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A wave propagation model in macroscopically inhomogeneous porous media is derived from the alternative Biot’s theory of 
1962. As a first application, the wave equation is reduced and solved in the case of rigid frame inhomogeneous porous 
materials. The pressure field, as well as the reflection and transmission coefficients, are obtained numerically using a wave 
splitting and “transmission” Green’s functions approach �WS-TGF�. To validate both the wave equation and the method of 
resolution at normal and oblique incidence, results obtained by the WS-TGF method are compared to those calculated by the 
classical transfer matrix method and to experimental measurements for a known two-layered porous material, considered as a 
single inhomogeneous layer. Discussions are then given of the reflection and transmission coefficients for various 
inhomogeneity profiles as well as of the internal pressure field. 

I. INTRODUCTION

Acoustic wave propagation in porous materials was
mainly studied, after Biot’s theory1,2 was elaborated, in order
to deal with sound absorption, material properties character-
ization, etc. This concerns a wide range of applications:
building acoustics �concrete walls, rockwools, plastic
foams�, medicine �osteoporosis�,3 oil prospection, and civil
engineering �vibration reduction�.

The study of wave propagation in macroscopically inho-
mogeneous porous media was initially motivated by: �i� the
design of sound absorbing porous materials with optimal ma-
terial and geometrical property profiles4 and �ii� the retrieval
of the spatially varying material parameters of industrial
foams. These, and other inverse problems, are of great im-
portance in connection with the characterization of the me-
chanical properties of naturally occurring macroscopically
inhomogeneous porous materials, such as bones. The litera-
ture on inhomogeneous media is extensive in several fields
of physics, from optics and electromagnetism5,6 to
acoustics7–9 and geophysics.10 Many natural11 and man-made
materials are porous, and therefore heterogeneous at a micro-
scopic scale.1,12

The first part of the present article offers some argu-
ments and bibliographic elements concerning the most ap-
propriate set of equations to model the propagation of acous-
tic waves in macroscopically inhomogeneous porous
materials. Porous media are biphasic materials with a fluid
phase and a solid phase, also called the skeleton or the frame.
Homogeneous porous materials are well described by the
first work of Biot1,2 and later contributions.13–15 At the mi-
croscopic scale of the pore, all porous materials—rockwools,
polyurethane foams, concrete, sandstones—are heteroge-
neous. In the usual analysis of acoustic wave propagation in
such materials, it is assumed that the wavelength is greater
than the average size of the heterogeneity. The microscopic
physical properties of the porous material are also
homogenized.1,12 However, a spatial variation of the homog-
enized physical properties can also exist at the macroscopic
scale. The equations of motion for macroscopically inhomo-
geneous porous materials are derived herein from the alter-
native formulation of Biot’s theory.2,16.

As a first verification of the validity of these equations,
acoustic wave propagation in rigid frame porous materials
solicited by high frequency waves is considered.13,15–18 The
equations of motion are approximated and the behavior of
porous media is found to formally match that of an effective
inhomogeneous fluid. Such an approximation is particularlya�Electronic mail: walter.lauriks@fys.kuleuven.be
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appropriate to model wave propagation in polyurethane
foams saturated by air �or by any other light fluid� even if the
frequency range to validate this assumption is band limited at
high frequency by the diffusion limit �when the wavelength
is of the order of, or smaller than, the pore size, multiple
diffusion effects appear�,19 and at low frequency by the Biot
characteristic frequency, which defines the limit between low
and high frequency range in the Biot models.

Subsequently, a numerical procedure is proposed to
solve the wave equation in a macroscopically inhomoge-
neous rigid frame porous medium. The wave equation in an
inhomogeneous medium can be solved in a variety of man-
ners: via the wave splitting method,6,16,20 the transfer matrix
method15,21 �for piecewise constant media�, integral
methods,22–24 or purely numerical �e.g., finite-element25 or
finite-difference26� methods. The methods dedicated to in-
verse problems are wave splitting27–29 and linearization23,30,31

techniques deriving from the integral formalism. We will fo-
cus here on the wave splitting-transmission Green’s func-
tions approach �WS-TGF�, which was employed in electro-
magnetic scattering theory initially in the time domain32 and
then adapted to the frequency domain.6 Transmission
Green’s functions are an alternative approach to the classical
Green’s functions.33 The method is based on the factorization
of the wave equation, which leads to a linearizable system of
first order differential equations. The accuracy of both the
wave equation and the WS-TGF method employed to solve
the latter is established on the example of a known two-
layered porous material, considered as a single inhomoge-
neous material slab with a sudden change in the properties
values. Numerical results of the WS-TGF method are com-
pared to calculations of the transfer matrix method �TMM�,15

which is particularly suitable to solve problems involving a
layered configuration.

Numerical results are also compared to experimental
measurements at both normal and oblique incidence. The
experiment consists in recording reflected and transmitted
ultrasonic waves traveling through the chosen two-layered
porous medium. The pressure field inside the inhomogeneous
slab is also obtained by the numerical method.

