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ALMOST SURE ASYMPTOTICS FOR THE LOCAL TIME
OF A DIFFUSION IN BROWNIAN ENVIRONMENT

ROLAND DIEL

ABSTRACT. We study here the asymptotic behavior of the maximum lo-
cal time L*(¢) of the diffusion in Brownian environment. Shi [17] proved
that, surprisingly, the maximum speed of L*(¢) is at least t log(log(logt))
whereas in the discrete case it is t. We show that ¢log(log(logt)) is the
proper rate and that for the minimum speed the rate is the same as
in the discrete case (see Dembo, Gantert, Peres and Shi [6]) namely
t/log(log(logt)). We also prove a localization result: almost surely for
large time, the diffusion has spent almost all the time in the neighbor-
hood of four points which only depend on the environment.

1. INTRODUCTION

Let (W(z) , z € R) be a two-sided one-dimensional Brownian motion on
R with W(0) = 0. We call diffusion process in the environment W a process
(X(t),t € RT) whose infinitesimal generator given W is

Lw@ @ (w4
2° dz \° dr )’
Notice that if W were differentiable, (X(¢),t € R™) would be solution of the
following stochastic differential equation
AX(t) = dB(t) — S (X(8)dt,
X(0) =0

in which (§ is a standard one-dimensional Brownian motion independent
of W. Of course as we choose for W a Brownian motion, the previous
equation does not have any rigorous sense but it explains the denomination
environment for W.

This process was first introduced by Schumacher [16] and Brox [4]. It is
recurrent and sub-diffusive with asymptotic behavior in (logt)2. Moreover
Brox showed in [4] that X has the property to be localized in the neighbor-
hood of a point mjeg ¢ only depending on t and W. Later, Tanaka [22, 21] and
Hu [10] obtained deeper localization results. The limit law of mjog¢/(log t)?
and therefore of X(t)/(logt)? is independently made explicit by Kesten [13]
and Golosov [9].

Kesten and Golosov’s aim was actually to determine the limit law of a
random walk in random environment, introduced by Solomon [19], which is
often considered as the discrete analogue of Brox’s model. Sinai [18] proved
that this random walk (S,,n € N), now called Sinai’s walk, has the same
limit distribution as Brox’s. Hu and Shi [11] got the almost sure rates of
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2 ROLAND DIEL

convergence of the limsup and liminf of X and S. It appears that these
rates are the same.

In the present paper, we are interested in the local time of the diffusion X.
This process, denoted (L(t,x),t > 0,z € R), is the density of the occupation
measure of X: L is the unique a.s. jointly continuous process such that for
each Borel set A and for any ¢ > 0,

(1) v (A) ::/0 lA(Xs)ds:/RlA(:U)L(t,x)d:c.

We shall see later that such a process exists. The first results on the behavior
of L can be found in [17] and [12]. In particular Hu and Shi proved in [12]
that for any z € R,

log(L(t, z))

ELUNT, t— 400
logt

where U and U are independent variables uniformly distributed in (0, 1)

and -5 is the convergence in law. Note that in the same paper it is also
proved that Sinai’s walk local time £ has the same behavior. The process &
is the time spent by S at = before time n for n € N and z € Z: {(n,x) :=
Y h—o Ls,—z- This result shows that the local time in a fixed point can vary
a lot. So to study localization, a good quantity to look at is the maximum
of the local time of X,
L*(t) := sup L(t, z).
zeR

Shi was the first one to be interested in this process; in [17] he gave a lower
bound on the lim sup behavior. Almost surely,

. L*(t) 1
limsup ———— > —
t—soo tlogg(t) — 32

where for any i € N*, log;,; = logolog; and log; = log. In the same
paper, he computed the similar rate in the discrete case: define for n € N,
£*(n) := sup,ez &(n, z), there is constant ¢ € (0, 00) such that, almost surely,
lim sup in) =c.
n—00 n
Thereby he highlighted a different behavior for the discrete model and for
the continuous one. The limit law of L*(¢) was then determined in [2]:

L*(t) i} 1
t foo W(z)dq

e~
—00

, t = +00

where W has the same law as the environment conditioned to stay positive.
But unlike the discrete case (see [8]), this result does not allow to obtain an
upper bound on the almost sure behavior.

Here we prove that the quantity logs(t) is the correct renormalization for
the lim sup and an analog result for the lim inf:
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Theorem 1.1. Almost surely,

1 ) L*(t) e?
— <limsup ——— < —
32 t—oo tlogg(t) = 2
) * 2.2
Jo < liminf logs (1)L (*) < °cr.
64 t—o0 t 4
where jo is the smallest strictly positive root of Bessel function Jy.

and

We can compare these results to the ones in the discrete case, see [17]
(and [8] for the value of the constant) for the lim sup and [6] for the lim inf:
there exists two constants ¢, ¢ € (0,00) such that almost surely,
£ (n) logs(n)¢*(n) _

lim sup =c¢ and liminf—"—2-~=¢"
n—00 n n—00 n

As Shi noted it, the limsup in the continuous case and in the discrete case
have a different normalization, but we see with Theorem 1.1 that the nor-
malization is the same for the liminf.

There is the following heuristic interpretation: in the discrete case like in
the continuous one, L*(¢)/t behaves approximately in the best case like the
inverse of the integral of the exponential of the ”steepest” environment and
in the worst case like the inverse of the integral of the exponential of the
”flattest” one. However if in discrete case there is a steepest environment,
in the continuous case it is possible to be as steep as we want, and in the two
cases, the environment can be as flat as we want. It explains the difference
for the lim sup. To compute these rates, we need to study carefully both the
behavior of the ”steepest” and ”flattest” environment and the place where
the diffusion spent the most of its time. Indeed, as we said, for large ¢ the
process X is in the neighborhood of a point mjag ;. This event happens with
a probability which tends to 1 when t goes to infinity, however it does not
grow fast enough with ¢ to derive almost sure results. So here we relax the
localization of the particle to the neighborhood of four points instead of one.
Then we obtain the following theorem:

Theorem 1.2. Fiz ¢ > 0 and co > 0. There are four processes mi, m?, m}

and m} only depending on the environment W such that if we denote

4
Iy = U[mi — (logy t)**¢, m{ + (logy t)*+°],
=1
then, almost surely,
. log t)c0
lim Uos D)™ R\ 1) = 0.

That is to say, for large ¢ the diffusion has spent much of its time in the
neighborhood of at most four points.

The rest of the paper is organized as follows: in Section 2, we present some
technical tools used in the article, in Section 3, we show that environment W
has “good” properties with a large enough probability, Section 4 is centered
on the study of the local time of the process X at properly chosen random
times, then in Section 5, we look at the behavior of these random times to
deduce results in deterministic time and finally in Section 6, precise almost
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sure asymptotic result on the environment are given to finish the proofs of
Theorems 1.1 and 1.2.

