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On the unilateral contact between membranes

Part 2: A posteriori analysis and numerical experiments

by Faker Ben Belgacem!, Christine Bernardi?, Adel Blouza®, and Martin Vohralik?

Abstract: The contact between two membranes can be described by a system of varia-
tional inequalities, where the unknowns are the displacements of the membranes and the
action of a membrane on the other one. A discretization of this system is proposed in
Part 1 of this work, where the displacements are approximated by standard finite elements
and the action by a local postprocessing which admits an equivalent mixed reformulation.
Here, we perform the a posteriori analysis of this discretization and prove optimal error
estimates. Next, we present numerical experiments that confirm the efficiency of the error
indicators.

Résumé: Le contact entre deux membranes peut étre décrit par un systeme d’inéquations
variationelles, ou les inconnues sont les déplacements des deux membranes et ’action d’une
membrane sur 'autre. Une discrétisation de ce systeme est présentée dans la premiere par-
tie de ce travail, ou les déplacements sont approchés par des éléments finis usuels et 'action
par un post-traitement local qui admet une reformulation mixte équivalente. Nous effec-
tuons ici ’analyse a posteriori de cette discrétisation, qui mene a des estimations d’erreur
optimales. Puis nous présentons des expériences numériques qui confirment 'efficacité des
indicateurs d’erreur.
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1. Introduction.

We are interested in the discretization of the following system, set in a bounded
connected open set w in R? with a Lipschitz-continuous boundary:

(—p1Aug — A= fi n w,
— o Aug + A = fo in w,

Sup—u2 >0, A>0, (ug—uz)A= in w, (1.1)
Uy =g on Jw,

L ug = 0 on Ow.

Indeed, such a system is a model for the contact between two membranes and can easily
be derived from the fundamental laws of elasticity (more details are given in [3, §2]). In
this model, the unknowns are the displacements u; and us of the two membranes, and
the Lagrange multiplier A which represents the action of the second membrane on the first
one (equivalently —\ represents the action of the first membrane on the second one). The
coefficients p1 and po are positive constants which represent the tensions of the membranes.
The data are the external forces f; and fy; and also the boundary datum g¢: Indeed the
boundary conditions in system (1.1) mean that the first membrane is fixed on Jw at the
height g, where ¢ is a nonnegative function, and the second one is fixed at zero.

The analysis of problem (1.1) was first performed in [3, §3| in the case g = 0 of ho-
mogeneous boundary conditions (which is simpler but less realistic) and extended to the
general case in [4, §2]. In both situations, two variational problems are considered: A full
system satisfied by the three unknowns, made of a variational equality and a variational in-
equality, and a reduced problem consisting of a variational inequality, where the unknowns
are the displacements of the membranes. Relying on these formulations, we have proposed
in [4] a discretization made in two steps. In a first step, we introduce a finite element
discretization of the reduced problem, prove that the discrete problem is well-posed, and
establish optimal a priori estimates under minimal regularity assumptions. The discretiza-
tion of the full problem relies on the reduced discrete problem but is more complex. It
requires the introduction of a dual mesh and can be interpreted as a finite volume scheme.
The corresponding discrete problem is well-posed, and optimal a priori error estimates are
also derived.

After the pioneering works [13] by Hlavacek, Haslinger, Necas, and Lovisek (see The-
orem 4.2 in this book) and [1] by Ainsworth, Oden, and Lee, a huge amount of work has
been performed on the a posteriori analysis of variational inequalities, see, e.g., [2], [5],
[11], [14], [16], [19], [20], and the references therein. It can be noted that, in [11], a mixed
problem coupling a variational equality and an inequality is also considered. On the other
hand, a way of handling the local nullity of the Laplace operator applied to piecewise
affine functions is proposed in [18]; it relies on the introduction of an auxiliary function
which can be considered as an interpolate of the gradient of the discrete displacement. By
combining these two approaches, we introduce three families of error indicators: The first
two ones are linked to the residual of the first two lines of system (1.1), while the third
one deals with the equation (u; — ug)A = 0 in the third line (indeed, the nonnegativity
of the two functions u; — uy and A is preserved by the discrete solution). We thus prove
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optimal a posteriori error estimates. Moreover, since the upper bounds for the indicators
are local, we think that they are an efficient tool for mesh adaptivity.

Numerical experiments are performed in two cases: First for a given solution in or-
der to verify the good convergence properties of the discretization, second for unknown
solutions when working with simple but illustrative choices of the function g.

Acknowledgement: The authors are deeply grateful to Frédéric Hecht for his kind help
in using the detailed parts of the code FreeFem++-.

An outline of the paper is as follows.
e In Section 2, we recall the variational formulations of system (1.1) and its well-posedness.
Next, we describe the discrete problem that is proposed in [4, §3-4] and recall a priori error
estimates.
e A posteriori error estimates for this discretization are established in Section 3.
e Numerical experiments are presented in Section 4.



2. Presentation of the continuous and discrete problems.

We consider the full scales of Sobolev spaces H®(w) and H*(0w), s > 0, and, in order
to take into account the nonnegativity of the boundary condition g, the cones defined by

H3 (0w) = {k € H*(0w); k > 0 a.e. in dw}. (2.1)

We also need the space Hi (w) of functions in H'(w) which vanish on dw and its dual space
H~'(w). For any function ¢ in H2 (dw), we define the space

H1 ={ve H'(w); v=gondw}. (2.2)
Next, we introduce the convex subset

A={x € L*w); x>0ae inw}. (2.3)

So we consider the following variational problem, for any data (fi, f2) in H 1 (w) x
H 'w) and g in H? (0w):
Find (u1,u2,\) in H}(w) x Hg(w) x A such that

Y(vy,v2) € H} (w) x H} (w Z“Z / (grad u;)(x) - (gradv;)(x)dx

- / AMz)(v1 — va)(z) do = Z(fi,m? (2.4)

Vx € A, /(X — A)(x)(u1 — ug)(x)dx > 0,

where (,-) denotes the duality pairing between H ~!(w) and HJ(w). It is readily checked
[4, Prop. 1] that problems (1.1) and (2.4) are equivalent. We sum up the main results
concerning this problem in the next proposition.

