

different from zero if |z — (9|2 < 8n?, thus, in particular, if |z — 2% < 35 < 3e.
Then, we can write:

N (0) (0)
e Py < € (10200 s ) + e P )
1 2
= Ee e HU‘YHHQ o ({02 < <672 }1NQ)

< 0 (%7 e Py + 2 I gy 4 4l ).
We choose then p and ") such that
dist(z"),09) > 4p, By = Bz, p) x (=%, 5) x (—p,p) € {n* < 9@ <6p°}.

b

po| N
no| N

This choice is valid since, in él, we have

T
VO (a,t,7) < |z —aWP? 4 2V — 2O + ﬁ(t + 5Pt < e =2 OP P P
and since B(x(®),217) N Q # (), we can choose (1) such that |¢(1) — (9|2 < 492 and
4p < n so that ¢© (x,t,7) < 61%. Then, if o is sufficiently large, we have

||u’Y||H2(B ) < Ce” ClUHu’YH?qZ(@) + 06020 ("F’Y”i]l(@) + ||U’Y||fv_12(f)) :
C
We minimize with respect to o (cf. [22]) to obtain, with vy = —————:
C1 4+ Cy

1—-vo Yo
lslliezy <€ (llie@) (1Pl + lllieg) - (30)
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4.5. Second estimation

Now, we extend the estimation in B(z(!),p) into Q(e) \ Q(2¢). Let B(zV), p),
2 < j < N be a cover of Q(¢) \ 2(2¢). We supose that ) is such that for 2 < j < N,

dist(),00) > 4p, and Bz p) c Bz, 2p).

We introduce

B =BG, p) x (5, 5) % (~5.0)
We define
VO (2,t,r) = o — 2|2 —|—p—(t—|—T) +r2, Yz, t,r)eqQ
2 b T2 ; 22 )
and
oW (z,t,7) = e_ﬂ%wj)(x’t’r), Y(z,t,7) € Q.
We set

. ) ~
uv(x,t,r) = x4 <p2 uy(z,t,7), Y(z,t,r) € Q,
to which we apply Theorem 4, without the boundary term, since the support of u} is
an interior domain:

1 L o) |12

(J)
e ) 2

< 0(Qu)e™” 12,0

In addition, V(z,t,7) € Q,
)
Qul(z,t,7) = (1/;) (z,t,7) + [Q X4 (wp(j )} Uy (x,t,7).

Thus, we have

C aoe™ 2
o Uil 2.0 ({p2 <) <6p23nQ)

<o : ||u7||H2('¢)(J)<p 2yt o2e?e H“vH%{z(lpmggp?) +o%e? : [P HHI(@)7

and, if we choose o large, we can write:
20e %8

2
e ||“7||H2,a({¢<j>g6p2}n(§)

_£ _13¢ _£
< 06206 ’ ||u"/||?—[2('¢)(‘7)§p2) + 06206 : ”’U’W”?ﬁn(w(y’)ggpz) + 06206 : ||F“/||i11(é)
This allows to conclude that
C Cy
||u’)’||f:[2(§j+l) S Ce 87 (Hu’YHH2 B ) + ||F ||H1(Q)> + 06 U||U’Y||H2(Q)7

since Bjy1 C {9 < 6p?} and {p@) < p?} € B;. We minimize with respect to o to
4 .
Cs+Cy4°

1—V1
||“v||H2(§j+1) <C <||u’YHH2(§)> (HFv”Hl(@) + ||uw||H2(§j)>

We use then the recurrence result of the following lemma:

obtain, with v, =

V1
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Lemma 8 (Lemma 4 in [27]) Let o; > 0 satisfying, for all j >0,
a; < Blf”(aj,l + A and a; < B
where A >0, B >0 and v €]0,1[. Then, for all u €]0,vN[, we have:
an < 2V B (qg + A)M,
Here,
Q5 = ||“’y||H2(§_7.+1)7 A= ||F7||H1(@), B = ||u’)’||i[2(©)'
Therefore, we obtain
sy < € (Il (Bl + osllagay)
We appply the Young inequality and we obtain

||u7||H2(§n) < €q||uv||H2(@) +ed (”F’Y”Hl(é) + ||uv||H2(§1)) )

where ¢ = T and ¢’ = % We use the estimations (25) and (26) on F, and u. to
write:
||U'Y||H2(l§n)
< e7e™|u* || g2 (ax 0,37y + €7 (6_m7T||U*||H2(Qx(o,3T)) + ||Uv||H2(§1)) :
We choose then e = e 2M7/4 g0 that
||U~/||H2(1§n) = e7MAY||U*||H2(Qx(0,3T))