Finally, practical issues in material design for engineer-
ing applications are treated, by comparing the internal, re-
flected, and transmitted pressure fields for macroscopically
inhomogeneous porous slabs with various inhomogeneity
profiles that are either continuous or discontinuous.

II. EQUATIONS OF MOTION IN INHOMOGENEOUS
POROELASTIC MATERIALS

As pointed out by several authors,2,16,34,35 the general-
ized formulation of the Biot theory2 is suitable to macro-
scopically inhomogeneous porous media and also to take
into account anisotropy and viscoelastic frames.

A. Equations of motion

From Biot’s alternative theory,2 the constitutive strain-
stress relations in an initially stress-free, statistically isotro-
pic porous material are

�ij = 2��ij + �ij��c� − �M�� , �1�

p = M�− �� + �� , �2�

where �ij is the total stress tensor and p the fluid pressure in
the pores; �ij denotes the Kronecker symbol; �=� ·u and �
=−� ·w are, respectively, the dilatation of the solid and the
variation of fluid content, where u is the solid displacement
and w =	�U −u� the fluid/solid relative displacement �U is
the fluid displacement�; 	 is the porosity; �ij =1/2�ui,j +uj,i�
is the strain tensor of the solid phase under the hypothesis of
small deformations; �c=�+�2M, where �, �, are the Lamé
coefficients of the solid phase, M is an additional elastic
parameter; and � is a coefficient of elastic coupling. These
parameters were defined by Biot and Willis.36

In the absence of body forces, the conservation of mo-
mentum and the generalized Darcy’s law lead to the follow-
ing equations:

� · � = 
ü + 
 fẅ , �3�

− �p = 
 fü + mẅ +
�

�
Fẇ , �4�

wherein the dot and double dots refer, respectively, to first
and second order time derivatives; 
 f is the density of the
fluid in the pores, 
 is the bulk density of the porous me-
dium, such that 
= �1−	�
s+	
 f, in which 
s is the density
of the solid; m=
 f� /	 is a mass parameter defined by Biot,2

� is the tortuosity, � is the viscosity of the fluid, � is the
permeability, and F is the viscosity correction function. The
ratio � /� is also known in engineering acoustic applications
as the flow resistivity and is denoted by Rf.

It is important to note that the viscous correction func-
tion F in Eq. �4� is a convolution operator in the time do-
main. This operator incorporates the characteristic viscous
length � introduced by Johnson et al.13 The elastic parameter
M in Eqs. �1� and �2� is also a convolution operator in the
time domain and incorporates the characteristic thermal
length �� defined by Champoux and Allard.17 Both charac-
teristic lengths are geometrical parameters of the pore-size
distribution inside the porous sample. The thermal character-
istic length represents a measure of the average pore size
�although the “pore” is not always straightforwardly defined�
while the viscous characteristic length corresponds to the av-
erage size of the “constrictions” in the porous medium,15 i.e.,
the average distance between pore walls in the narrower ar-
eas of the pore volume.

For simplicity, spatially varying parameters will only de-
pend on x in the following. In the ealier Eqs. �1�–�4�, the
x-dependent mechanical parameters are �, �, �c, �, M, 	, 
,
m, �, �, F, �, and ��.

B. Wave equations in terms of the displacements
u and w

The conservation of the momentum relations �3� and �4�
involve the divergence of the total stress tensor � =�ij and
the gradient of the fluid pressure p. In particular, from Eq.
�1�, the divergence of the total stress tensor � =�ij can be
written in the form
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� · � = ����c + 2�� � · u� − � � �� � � u�

− 2������ · u� + 2��� � �� � u��

+ 2��� · ��u + ���M � · w� . �5�

Equations �5� and � · �2�, together with Eqs. �3� and �4�, lead
to the following wave equations in macroscopically inhomo-
geneous porous materials:

����c + 2�� � · u + �M � · w� − � � �� � � u�

− 2 � � � · u + 2 � � � �� � u� + 2��� · ��u

= 
ü + 
 fẅ ,

�6�

��M � · w + �M � · u� = 
 fü + mẅ +
�

�
Fẇ ,

wherein the x dependence of the constitutive parameters has
been removed to simplify the notations.

When the fluid phase vanishes, the porosity is 	=0 and
the elastic coupling term is �=0. This implies that w =0,
�c=�, and 
=
s. The second equation of the system �6� van-
ishes and the first equation reduces to the equation of motion
of an inhomogeneous elastic solid as given in Robins9

���� + 2�� � · u� − � � �� � � u� − 2������ · u�

+ 2��� � �� � u�� + 2��� · ��u = 
sü . �7�

When the solid phase vanishes, the porosity is 	=1 and
the tortuosity is �=1. This implies that w =U −u, m=
 f, 

=
 f, the Lamé coefficients � and � vanish, and the elastic
coupling term is �=1.36 Moreover, the viscous correction
function F vanishes, so that both equations in Eq. �6� reduce

to the equation ��M � ·U�=
 fÜ in which are included the
Euler equation and stress-strain relation in an inhomoge-
neous fluid. With the help of Eq. �2�, these relations are

− �p = 
 fÜ , �8�

− p = M � · U , �9�

wherein M =K�x , t� is the inhomogeneous bulk modulus of
the fluid and 
 f�x� the x-dependent density.