Proposition 2.1. For any data (f1, f2) in L?(w) x L?(w) and g in H%(@w), problem (2.4)
has a unique solution (uy,uz,\) in H}(w) x Hg(w) x A. Moreover, this solution satisfies

el ) + lwallan @) + M 22) < e (illzze) + 1202w + 11904 6,,) (25)

and is such that (—Auy, —Aus) belongs to L?(w) x L*(w).
As standard for mixed problems, we also introduce the convex set

Ky ={(v1,v2) € H;(w) x Hy(w); v1 —va > 0 ae. inw}, (2.6)

(since g is nonnegative, this last set is not empty) and consider the reduced problem
Find (uy,u2) in K4 such that

2
V(v1,v2) € Ky, Z“i /(grad u;)(x) - (grad (v; — u;))(x) de
i=1 w

2
> Z(fi,ﬂi — Uj).
i=1

(2.7)



Indeed, it can be checked that, for any solution (uy, us, A) of problem (2.4), the pair (uq, us)
is a solution of problem (2.7). So this problem also admits a solution, and its uniqueness
is easily derived.

We first describe a discretization of problem (2.7). Assuming that w is a polygon, let
(71)n be a regular family of triangulations of w (by triangles), in the usual sense that:
e For each h, @ is the union of all elements of 7},;
e The intersection of two different elements of 7}, if not empty, is a vertex or a whole edge
of both of them;
e The ratio of the diameter hx of any element K of 7 to the diameter of its inscribed
circle is smaller than a constant o independent of h.
As usual, h stands for the maximum of the diameters hx, K € 7;,. In what follows, c, /,
..., stand for generic constants which may vary from line to line but are always independent

of h.
We use the discrete spaces given as

Xy = {v, € H'(w); VK € Ty, vp|x € P1(K)},  Xon =Xp N Hy(w), (2.8)

where P (K) denotes the space of restrictions to K of affine functions.

Next, in order to take into account the nonhomogeneous boundary condition on uq,
we assume that the datum g belongs to H”%(@w) for some s > 0. Thus, we define an
approximation g, of g by Lagrange interpolation: The function g is affine on each edge e
of elements of 7 which is contained in dw and equal to g at each vertex of elements of 7j,
which belongs to dw. We introduce the affine space

Xy = {vh € Xp; vy = gp on 8w}, (2.9)
together with the convex set
ICgh = {(Ulh,vgh) e Xgh X Xon; V1p — U2p, > 0in w}. (2.10)

The reduced discrete problem is now derived from problem (2.7) by the Galerkin method.
It reads:

Find (uip, u2p) in ICyp, such that

2
V(vin, van) € Kgn, Z“i /(grad wip)(x) - (grad (vip, — up)) (z) de

=t (2.11)

2
> Z<fi7 Vih, — Wih)-
i—1

The next results are proved in [4, Prop. 8 & Thm 9].
Proposition 2.2. For any data (fi, f2) in H™!(w) x H™}(w) and g in Hi+5(8w), s >0,
problem (2.11) has a unique solution (uip,u2p) in Kg4p. If moreover, the domain w is

3
convex, the data (f1, f2) belong to L?(w) x L*(w), and the datum g belongs to H3 (dw),
the following a priori error estimate holds between the solutions (u1,us) of problem (2.7)
and (uyp, usp) of problem (2.11)

Jur — winll gy + lue — wonllmr@w) < eh (|fill 2w + 1f2lln2w) + ||9\|Hg(aw))- (2.12)
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Let V), denote the set of vertices of elements of 7; which belong to w. We thus
introduce the Lagrange functions associated with the elements of V}: For each a in Vy,
pqa belongs to Xg, and satisfies

va(@)=1 and Vd' € Vp,a' #a, ¢q(a’)=0. (2.13)

We also denote by A, the suport of ¢, and by 7, the set of elements of 7} that contain a.

To describe the full discrete problem, we introduce a new set of nonnegative functions
Xa, @ € Vy, as follows: For each a in V), and with each K in 7,, we associate the
quadrilateral with vertices a, the midpoints of the two edges of K that contain a, and
the barycentre of K and we denote by D, the union of these quadrilaterals when K runs
through 7, (see [4, Fig. 1] for more details); each function x, is then taken equal to the
characteristic function of D,.

Let Dj, be the set of the Dy, a € V;, and Y}, be the space spanned by the y,. Thus,
it is readily checked that the set

Ap="{pn="> faXai ta >0}, (2.14)
acVy

is a convex cone contained in A. We also introduce a duality pairing between Y, and X,
by

Yy = Z Ha Xa € Yn, Vv, € Xop,

acVy
ot = Y- (@) 3 [ eule)de.

acVy, Kelg

(2.15)

We can now define functions A1, and Agp in Yy, by the equations, where vy, and vap
run through Xy,

(AMh,Vip)n = m/

w

(grad uip)(x) - (gradvip)(x) dw—/fl(a:)vlh(w) dx,
w (2.16)

(Ao, Van)p = —,ug/(gradugh)(a:) - (grad vap,) () dac+/ fa(x)vap (x) dee.

It can be checked [4, Prop. 12] that the functions A;; and Agp defined in (2.16) coincide.
The full discrete problem reads
Find (ulh,UQh, )\h) in Xgh X XOh X Ah such that

2
V(vip, van) € Xon X Xon, Z/”Li /(graduih)(w) - (grad v)(x) de

1=1 w
2 (2.17)
— (A v1n = vann = Y (i vin),

i=1
Vxn € Any (Xh — An, uin — u2n)n > 0.

The next results are proved in [4, §4].



Proposition 2.3. For any data (f1, f2) in L?*(w) x L?(w) and g in H_s:—%(aw), s > 0,
problem (2.17) has a unique solution (u1p, ugp, An) in Xgn X Xop X Ap. Moreover,
(i) For any solution (uip,usn,Ap) of problem (2.17), the pair (uip,usp) Is a solution of
problem (2.11);
(ii) For any solution (uip,usp) of problem (2.11), the function Ay, = X\, © = 1,2, defined
in (2.16) gives rise to a solution (u1p, uzn, Ap) of problem (2.17).
If the assumptions of Proposition 2.2 are satisfied and if there exists a constant o inde-
pendent of h such that

VK € T, hx >oh, (2.18)

the following a priori error estimate holds between the solutions (u1, usz, A) of problem (2.4)
and (uyp, uop, Ap) of problem (2.17)

AN =Anll-r0) < e (Ifilleze) + 1 f2ll2ew) + 19l 3 ) (2.19)

Estimates (2.12) and (2.19) are fully optimal. However, assumption (2.18) is very
restrictive in the context of mesh adaptivity. Fortunately, if it is replaced by the more

realistic one
VK €T, hg >ohtte, (2.20)

for a real number «, 0 < a < 1, the same arguments as previously yield a convergence of
H)\ — )\hHH—l(w) of order h'=2.