’
— _oM L
(mT—2M<

oM~ L
+e ”Hu*lle(Qx(o:aT)) + ey [l 2,5

If we fix T' > T,, with
/
mT, —2ML = M,
q

we obtain, with xk = 2M7%7
lusllg2,) < e M lu* | 52 (ax 0,31y) + sl g2 5,)-

We can do the same work on the first estimation (30), the one in El. We apply the
Young inequality and the estimations (25) and (26) to obtain

||“7||H2(1§1)

< €Mt g2ax 0,31y + €D (e_mTHU*||H2(Qx(o,3T)) + ||Uw||Hz(f)) :

1
and ¢y = —. We choose then ¢ = e~ 3M+8)7/%00 5o that
— o Yo

ef(MJrn

where gy = 1

||“7||H2(1§1) < )’YHU*HHQ(QX(O,Z%T))

—(mT—(2M+x) % 2 M)y 90
+e (mT—( Jm)qo)'YHU*||H2(Q><(0,3T))+e( +i€)’YquuWHH2(f),

If we fix T > Ty with
/
mTy — (2M + 1) 2 = M 1 &,
qo
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we obtain
_ c
”u’YHH?(El) <e (MJFK)’YHU*HHZ(QX(O,ST)) +e ’Y”u’YHHz(f)
And we regroup the two estimations in
—M * C *
sl g2,y < €M Mu 2 @x 0,3 + €7 10 2 (rx 0,37)) -

Finally, we take T' > max T, and we sum the inequalities to obtain
n

—-C * C *
||u7||§{2(Q(5)\Q(25)X(_%,%)X(_p,p)) <e u ||§{2(Q><(O,3T)) + e |u H%I?(FX(O,ST))'

We can now go back to the variable u in the estimations.

4.6. Return to the variable u

‘We introduce the new variable

wy(z,t) = uy(z,t,r=0) = \/;/ 30 y)9t— y)u*(z,y)dy

= (Ky*u")(z,1), ) € QA xR,

K () = 1/%6_%t29(t), Vt € R.

We see that w, converges to u* when « tends to infinity. We have

with

2 2
1wy ez en e« 0.2 - = Cluallzz@enaee « (- 2.2)x o)
< e_C’YHU*H%I?(Qx(O,ST)) + eC'YHU*H%IQ(FX(O,ST))'

Indeed, the Cauchy formula says that, for 0 < d < p, we have

1
wy(z,a) = %/ de,
lw—a|=d W —0a

which, using polar coordinates, implies that
2w
lw. (z,a)]* < C’/ lw. (2, a + de™?)[*do.
0
We integrate then, for 0 < d < p, into
C P 2m )
o ()2 < 7/ / o, (2, @ + de™®)[2d0 dp,
P Jo Jo

that we can write:

p
s ()2 < c/ / o (z, ¢ + ir) [2dt dr
—pJt—a|<p

P
= C’/ / lur (2, t,7)|?dt dr,
—p Jt—al<p

according to the definition of w,. Then, we integrate for z € Q(e) \ 2(2¢):
P
||wv(-»a)||%2(9(€)\9(25)) < C/_ /t al<n Huv(-’t,r)||%2(9(5,2€))dtd7’

2
< C||“v||L2(Q(5,2e)x(—%,%)X(fpyp))'
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We integrate for a € (0,Z — p):
2 2
131z e aeeyx0,5-p) = Clallze e 201 - 2.5)x (o0
and we do the same for the derivatives of w,. We can now come back to u* (and )
using the classical Fourier transform (noted with a big hat symbol) because we notice
that

—~ o~

wy(z,t) = (Ky *xu")(z,t) = wy(z,7) = K (T)u*(x,7),

where
l +oo R
/ —ZTt —7t O(t)dt
e~iTte= 3 gt / e~ e 3 (1) — 1) dt.
\/2W{/" Tyt COESY
‘We have
+oo —+oo
l/ *ZTt 77t dt = / ft+FZT) Q’Ydt
Vor J_ o \/
7_2
= —e 2“/ Py = e 5.
m — 00
Hence,

2-&-377 ” 142
B =e® 1/%/ it e=3% (g(¢) — 1) dt.

Therefore, we have
v —%+3n
+,/%/ et 0(r) — 1] at
— 00

2 —Z+3n
L+,/l/ ’ e~ 3V dt,
Y 21 J
7t2

1—
where we used for the first term the fact that the function tij is bounded in R.