2. THREE USEFUL THEOREMS AND SOME TECHNICAL ESTIMATES

We begin with a useful representation of X we use throughout the article.
The martingale representation theorem says that, given the environment
W, X is a Brownian motion rescaled in time and space. Precisely (see [4]),
there is a Brownian motion B started at 0, independent of W such that if
we define the scale function

(2) Vo € R, S (z) = /0 " ) g

and the random time change

(3) Vt > 0,Twp(t) == /Ot e_ZW(Sv_vl(B(S)))dS’
then

(4) X = Syt o BoTyk.

To simplify notations, we write S and T' for respectively Sy and Tw,g.
Using (4), we easily obtain that a continuous function L verifies (1) only if

(5) Ve eR, Vt>0, Lt,z) = e V@ LT(1), S(x))

where L is the local time process of the Brownian motion B. And so the
local time of X is defined correctly.
We introduce some notations : for z,r > 0, we denote

T(z):=inf{t >0; X(t) ==z}, o(r,z) :=inf{t >0 ; L(t,x) > r},
7(z) :==inf{t >0; B(t) =z} and o(r,z):=inf{t >0; L(t,z) > r}.

More generally, the quantities related to X are written in bold font and the
ones related to B in normal font. Furthermore, in the rest of the paper,
letter K stands for a universal constant whose value can change from one
line to another and for any process M, 7ps(x) will denote the hitting time
of height = by M. We also denote by P the total probability and by PV
the probability given the environment W.

As said before, the study of the process X is reduced by a change in time
and space to the study of a Brownian motion. We therefore use in our proofs
the following two theorems (see e.g. [15]) that describe the law of the local
time of a Brownian motion stopped at some properly chosen random times:

Theorem 2.1 (Ray-Knight). Let a be a positive real number.

The process (L(T(a),a—y), y € [0,a]) is a square of a 2-dimensional Bessel
process started at 0. And conditionally on L(7(a),0), (L(7(a), —y), y > 0) is
a square of a 0-dimensional Bessel process started at L(7(a),0) independent

of (L(7(a),y), y = 0).

Theorem 2.2 (Ray-Knight). Let r be a positive real number.
The processes (L(o(r,0),y), y € R") and (L(a(r,0), —y), y € RT) are two
independent squares of 0-dimensional Bessel processes started at r.
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In the rest of the article, we denote by Z a square of a 0-dimensional
Bessel process started at 1 and by @ a square of a 2-dimensional Bessel
process started at 0. To use the previous theorems, we have to estimate the
behavior of these two processes.

Lemma 2.3. For all v,6, M > 0, we have

i) p (s 120 -120) <N o (—ﬁ)

0<t<v
1
(ii) P (supZ(t) > M) = —,
0 M

(iii) P ( sup Q(t) > M> < e,
0<t<v
(iv) There is a constant K > 0 such that for any 0 < a < b,

1 M
P < sup —-Q(t) > M) < Ke™ Zlog(8b/a)

a<t<b

Proof. (i) and (ii) are proved in [20] Lemma 3.1 (the results are stated for
a Bessel process but they are actually true for a squared Bessel process).

(#i7) Denote by B and B two independent Brownian motions. The pro-
cesses (Q and B? + B? have the same law, so

P (im0 =) < (ap190) + (g, 10) )

o ((znm0) + (g 20) 2 )

where the second inequality comes from the reflection principle. For
a fixed v, supg<s<, B(5) £ |B(v)]|, then
P ( sup Q1) > M) < 4P QM) > M) = 4e .
0<t<v

as Q(v) has exponential distribution of mean 2v.
(7v) Thanks to the scaling property of @,

P(Sllp lQ(lﬁ)ZM> :P< sup lQ(lﬁ)ZM>

a<t<b a/b<t<1 t

Q) M
P <OS§2£1 \/tlog(8/t) = \/10g(86/a)> '

We then conclude with Lemma 6.1 in [11] which says that there exist
a constant K > 0 such that for all x > 0,

Q1) 22
; (P Flog(3/7) 29”) sheT

N
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We also need to study the behavior of the environment W. We start with
a notation for the minimum of W on an interval

W(x,y) = {

another one for the maximum

_ 1 <
Wi, y) = { Iilaxze[x,y] Wi(z) ifx<y

00 if not

min,c, ) Wi(z) ifz <y
“+00 if not

)

and a last one for the environment reversed in time

(/W(CC), S R> = (W(-z), x € R).

Define now
(6) Hy,:=inf{x >0; W(z)—W(0,z) > v},
(7) my :=inf{x >0 ; W(z) = W(0,H,)}

and H, and 7, the corresponding points for W. Brox showed in [4] that at
time e”, with high probability, the process X has spent much of its time in
the neighborhood of m,, or of m,. For our study, we need to know the law
of the environment in the neighborhood of these points; it is given by the
following theorem due to Tanaka (Lemma 3.1 in [22], see also the proposition
page 164 in [21]).

Theorem 2.4. Let R be a Bessel process of dimension 3 started at 0 and
define
Tr(v) := inf{z > 0/R(z) > v},
Cr(v) :=inf{x > 0/R(x) — igf R(y) > v} and
Yy=x

pr(v) i= sup{e < Ca(v)/R(@) - inf R(y) = 0},

Under P, the process (W (—x + my) — W{(m,), = € [0,m,]) and the process
(W(z +my) — W(m,), z € [0,H, —m,]) are independent and the following
equalities in law hold:

>

(W~ +my) = W(m,), =€ [0,m]) £ (R(2), = € 0, pr(v))

and
(W +my) = W(my), @ € [0, H, —m,)]) = (R(x), = € [0,7(v)]).

Therefore, to use this theorem it is necessary to have informations on the
behavior of Bessel processes of dimension 3.

Lemma 2.5. Let R be a 3-dimensional Bessel process started in 0. There
is a positive real number K such that for every a,z >0 ,

) 4 —e?/20 < p P R ey
(i) \/Ee < ?01715}2>a < \/E+ L)€ :

(ii)) P|{supR <a | > L n2a/(207)
[0,] K
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o
(iii) P </ e B@dy > a) < Ke 7898 where Jo is the smallest strictly
0
positive root of Bessel function Jy.