It can also be noted that the reduced problem (2.11) provides a natural algorithm for
uncoupling the unknowns and, once its solution (u1p, ugp) is known, computing Ay, consists
in solving a linear system with diagonal matrix, see (2.16).



3. A posteriori analysis.

We first introduce some further notation and define the three types of error indicators
which are needed for our analysis. Next, we prove successively upper bounds of the error
as a function of the indicators and upper bounds of the indicators as a function of the
error. We conclude with a remark on the optimality of these results.

3.1. Some notation and the error indicators.

In order to describe the error indicators, we need a further notation. We first introduce
the set V}, of all vertices of elements of 7;,. With each vertex a in V}, which does not belong
to Vy,, we associate a polygon D, defined exactly as in Section 2. The set of all Dg, @ € Vy,
is denoted by Dj,. With each triangulation 7},, we also associate the triangulation S, built
in the following way: Any triangle K in 7}, is divided into six “small” triangles x by joining
the barycentre of K to its vertices and the middle of its edges, and these x form the new
triangulation Sp,.

Let H(div,w) denote the domain of the divergence operator, namely the space of
functins s in L?(w)? such that div s belongs to L?(w). On this triangulation Sy, we define
the space associated with Raviart—-Thomas finite elements [15]

Zy, = {sh € H(div,w); V& € Sh, Snlx € RT(/{)}, (3.1)

where R7 (k) stands for the space of restrictions to s of polynomials of the form ¢+ dx,
c € R? d € R. We recall from [15] that the linear forms: s — [ (s-n)(r)dr where n is
a unit normal vector to e and e runs through the edges of x, are R7 (k)-unisolvent and
that the functions of Z;, have a constant normal trace on each edge of elements of S;,. We
denote by &, the set of all edges of the x in Sy, and by & the set of edges of the £ which
are inside an element K of 7.

Following the approach in [18], we introduce two auxiliary unknowns t;;, in Zj, satis-
fying on each edge e of £ which is inside an element K of 7},

(tin - n)|e = —pi On(uin| k), (3.2)

where n denotes one of the unit normal vectors to e. Of course, these conditions are
not sufficient to define the t;;, in a unique way. However, we prefer to give the complete
definition later on.

Denoting by hp the diameter of each D in D), we introduce the following constants:
(i) For each D in Dy, the Poincaré-Wirtinger constant ¢ is the smallest constant such
that

Yo e HY(D), |l =2 |r2py) < 5™ hp |lgrad ¢||r2(p)2, (3.3)

where B stands for the mean value of ¢ on D;
(ii) For each D in Dy, \ Dy, the Poincaré-Friedrichs constant ¢!} is the smallest constant
such that

Vo € H(D), lellL2(py < 5 hp |lgrad ¢|| 2(p)z, (3.4)

where H}(D) denotes the space of functions in H'(D) which vanish on 9D N dw.
We denote by cp the constant c(DPF> if D belongs to Dy, \ Dy, and the constant cgw) if D
belongs to Dj,.



We also consider an approximation f;;, of each function f; in the space
Fp = {fn € L*(w); VK € Ty, falx € Po(K)}, (3.5)

where Py(K) is the space of restrictions to K of constant functions. More precisely, for
each triangle K in 7, fin|k is equal to ihe mean value of f; on K. Next, we define three
types of error indicators, for each D in D), and for ¢ =1, 2:

. e . df
(i) The diffusive flux estimators ng D)

() _ 3 -3 ,
nip’ = lui gradwin + p; *tinl|L2(D)2; (3.6)

(ii) The residual error estimators 772(3

_1 .
5 = ephppy ® || fin — divtn — (=1 Al 2(p)- (3.7)

(iii) The indicators ng) related to the contact equation

%?:2Z¥mh—mw@ﬂﬂﬂdm (3.8)

It can be noted that, despite the introduction of auxiliary unknowns, all these indicators
are easy to compute since they only involve constant or affine functions.

Remark 3.1. Let w® denote the contact zone, i.e., the set of points in W where u; — us
vanishes. We also define the discrete contact zone wj as the union of the elements K in
75, such that uy, — ugp, vanishes at the three vertices of K. On the other hand, we recall
from [4, Form. (4.8)] that, with the notation Ay, =}, ), Aa Xas

Va € Vy, /\a(ulh — u2h)(a) = 0. (39)

So, the D, such that 77(52! is not zero are such that wq, — w9y, vanishes at a but not at
all vertices of A, (this corresponds to the standard choice of the quadrature formula).
Equivalently, such D, are contained in a small neighbourhood of the boundary of wy,
hence are not so many. A family of indicators which are similar to the ng) is introduced
in [19, §4] and considered as negligible.

In order to prove the first a posteriori error estimate, we introduce the energy semi-
norm, for any pair v = (v, v) in H(w)?,

[N

[oll = (11 [o1 31 ) + 22 V2] F1 ) (3.10)

To simplify the next proofs, setting w = (u1,u2) and v = (v1,v2), we also consider the
bilinear forms

a(u,v) = Z,ui /(gradui)(a:) - (grad v;)(x) dx (3.11)

and

m%m:—/x@mmﬂm@mm (3.12)



3.2. Upper bounds for the error.

The idea to handle the nonhomogeneous boundary condition consists in introducing

the solution (@i, 2, A) of problem (2.4) with g replaced by gj. Indeed, the main error
estimate relies on the triangle inequality

lu —un| < lu—af +[lo —un. (3.13)

1
We also denote by H.?2(Ow) the set of functions in L?(dw) such that their restrictions to

1
each edge v of dw belong to Hz () and by H, 2 (dw) its dual space.

