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Almost sure asymptotics for the maximum local
time in Brownian environment

Roland DIEL *

Abstract

We study the asymptotic behaviour of the maximum local time
L*(t) of the Brox’s process, the diffusion in Brownian environment.
Shi [[L] proved that the maximum speed of L*(t) is surprisingly, at
least tlog(log(logt)) whereas in the discrete case it is t. We show
here that tlog(log(logt)) is the proper rate and we prove that for the
minimum speed the rate is the same as in the discrete case (Dembo,
Gantert, Peres and Shi [ff]) namely ¢(log(log(logt)))~*.

1 Introduction

Let (W(x) , = € R) be a two-sided one-dimensional Brownian motion on R
with W(0) = 0. We call diffusion process in the environment W a process
(X(t),t € RT) whose infinitesimal generator given W is

L way 4 [ —w) d

2° dr \° dx )’
Notice that if we take W differentiable, (X(t),t € R*) would be the solution
of the following stochastic differential equation

{ dX(t) = dB(t) — sW'(X(1))dt,
X(0) =0

in which § is a standard one-dimensional Brownian motion independent
of W. Of course as we choose for W a Brownian motion, the previous
equation does not have any rigorous sense but it explains the denomination
environment for W.

*Laboratoire MAPMO - C.N.R.S. UMR 6628 - Fédération Denis-Poisson, Université
d’Orléans, (Orléans France).
MSC 2000 60J25; 60J55.
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This process was first introduced by S. Schumacher [[4] and T. Brox [J].
The diffusion X is recurrent and Brox shows in [[J] that it is sub-diffusive
with asymptotic behaviour in (logt)?. Moreover for a given instant ¢, X has
the property to be localized in the neighborhood of a random point mjag¢
only depending on ¢ and W. The limit law of myg¢/(logt)? and therefore
of X;/(logt)? is independently made explicit by H. Kesten [L1] and A. O.
Golosov [§.

H. Kesten and A. O. Golosov’s aim was to determine the limit law of the
discrete time and space analogue of Brox’s model introduced by F. Solomon
[L§ and then studied by Ya. G. Sinai [[7]]. This random walk in random
environment, called Sinai’s walk, (S,,n € N) actually has the same limit
distribution as Brox’s.

Turning back to Brox’s diffusion, one can note that H. Tanaka [21], Rq]
obtained a deeper localization and later Y. Hu and Z. Shi [H] got the almost
sure rates of convergence of the limsup and liminf of X. It appears that
these rates are the same as the ones for Sinai’s walk. The question of an
invariance principle between these two processes remains open (see Z. Shi
[Lg] for a survey).

In the present paper, we are interested in the asymptotics of the maxi-
mum of the local time of X. Indeed, to the diffusion X corresponds a local
time process (L(t,z),t > 0,z € R) defined by the occupation time formula:
L is the unique a.s. jointly continuous process such that for any bounded
Borel function f and for any ¢ > 0,

/0 L F(X)ds = /R F@)L(E, 2)da.

We shall see later that such a process exists. The first results on the behavior
of L can be found in [[§] and [[(]. In particular it is proven in [[I(] that for
any z € R,

log(L(t,x))

ESUAND, t— 400
logt

where U and U are independent variables uniformely distributed in (0, 1)

and =5 is the convergence in law. Note that in the same paper Hu and Shi
also prove that Sinai’s walk local time has the same behaviour.
We now consider the maximum of the local time of X,

L*(t) := sup L(t, z).
z€R
Shi was the first one to be interested in this process; in [[L5] he gives a lower
bound on the lim sup behaviour,

L*(t
lim sup #

>
t—oo U 10g3 (t)

1
32



where for any ¢ € N, log;,; = logolog; and log; = log. In the same paper,
he computed the similar rate in the discrete case: there is constant ¢ € (0, 00)
such that e
n
lim sup ﬁ =c
n—00 n

Thereby he highlighted a different behaviour for the discrete model and for
the continuous one. The limit law of L*(t) was then determined in [fl]:
L*(t) ¢ 1
=
t f ® e=W(z)dy
—0o0

t — +oo

where W has the same law as the environment conditioned to stay positive.
But unlike the discrete case (see [ff]), this result does not allow to give an
upper bound on the almost sure behaviour.