Proof. (i) According to the reflection principle for Brownian motion, one
can find a K > 0 such that

P (supR > a) < KP(R(z)>a).
[0,2]

Moreover, P <sup[07$]R > a) > P(R(z)>a). So Item (i) of the
lemma is a consequence of usual estimates for 3-dimensional Bessel

processes.
(11) Recall the Bessel function of the first kind (see [1] chapter 9)

[ 2 .
Jij2(x) = —sinz,

its smallest positive root is w. Then, according to Theorem 2 of [23],
there is a positive number K such that

1
P(Tr(1) > x) ~ ?G_F%C/Q.
Then, (the value of K can change)
1
P(Tr(1) > z) > geﬂf%/?

and

P (supR < a) =P (Tg(a) > z) > ie_7r235/(2‘12).

0.0 K

(i7i) Le Gall’s Ray-Knight theorem (Proposition 1.1 of [7]) shows that the
integral 1/4 [} e’ dz has the same law as Tg(1), the hitting time
of height 1 by a squared Bessel process of dimension 2 started at 0.
Then according to Theorem 2 of [23], as in the proof of the previous
item,

P </ e B@)qy > a> -p <TQ(1) > E) < Ke—jga/s_
0 4

3. ESTIMATES ON THE ENVIRONMENT

The process W has the same law as W, this allows to restrict the study
to W on R and to get similar results on R~ by symmetry.

We study the environment on [0, H,|, the valley of height v and particu-
larly in the neighborhood of m, as it is the place where the diffusion spends
most of its time. Unfortunately, the probability that at time e, the process
has reached the bottom m, and has not left the valley is not growing fast
enough to derive almost sure results. So we rather study the valley of height
v—c1 log v, where ¢ is a positive real number whose value will be determined
later, so that, with high probability, at time eV, the process has reached the
bottom of this valley and the valley of height v + c3log v so that the process
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is still inside at time e”. We therefore fix three constants ¢y, ca, c3 > 0 with
c1 > ¢z and define recursively for any v > 1, b, := 0 and for ¢ > 0,
inf{z > b,,; W(z) - W(b,; x) >v—cilogv},

My iy o= inf{z > bv,i ; W(z) = w(bm,bv z+1)}

Denote also for any i € N*,

by i1 =

a,; =sup{z <m,; ; W(z)—W(m,,;) >v—cologv} Vb, i,
chi=inf{zx >0; W(z) - W(0,2) > v+ czlogv},
m :=inf{z > 0; W(z) =W (0,c])},

bl i=inf{z >m; ; W(x) — W(m]) > v — ¢ logv} and

at ==sup{x <m} ; W(z) —W(m}) >v—calogv} V0.

F1GURE 1. A sample path of W

Obviously, there is a i € N* such that m;” = m, ;. We want to prove that,

with a probability large enough, m;f € {m, 1, m, o} and moreover that, in
the valley [0, ¢;], the points after b;L are higher than W(m})+(c1+cs)logo.
This can be expressed formally as follows:

F}) .—{ +<b;3, Wbt eh) — W(mj)Z(cl—i—c;g)logv}.

We also need many more technical conditions to ensure that the environment
does not stray too far from its average behavior:

.= {b;3 < W(m, ) > —v?; Wim, o) = Wi(b, ) > —v2}

_ _ 1 _ 1
ﬂ My 1= Gy 2 ﬁ y My o0 — v,2 > ’U_2
m{cj—mjzv; W(ch) = W((cf —logv) vm,cl) <2logv}
ﬂ {W((m —logv) Va,,m, ) — W(m, ) <2log v}

ﬂ {W((mv , —logv) Va, 25 _72) — W(m;2) < 2log v} .

We would also wish sometimes that m; = m;; (which of course is ob-
tained with a probability lower than the previous one). For that we use the
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event:
v vV

= {cj)' <b,y; Wb, eh) —W(mb) > (¢ +03)10gv}.

Define similarly f}), fg and f% from W.
We will therefore work on

(8) I,=T.NT2nT.NI2
Oor on
(9) I =T3NT2nT3NI2

The first step, as stated before, is to show that these events occur with a
high enough probability. We denote for every event A, A :=Q\ A.

Proposition 3.1. There exists a constant K > 0 such that for v large
enough,

Klogv
v—cilogv’

log v

1%i0§1<< >2mm P(T,) <

v —cylogv

Proof. Start with the upper bound for P(il}). Define

Wi = (W(by, +a) — W(b

v1))a by 1] and
Wy = (W(b;Q + ) — (b;2))x

w G[O,b;’Qf v
W 6[0717;3—17;2]'

The event {c;r > b, 3} is included in

sup Wi < (¢ +c3)logu; sup Wy < (c1 + ¢3)logw
(0,6, 5=b,, 1] (0,6, 5=, 5]

The processes W7 et Ws are independent and are distributed like
me,xemmhw.

Therefore,
2

P (c:,r > b;3>

IN

P | sup W < (c1 +¢3)logv
[Ovb;l]

= (P (W hits — v + (2¢1 + ¢3) log v before (¢; + ¢3) logv))?
([ (e1 +c3)logw 2
~\ v—clogv ’

For the second part of fi, according to Theorem 2.4, if we denote by R a
Bessel process of dimension 3 started at v — ¢; log v, then

P(E(b+ ch) = W(mt) < (c1+c3)log v)

v U v

=P (R(0,7r(v + c3logv)) < (c1 + ¢3)logv)
_ ((61 + C3)10gv>2.

v — ¢ logv
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For the last equality, see for example Property 2.2.2 of part II, chap 5 in [3].
We obtain in the same way

P(fi) < 2(e1 + c;;)logv.
v — ¢y logwv
Continue with an upper bound for P(fi). As W — W has the same law
as [W],

1)6 ?}6 ?}6
P(by,5 > v°) < P(by g — b,y > E) + P(byy —byy > —) + P(b,; > 3)
U6
= 3P(mjw|(v — c1 logv) > 3)
v0 K

Moreover, —W(m,, ;) and W (b, ;) — W (m,, ) are exponentially distributed
with mean v — ¢jlogv (see for example the first lemma of [14]) and are
independent. Thus

P (W(mg) = W(by) < —0*) = P (W(my,) < —v?)
<P (W(m,,;) <—(v—a logv)2>

Thanks to Theorem 2.4, still denoting by R a Bessel process of dimension
3 but now started at 0, as a,, > b

v,i—17
P{my; —a,; < 02 <P {my; —ay; < (v = crlogv)?
1
<p (TR(U —clogy) < m>

1
P To—b . —_ .
+ <m”’l vi-1 < (v —c1log v)2>

Yet, according to the scaling property of Brownian motion and a lemma
proved by Cheliotis in [5] (claim at the end of the proof of Lemma 13), there
is a constant K > 0, such that

1 1
P o=b . <—= | =P <
(s i) =7 (™ < =)
K
= (v—-c1logv)?