C. Wave equation under the rigid frame assumption
in terms of the pressure field

In the rigid frame approximation, the displacement of
the skeleton, i.e., the solid phase, is u �0. The usual un-
known of the wave equation when the assumption of a rigid
frame is valid is the pressure field p. p does not appear in
Eqs. �1� and �3�, while it appears in both Eqs. �2� and �4�.
The latter can be rewritten in the frequency domain, and the
behavior of the porous medium is found to formally match
that of an equivalent fluid

− �p = j�
e�x,��	�x�U̇ , �10�

− j�p = Ke�x,�� � . �	�x�U̇� , �11�

where 
e�x ,��=m�x�− j�� /���F�x ,�� and Ke�x ,��
=M�x ,�� are, respectively, the effective density and bulk

modulus of the inhomogeneous equivalent fluid. The un-

knowns reduce to the pressure field p and the fluid flow 	U̇.
The latter are consistent with the boundary conditions be-
tween two porous materials,37 i.e., continuity of the fluid
pressure and of the component of the fluid flow normal to the
boundary.

According to the definition of m and M,15,38 the effective
density and bulk modulus are


e�x,�� = 
 f
��x�
	�x� �1 − j

Rf�x�	�x�

 f��x��

F�x,��� , �12�

Ke�x,�� =
�P0/	�x�

� − �� − 1��1 − j
Rf�x�	�x�


 f��x�B2�
G�x, B2���−1 , �13�

wherein � is the specific heat ratio, P0 is the atmospheric
pressure, and B2= Pr is the Prandtl number. F�x ,�� and
G�x ,B2�� are the well-defined correction functions of the
Johnson–Allard rigid frame model13,15

F�x,�� =�1 + j4
�
 f�

2 �x�
Rf�x�2	�x�2�2�x�

� , �14�

G�x,B2�� =�1 + j4
�
 f�

2 �x�
Rf�x�2	�x�2��2�x�

B2� . �15�

The relevant parameters describing the propagation of
acoustic waves in macroscopically inhomogeneous rigid
frame porous materials are the porosity 	�x�, the tortuosity
��x�, the flow resistivity Rf�x�=� /��x�, the characteristic
viscous length ��x�, and the characteristic thermal length
���x�.

Finally, combining Eqs. �10� and �11�, the Helmholtz
equation in terms of p is obtained

� · � 1


e�x,��
� p� +

�2

Ke�x,��
p = 0. �16�

This is an inhomogeneous fluid-like Helmholtz equation,
which can be solved in a variety of manners.22–25,31 In the
following, we present the “vacuum” WS-TGF in the fre-
quency domain.

III. NUMERICAL CALCULATION OF THE PRESSURE
FIELD

The wave splitting method was mainly used to solve
scattering problems in several fields of physics, especially in
electromagnetism, initially in the time domain27–29,32,33 and
then adapted to the frequency domain.6 Maxwell’s equations
are similar to the equations of motion in fluid-like materials
and to Eqs. �10� and �11� in rigid frame porous materials. In
order to avoid convolution products in terms of time and
fractional derivatives,39 the direct scattering problem is
treated in the frequency domain. Also, rather than solve di-
rectly for p�x , t� we will focus on its Fourier transform
p�x , �� defined by

p�x,t� = 	
−�

�

p�x,��exp�j�t�d� . �17�
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The wave splitting technique, together with the invariant
imbedding method and Green’s function approach, leads to
the direct scattering solution by calculating the internal pres-
sure field. Then, the reflected and transmitted fields are nu-
merically obtained.

In the following sections, a macroscopically one-
dimensional inhomogeneous porous slab of thickness L, so-
licited by an incident plane wave propagating initially in the
air medium �ambient medium�, is considered as depicted in
Fig. 1.

A. The wave splitting method

In the time domain, the wave equation can be factorized
into a product of two first order differential operators applied
to the total pressure field p. The solution of the wave equa-
tion is then the combination of two independent functions.40

Each function is a solution of the corresponding first order
differential operator applied to p. In the frequency domain,
the same idea may be followed.41 The Helmholtz equation
�16� can be factorized into the following coupled system of
first order differential equations:

� 1


e�x,��
�x �

j�

Ke�x,���p = ± const �
j�

Ke�x,��
p±, �18�

where p+= p+�x ,�� and p−= p−�x ,��—the sum of which
equals p—are, respectively, related to well defined forward-
propagating and backward-propagating waves in the case of
homogeneous media. It is then useful to introduce the effec-
tive sound speed ce�x ,��=�Ke�x ,�� /
e�x ,�� and the effec-
tive impedance Ze�x ,��=
e�x ,��ce�x ,��.