Lemma 3.2. For any data (fi, f2) in L*(w) x L?(w), if the domain w is convex, the
following estimate holds

1
Ju—l < (g =l o) + VOULRI g =gl ) @10

where the constant p(fi1, f2) is given by
p(f1, f2) = [ f1llL2w) + [ f2ll2(w)- (3.15)

Proof: We proceed in two steps.
1) Let wy be the harmonic lifting of the function g — gj; it satisfies

wilmiey < cllg = gnll 43 5, (3.16)
Moreover, we have
L wi(x)p(x) de
w2y = sup J : (3.17)
peL?(w) ||90||L2(w)
Since w is a convex polygon, for any ¢ in L?(w), the solution 1 of the equation
—AY =¢ inw, =0 ondw,
belongs to H?(w) and satisfies
On 1 < w)- 3.18
10613, < ellellzac (3.13)
Moreover, by integrating twice by parts, we see that
[w@e@de == [ (g- a0 dn
w Ow
Combining this line with (3.17) and (3.18), we derive
< — 1 . 1
fwilzeo < cllg=onll, s, (3.19)

2) We take w equal to (wq,0). Then uw—@—w belongs to H} (w)?. Applying twice problem
(2.4) with v equal to u — @ — w yields

a(u —t,u— @) < alu —a,w) —blu— o —w,\A—N\).
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We also have .
b(u,\) = b(u, \) =0, b(u,\) <0, b(u,\) <0,

whence -
alu—w,u—u) <alu—a,w)+blw,\—\).

By two Cauchy—-Schwarz inequalities, this gives

1 -
Ju—al? < |lu—al pf lwi @) + 1A = Ml 2w) 1wl 2 )-
We recall from [4, Prop. 4] that

IM z2(w) + M2 () < ep(fi, fo)-

So, the desired estimate is now a direct consequence of the previous two inequalities,
combined with (3.16) and (3.19).

When w is not convex, estimate (3.14) still holds, but with ||g — thH_%(a : replaced

by |lg — gnll o (o) for some a, 0 < a < % In any case this estimate is optimal when the
datum g is smooth. A different way for handling this nonhomogeneous boundary condition
is proposed in [6, §2] but requires the further assumption g < g5 on dw that we prefer to
avoid here.

We now prove the bound for the second term in (3.13).

Lemma 3.3. Assume that the data (f1, f2) belong to L?(w) x L?(w). Then, the following
estimate holds

1
2 2
- r -1 2 c
-l < ( S (S0 + 0B + e * hollfs = finllzaoy)” + n&))) -
DeD,, =1
Proof: Setting ¢ = @ — u;, and using notation (3.10), we have
1% — un* = a(@ — up, Q).

Since ¢ vanishes on dw, we thus derive from the analogue of problem (2.7) that

ai—wn,¢) <Y [ L@@ de — atun.0)

whence

2

a(t —up,¢) < Z/ (fl- - (—1)i)\h)(a;)g(a:) dx — a(up, €) + (¢, An).

i=1v%

Noting that ¢ vanishes on Ow, inserting the equation

/ (div ) (2)C: () d = — / t(z) - (grad &) (z) dz,

w

10



and using the nonpositivity of b(w, A\y) (since A;, is nonnegative), we obtain

af@—wn,¢) < 3 [ (= divta ~ (DM@ do+ [ (- fi)@)ile) do
— / (,u% grad u;, + ,u;% tin)(x) '/%'% (grad ;) () dsc) — b(up, \p)-

(3.20)
We now write the first and third integrals in this last inequality as a sum of integrals on
the D in Dj,. We evaluate successively these integrals.
1) Using the orthogonality of f; — f;n to the constants on all K in 7}, yields

/ (fi = fin)(@)Ci(@) da = / (fi = fa)(@) (G — Ca) () d,

w

where (;;, stands for the approximation of (; which is constant on each K in 73 equal to
the mean value of (; on K. Thus, standard approximation properties [7, Thm 3.1.6] lead

to
1
2

1
> hillfi = fnllaoln? grad Gl L2 e,
KeT,,

/ (i — fn) (@)Ci() dae < e

whence

1 1
2 > hpllfi = fanllaoylle? grad illapy. (3.21)
Deﬁh

/(fz — fin)(@)G(x)de < cp;

2) For all D in Dy, we derive from the Cauchy-Schwarz inequality that

[ gradun -+ ta)(@) 4} (grad ) @) de
D (3.22)

1 _1 1
< ||pi grad win + p; 2 tinllr2(p)2||p? grad Gl L2 (p)z-

3) For all D in Dy, \ Dy, by combining the Poincaré-Friedrichs inequality (3.4) with the
Cauchy—Schwarz inequality, we obtain

/ (fin — divty, — (=1)"\p) ()¢ (x) dee
D (3.23)

_1 . , 1
<™ hppy ® || fin — divta, — (=1)'Anll 22y |2 grad Gllp2(py2-

4) A further argument is needed to handle this same integral on the elements D in D;,. We
recall from [4, Form. (4.18)] (see also [18, Lemma 3.8] for similar arguments) the formula,
for i =1 and 2,

L Z /K(graduih)(w)~(grad<pa)(a:) dzc:/ (div t;p)(x) dee. (3.24)

KeTg Daq
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We also use the expansion: A\, = Zaevh AaXa- Next, for each a in V,, we derive by
combining (2.15) with (3.24) the equivalent formulation of equations (2.16) (this makes
use of the fact that the integral of ¢, on w is equal to meas(Dy)):

Ag meas(Dy) :/ (diviip)(x) de — fin(x)dx — /A (f1— fin)(@®)pa(x) d,

Da Da

Agmeas(D,) = — /D (divtop)(x) de + fon(x) dx +/ (f2 — fon)(@)pa(x) de.