Moreover, Item (i) of Lemma 2.5 gives
1
2

P —cl —_—
<TR(U c1logv) < =1 logv)

) < K(’U - log,u)2ef(vfcl logv)4/2.
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We also obtain the following upper bound:
P (¢t —mf <v) =P (rp(v+ cslogv) <v)
< P(tr(v) <)
< K\/ve /2,

It remains to control P(W(c}) — W((cf — logv) V. m, ) > 2logv). Let

v (oA V)
B8 = v+ cglogwv. Using one more time Theorem 2.4, we see that

W(c)) —W((c, —logv)vm},ch)

v VU

=W(cH) - W(m]) - ( min W((ey —t) - WWD)

t€[0,log vA (e —mi)]
has the same law as

B — min R(tr(B) —t) = max (8 — R(tr(B) — t)).

te[0,log vATR(B)] te[0,logvATR(B)]
And according to Proposition 4.8, Chapter VII of [15], the processes
(8= R(tr(8) — 1), t €10,7r(B)]) and (R(t), t € [0,7r(B)])

have the same law. Therefore,
P<W(c;r) — W((¢) —logv) Vm,cl) > 2logv)

=P < max R(t) > 2log v>
t€[0,log vATR(B)]

and Item (7) of Lemma 2.5 implies

P< max R(t) > 2logwv
t€[0,log v]

> < K\/logv‘

02
Finally, we just have to obtain an upper bound for
P(W((m;1 —logv) Va, ,m, ) — W(m, ) > 2logv)
to prove the proposition. It can be obtained as the previous one. O

We now come back to the local time of the diffusion X.

4. ASYMPTOTIC BEHAVIOR OF L AT PARTICULAR TIMES

Let r be a positive real number. As for the numbers ¢;, its value will be
fixed later. Define o, := o(re”,m, ) the inverse of local time in m, ; and
in the same way o, 5, 7,1, 0, 9, o} and &, . At these times, it is possible to
estimate the local time of X in the neighborhood of the corresponding point.
We first give an estimate at a fixed environment in Proposition 4.1, then in
Proposition 4.4, the estimate is independent of the environment provided
that this one belongs to I',.
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Proposition 4.1. Define fori € {1,2} and 0 < § < 1,

Al = { Vo € a7, b Low®) 4l g

= € i il . — - = )

v T [av,z v,z] Tev*W(l“)JrW(mv,i)
By = {Va € by, _y.ay,) Loy, @) < dre’},
Co:={Vz € b}, ¢}],L(o},z) < dre’} and
Dv::{V:C>c+L0' :U—O}

and in the same way A C and D from W. There is a constant K > 0

such that for v large enough forany 0 <6 <1 and any r > 0,

Orvct 2

_ S(m;i)fS(b;Z ) dyer—e2
i = by log < (S0 0)- s<am>1>>

(bv ,Co )JFW(mv )

IS

and

Similar estimates hold for PW(;@)), PW(l/S’Z), PY(C,) and PW(Y/)\U).

Proof. We estimate the probabilities of the events relative to W, the ones
relative to W follow by symmetry. To simplify notations, all along the proof,
we shall not mark the index v for variables and events. Begin with the events
Al and B! (A% and B? can be studied in the same way).

The local time can be decomposed in two terms. The first one represents
the contribution of the local time before 7(m7j ) (the first time where X
reaches m ) and is negligible compared to the second one which represents
the contribution of the local time between 7(m] ) and o] = o(re’,mj ):

(10) L(oy,2) = L(r(my),2) + (L(oy,2) — L(T(my),)) .

The following lemma describes the behavior of the first term.
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Lemma 4.2. For any r,v >0 and 0 < § < 1,

L(m(m7),x
PXI{J::PW( sup (7 ( 13{/) )>6>

z€lay ,my] rev_(W(x)_ (m1)

ca
< Kexp (_57’2} )7

2my

Pg{,l =PV < sup L(r(m7),x) > 5T€U>
z€lby a1 )
orvt

_ _ S(m7)—S(by

< Kexp

To highlight the fact that the computations are identical for B' and for
B? we make the quantity b, appears, although it is zero.

Proof. Thanks to (4), it is easy to verify that 7(mj) = T(7(S(m7)). So
using (5), for any x > 0,
L(r(my),z) = e VIL(r(S(my)), S(x)).
Then,
PEK,l = p% ( sup  L(7(S(m7)),S(x)) > 57“e”+W(m1_)> )
z€lay my ]
According to the first Ray-Knight theorem, Theorem 2.1,
(L(7(S(my)), S(my) —y), y € [0,S(my)])

is distributed as a squared Bessel process of dimension 2 started at 0. There-
fore, with Item (i4i) of Lemma 2.3,

§ v+W(m7)
Py 1 < Kexp (- - :

2(5(my) = S(ay))

and by definition of a,

my —
S(my)—S(ay) = / V@ dy < myellarmi)
ay
< ml—e'l)7€2 log U+W(m;).
Hence the first upper bound of the lemma is obtained.
Continue with the second one: using a similar argument and denoting by
@ a squared Bessel process of dimension 2 started at 0, we get

Pg{,l =pY ( sup e V@Q(S(my) — S(x)) > 57’6”)

xz€[by ,ay )

- e VEOS(m) = 8@)) g ’
- (&E?il) S ) —S@) @) = S()) > ore ) .
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By definition of m}, for any = € [by,a;),
e WEN(S(my) = S(x)) < (my — by eV (@)

As by is the first positive number x such that W (z)—W (b, ,x) > v—c; logv,

(ml_ _ ba)efW(m)JrW(m,m;) < (ml_ _ ba)evfcl logv.
Thus, coming back to the probability ng 1> We obtain
C1
Py <PV < sup o) > L) :
’ welS(my)—S(ar ). S(my )-S(b;)) my — b
According to Item (iv) of Lemma 2.3, we finally have
orv
Poiy < Kexp - S(mr)-S(b5)
) — — m -
2(my —by)log (8575505 )

This concludes the proof of the lemma. O

Now, we study the second term of (10).