The so-called wave splitting transformation,16,27–29 to-
gether with Eq. �10�, takes the form

p± =
1

2
�p ± Ze�x,��	�x�U̇ · n� , �19�

wherein n is the unit normal vector �Fig. 1� and 	�x�U̇ ·n is
the flow of the fluid volume in the n direction. The use of the
effective impedance Ze in Eq. �19� is annoying because the
earlier relations must be differentiated with respect to x. To
avoid this problem, the so-called “vacuum” wave splitting42

is preferred. Instead of directly applying the wave splitting
transformation to the wave equation in the macroscopically
inhomogeneous rigid frame porous medium, it is rather ap-
plied to the wave equation in the surrounding homogeneous
fluid �the vacuum in electromagnetism�. The material prop-

erties of the inhomogeneous medium, the effective density

e, and the effective bulk modulus Ke are accounted for in
the form of local variations/perturbations of the sound speed
c0 and of the characteristic impedance Z0=
 fc0 at the loca-
tion of the slab. Consequently, the vacuum wave splitting
transformation is

p± =
1

2
�p ± Z0	�x�U̇ · n� . �20�

A system of linear first order coupled differential equa-
tions is obtained by combining Eq. �20� with Eqs. �10� and
�11�,

�xp
+ = A+�x,��p+ + A−�x,��p−,

�21�
�xp

− = − A−�x,��p+ − A+�x,��p−,

wherein A± are x-dependent coefficients, accounting for ma-
terial properties of the inhomogeneous slab

A± = −
j�

2
� Z0

Ke�x,��
±


e�x,��
Z0

� . �22�

By definition, the pressure waves p+�0,��, p−�0,��, and
p+�L ,�� are the incident, reflected, and transmitted pressure
waves, respectively denoted as pi, pr, and pt in Fig. 1. Then,
several physical relations between p+ and p− waves can be
defined to solve the system �21�. This is done in the follow-
ing sections.

B. Invariant imbedding and Green’s functions

In the invariant imbedding approach,27–29 the problem is
imbedded in a family of subproblems. The initial problem is
to solve the differential system �21� for the pressure subfields
p± by performing an integration for all x in �0, L�. This
problem is decomposed into series of subproblems, consist-
ing in solving the differential system �21� for the p± for each
sublayer in �x ,L�. The procedure is initialized with the cal-
culation of p± when no layer is present at x=L, i.e., in the
surrounding homogeneous fluid. Then, the pressure subfields
p± are re-evaluated following the addition of an infinitely
wide layer of thickness dx at x=L−dx. This operation is
repeated until the interface at x=0 is reached. Each nth thin
layer added at x=L−ndx is homogeneous, with its properties
being those of the inhomogeneous material at L−ndx. For
each addition of a new layer, the continuity of p and of

	�x�U̇ ·n are implicitly accounted for on both sides of the
cumulated slab. Iteratively, the total pressure field inside the
inhomogeneous slab is obtained when the last thin layer is
added. The problem with this procedure resides in the diffi-
culty of the determination of p± at x=L, which is mandatory
at each iteration.

A way to avoid the determination of this quantity is to
introduce the x-dependent reflection and transmission coeffi-
cients, respectively, denoted by R�x ,�� and T�x ,��. They are
defined for each subslab between x and L as follows:

p−�x,�� = R�x,��p+�x,�� , �23�

FIG. 1. Slab of macroscopically inhomogeneous porous material.
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p+�L+,�� = T�x,��p+�x,�� , �24�

in which p+�0,��, p−�0,��, and p+�L+ ,�� are the incident,
reflected, and transmitted pressure waves, and consequently
R�0,��=R��� and T�0,��=T��� are the usual reflection and
transmission coefficients of the total slab. Combining Eqs.
�23�, �24�, and �21�, a nonlinear system of first order coupled
differential equations is obtained �the frequency dependence
is omitted�

�

�x
R�x� = − A−�x� − 2A+�x�R�x� − A−�x�R2�x� , �25�

�

�x
T�x� = − A+�x�T�x� − A−�x�R�x�T�x� , �26�

wherein A± are given by Eq. �22�. The resolution of this
differential system can be initialized with the values of
R�x ,�� and T�x ,�� at x=L. In the invariant imbedding ap-
proach, no subslab is present at x=L and consequently the
field at this location is solely the transmitted pressure field,
identical to the incident pressure field. Then, R�L ,��=0 and
T�L ,��=1 at all frequencies. However, Eqs. �26� and �25�
are nonlinear. In particular, Eq. �25� takes the form of the
Riccati equation.

The reflection and transmission coefficients are strongly
linked to interactions inside the material. Krueger and Ochs33

introduced the Green’s functions approach to linearize time
domain scattering problems dealing with the wave splitting
method. Green’s functions are defined for each subfield p±

and depend on the sole material properties. The Green’s
functions approach20,33 allows us to express the internal sub-
fields in terms of the incident wave field pi= p+�0,��. Intro-
duced in system �21�, this change of variables leads to a
linear system of first order differential equations in terms of
the Green’s functions. However, two boundary conditions are
required at two different points: x=0 and x=L. To obtain an
expression of the boundary conditions at the same end point
�x=L�, “transmission” Green’s functions are defined. The lat-
ter were first introduced in the time domain as “compact”
Green’s functions32 since they have a compact support in the
time variable.