Ag
(3.25)
Noting that A\, meas(D,) is equal to [ Dy (@) dor, multiplying these equations by the

Daq

mean value E‘f or Z; of (1 or (3 on D, and subtracting the first one from the second one,
we obtain

S [ divt, — ()W) (@) do = - Z/A — ) (@) pu(e) da

Thus, we derive

Z /D (fin — divtin — (=1)'Ap)(2)¢i(z) dz
2
=3( [ - divt — 0 @)(G () - T da

_ /Aa(fi — fin)(@®)((; pa — Gin) (@) dm)-

To bound the first term in the right-hand side, we use the Poincaré-Wirtinger inequality
(3.3). To bound the second one, we sum on the a, add and subtract (;, and use the ap-
proximation properties of its Clément-type interpolate Zaevh Z? ©va (note that (; vanishes
on Jw) and also of (;;, (see once more [7, Thm 3.1.6]). When combined with (3.23), this
gives

2

Z/(fih — divtg — (—1)An)(@)Ci(x) da

=1

2
< Z (CD thuz ||f’Lh —div tin — (_]-y)\hHLQ(D) (326)

_1 1
+cp; * hollfi - fihHLQ(D)> |17 grad ¢l £2(p)y>-
To conclude, we observe that

b Uh, >\h Z U(C)
DEDh

By inserting this last equation, (3.21), (3.22), and (3.26) into (3.20) and using appropriate
Cauchy—Schwarz inequalities, we obtain

2
- df r -1 2 c
Hu—w!FS(Z S0 + 0 + e zhpufi—fmmD))) = uhu+ ST .

Deﬁh i=1 DEDh

I
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Using the inequality ab < 1(a? + b?) yields the desired estimate.

Theorem 3.4. Assume that the data (f1, f2) belong to L?(w) x L?(w) and that the domain
w is convex. Then, the following a posteriori error estimate holds between the solutions
u = (uy,uz2) of problem (2.7) and uj, = (uip,ugp) of problem (2.11)

D=

2 . .
o —unl < ( > (0 + 0D + e ? hollfs = finllea)® +’75>)>>

DeD, =1 (3.27)

1
+¢ (g =l 1 g, + VTR g —anll? ).

We are also in a position to prove an upper bound for the error ||[A — Ap||z-1(q)-

Corollary 3.5. If the assumptions of Theorem 3.4 are satisfied, the following a posteriori
error estimate holds between the solutions (ui,us, ) of problem (2.4) and (uip, usp, Ap)
of problem (2.17)

IA = Anll-1(w)

2
11 . 1 2 c
< 2max{uf,,u§}< ) (E (0SS 408 + e T hpllfi — finllz2 (o)) +n§3)))

DEBh 1=1

N|=

1
+¢ (g = gnll 3 + VUL R g —anl® ;).
H, 2 (0w)
(3.28)
Proof: It follows from the definition of the norm of H~!(w) that

b(v, A — X\
A= Anllg-1() = sup M
veHI(w)?  |V]H ()2

Setting v = (v1, v2), we have

2

v, A= M) =Y _(fi,vi) — alu,v) —b(v, \n),

=1

whence
2

b(v, A= X)) =D (fisvi) — alun, v) — b(v, Ap) — a(u — up,v).
=1

Evaluating the first three terms in the right hand-side of this equation follows exactly the
same lines as in the proof of Lemma 3.3, with ¢ replaced by v (which also vanishes on dw),
while the last term obviously satisfies

P
aw = un,v) < [l — unl| max{ud id ol o
Combining all this with Theorem 3.4 gives the desired estimate.
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3.3. Upper bounds for the indicators.

We now intend to establish an upper bound of all indicators as a function of the local
error. We first make complete the definition of the ¢;,, which is needed for computing the
indicators nl%f) and 7758 but also for proving the next estimates. From now, we work with
the functions ¢;;, satisfying (3.2) and also, on each e of &, \ & which is an edge of the

elements K and K’ of 7p,,

(b - )l = =50 (Onutin] ) + On(uinlic): (3.29)

It follows from [15] that these equations define the t;;, in a unique way.

Remark 3.6. In the next proofs, we use several times the following property that we
prefer to recall once: If two closed domains 07 and 02 have disjoint interiors and are such
that the intersection do; Ndo, has a positive measure, every distribution ¢ in H~! (01Uo2)
satisfies

il -1 (o) + Ml -1 (0) < V20l -1 (01u02)- (3.30)

Proposition 3.7. For ¢ = 1 and 2, the following bound holds for any indicator 771(?)2

defined in (3.6), @ € V},:

df 3
nim < e (Il grad (ui — win)l2aqp + 1A = Ml (aa)

+ 2: hKHﬁ-—ﬁhMﬁuQ>~

KcTa

(3.31)

Proof: We only prove this bound for ¢ = 1 since its analogue for ¢ = 2 relies on exactly
the same arguments. By switching to the reference triangle and using the Piola transform
[9, Chap. III, Form. (4.63)], we easily derive that

1
Vsy € RT(K), HShHLQ(K,)Q <chg HSh . nHL2(3,€).

1 _1
Applying this formula to sp, = u? grad uyy, + pq 21, (since grad uyy, is constant on k&, it
belongs to R7 (k)), we obtain

df 1 1 _1
npL<c S hZl(uf gradus, + uy Ptin) - nllregon).-

KESH,kCDg

1 _1
Note from (3.2) and (3.29) that (7 gradup + g4 *t15) - © vanishes on all edges e in &
and is equal to &+ times the jump of d,u1, on edges of &, \ £;. Denoting by L the set of
edges of elements of 75, that contain a, this yields

dr 11
”ipi <c Y hg |l [Onuinlellze ), (3.32)
(eLa

where hy denotes the length of ¢ and [-], the jump through ¢. To bound these last terms,
we write the residual of the Laplace equation associated with u; — u1p. It reads, for any

14



v in H}(Q):

1 /grad (u1 — ugp)(x) - (gradv)(x) de

= Z (/K(flh + An)(x)v(x) de + /K(fl = Jin)(@)v(z) dz + /K()‘ = An)(@)v(x) de

KGTh

+% 3 /g i1 [ e(r)u(r) dr ).