Lemma 4.3. Foranyr>0,v>1and0<§ <1,

PX{Q = PW sup L(0-17x)_L(T(mE )7‘T) _1‘ >4
’ ZBE[al_,bl_} vf(W(m)fw(ml ))

— 2 0n C2
§§ (1+9)b; exp <_ o rv _),
) rvc2 8(1+ 9)b;

re

Py, =PV < sup L(oy,z) —L(r(my),z) > 57’6”)
7 z€[by ,ay )
1
< .
T dverTe
Proof. Tt is easy to verify that the inverse of local time o satisfies the fol-
lowing equality for every r > 0 and y € R,

(11) o (r,y) = T(o(re" ¥, S(y))).
Thus, thanks to (5), for any » > 0 and y € R,
L(oy,z) = e W@ L(o@reW M)t S(m)), S(x)).
And so the following expression for the local time holds,
Loy, ) = L(r(my), z)
= V) (L(o(re" "+, S(mi)), S(2)) = L(r(S(m7), S(x))

£ e W@y W MmOtV (5(1,0), s(x))

where
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Denote by Z the square of a Bessel process of dimension 0 started at 1.
According to the second Ray-Knight theorem (Theorem 2.2), we have

Py, <PV ( swp|Z(y) 1] > 6)
0<y<|s(ay)l

+PY ( sup  |Z(y) — 1] >5> .

0<y<s(by)

Therefore, using Item (i) of Lemma 2.3,

2
Pl < v oo (~ )
4

+ =1/ (1 +0)s(by ) exp <_8(1T)8(bf)> .

(e

Moreover, the definition of a; implies that

—W(m7i)—v pmi — _ B _
[s(ap) = / W@y < ML W) Wm—e < b
a; r

r
1

We get likewise [s(b )| < by /(rv®'). As ¢; > cg, these last two inequalities
lead to the first point of the lemma. We now prove the second inequality of
the lemma. If by = a;, we have obviously ng 2= 0 else, reasoning in the
same way as before, we obtain

PZ?{Q =pW < sup e V@V 1(5(1,0), s(z)) > 6) .

xz€[by a1 )

One more time, thanks to the second Ray-Knight theorem and denoting by
Z a squared Bessel process of dimension 0 started at 1, we obtain

Py, <PV <6_W(b5’“1_)+w(ml_) sup Z(u) > 5)
’ u>0

_ LWy e wmy)

0

The second line is a consequence of Item (ii) of Lemma 2.3. Denote by n!
the unique real number in [by ,a; ] such that W(n') = W (b, ,a;) then

W(my) = W(n') =W(n',a7) = W(n') = (W(n',ay) — W(m7))
<wv—-cilogv— (v —cylogv) = (c2 — ¢1)logw.
Therefore,
W
PBl,Q < Svci—c2

and the lemma is proved. O

Combining the results of Lemmas 4.2 and 4.3 yields to the upper bounds
of P (A!) and PY(B!) of Proposition 4.1.
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We continue with the estimate of P (C). Reducing once again the local
time of X to the local time of a Brownian motion by a time and space
change, we obtain

PY(@C)=PY ( sup e*W(mHW(mﬂL(a(l,O),s(x)) > 5) )

z€[bt,ct]

where s(z) is the same as before but m] is replaced by m*. One more
time, Z denotes a squared O-dimensional Bessel process started at 1 and the
second Ray-Knight theorem gives:

PY(@C) < PY (e_W(b+’c+)+W(m+) sup Z(u) > 5> )
u>0

So Item (éi) of Lemma 2.3 yields to the upper bound of Proposition 4.1.

Finally, we show that with a high probability diffusion X does not hit ¢+
before time ot. L.e. we find an upper bound for P (D). The scale change
in time and space of X and the usual properties of Brownian motion give
(see e.g. [3] Formula 4.1.2 page 185)

PV (D) = P (r(c*) < o (retm*) )
= pY (T(S(C+)) <o <Te”+w(m+), S(m+))>

U HW (m™) rettWm?)
=1—exp <_2(S(C+) — S(m*))) S 2(S(ct) — S(mt))

This completes the proof of the proposition. O

We now give upper bounds independent of the environment provided that
it is in the set I', defined in (8).

Proposition 4.4. We use the same notations as in the previous proposition.
There is a constant K > 0 such that for v large enough, for any 0 < 6 <1,

and any r >0, if W € Ty, forie {1,2},
— K 52 ppc2—6
PW< 2) <= ——
A T oVrvee—6 P < K >’

— Srvcr—8 2
w
P (Bg) <K exp <— - > =

— 1
PV (CU) §5001+03 and
W — r
P (Dv) SQUCB_Q logv

Once again similar estimates hold for PW(;l\f}), PW(I/S’\%), PY(C,), PV (D,).

Proof. We only have to control the values of the upper bounds of Proposition

4.1 when W € T,. For PV <A_§,>, it is enough to notice that, on T';, the

variables b; ;, are smaller than v5. Then, we also obtain the upper bound
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My, — bv,zel

< b, , <v0. To estimate PV (B_f,>, it remains to study

S(m, ;) — S, ;1) < (my,; — b;z‘—1)ew(b;’i’1’m;’i)
S(m;z) - S(a;i)

(my; — a;i)ew(m;”')

First remark that W(b,, ,,m_,) —W(b,, ;) <v—cjlogv <wv. Then it is
easy to see that, on I'y, the following inequality holds:
5(7”;@) - S(b;,i—l) <

86v+v2 )
5(7”;@) - S(a;i)

This implies the second upper bound of the proposition. As on I',, we
have W (b}, ct) — W (m)) > (c1 + c3)logwv, the third estimate is obtained

VU -

immediately. It remains the upper bound of PV (D_v) Remark that

e

S(ch) — S(m) 2/ V@ dy

(e —logv)vm
> (logv A (¢ —m})) W (e —logv)vmy ci)
And on T, we have ¢ —m} > v and W((¢; —logv) Vvm™t,cf) > W(c}H) —
2log v, then
2
PV (D,) < TV oW (md)=Wi(el)
~2logv

As W(ct) — W(my}) = v + c3logw, this concludes the proof. O

5. ASYMPTOTICS OF LOCAL TIME IN DETERMINISTIC TIME

We fix now the constants ¢;: take a real number ¢ > 0, then c1, co and c3
are chosen as follows ¢; := 2¢+ 8, ¢ := ¢+ 6 and c3 := ¢+ 2. Thanks to
Proposition 4.4, we can now study the process L at the time

oy ::5'3/\5';1/\0';1/\0'3.

Define for v large enough,

+

bo1 _ by +
- ::/ L WE@AW O gy T ::/ oW @HW (md) g
a at

v,1
and define similarly fv_ and f{," from W. Consider finally
Joi=1L, ALV AT NIV et Jy =T, + 1S + I, + I

Roughly speaking, Proposition 5.1 shows that the process o, /re? stays be-
tween j, and J,. Moreover, the occupation measure is concentrated in the

neighborhood of m ,, m; ffz; , and m;. Precisely, for v large enough,

v,17 v

define the last time the environment is less than W(m; 1) +1og1/5 between
m;l and b;l,

dyy = sup{m;1 <z<b,,, W(x) — W(m;l) <logl/d}
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and the first time the environment is less than W (m,, ;) +log1/§ between
a,, and m,, ,

e,q =inf{a,; <z <m,,, W(z)-W(m,,) <logl/d}.