Here we prove that the quantity logs(¢) is the correct renormalization
for the limsup and an analog result for the lim inf:

Theorem 1.1 Almost surely,
1 L*(t)
— <limsup ————
32 = b tlogs(t)

2 1 L*
Jo < liminfM < en?.
64 t

< 2e and

where jo is the smallest strictly positive root of Bessel function Jy.

We can compare these results to the ones of the discrete case, see [L]
(and [ for the value of the constant) for the limsup and [f] for the lim inf:
there exists two constants ¢, € (0,00) such that almost surely,

* *
lim sup LS—(n) =c¢ and liminf w =/.
n—o00 n n—00 n

As Shi noted it, the limsup in the continuous case and in the discrete case
have a different normalization, but we see with Theorem that the nor-
malization is the same for the liminf. There is the following heuristic inter-
pretation: in the discrete case like in the continuous one, L*(¢)/t behaves
approximately in the best case like the integral of the exponential of the
7steepest” environment and in the worst case like the integral of the expo-
nential of the ”"flattest” one. However if in discrete case there is a steepest
environment, in the continuous case it is possible to be as steep as we want,
and in the two cases, the environment can be as flat as we want. This ex-
plains the difference for the lim sup. To compute the exact rate, we need to
study carefully both the behaviour of the "steepest” and ”flattest” environ-
ment and the frequency of the change of the favourite point.

We now present a useful representation of X we use throughout the
article to study the process : the martingale representation theorem says



that, given the environment W, X is a Brownian motion rescaled in time
and space. Precisely, there is a Brownian motion B started at 0, independent
of W such that if we define the scale function

Ve € R, Sy (z / VW4 (1)
and the random time change
Vit > 0, Twp(t) i= /Ot e 2W (S (BN g, 2)
then
X =Syt oBoTyly (3)

To simplify notations, we write when there is no possible confusion S and
T for respectively Sy and Ty, p. We also denote by P the total probabil-
ity and expectation and by P" the probability and expectation given the
environment W. Using (JJ), we easily obtain that the local time has to be
defined by, for any x € R and ¢t > 0,

L(t,z) = e V@ LT(#), S(x)) (4)

where L is the local time process of the Brownian motion B.

The rest of the paper is organized as follows: in Section [, we present
some technical estimates used in the article, in Section f§, we show that envi-
ronment W has “good” properties with a large enough probability, Section
H is centered on the study of the local time of the process X, then in Section
f, we look at the behaviour of the maximum of the local time process L*
and finally in Section f], Theorem [[.] is proved.

2 Three useful theorems and some technical esti-
mates

Here are presented some results used throughout the article. We begin this
section with some notations :

Ve >0, 7(z) = inf{t > 0/X(t) =z},

Ve >0, 7(z = inf{t > 0/B(t) = x},
Vz >0,Yr >0, o(r,z) := inf{t>0/L(t,z) > r} and
Ve >0,Yr >0, o(r,x) := inf{t>0/L(t,z)>r}.

More generally, the quantities related to X are written in bold font and the
ones related to B in normal font. Furthermore, in the rest of the paper,
letter K stands for a universal constant whose value can change from one
line to another and for any process M, we denote by 737(x) the hitting time
of height = by M.



As we saw in the previous section, the study of the process X is reduced
by scaling in time and space to the study of a Brownian motion. We therefore
use in our proofs the following two theorems that describe the law of the
local time of a Brownian motion stopped at some properly chosen random
times:

Theorem 2.1 (Ray-Knight) Let a be a positive real number.

The process {L(7(a),a—vy),y € [0,al} is a square of a 2-dimensional Bessel
process started at 0. And conditionally on L(7(a),0), {L(7(a),—y),y > 0} is
a square of a 0-dimensional Bessel process started at L(T(a),0) independent

of {L(7(a),y),y = 0}.

Theorem 2.2 (Ray-Knight) Let r be a positive real number.
The processes {L(a(r,0),y),y € R"} and {L(c(r,0), —y),y € R} are two
independent squares of 0-dimensional Bessel processes started at r.

In the rest of the article, we denote by Z a square of a 0-dimensional
Bessel process started at 1 and by @ a square of a 2-dimensional Bessel
process started at 0. To use the previous theorems, we must estimate the
behaviour of these two processes. This is done in the following lemma.

Lemma 2.3 For all v,0, M > 0, we have

(1+6)v 52
. — > < Y4Xr—- 7 -
1. P <OS§1tl£v |Z(t) — 1| > 6> <4 3 exp ST+0)0)

1
2. PlsupZ(t) > M | = —,
<tzg )2 > M

3. P<sup Qt) > M) §4e_%,

0<t<v

4. There is a constant K > 0 such that for any 0 < a < b,

a<t<b

1 M
P < sup —Q(t) > M) < Ke™ Zlog(8b/a)

Proof:
and fl. These are proved in [1J] Lemma 3.1.