LeELK

where L denotes the set of edges of K which are not contained in dw. Thus, fully standard
arguments (see [17, §1.2]) lead first to the estimate (note that Awuyy, is zero on each K)

hi || fin + p1 Auap + A2 gy < e (||M1 grad (u1 — u1n)|| 12 (k)2

(3.33)
X = Nllz—1(x) + b | = fanllzz ),

and second, if ¢ is shared by two elements K and K’,

1 1 1
hi |3 [Onurnlell 2o < ¢ (uf grad (uy — uin)|| L2(xkurryz + 1IN = Al -1 (koK
+ hi | f1 = finlle2x) + b |11 = finllz )

By inserting this last estimate into (3.32), we obtain the desired bound.
Proposition 3.8. For ¢« = 1 and 2, the following bound holds for any indicator nga

defined in (3.7), a € V},:

1pe < ¢ (I grad (wi — win)l 2aa + 1A = Malln-(a0)

+ Z hi | fi — fihHLZ(K)>'

KeTq

(3.34)

Proof: There also, we only prove this bound for : = 1. We first observe that

N

e e (D0 haci Lfin = diven + M)
KCTq

Next we use the triangle inequality

L1 _1
[ fin —divtin + Anllp2 ey < 1 fin+p1 Auan + Anl L2y + 07 [[0F Auap + py 2 divein || 2 ).

The first term is bounded in (3.33), while evaluating the second one relies on a standard
inverse inequality and (3.31).

Proposition 3.9. The following bound holds for any non-zero indicator ng’) defined in
(3.8), D € Dy:

0y < colfi, fo,9) (lur = winllza(py + lus = usnll 2oy + A = Mullm-1() . (3.35)

15



where the constant o(f1,g2,9) is given for s > 0 by
o(fr, f2.9) = lfilla-r) + Ifellr-1) + 9l g3 +s o0, (3.36)

Proof: Assume that ng) is not zero. Thus D belongs to Dy,. Since both A, and w1, — usgp

are nonnegative on D, it follows from [17, Lemma 3.3| that, if ¢)p is the “bubble” function
which is affine on each element x of S, contained in D, is equal to 1 in the internal vertex
a of D and vanishes on 0D,

UE)C) <c / (urp, — uop) () A\n(x)p (x) de.
D
Thus, using the third line of problem (1.1), we derive
8 < (] [ - uan)@ - W)@ (a) dal
D
—}—‘ / (w1 — u2) — (win — uan)) (®)A(x)¥p d:vD
D

This yields

1) < ¢ (1N = Ml (= w2n)n s
(3.37)

+ (llur = wnllzeeo) + luz = uznllza(oy) N D 2 ).

By switching to the reference element and noting from (3.9) that, if D coincides with D,
(u1p, — ugp)(@) is zero, we obtain

|(u1n — u2n)¥p|a1 (D) < € lurn — uzn|H1 (D)

It follows from standard arguments that, for any s > 0,
urn | (w) + [uznlmiw) < ¢ (1 filla—1w) + 1 f2llz—1w) + HQHH%+S(aw))'

Inserting this and the bound for [|A[[z2(.) stated in (2.5) into (3.37) leads to the desired
estimate.

Remark 3.10. The same arguments as previously yield that, in estimate (3.35), each
quantity ||u; — uin||z2(p), ¢ = 1 and 2, can be replaced by hp |u; — win| g1 (py, whence the
modified estimate

s < co(fi. fo.9) (hp lur — uinlm () + ho luz — uanl i oy + IA = Mallgr-1(m))- (3.38)
Remark 3.11. It must be noted that the constants ¢ which appear in (3.31), (3.34) and
(3.35) only depend on the constants ;" and ¢ which are introduced in (3.3) and (3.4),

respectively, on the coefficents p; and ps, and also on the regularity parameter o of the
family of triangulations (7). We have not made this dependence explicit for simplicity.

3.4. Conclusions.

16



Let us assume for a while that the f;;, coincide with the f; and that g coincides with
g. In this case, estimates (3.27) and (3.28) read

1 . _1 _1
|w — wpl| + 5 min{u; %, p > I = A1)

2
an 2, (@ PG
SQ( Z (Z(nm +mp)” +np )) :

DEﬁh 1=1

It must be noted that no unknown constant appears in this estimate. Moreover, when
compared with the local estimates stated in Proposition 3.7 and 3.8

max{n{%) n 1 < ¢ ([|p? grad (u; — winl L2 a0y + A = Mlli-1(20)) (3.40)

it appears that error indicators nngfg and nga are optimal quantities for evaluating the
error in a sharp way. On the other hand, when comparing (3.35) or (3.38) with (3.40),
the indicators TIE)C) are not fully optimal according to the criteria for variational equations,
but our results seem the best possible ones for variational inequalities (see [3, Thms 7.2 &
7.5] and [11, §4] for very similar results in different frameworks). In any case, numerical
experiments below confirm the observation of Remark 3.1 that these indicators are negligi-
ble. Moreover estimates (3.31), (3.34) and (3.35) are local, in the sense that each indicator
associated with a domain D is bounded by the error in a small neighbourhood of D. So,
these indicators should provide an efficient tool for mesh adaptivity.

Remark 3.12. It can be seen from the proof of Lemma 3.3 that the a posteriori error
estimates (3.27) and (3.28) hold for any t;;, satisfying (3.2) only on the edges e of £ which
lie on the boundary of some D in Dj. On the other hand, the following choice of t;; is
proposed in [18]:

1) t;p - m is given by (3.2) on such edges e of £ which lie on the boundary of some D in
Dy;

2) t;n - m on the edges which lie in the interior of some D in D, or on the boundary Ow is
given so that

Agmeas(k) = /

K

Agmeas(k) = —/

K

(divtlh)(m)d:c—/flh(a:)dw—/K (f1 — fin)(@)pe(x)dx,
: ) (3.41)

(dinQh)(CC>dZI}—|—/f2h(w)dw+L(K(f2_f2h)(w)90a(w)dw

for all x in S, contained in D,. Here the elements K* denote triangles forming a partition
of A, obtained by dividing each K in 7, into two triangles by joining a and the opposite
edge midpoint and each K" contains x. It follows from [18, §7] that such ¢;;, exist and can
be constructed locally in each Dy, by only prescribing the given degrees of freedom (fluxes
through the edges). In particular, no (local) linear system solution is necessary. Even if
we do not prove the analogues of estimates (3.31) and (3.34) for the indicators associated
with these modified ¢;,, numerical experiments [18] indicate that they are sharper than
the previous ones (i.e., the constant ¢ in (3.31) and (3.34) should be smaller). For this
reason, we make this new choice of the t;;, in our numerical calculations.
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4. Numerical experiments.