C. Transmission Green’s functions approach

The internal subfields can be expressed in terms of the
transmitted wave field pt= p+�L+ ,�� instead of the incident
wave field. The two transmission Green’s functions are then
defined as follows:32,42

∀x � �0,L� ,

p±�x,�� = G±�x,��p+�L,�� . �27�

From Eqs. �23�, �24�, and �27�, the relations between
Green’s functions and the reflection and transmission coeffi-
cients turn out to be

R�x,�� = G−�x,��/G+�x,�� , �28�

T�x,�� = T�L,��/G+�x,�� . �29�

Since the boundary conditions are known for R and T at
x=L �R�L , ��=0 and T�L , ��=1�, the boundary conditions
for G± are

G+�L,�� = 1.

�30�
G−�L,�� = 0.

The introduction of Eq. �27� into Eq. �21� leads to a
linear system of first order differential equations in terms of
the transmission Green’s functions with the two boundary
conditions at the single end point x=L,

�xG
+ = A+�x��G+ + A−�x,��G−,

�31�
�xG

− = − A−�x,��G+ − A+�x,��G−,

wherein G±=G±�x ,�� and the functions A±�x ,�� are given
by Eq. �22�.

System �31� is solved by integrating in the −x direction
from x=L to x=0 following the procedure exposed in Sec.
III B, together with an explicit fourth-order Runge-Kutta
method.

Once system �31� is solved for G+ and G−, the internal
pressure field, and also the reflected and transmitted fields,
can be determined through the change of variables in Eqs.
�27� and �20�.

IV. SIMULATIONS ON A MULTILAYERED POROUS
MEDIUM

In order to validate the WS-TGF method, calculations
are performed for a known two-layered porous medium con-
figuration considered as a single rigid frame porous slab.
Each layer of the slab is a highly porous polyurethane foam
saturated by air. The characteristic properties of each layer
have been determined by ultrasonic methods18 and are given
in Table I.

The choice of this configuration is motivated by the fact
that the results of the WS-TGF method can be compared
with known results from the classical TMM,15 and with ex-
perimental measurement.

To consider the slab as a single inhomogeneous material,
the jump discontinuities in the two-layered system are
smoothed by using the following analytical continuous and
continuously differentiable function:

I�x� = 1 +
C

2
�1 + erf
 x − x0

r
�� , �32�

wherein C is the step value, which is different for each pa-
rameter in Table I, erf is the error function, x0 is the position
of the jump, and r corresponds to the steepness of the con-
tinuous jump such that the smaller is r, the steeper is the
jump.

TABLE I. Properties of the two-layer medium studied.

� �� Rf Thickness
	 � ��m� ��m� �N s m−4� �mm�

Layer 1 0.96 1.07 273 672 2843 7.1
Layer 2 0.99 1.001 230 250 12 000 10.0
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A. Simulations at normal incidence

The incident plane wave takes the form of a Ricker
wavelet, e.g., a second order time derivative of a Gaussian
distribution, whose spectrum is

S��� =
− ���0�2�2

2�����0�3
exp
− j

�

�0
−

�2

�2��0�2� . �33�

This signal is similar to those provided by capacitive
transducers. The central frequency �0 of the incident signal is
200 kHz.

In order to study the influence of the steepness r of the
smoothed jump on the amplitude of the reflected and trans-
mitted fields at the interface located at x=x0, the response of
the slab is simulated for several values of r. To obtain a very
accurate fit between the TMM and the WS-TGF methods, it
is found that this parameter must satisfy the empirical rela-
tion r�0.5�dx, wherein dx is the discretization step. For a
steepness parameter bigger than 0.5dx, a small difference
between the signals simulated by both methods may be no-
ticed, and thus later between the WS-TGF method and ex-
periments.

Remark: This choice of steepness parameter could lead
numerically to a Heaviside distribution. This was found to
not be a numerical problem, but if such a problem arises, a
logarithmic discretization step could be used over a small
interval around x0, as was done in Ref. 31.

Figure 2 compares the reflected and transmitted signals
calculated by the WS-TGF method with those calculated by
the TMM method for a normally incident pressure field. The
two curves cannot be distinguished.

B. Simulations at oblique incidence

At oblique incidence, the numerical procedure of the
WS-TGF method must be modified. Let us introduce the
wave number ke�x ,��=� /ce�x ,�� in the inhomogeneous
slab and the wave number k0=� /c0 in the surrounding fluid,
i.e., in the air. At oblique incidence, the wave vectors are

projected on the x and y axis43 so that kj =kj
xix+kj

yiy, with j
=0 or e, and ix and iy as the unit vectors along the positive x
and y axis, respectively. Then, kj =��kj

x�2+ �kj
y�2, with R�kj

y�
�0 and I�kj

y��0 to satisfy the outgoing wave condition. It
follows from the application of the boundary conditions that
kj