(1=Kl <|i-e 5

IN

. . 1 1 .
We win one order of convergence since we have — and no — as in [13]. Then, we can

introduce in the second term the change of variable z = e_%tZ, that is t = —%ln(z),

and dz = —vte_%tzdt and so we have

-5 +371

\/7/5+377 ey / -3 dz
_— e 2
27 J oo NG NEre)

e 3(=5+)° o

2 ™ 2
\F 1 (-Z +3n) T
Then,
||u* _ w"/||2L2 QN2 % (0, Z—p)) < ||u - 'LU—y||L2(Q><]R) - ||U - w’YHL2(Q><]R)
72 -I-C

e

JFOOA C/\
S?L[WWWMWW%WHWMS?W%mmy

|u* (z, 7')| dr
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Finally, if we suppose that u* is prolongated by zero outside (0,37, we have

* C *
[u” — w’Y||LZ(Q(E)\Q(QE)X(O,%fp)) < ;HU ||H2(Qx(0,3T))~
Thus,
™[] 2 (e p\@2e) < (0,2 = p)

<C <||U* - ww||H2(Q(e)\Q(25)x(o,g—p)) + ||wv||H2(Q(a)\9(25)x(o,g—p)))

c .
< ;HU [ 4(0x(0,37)) + C||7~Uw||H2(Q(a)\9(25)x(o,g—p))-

Coming back to u and taking into account that u*(x,t) = xs(z)u(z,t), so that u = u*
in Q(¢e) \ Q(2¢), we have

C
||UHH2(Q(E)\Q(2€)X(O,%fp)) < ;||U||H4(Qx(o,3T)) + eC’Y”uHHQ(FX(O,ST))'

We use the fact that [|ul| g+x(0,37)) is bounded and that

2
||U|@12(rx(o,3T)) = Z ||3zau||2L2(rx(o,3T))»
|a]=1

since @ and its time derivatives vanish on I', to write:
Cs

2
2 C a, |12
||UHH2(Q(€)\Q(2€)><((),%*p)) < ? + %7 Z Haxu”L?(Fx(O,ST))'
|a]=1

Then, we choose 7 such that the first term dominate the second. We can for example
choose

1 Cs
v=xlog |2+ — ) .
2Cs ( o=t 1086122 0 0,37

We achieve the proof of Theorem 3.

5. Numerical results

To illustrate the theoretical result (11), we present here one numerical example in
2D even if the result is also valid in 3D. More examples and a complete numerical
analysis of the method will be present in another paper (in preparation). Here, the
numerical resolution leads to recover the values of the unknown parameter at each
vertex of the discretized domain. In particular, we can retrieve the localization of a
brain tumor. Indeed, the linear viscoelastic system (1) is a simplified model for the
mechanical behavior of the brain structures [28].

5.1. Direct problem

We consider now the system (1)-(3), in two dimensions, with the following coefficients:
o u(x) = M) = 1200, A(x,t) = 400 h(t) and h(t) = e~*/7 with 7 = 1,

o p(z) = 400, in the healthy tissue,
PAI=1 > 400, in the tumor (cf. Figure 1),
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e f(x,t) =0, u1(x) = 0 and g is the solution of the stationary problem associated
to (1)
—V - (u(2)(Vag(z) + Vag(z)") + A(@)(V - d)(z)I) =1, Yz eQ,
uo(x) =0, Vo € 0.

When dealing with a real experiment, it is not possible to ensure that the initial data
@ satisfies hypothesis (H5). In practice, the only condition that one can apply to the
brain without opening the skull is a constant body force. Moreover, we assume that p
is known in the boundary of Q. This hypothesis, less restrictive than hypothesis (H3),
is physically acceptable because experimental measurements of the coefficient on the
boundary are possible.

We can solve numerically the direct problem (1)-(3) by discretizing the equations

Figure 1. Unknown coefficient p (on the left), computational mesh and initial
data @o (in the center), observation zone w (in red, on the right).

e in space using P! Lagrange Finite Elements in the mesh shown on Figure 1,
e in time using a f-scheme with = 0.5 (implicit centered scheme) and 6t = 1,
e by using the trapezium formula for the integral term.
The time of observation is taken equal to T' = 50 whereas the observation zone w is

the one shown on Figure 1. A uniform relative error of § = 2% corresponding to the
experimental error is added to the solution.