The numerical simulations that we now present have been performed using the code
FreeFem++ due to Hecht and Pironneau, see [10]. In all cases, the implementation is made
as follows:

e We first solve the reduced discrete problem (2.11) via the primal-dual active set strategy.
Details on this algorithm can be found in [12].

e Next, we compute the action A\, as a solution of a linear system with diagonal matrix.
More precisely, it follows from (2.16) that the coefficients A4, @ € V}, are given by

Ag meas(Dg) = ul/

(grad uip)(x) - (grad p,)(x) dx — / fi(®)pa(x) de. (4.1)
Note that only the mesh 7}, is involved in this problem, so that mesh adaptivity can be
realized via standard methods.

Remark 4.1. A still less expensive way of computing uy, and usp, relies on the following
observation: When setting uy = 1 uq+po ug and u_ = ug —usg, problem (1.1) is equivalent
to the system

_Au+:f1+f2 inw?
{ (4.2)
wp =g on duw,
and
“Au_ — [+ LIy = L L
- H1 +M2 Hlfl M2f2 n W,
u_ >0, A>0, Adu_=0 in w, (4.3)

u_ =g on Jw,

where the two unknowns uy and u_ are completely uncoupled. Of course, we use these
new unknowns for the computation. But we have preferred to present the analysis of
the discretization in the initial formulation, in view of the extensions to more than two
membranes and also to the contact between shells.

Remark 4.2. In the implementation of the discretization, each term (f;, v;n — w) in
problem (2.11) is as usual replaced by (fi, vin — w;p). In this case, the constant ¢ which

appears in (3.27) is simply the Poincaré-—Wirtinger constant c(DPm.

Mesh adaptivity is performed according to the following simple strategy:
e Initialization step: We first choose the initial mesh 7, such that the errors on the data
|fi = finllL2(w) and ||g — thH%(aw) are smaller than a given tolerance n*.

e Adaptation step: Given the triangulation 7,", we compute the solution (uf,,u%,, A}),
next the corresponding indicators n.(%f), 771.(8, and ng) together with their sum np. Then we
construct a new triangulation ZI"JF such that the diameter of any element in DZ“ (with
obvious notation) which contains or is contained in an element D of D} is proportional to
the diameter of D times the ratio 7j/np, where 7 is the mean value of the np. We refer to
[8, Chap. 21] for the way of constructing such a mesh.

Of course, the adaptation step is iterated either a fixed number of times or until the total

estimate becomes smaller than the tolerance n*.
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4.1. Case of a given solution.

In a first step, we work with a given solution in a disk in order to check the good
convergence properties of the discretization and the efficiency of the error indicators. Let
w denote the disk with centre (0,0) and radius 1. We use the polar coordinates (r,6) on
w.

We take pq and po equal to 1 for simplicity. The datum g on the boundary is now a
positive constant. We consider the triple (u1,us2, ) given by, for 0 < 6 < 27,

ui (r,0) = g (2r* — 1), 0<r<il, (4.4)
g(2r? —1), 0<r< -,
us(r,0) = { L )22 — 1) 0. <“i (4.5)
g T T \/5_17 \/5 — r — )
29, 0<r<-L
A(r,0) = { ) S (4.6)
) 7§ = =
Equivalently, this triple coincides with the solution of system (1.1) for the data f; and fo
given by
—10g 0<r<-L
- ) — — \/57
—6g 0<r<-L
) f— f— \/Q?
fa(r,0) = { 14+8r—18r2 V2 1 (4.8)
—g P V2—1’ T S S 1.

The displacements u; and us of the membranes in the plane y = 0, with g equal to 0.05,
are presented in Figure 1.

Displacement
)

-0.01+

-0.02-

-0.03

-0.04

0,05 L L L L L L L L L
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

Figure 1. Displacements of the two membranes

Only for this experiment, we do not perform the initialization step in the adaptivity
process, in order to bring to light the influence of the discontinuities of the data f; and fs

on the computation. Note that a particular attention had to be paid so that the meshes

approximate correctly, with increasing level of refinement, the two circles r = 1 and r = L.

V2

Thus, since the action A is only non-zero on the disk r < and constant on this disk,

N
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the error [[A — Ap||g-1(w) is negligible in comparison of ||u — ||, so that we omit it on
the next figures.

Denoting by 3, the cardinality of V}, i.e., the number of vertices of all K in 7j,, we
first present in the left part of Figure 2 the curves of the error |[u — uy| and different
estimators as a function of (3 in a sequence of uniformly refined meshes. In particular,
the O(h) a priori error estimate of Section 2 is confirmed: The experimental order of
convergence, defined as

loge! —loge) ™!

2 (log B! —log B7)’

where e} is the error ||u — || on the mesh 7, and with obvious notation for the 5}, is
here close to 1.

10 E T \\\HH‘ T T T TTTIT T T T TITIIT T T TTTTT0T T \\\H; 10 E T T TTTTT T T TTTTT T T T TTTIT T T T TTTTIT T \\\Ht
E —e—error uniform 3 C —e—error uniform =
r —=—est. uniform B C —=— estimate uniform ||
107 \‘ —A—dif. flux est. uniform| | + - ® -error adapt. g
E ‘\-\ osc. est. uniform |3 I - m - estimate adapt. |
L _ 10'1; -
S 107 = S F b
o = E 5] C ]
> C b > L i
= L i <
2, 2 r )
o 10 = E TR
g & 107 E
107 . L ]
10757 L \\\HH‘ L \\\HH‘ L \\\HH‘ L \\\HH‘ L \\HHT 1073 L \\\HH‘ L \\\HH‘ L \\\HH‘ L \\\HH‘ oL
10' 10° 10° 10* 10° 10° 10' 10° 10° 10* 10° 10°
Number of vertices Number of vertices

Figure 2. Actual and estimated errors

The right part of Figure 2 presents the same curves but now both for uniform and
adapted meshes. It can be observed that, since the solution is regular, the gain due to
mesh adaptivity is very weak. We give the precise values of the errors and the convergence
order for different values of G in Table 1, for uniformly refined meshes.