y is constant and equal to k0 sin�. Separation of variables
implies that

p�x,y,�� = p�x,��e−jk0y sin �, �34�

	�x�U̇�x,y,�� = 	�x�U̇¯ �x,��e−jk0y sin� �35�

in the inhomogeneous layer. The equations of motion �10�
and �11� take the form

−
�p

�x
= j�
e	�x�U̇¯ �x,�� · ix, �36�

−
sin �

c0
p = j�
e	�x�U̇¯ �x,�� · iy , �37�

j�p = − Ke� �	�x�U̇¯ �x,�� · ix

�x

− j�
sin �

c0
�	�x�U̇¯ �x,�� · iy� . �38�

By introducing Eq. �37� into Eq. �38� in order to get rid of

	�x�U̇¯ �x , �� · iy, the equations of motion reduce to

�	�x�U̇¯ �x,�� · ix

�x
= − j
 �

Ke
−

� sin2 �

c0
2
e

�p , �39�

�p

�x
= − j�
e	�x�U̇¯ �x,�� · ix. �40�

An angle-dependent effective sound speed ce�x ,� ,��
and an effective characteristic impedance Ze�x ,� ,�� are de-
fined as follows:

ce�x,�,�� = ce�x,���1 −
ce

2�x,��
c0

2 sin2 ��−1/2

, �41�

Ze�x,�,�� = Ze�x,���1 −
ce

2�x,��
c0

2 sin2 ��−1/2

. �42�

Thus, the effective sound speed ce and characteristic imped-
ance Ze in equations for normal incidence just have to be
replaced by the angle-dependent ones, and the procedure ex-
posed in Sec. III can be used to solve the problem when the
slab is solicited by an obliquely incident plane wave. The
effective bulk modulus Ke�x ,�� must also be replaced by
Ke�x ,� ,��=Ke�x ,���1− �ce

2�x ,�� /c0
2�sin2 ��−1 in Eq. �22�.

Figure 3 compares the reflected and transmitted fields calcu-
lated by the WS-TGF method with those of the TMM
method, when the two-layered system is solicited by a plane
wave at incident angle �=40°. The two curves cannot be
distinguished.

FIG. 2. Reflected �panel a� and transmitted �panel b� fields calculated by the
TMM method �solid curve� and by the WS-TGF method �dashed curve� for
a two-layer porous material solicited by an incident plane wave. The angle
of incidence is �=0°.
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C. Frequency domain simulations

Figure 4 compares the reflection and transmission coef-
ficients calculated by the WS-TGF method with those of the
TMM for angles of incidence � in �0,� /2� and angular fre-
quencies � in �150 kHz, 250 kHz�. The curves again match
very well.

Figure 4 calls for several remarks. The transmission co-
efficient decreases as the incidence angle increases. This is
due to the fact that at oblique incidence the distance over
which the wave propagates in the slab is longer. The reflec-
tion coefficient admits a minimum around 55° �0.9 rad�. For

any angle of incidence � in �0,� /2�, transmitted pressure
waves exist �total reflection occurs only for an angle of inci-
dence 90° �� /2 rad��, which is another way of saying that
no critical angle exists for this configuration.

The accuracy of the macroscopically inhomogeneous
rigid frame porous materials model and the WS-TGF method
was demonstrated by means of numerical examples. This
validation is now completed with the help of experimental
results.

V. EXPERIMENTAL RESULTS

The principle of the experiment is shown in Fig. 5. An
airborne ultrasonic wave is generated and detected at normal
or oblique incidence by air-coupled Ultran piezoelectric
transducers in a frequency range between 150 and 250 kHz.

At normal incidence, the reflection experiments are per-
formed in the pulse-echo mode44 with only one transducer.
The experimental and calculated reflected and transmitted
fields in Fig. 6 are in good agreement, as are the reflection
and transmission coefficients in Fig. 7. No regularization
method was used to optimize the calculation of the reflection
and transmission coefficients. Therefore, the energy of the

FIG. 3. Reflected �panel a� and transmitted �panel b� fields calculated by the
TMM method �solid curve� and by the WS-TGF method �dashed curve� for
a two-layer porous material solicited by an incident plane wave. The angle
of incidence is �=40°.

FIG. 4. Modulus of the reflection coefficient R�� ,�� �upper panel� and the
transmission coefficient T�� ,�� �lower panel� for several angles of inci-
dence �, calculated by the WS-TGF method and by the TMM method, for a
two-layer porous material. The two curves in each panel cannot be
distinguished.

FIG. 5. Experimental setup. The transducers are Ultran air-coupled piezo-
electric transducers.

FIG. 6. Comparison of the reflected �a� and transmitted �b� fields obtained
by experiments �dashed curve� with those obtained by the WS-TGF method
�solid curve�. The angle of incidence is �=0°.
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incident signal being too small outside the frequency band-
width, our experimental reflected and transmitted coefficients
are accurate only in this bandwidth.