B Denote by B and B two independent Brownian motions. The processes
Q and B? + B? have the same law, so

P (im0 ) < (ap190) s (g, 00) 2 )

<o ((amm0) + (g 20) 2 )



where the second inequality comes from reflection principle. And thus,

P < sup Q(t) > M) < AP (Q(v) > M) = de™ 2
0<t<wv

as Q(v) has exponential distribution of parameter 2v.

] Thanks to the scaling property of Q,

P| sup 1Q(lﬁ) >M | =P| sup 1Q(lﬁ) > M
a<t<p t a/b<t<1t

Q) M
=7 <a/§]§?g1 Flog(8/) ~ Toa(sh] a)>

Q(t) M
=P <OS§2£1 \/tlog(8/t) = \/10g(86/a)> '

We then conclude with Lemma 6.1 in [[J] which says that there exist a
constant K > 0 such that for all z > 0,

12
P | sup ﬂzx < Ke 2.
o<t<1 |\ tlog(8/1)

O

We also need to study the behaviour of the environment W. Let us start
with a notation for the minimum of W on an interval

min, e, W(z) if z <y,
+00 if not

W(z,y) = {

and for the maximum

— .
Wie.y) = { e V) 0 <0

—00 if not.
We can now define
Hy,:=inf{x >0; W(z)—-W(0,z) > v}
and
my = inf{z >0 ; W(zx) = W(0,H,)}.

Brox showed in [f]] that at time e?, with high probability, the process X
has spent much of its time in the neighborhood of m, or of the symmetric
point on the negative real halfline. For our study, we need to know the law
of the environment in the neighborhood of these points ; it is given by the
following theorem due to Tanaka:



Theorem 2.4 (Tanaka [R1)]) Let R be a Bessel process of dimension 3
started at 0 and

Tr(v) = inf{x < 0/R(z) > v},
Cr(v) :=inf{x < 0/R(x) — ir>1f R(y) > v} and
Yy=x

prlv) = supfe < Cal)/R(z) ~ inf R(y) =0}
Under P, the processes (W (—z +my) — W(my))ze(0,m,] and (W (z +m,) —
W(my))zeo,m,) are independent and the following equality in law is true :

L
(W (= + 1) = Wm)aciom) £ (RE)acp e

and
c
(W (z +my) = W(mw))eeo,m,] = (B(T)) ze(0,mm(0)) -

Therefore, to use this theorem it is necessary to have informations on the
behaviour of Bessel process of dimension 3. It is done in the following lemma:

Lemma 2.5 Let R be a 3-dimensional Bessel process started in 0. There is
a positive real number K such that for every a,t > 0

A —a?/2t <P R (i ﬁ) —a?/2t
e < supR>a| <K + e .
Vi 0,1 Vi ooa

Proof: According to the reflection principle for Brownian motion, one can
find a K > 0 such that

P (supR > a) < KP(R(t) >a).
[0,1]

Moreover, P <sup[07ﬂ R > a) > P (R(t) > a). So the estimates of the lemma

are a consequence of usual estimates for 3-dimensional Bessel process. [

3 Estimates on the environment

We start with the definition of the environment reversed in time
</W(CC), T € R> = (W(-z); ze€R)

which is still a Brownian motion. This allows us to restrict the study to W
on R and to get similar results on R~ by symmetry.

We study the environment on [0, H,] and particularly in the neighbor-
hood of m, as it is the place where the diffusion spends most of its time.



Unfortunately, the probability that, at time e, the process has reached the
bottom of the valley m, and, secondly it has not left the valley, tends to 1
but is not growing fast enough to derive almost sure results. So we rather
study valleys of height v — ¢1 log v, where ¢; is a positive real number whose
value will be determined later, so that, with high probability, at time e",
the process has reached the bottom of the valley. We are also interested in
the valley of height v + c3log v so that the process has not left this valley at
time e¥. We therefore fix three constants ¢y, co, cg > 0 and define recursively
for any v > 1,

0,17

W) = W(b,;b,;.1)} and

Vi>0, b, =inf{z >b, 5 W) —-W(QD,,; z) >v—clogv},

We then have to specify for any ¢ € N*,

Q= sup{z < m, W(x) — W(m;Z) > v —cologv} Vv byi1s
chi=inf{zx >0; W(z) - W(0,2) > v+ czlogv},
m) = inf{x > 0; W(zx) =W (0,c)},

bl i=inf{z >m} ; W(x) - W(m}) > v — ¢ logv} and

al ==sup{x <m} ; W(z) - W(m!) >v—calogv} V0.