Number of vertices | |lu — wuy|| |Convergence order

649 0.0315 1.0341
2513 0.0158 1.0198
9889 0.0079 1.0108

39233 0.0040 1.0056
156289 0.0020 1.0029

Table 1. Error and convergence order as a function of (3
We also clearly see that the a posteriori error estimator 7, in Theorem 3.4, namely
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the quantity

1
2
M = ( Z (Z(ngdpf) +nip + ™ hpll fi — fih”L2(D))2 + ng))) : (4.9)
DEﬁh i=1

provides an upper bound for the error ||u — w||. This is illustrated in Figure 3, where
the corresponding effectivity index, i.e., the ratio ny /||u — uy||, is given both for uniformly
refined and adapted meshes.

45 T T TATTTT T T TTTTT T T T TIIT T TTTTTIT T TTT1T
—a— effectivity ind. uniform
a - A - effectivity ind. adapt.
x
()
235+ —
2
=]
© 3 —]
Q2
@
2 25— —
[
>
>
c 2/ —
f=
[im|
1.5— —]
1 1 \HHH‘ 1 \HHH‘ 1 \HHH‘ 1 \HHH‘ Lol LIl

10° 10° 10" 10° 10°
Number of vertices

Figure 3. Effectivity index as a function of [y,

Moreover, it can be observed that, even on a coarse mesh (nearly uniform mesh with
Br = 173), the local error indicators provide a good evaluation of the error distribution,
see Figure 4 where the distribution of the error is presented in the left part and the error
indicators are presented in the right part.

v

W) 00460528
B 0005134
000540441
) .00575747
W 0611054
D 0064536

B oossi666
00716973
00753370
W o07s7saE

WoizTa
B 134066
B0 015382
W0 165627
W 01r7on
D 0139207
[ 0200403
W 211772
W 0323063
[ RFERE

Figure 4. Actual and estimated error distributions

To conclude with this experiment, we briefly describe the comparative behaviours of

the four parts of 7, obviously denoted by n,(ldf), n,(lr), 8}(;1) for the term involving the data

f1 and fs, and 77,(::).
(d

(i) For coarse meshes, the data oscillation estimator sh) dominates the other ones but,
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since the f; are pieewise regular, sgld) converges by one order faster and gets negligible for
(PW)

fine meshes. We note that the local quantities ¢, "’ hpl| fi — fin| 2(p) are only nonzero in
the second membrane and for r > 1/ V2. This is also the reason for the increased value of
the effectivity index on coarse meshes and its rapid decrease towards the optimal value of
one.

(ii) The crucial contribution of 7, turns out to be given by n,(ldf).

(iii) The contact error estimator n,(f) is four orders of magnitude smaller than 7, on coarse
meshes and it decays very rapidly.

(iv) The residual error estimators 77}(:) are zero thanks to the chosen construction of the
equilibrated fluxes proposed in Remark 3.12.

Finally, it can be checked that the lack of optimality of the estimator 77,(16) (see Section 3.4)

is negligible: Indeed, all indicators ng) are smaller than 10721,

4.2. Case of unknown solutions.

We now make use of the adaptivity strategy described at the beginning of this section
to compute the adapted mesh and the corresponding solution in the two following cases.

(i) The domain w is the rectangle

w =]0,2[x]0, 1]. (4.10)

Figure 5. The displacements and action in the case (4.10) — (4.11)

We now take p; equal to 1 and po equal to 5. The data fi, fo are constant, but the
boundary condition g is not. More precisely, we take

filz,y) =—-1 and fo(z,y) =0 onw, g(z,y) =0.1 xz on Jw. (4.11)

It can be noted that, before displacements, the membranes are in contact on the edge
x = 0 but not elsewhere. Even these geometry and data are very simple, they correspond
to several realistic situations.
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Figure 5 presents the displacements uyj, and usgp, (top part) and also the isovalues of
the action A, (bottom part) for the geometry in (4.10) and the data in (4.11). Note that
the contact zone is easy to identify from these drawings.

(ii) The domain w is now not convex:
Q =]0,3[x]0, 1[ [ J 11, 2[x[1, 2[. (4.12)

The coefficients p; and ps are both equal to 1. The three data f1, f2, and g are now given
by

B _ 5 if () €l i AL
fi(z,y) =0 onw and fa(z,y) = {O elsewhere, (4.13)

g(z,y) =0.05 on Jw.

Figure 6 presents the same surfaces and curves as Figure 5, but now for the geometry
in (4.12) and the data in (4.13). Figure 7 presents the adapted mesh (after 10 iterations
of the adaptation step), also for these new data.

Figure 6. The displacements and action in the case (4.12) — (4.13)
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Figure 7. The adapted mesh in the case (4.12) — (4.13) with p1 = pe =1

To conclude, we present the adapted mesh, for the same data in (4.13) and again after
10 iterations of the adaptation step, but now with py equal to 1 and ps equal to 5. Indeed,
it appears from several computations that identifying the contact zone is more difficult

with different tension coefficients, see problem (4.3).

aver

g
B
SAAPE

EEREREEH
RECEAR
CRSER
¥
g
oo
NANPOOT

avav:
<
5

A
N

% 9
%AVAVAVAVAVAVA‘ VAYAYY #'%'5"",%

7
N
gb

RAw
R
muv‘ggn

VAY)
AT AN %AV SO AYA % WAV AT
ggsxghmagmwgmv@g}é%ﬁ A

fAY

V)
%
AV
=
o

7
i)

v
avav b,
R Ve

oy

TVt

V4V
Aray

vaVAYA!
K

<
f54
FERS
AVAYAY v,
)
SR
e,
X
%
2R
X

i
20
YavaY,
TAVLVAVY ot

%)
FAVAY,

NS
AV
Aghn

YAVAY.
L)
RS

)
AVAY;
i
v,
s
N
vavisy
FANAYAY)

ravy
ANAVAVAY
SN

s
TAVAY
YAV

3

AP ARNEES
RN

%0 VAVFA"}%»'%}?

T ATAVAVANAVAAN A oL P

N
e
SES
RRRES
)

vy,
RSN

KIS LN
SRR T

Figure 8. The adapted mesh in the case (4.12) — (4.13) with uy =1 and pe =5
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