It is more difficult to carry out the experiments at ob-
lique incidence, because: �i� the signal-to-noise ratio de-
creases with increasing incident angle and �ii� the two foams
are not glued together, which may induce a possible thin air
layer between the two porous layers whose influence is
greater at oblique incidence. Averaging over several synchro-
nized captures on the oscilloscope leads to an important re-
duction of noise and thus to a more efficient extraction of the
reflected signal. Comparisons between experimental and
simulated reflected and transmitted signals are presented in
Figs. 8 and 9.

Figure 10 depicts the simulated and experimental reflec-
tion and transmission coefficients for an incident angle of
30°. In this figure, the incident signal spectrum is different
from the one in Fig. 7 because the experimental setups used
to get both reference signals are different �use of a single
transducer in pulse echo mode at normal incidence and of
two transducers at oblique incidence to measure signals re-
flected by a flat steel target�.

The numerical results computed by the WS-TGF method
are in very good agreement with the corresponding experi-

mental results. This validates both the method of resolution
and the system of equations for an inhomogeneous rigid
frame porous medium.

VI. ASSUMPTIONS ON INTERNAL PRESSURE FIELD
AND OTHER PROPERTY PROFILES

Macroscopically inhomogeneous porous materials offer
the possibility of wider applications in sound absorbing ma-
terial design than their macroscopically homogeneous coun-
terparts. In the following, we present some examples of ab-
sorbing material design.

First, the acoustical properties of the previously-studied
two-layered slab �see Table I� are considered. A porous slab
of thickness L with linearly varying parameters is chosen
such that its properties match those of the first layer on one
side �x=0� and those of the second layer on the other side �
x=L�. This material could be constructed, for example, by
compressing a foam of properties matching those of the first
layer, denoted by F1, or by expanding a foam whose prop-
erties match those of the second layer, denoted by F2. In-
deed, for a considered mesoscopic constant volume, com-
pression results in a decrease of the pore volume. This leads
to a decreasing porosity and characteristic lengths. The varia-
tions of the tortuosity and flow resistivity as functions of the
deformation applied to the medium are dependent on the

FIG. 7. Comparison of the reflection and transmission coefficients obtained
by experiments �dashed curve� with those obtained by the WS-TGF method
�solid curve�. The angle of incidence is �=0°.

FIG. 8. Comparison of the reflected �a� and transmitted �b� fields obtained
by experiment �dashed curve� with those computed by the WS-TGF method
�solid curve�. The angle of incidence is �=30°.

FIG. 9. Comparison of the reflected �a� and transmitted �b� fields obtained
by experiment �dashed curve� with those computed by the WS-TGF method
�solid curve�. The angle of incidence is �=45°.

FIG. 10. Comparison of the reflection and transmission coefficients ob-
tained by experiment �dashed curve� with those computed by the WS-TGF
method �solid curve�. The angle of incidence is �=30°.
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pore structure and so can be different from one porous me-
dium to the other. Here we assume that both quantities in-
crease. The gradient of properties inside the slab is chosen to
be constant so that 	�x�, ��x�, ��x�, ���x�, and Rf�x� vary
linearly with x.

The acoustical performance of a sample with linearly
varying properties can be evaluated by use of our set of
equations and method of resolution, i.e., the WS-TGF
method. According to the properties values in Table I and to
measurements realized on each layer, F2, i.e., the melamine
foam, is more absorbing than F1 �the flow resistivity is a
good indicator of the absorption of a medium�. Conse-
quently, the materials with linearly varying properties imply
an increase �respectively, decrease� of the absorption and re-
flection coefficients and a decrease �respectively, increase� of
the transmission coefficient compared to the ones of foam F1

�respectively, F2�.
A comparison is made in the frequency domain between

the material with linearly varying parameters and the corre-
sponding two-layered foam slab concerning the reflection
and transmission coefficients R��� and T��� �i.e., the ratios
of the amplitudes of the reflected and transmitted signals
over the amplitude of the incident signal� and the absorption
coefficient A���, defined as �A����=1− �R����2− �T����2.
This is depicted in Fig. 11 �upper panel� for a 45° incidence
angle. For both profiles, the value of each coefficient is of the
same order. The two-layered medium is nevertheless less
transmitting and more absorbing. This is mainly due to the
fact that the second layer is the more absorbing of the two in
the two-layered slab.

A comparison of the reflected pressure fields in the time

domain between the two-layered material and the foam with
linearly varying properties is depicted in Fig. 11 �lower
panel�. A particular feature of the linearly varying foam is
that the reflected field is composed of two pulses, those re-
flected on both sides of the slab, while it is composed of
three pulses in the case of the two-layered foam: the two
reflected ones on both sides of the slab and a third one re-
flected on the interface between the two layers.

The internal pressure field �mapped with the help of Eq.
�34�� and the internal energy might both be useful to under-
stand the behavior of inhomogeneous materials. However,
for the set of material properties previously used, whose val-
ues are close, the change in the direction of propagation is
too small to be noticed in a snapshot of the internal pressure.
In Table II we give the acoustical properties of a more suit-
able configuration in which a layer is replaced by a foam
with smaller pore geometry and more complex structure,
which induces a lower porosity, higher tortuosity and smaller
characteristic lengths. These values imply an important im-
pedance mismatch at the interface between the two layers.