Figure 1: A sample path of W

There is a ¢ € N* such that m;| = m,, ;. We want to prove that, with a
sufficiently high probability, m;" € {m; 15 m;g} and moreover that, after
m,}, there is no point of depth close to W (m;) in the valley [0,c}]. This
can be expressed formally as follows:

rl.— {Cj <b,q; W(bj,cj) — W(mj) > (1 +03)10gv}.

v s _—



We also need many more technical conditions to ensure that the environment
does not stray too far from its average behaviour:

12 = {byp <005 Wimgy) = =% 5 Wimg,) - W(b,) > —0*}

_ _ 1 _ _ 1
ﬂ{mv,l_a’v,l 2 ﬁ y My o = Gy o > ,0_2}
ﬂ{cj—mjzv; W(ch) = W((cf —logv) vm,cl) <2logv}

ﬂ {W((m;l —logv) Va,,m, ) — W(m, ) <2log v}

ﬂ {W((m;Q —logv) Va, 5,m, 5) — W(m,,) <2log v} .

We would also wish sometimes that m} = m,; (which of course is
obtained with a probability lower than the previous one). For that we use
the event:

18 = {ef <byy s W) = W) > (e1 +ca)logu}

v v v

We define f}), f% and f% similarly from w.
We therefore work on

I, =T:NT2nNT.NI? (5)

or
I =T2Nr2nNTnT2 (6)

The first step as stated before is to show that these events occur with a high
enough probability. We denote for every event A, A :=Q\ A.

Proposition 3.1 There exists a constant K > 0 such that for any v > 2,

Klogv
v—cilogv

log v

P(T,) < K( )2 and P(T,) <

v — ¢y logv
Proof: We start with an upper bound for P(il,). Define

Wa = (W (b, + @) = W(by))seponr b,

)

The event {c;}L > bgg} can then be rewritten

sup Wi < (¢ +c3)logu sup Wy < (c1 +¢3)logw
[07b;,2*b;,1} [07b;,3*b;,2]



The processes Wy et Ws are independent and have the same law as
<W(x) , €, b;1]>, then

2

P (c;L > b;3> =[P [sup]W < (e1 4+ ¢3)logv
0,5,

= (P (W hits — v + (2¢1 4 ¢3) log v before (¢; + ¢3) logv))?
B ((01 —|—03)10gv>2

v — ¢ logv

For the second part of il), according to Theorem P.4, if we denote by R
a Bessel process of dimension 3 strated at v — ¢y log v,

P(E(b'ﬂ ch) = W(mt) < (c1+c3)log v)

=P (R(0,7r(v + c3logv)) < (¢1 + c3) logv)
_ ((61 + C3)10gv>2.

v — ¢ logv

(See for example Property 2.2.2 of part II, chap 5 in [JJ].) We obtain in the

same way

=3

P c1 + c3)logw

) < ( :
v — ¢y logv
We continue with an upper bound for P(fi). As W — W has the same
law as |W/,

P(by, > v%) < Plbyy — by, > =
= 2P(mw (v — c1logv) >
V0 K

< 2P(tw(v) > 5) <

<
S

Moreover, =W (m,, ;) and W (b, ;) — W(m,,) are exponentially distributed
with mean v — ¢jlogv (see for example the first lemma of [[J]) and are
independent. Thus

P (W(b;l) —W(my,) < —v2) =P (W(mv,l) < —1)2)
< P(W(m,,) < —(v—cilogv) >

10



According to Theorem P.4, still denoting by R a Bessel process of di-
mension 3 but now started at 0,

_ _ 1 _ _ 1
P <mv,i —a,; < p) <P <mv,i —a,; < m)

1
<P — 1l _—
> (TR(/U C1 Ogv) < (’U—Cl 10g’0)2>

1
Plm. <— ).
- (mw<<v—cnogv>2>

Yet, according to the scaling property of Brownian motion and a lemma
proved by Cheliotis in [[] (claim at the end of the proof of Lemma 13), there
is a constant K > 0, such that

1 1 K
Plmy,<———3)=P = '
(m R 1ogv>2> <m1 Sl-a 1ogv>4> " (v crlogo)?