Consider then the interval U, := [e ;,d, {]. Define similarly d;}, e}” and U’

v,17 Yo, 1
from m;5 and the analogous variables for W. At time o4, the diffusion has
spent much of its time in the set

A, :=U, UUS UU; UU}.
and L* is approximately re".

Proposition 5.1. Define the event

&, = { (A,) < 4rve¥s ; re’ < L*(oy,) < 1e’(146) ;

There is a constant K > 0 such that for any 0 < § < 1 and any r > 0, if
Wel,,

— 1 52ru¢ orv° 1 r
w < _ _ L r
" (5”)—K<5W6Xp< K >+6Xp< K>+5vc+vc>'

Note that in the previous section the four points m_;

o1 Moy o ﬁz;l and fh;Q
are involved whereas in the last proposition these are the points m, |, my,
T/T\L; and m;". The former ones are interesting because they simplify com-
putations for Proposition 4.4, but, as we shall see in the next section, the

latter ones simplify the study of the integrals I, I, Iv and I;F .

Proof. We prove that on the intersection of all the events of Proposition 4.4,
the event

{re” <L*(oy) <re’(140) ; ju(1 —0) < :.71; < Jy+ 2U65}

is realized. As o, is the first time the diffusion has ”spent a time” re¥ in
one of the points m,,, m;, M, or m; we already have re” < L*(ay).

Moreover, local time is non-decreasing, so for every =z € R,
L(UU,:C):L( )/\L( Oy157T )/\L( Tp10 % )/\L(Uj’x)'

On T, the time o' is equal to o, o0rtoo,,and o, is equal to o, orto
0,5 Then the inequality L*(o,) < 7e”(1 + d) holds.
Continue with the estimate of o,: by definition of the local time,

+oo
oy :/ L(oy,z)dz, P-as.

—00
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therefore

Ifmj:m;,l,then b;f:bg,l and o) = Oy1s

+oo
/ L(oy,z)dz
0

else if mf =m_,,

+o0 a;l b;l
/ L(oy,z)dx < / Lo, )dx—i—/ L(o,,2)dz
0 0 a

v,1

a;,2 b;,Q Cv+
# [ onpan s [t [ Lt
by, v,2 bv

< (I + I+ 8¢ )re”

The integral ffoo L(oy,x)dz has a similar upper bound. On T', we have

¢t +¢F < 205 and the upper bound of the proposition follows immediately.

Ifo, = O, WE have

b;’
0';12/ 1L( O, 1T x)dz > I (1 —9)re".

)

v,1

The same computation when o, takes one of the three other possible
values yields to the lower bound stated in the proposition.
Finally, as

Vg, (Ay) = / 13 L(oy, z)d,

we can obtain the bound of the proposition proceeding in the same way as
before. 0

As the behavior of o, is controlled, same kind of results in deterministic
time can be obtained.

Proposition 5.2. For any 0 < 6 < 1/2, for v large enough, if W € T,

v Y(1+9)
pWv 67<L* v <L
<Jv+2v65— ) <505

1K L 5200 e Sve 6 Lt
— xp | — xp | — —+—].
= PR PUTK sve | vt

Proof. We use the real number r which appears in all propositions since the
beginning. Define

1 1

p(’l)) = m and T’(’U) = m
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We write o for the time o, associated with p and o, for the one associated
with r. Consider the events

p
QF = {ﬁ <Jy +2f066} = {0‘5 < ev},

Q"= {L*(O'Z) <r)e’(1+96); ju(1=9) < (v;}ev}
={L*(o}) <r(w)e’(14+6); e" <o,}.
As the maximum of the local time is a non decreasing function, on Q",
L*(e”) < L*(oy,) < r(v)e’(1+9)
and on 7,
pv)e’ < L (o) < L*(e).
Therefore it is enough to find a lower bound for P(Q" N Q”). According to

the previous proposition, we only have to estimate r and p. First, on I',
the following inequality hold

Jo < Jy S cf +T5 < 20

- - -2
Moreover, m, | —a, ; > v~ and

W((m,, —logv) Va,,,m, ;) —W(m,,) <2logv,

v,17 "%,1

thus

> /m“’1 e W@HEWm, 1) gy > 1
(

- _ vt
m, 1 —logv)Va, ; v

The lower bounds for IF, fv_ and fj are found in the same way. Finally,
K 4
<o) < (o) <20

and the estimate of the proposition follows easily. O

Using similar arguments, we can also obtain a result in deterministic time
for the occupation measure.

Proposition 5.3. For any 0 < 6 < 1/2, for v large enough, if W € T,
PV (vev(4y) < 8vloev5)

—_— L 5200 e 6O Lt
— ———exp | — xp | — —+—].
= s/ 6 P\ TR PUTTK dve " ved

Fix now ¢g > 10 and recall that ¢; = 2¢ + 8. Proposition 5.3 used with
d =v"%/8 and ¢ > 6 + 2¢p and the upper bound for P(I',) of Proposition
3.1 yield

log v

2
(12) P (vev(Ay) < /o 1) >1-K ( ) for v large enough.

v — cq logv

Proposition 5.2 with § = v~ and ¢ > 20 and the upper bound for P(T,)
of Proposition 3.1 yield for v large enough to

(13) P <67 <L) < M) S1-K <10i>2

Jy + 201 ~ (1 =077 v —clogv
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and if we use the event I/ instead of T',, we obtain

(14)
v v -7
P< e <L*(") < 76(1-{-1} ) >21_ Klogwv

I+ 1, +20-1 ~ Iy AL (1 =07 T) v —cplogv’

6. PROOF OF THEOREMS 1.1 AND 1.2

As shown by Proposition 5.2, the asymptotic behavior of L* has a direct
link with the ones of j, and J,. Therefore, the proof of Theorem 1.1 requires
to study the integrals I, I.F, I,” and I,/

6.1. Maximum and minimum speed. Begin with a lower bound for the
maximum speed:
Lemma 6.1. Let v, = exp(n). P-a.s.,

Iy, M, 4

Un
2

lim sup

n—00 10g2vn ~ e?n?

s

Proof. First, define for n large enough, the sequence of events

-
E, = {mvn | >my / oot e*W(J’?)JFW(m;n,l)dx > 410&} .

vn—1,1 0 | o202

mvn,l

Denote by (Gn) the filtration generated by (W(z), 0 < 2 < b, ;). The
process W, := (W(z +b, ;) —W(b, ), z>0)isa Brownian motion
independent of G,,_1. The event F,, can be expressed in term of W,,: E,, =