5.2. Inverse problem

Let uops be the observed displacement measured experimentally. We are looking for
the minimizer of the non quadratic functional

1 T
J(p) = B / / (Ju = wobs|* + |V (u — uops)|?) dz dt,
0 w

with u = M(p), M being the nonlinear operator from P to U associated to system
(1)-(3). In general, uys ¢ M(P). Notice that adding a Tikhonov regularizing term
to J does not numerically help in this case since we we will filter high frequencies
when chosing the parameter space for p (see section 5.4). We solve the minimization
problem by a Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [29]. Thus, we
calculate

VJ(p,6p) = lim © (J(p + i) — J (1)

- /OT /w Mpop - ((w — uobs) — A(u — uops)) da dt,
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with M), the linearized operator of M around p, i.e. M,dp = du satisfies
t

Pou(z,t) = — ; V - (6p(2)h(t — s)(Vu(z, s) + Vu(z,s)")) ds,

du(z,0) =0, Vo €, (31)
Opdu(z,0) =0, Vo €,

du(z,t) =0, Y(z,t) € 00 x (0,T).

We introduce the adjoint operator P* of (2)
Po(z,t) = 0fv(z,t) — V - (u(@)(Vo(z, ) + Vo(z, 1)) + A@)(V - v(z, 1))

b

T
+/ V- (p(:v)h(s —t)(Vo(z, s) + Vo(z, s)T) + M, s — t)(V - v)(x, S)I) ds
t
and we define du*, the solution of

P out (2,1) = { (u — Uops ) (2, 1)) — A(u — upps)(x, 1)), Vo € w,

0, Vo e () w),
ou*(z,T) =0, YV € Q,
Opou*(z,T) =0, Vo €,
du*(z,t) =0, V(z,t) € 900 x (0,T).

Therefore we can write:

VJ(p,dp) = / /5u (x,t) - P ou” (z, t)dzdt = / /P5u (x,t) - ou™(x,t)dxdt

= /de (/ / (t — s)(Vu(z,s) + Vu(z,s)") Véu*(x,t)dsdt) dx.

5.3. Regularization method
We denote by p* the numerical parameter and by p the exact parameter, and we
suppose p* close to p. We can write:

Ip* = pllp = |M5 " (Mpp* = @)llp < || M, ||| Mpp* — @l
If Mj, linear from P (of infinite dimension) to U, is compact for ||.||p et |.|v, then
its inverse My !is not bounded. So, even if we find p* such that Mpp* is close to u,

we cannot guarantee that p* will be close to p. Thus, as regularization method, [24]
we introduce the operator

Ry =TI M,

where Ilg is the projection of P to a finite dimensional space Px. This operator Ry
is bounded in U and verifies

Rg — M;'  if K — +oo,

and we now look for p* € Pg.
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5.4. Mesh and basis adaptation

We choose to look for the unknown coefficient p* in the space Px of the K first
eigenfunctions of the mesh, that is

K
Pr = {p € P,p=ploa +Zpi%}a
=1

where plsq is a raising of the trace of the exact value of p (which is known as we
assumed p known in w) and

—Ap;(x) = 0,0 (x), Vr € Q,
pi(x) =0, Vx € 0N.

Figure 2. Initial mesh (left), initial basis functions n°1, n°2 and n°5 (right).

We propose an adaptive method to solve the problem accurately. After computing
a first solution p§ on the initial mesh, we use it to refine the mesh and to adapt
the spectral basis. Indeed, we consider next as basis functions the solutions of the
following problem:

=V - (a(z)Vei(r)) = oipi(), Vr €,
pi(r) =0, Yz € 99,
with
1

The initial and adapted meshes and basis functions are shown on Figure 2 and Figure 3

Figure 3. Adapted mesh (left), adapted basis functions n°1, n°2 and n°5 (right).
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5.5. The results

We solve the inverse problem by the method we introduced. On Figure 5, we plot the
relative error between p* and p in L2-norm with respect to the number K of eigen-
functions in the basis and for different steps of the iterative process.

6 —— step 0

% of error
[6,]
1

1 step 1 with Ky = 40

| step 1 with Ky = 80

number of eigenvectors in the basis

Figure 4. Relative error for the coefficient p in L2-norm with respect to K.

On Figure 4, we show the exact coefficient and the numerical result we obtain at
different steps.

Figure 5. Exact coefficient p (on the left), recovered coefficient p* at step 0 with
Ko = 50 and Ko = 100 (in the center), recovered coefficient p* at step 2 with
Ko = K1 = K2 = 50 (on the right).
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