Snapshots of the internal pressure fields of both the two-
layered and linearly varying properties slab, as well as a
comparison between the reflection and transmission coeffi-
cients, are given in Fig. 12. In both snapshots of the internal
pressure field, the orientation of the wave fronts are the same
at x=0 and x=L as expected. The amplitudes are also of the
same order. The ray direction, which is perpendicular to the
curved wave fronts in the snapshots, is approaching the y
direction �grazing direction�. The curvature of the wave front
implies that less energy is transmitted through the porous
slab as shown in Fig. 12 in comparison with Fig. 11. In the
case of a two-layered medium, the impedance mismatch at
the internal interface at x=7 mm gives rise to interferences
in the first layer, which are easily visible in the snapshots of
the internal pressure field in Fig. 12, and to strong oscilla-
tions of the reflection and transmission coefficients. The in-
terferences are caused by the inner strong reflections. No
such oscillations and interferences are noticed in the case of
the linearly varying medium, which is another way of saying
that no important impedance mismatch exists within the slab.
This interference pattern could be used in the detection and
localization of important impedance mismatches in porous
materials along the direction of propagation, like it is the
case of interfaces for the present unidimensional model, or of
more complicated objects like cracks, holes, porous or solid
inclusions for a two- or three-dimensional model.

If we solicit the medium with linearly varying properties
from the other side, the ray path will have a tendency of
becoming parallel to the x direction at x=0. It might be pos-
sible to design a less reflecting and less transmitting material,

FIG. 11. Upper panel: comparison of the reflection, transmission and ab-
sorption coefficients. Lower panel: comparison of the reflected pressure
fields between the two-layered medium �solid curve� and the linearly vary-
ing properties medium �dashed curve�. The angle of incidence is �=45°.

TABLE II. Properties of a two-layer medium simulated with strong varia-
tions of its properties.

	 �

�

��m�
��

��m�
Rf

�N s m−4�
thick
�mm�

Layer 1 0.6 2.5 130 320 30 000 7
Layer 2 0.96 1.07 273 672 2843 10
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with first a decrease in sound speed to limit reflection, and
then an increase to limit transmission. Parabolic profiles,
connecting the properties of foam 2 in Table II to those of
foam 1, and back to those of foam 2, have been tried, in
order to reduce both the reflection and the transmission from
the whole slab. The results are shown in Fig. 13. Comparison
with Fig. 12 shows that the reflected energy is reduced, that

the values of both transmission coefficients are of the same
order and that the considered medium with parabolic prop-
erties profiles is more absorbing than the related material
with linearly varying properties.

The previous examples indicate the wide range of appli-
cations that can be investigated with the help of the wave
equation and the resolution method described in this article.
Nevertheless, the behavior of simulated materials using ho-
mogeneous plane waves is perhaps not realistic, especially to
visualize the acoustical ray path and to localize variations of
impedance with accuracy. The solicitation by a line source
might be more suitable and is known to enable the excitation
of evanescent waves inside the slab.45 The variation of ma-
terial properties of a compressed foam should also be stud-
ied.

VII. CONCLUSION

A model of the acoustic response of macroscopically in-
homogeneous elastic frame porous materials was derived
from the alternative Biot’s theory of 1962. This formulation
is the only one which is valid for this type of heterogeneity,
as previously stated in.2,34,35 As a first verification, a study
was made of wave propagation in rigid frame inhomoge-
neous porous materials for which the inhomogeneous
equivalent fluid model was obtained. A fast and stable nu-
merical method, deriving from the wave splitting—
transmission Green’s function approach, was developed to
solve the inhomogeneous Helmholtz Eq. �16�. A validation
of this method was made on the example of a two-layered
medium, by comparison to the exact solution �obtained by
the transfer matrix method�15 and to experimental results, for
both normal and oblique plane wave incidence. In the nu-

FIG. 12. Top panels: snapshots of the internal pressure fields for the two-layered medium of Table II and for the corresponding linearly varying properties
medium with constant gradient of properties. Bottom panels: comparison between the reflection and transmission coefficients, �R���� and �T����. Oblique
incidence �=45°.

FIG. 13. Snapshot of the internal pressure field �top panel�, and the reflec-
tion �R����, transmission �T����, and absorption �A���� coefficients �bottom
panel�, for a parabolic profile of properties. The angle of incidence is �
=45°.
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merical procedure, the jump of properties between the layers
was accounted for in the form of a single continuous func-
tion. Both internal and external pressure fields were deter-
mined as well as the reflection and transmission coefficients.
The internal fields and reflection/absorption/transmission co-
efficients were computed in the case of materials with a gra-
dient of properties. These examples illustrated the possibility
of designing acoustically absorbing materials by controlling
the gradient of parameters. This last point requires further
investigation, in particular, how the properties vary when the
foam is compressed. Another possible application of the
equations and method of resolution derived here is the de-
velopment of an optimized inversion procedure to character-
ize macroscopically inhomogeneous porous materials.
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