E, 1N E, 2 where

E, 1 ={W, hits —v,_; + ¢ logv,_1 before v, —v,_1 —c1} and

b, 1 (Wn
En’z _ {/ vn,l( )e_Wn(l‘)-f'Wn(m;n’l)d(L_ > 410&} )

_ 2.2
mvn,l(Wn) e

Therefore, E,, is independent of G,,_1 and G,,-measurable. Moreover, thanks
to Theorem 2.4, I, 1 and E, » are also independent from each other and
P(W, hits —v,_1 + ¢1 logv,—1 before v,, —v,—1 —¢1)
v — c1 log vy,

and

_ 2.2
mvn,l(W") e

Tr(2)
2P</ e B@) gy > 41°g"> > p <TR(2) > 410§n> .
0 s

b (Whp
P(/ 'un,l( )e*Wn("L’)“FWn(m;n,l)dx > —410gn>

e2r?
Then, according to Item (i) of Lemma 2.5,

n

1—e 1 —cie”
P(E,) >



22 ROLAND DIEL

We now define the similar event for W:

bon.1 - 41
. ~ — ~— . et W (z)+W ogn
E, = {mvml > My, 115 / € @ (mvn’l)dx = 212 :
m

vn,1

The events FE,,, En are independent, thus

~ ~ 1—e ! —cre™)?
P(E, (B, = P(E)P(E,) > . o )
The second Borel-Cantelli lemma yields the conclusion. O

We are not interested in an upper bound of the minimum speed because
this would lead, except for the value of the constant, to the result obtained by
Shi in [17]. We now look for almost sure bounds. To this end, we study the
successive values p, the process (m,, v > 2) can take. These are precisely
defined as follows: define v9 = 0, hg = 2 and recursively for any n € N,

) = W(vn,x) = hy},
pnt1 =inf{z > v, 5 W(x) = W(ym, Bnt1)}
Ynt1 :=inf{z > Bny1 5 W(x) = W (tnt1)}
M1 i=1nf{z > piny1 5 W(x) = W(npt1) + 2},

M1 :=inf{z > Buy1 5 W(z) = W(Bns1,Ynt1)}
hnt1 =W (Mpi1) — W(pnt1) and
Fot1 =0 (W(x),0 <z < ypq1).

Br+1 =inf{z > v, ; W(x

/J\/\/\ " | »
\\//ﬁ1 n1

F1GURE 2. The variables for a sample path of W

Lemma 6.2. There is a positive number K such that for any n > 0 and
any X > 0,

M,
p (/ e—W(J:)-l-W(Mn)dx > )\> SKe_jgl% and
o

p< [ " W(x)+w(“")d:c<)\> <K (2/(eVR) + eVAj2) e/

where jo is the smallest strictly positive root of the Bessel function Jy.
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Proof. The process (W (vp—1+2) — W(yn-1), = > 0) is a Brownian motion
independent of F,,_1. Therefore given h,,_1 = h, Theorem 2.4 gives the law
of the process

(W (pn +2) = W(tn), —pn +Yn-1 <@ < By — f1n) -
Moreover, according to Proposition 3.13 Chapter 6 of [15], given h,—1 = h
and W(M,,) = M,
is a 3-dimensional Bessel process started at h and killed when it hits M + h,
thus (W (pn + ) — Winp), 0 <z < M, — up). is a 3-dimensional Bessel
process started at 0 and killed when it hits M + h. So if we denote by R
and R two independent Bessel processes of dimension 3 started at 0, then

My, o) o) -
P (/ e W@HWn) gy > A) <P </ e B gy —i—/ e F@)qy > )\>
Yn—1 0 0

<2P </ e B@)qy > é) .
0 2
Using Item (iii) of Lemma 2.5,

Mnp
P < / e”W@HWin) qg, > A) <Ke i,
ot

n—1

For the second bound, we denote Tr(2) := inf{z > 0, R(z) > 2} and thanks
to Theorem 2.4 and Item (i) of Lemma 2.5,

Mn TR(Z)
P ( / e W@ +Wkn) qq < A) =P / e B@ e < A
n 0

<P (Tgr(2) < *))
<K (2/(6\/X) + e\/X/2> e~/ (€N,

This concludes the proof. O
We also need the following lemma:
Lemma 6.3. Let a < exp(l) < b. P-a.s., for n large enough,
a" < by < b A" < W(pn) — W (tns1) < b and a® < v, < b*™.

Proof. Begin with the law of the sequence (h,). For any h > 1, any n € N
and any x > 2,

P<%gh|hn:x> :P<W§h—l|hn:x>

1

=P(rw((h—1Dz) > mw(—x))=1- 7

Thus the variables r,, := hy,41/h, are independent and log r,, is exponentially
distributed with mean 1. Therefore, logh, — loghy = > logry has the
gamma distribution I'(n, 1): for any 1 < a < exp(1) and n large enough,
nloga
P(h, <d") < /
0

! (nloga)™

ey, < (nloga)"
- = an(n-1)
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as the function x — 2" le=®

[0,nloga] if n is larger than (1 — loga)

(2)"V2mn give
(nloga)" — [n (eloga "
a™(n—1)! 27 a

As for any a €]l,e], 0 < el?% < 1, the series Y P (h, < a") converges.
Then the first lower bound is a direct consequence of the Borel-Cantelli
lemma. The upper bound is proved in the same way.

For the second result, note that, given h,_1 = x, W (pn—1) — W(uy) has
the same law as —W (my). Therefore,

is non decreasing on [0,n — 1] and so on
—1. The Stirling Formula n! ~

h
P(W(:unfl) - W(:un) < h|hn71 = x) =1- e—h/x < ;
Take 1 < d < a < exp(1),

P(W(/‘nfl) = W(pn) < dnil)

<P (W(ptn—1) = Wi(pn) <d" 5 hpoy > a" 1) + P (hyoy <a™h)

d n—1
< <_> +P (hnfl < an—l) .

a
The previous proof implies that the sum of

P (W(anl) = W(pn) < dnil)
converges and the Borel-Cantelli lemma shows that, almost surely, for large
n?
W(pn-1) = W(pn) > d" .

The other bound can be obtained in the same way.

The last inequality with -, uses same kind of arguments: as before, we
can show that for any d > 0,

P(””h_%ﬁ" >d> §P< = Bn >d> P (rw(1) > d)

W(,un)
and
P(% >d> gP(%mz) <Plrw(1) > d).
n n—1
Then,

P(”"_hi;"l >d> < 2P (rw(1) > d/2) <

Now, let € > 0 and 9 = 0, we have for any n > 1,

P(Z’; (1+¢)? ><P<Z% Tk (1+e)2">

e~ (1+e)2 Kn?/?
< < .
ZP( — >—<1+e>n

Therefore Borel-Cantelli lemma 1mphes that P-a.s., for n large enough, v, <
(14€)?™h2. Tt is then easy to deduce the upper bound for 7,. And the lower
bound can be obtain easily using same techniques. O
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Proposition 6.4. P-almost surely,
liminf (I, A I,7)logyv >2/€? and
v—00
- +
I +1 < % ‘
vooo  logov Jo
Proof. Let k1 > 0, ks € R and consider the following integral :

k1

b
* ::/ oW @)W (my) g
a2

v

where
b =inf{x > m,, W(z) — W(m,) > v -k logv} and
a?? :=sup{z < m,, W(z) — W(m,) > v — kylogv} V0.

and m, is defined in (7). The asymptotic behaviour of the integral does not
depend on the value of k1 and ks :

(15) lim inf I¥ logy v >2/€? and
V—00
(16) lim sup I*(log, v) ™ <16/42.
v—00

Begin with the proof of (15). Fix d > €%/2. According to Lemma 6.2, for
any n € N*,

o log(n — 1)
W(@)+W (un) g < &
P(/n ° dz < dlog(n—1)> — (n—1)2/e

So the first Borel-Cantelli lemma implies that P-a.s. for n large enough,

Mn 1
WE@AW () gy >
/ne x>d10g(n—1)'

For v large enough, P-a.s. there is a unique n € N* such that h,_1 <v < h,,
and v — ky logv > 2. Hence m,, = j,, b¥* > 7, and

k1

by n
/ e WE@HW(mo) 40 > /77 e W@HW (1n) 40 > 1

dlog(n —1)

According to Lemma, 6.3, if n is large enough, h,_; > 2"~ !. Thereby P-a.s.,
for v large enough,

k1

b
v 1
“W(@)+W(mo) 4 > )
/mv € v d(logy v — log, 2)

When d tends to e?/2, we obtain (15).
Continue with the proof of (16), fix d > 16/j3. One more time, thanks
to Lemma 6.2 and Borel-Cantelli lemma, P-a.s. for n large enough,

Mpy
/ e W@FW )4z < dlog(n — 1).
.

n—1
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For v large enough, P-a.s., there is a unique n € N* such that h,_1 <v < h,
and v — k1 V ko logv > 0. Therefore m, = u, and blgl < M, and so

k1

by My,
/ e W@ Wy < / oW @)W (1)
Qg2 0

My
<oy W )+ W ) / =W @HW (1n) g
Tn—1

As 2 < exp(1) < 3, if n is large enough, according to Lemma 6.3,

’yn_le_w(""*l)+w(“”) < 322" and

My,
/ e W@HW(in) 4 < dlog(n — 1) < d(logy v — log, 2).
8l

n—1

Thus,

bil
lim sup / e WEHWm) gy < g

logy v Jok2
When d tends to 16/52, this gives (16). Then, with properly chosen values

for k1 and ko, we get the result of the proposition. O
We can now come back to the local time process.

6.2. End of the proof of Theorem 1.1. The previous results allow to
know the asymptotic behavior of L*. Using (13) with v, = n%*? and Borel-
Cantelli lemma, we obtain, P-almost surely for n large enough,

Un Un -7
ey < D)
Jvn + Q/Un ]vn(l — Un )
Thereby Proposition 6.4 gives the following inequalities,
L* Un
lim sup (e™) < €?/2 and

n—ooo €'mlogyv, — liminf j,, logy vy,

1 1 2
lim inf ML*(@””) > lim inf 082 Un > Jo
n—00 evn n—00 on 64

Denote by [z] the integer part of z, as L* is non decreasing, we get
3/212/3 1
2|0 L* (el ) < liminf ML*(BU)

V—00 B[US/QP/S V—00 é

3/2]2/3

L*(ev
and similarly lim sup L) <e?/2.
v—oo €Vlogyv

n

For the last inequality of Theorem 1.1, (14) with v, = €" and Borel-

Cantelli lemma imply that, P-almost surely for n large enough,
Un Un —Tn
° <L) < e
I, + Iy, 4+ 2e™ Ipy ANy, (1 —e7™)
Then Lemma 6.1 yields directly

logy v e2m?

L*'U<
() <5

lim inf —=42—
V—00 ev
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And the proof of the theorem is completed.

6.3. End of the proof of Theorem 1.2. Fix ¢y > 10. According to (12)
used with v, = n and Borel-Cantelli lemma, P-almost surely for n large
enough,

Ven(Ay) < e /n0~ 10,
As t — 11(A) is a nondecreasing function for every Borel set A, P-almost
surely for ¢ large enough,

— t
Vt(A[logtH—l) < GW

To obtain the theorem, we need to find a bound for the width of Ajog41-
Therefore, we only have to estimate the behavior of the processes d, ; and
€y Introduce the following sequences
Vn > 1, 6, = sup{pn, <z < By, W(x) — W(un) < ncglog4 + log 8},
€n = nf{y—1 <z < pp, W(x) — W(un) < necglogd + log 8}.

Lemma 6.5. Let ¢ > 0. Then P-a.s., for n large enough,

On — fin < ((n —1)log 2)*€ and py, — €, < ((n — 1) log 2)4*.
Proof. Notice that for any u > 0, n € N*,

P(6y, — pn, > ulhp—1 = x)
=P (W (pn + u, Br) — Wipn) < neglog4 +log8|hp—1 = ).

As the law of the environment near u,, is the one of a Bessel process R of
dimension 3 started at 0 (Theorem 2.4), we have

P(6y, — ptn, > ulhp—y =2) =P < min  R(y) < ncolog4 + log 8>
u<y<rR(z)

<P ( min R(y) < ncolog4 + 10g8> .
u<y<oo
The left member of the inequality does not depend on z, so it is also an

upper bound for P(d, — p, < u). According to Proposition 3.5, Chap VI
in [15], miny<y<oo R(y) has the same law as the supremum of a Brownian

motion maxg<y,<, B(y), therefore with u = ((n — 1) log 2)**¢,
K
P(by — pn > ((n — 1) log 2)*) < Tre

So Borel-Cantelli lemma gives the first result and the second one can be
obtained in a similar way. O

For v large enough, there is a unique integer n > 1 such that h,_ 1 <
v —cilogv < hy and so p, = m, ;. Thus, according to Lemma 6.3, for v
large enough, 2" ! < v — ¢; logv < 3" therefore logv < nlog4 and

dyy —myy < 6y — pn < (log 2" 1) < (log v)**e.

v,

We have the same upper bound for m, | — e, ; and thereby Theorem 1.2 is
proven.
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