Moreover, according to Lemma P.5,

1

P —cl —_——
<7’R(v c1logv) < 0 cilogv)?

> < K (v — ¢ logv)2e~(vmerlogn)?/2,

We also obtain the following upper bound:

P (¢ —mf <) =P (rr(v + cslogv) <)
< P (rr(v) <v)
< K\/ve /2.

It remains to control P(W(c}) — W((cf — logv) V. m, ) > 2logv). Let

() v U
B = v + c3logv, using one more time Theorem R.4, we see that

W(eh) - W((ef —logv) vy, c})

VU

te[0,log vA (e —mi)]

=W(cH) - W(m]) - ( min W((ey —t) - WWD)

has the same law as

B8 — min R(tr(B) —t) = max (8 — R(tr(B) —1)).

te[0,log vATR(8)] te[0,log vATR (8)]

And according to Proposition 4.8, Chapter VII of [LJ], the processes

(8= R(7r(B) —t) ; t € [0,7r(B)]) and (R(t) ; t € [0,7r(B)])

11



have the same law. Therefore
P(W () = W((ch —logv) vmf.cf) > 2logv)

max R(t) > 2log v>

<t€[0 log vATR(B

<P max R(t >210gv>
t€[0,log v]
\/logv
<K—sj
v

where the last inequality comes from Lemma PR.§. Finally, we just have to
obtain an upper bound for

P(W((m —logv) V Ay 1, 71) — W(m;l) > 2logv)

to prove the lemma. This can be done in the same way as the previous one.
O

We can now proceed with the local time of the diffusion X.

4 Asymptotic behaviour of L at particular times

Let r be a positive real number. As for the ¢;, its value will be fixed later.
We define o, ; := o(re’,m, ), and in the same way o, ,, 7,1, 0, and
0. We show in this section that at these times, it is possible to estimate
the local time of X in the neighborhood of the corresponding point. We first
give an estimate at fixed environment in Proposition [E.1], then in Proposition
.4, we give an estimate independent of the environment provided that this
one belongs to I',,.

Proposition 4.1 (Estimates depending on the environment)
We define for i € {1,2},
i< 5} ,

Bl = {Va € by, _y.a5,), Lioy,, ) < bre’},
Co:={Vz € b}, ¢}, Lo}, z) < ére’} and

’U7’U

D, —{Vw>c+L0' x) —O}

L(o,

v,

7nevfVV(:1:)+V[/'(17L;7L)

x)

.Af) {V:ﬂ € a “,b;Z]

—

We also define :4\2), B, C/; and Z/); from W in the same way. Then there is

12



a constant K > 0 such that for any v > 2,any 0 <6 <1 and any r > 0,

orv 1

b Vg [ §5mu)=5Cy ) e
2(mv,z‘ - U,i—l) 08 <8m>

and

PW (D_) - Tev+W(mv+)
VT 2(S(ed) - S(my))

We have similar estimates for PW(;l\f,), PW(I/S’E), PY(C,) and PV (D,).

Proof:

We estimates probabilities of the various events relative to W, we obtain
results relative to W by symmetry. To simplify the notations, all along the
proof, we shall not mark the index v in variables and events. Let us begin
with events A! and B! (A% and B? can be studied in the same way).

We decompose the local time in two terms, the first one representing the
contribution of the local time before 7(m] ) (the first time where X reaches
my ) is negligible compared to the second one representing the contribution
of local time between 7(m] ) and o] = o(re”, m] ) (the inverse of local time
in my):

L(oy,x) = L(r(my),2) + (L(oy,2) — L(T(my), 7)) -
Let us begin with a lemma describing the behaviour of the first process.

Lemma 4.2 For any v,6,r > 0,

PX‘{,I = pW < sup L(T(ml ),2) ) > 5)

zelay m]] rev—(W(z)—W(my

Jrvc?
SKGXP <_2rv >’

my

Pg{,l =PV < sup L(r(my),z) > 5T€U>

z€[by ,aq ]

orv©t

- S(my)—S(0,)
20m;” —biy)log (8 (S(mn—swi)))

< Kexp| —

13



Proof: Thanks to (f]), we easily verify that 7(my) = T(7(S(m7)). So with
(@), we obtain for any = > 0,

L(r(my),z) = e VO L(7(S(m1)), S(@)).
Thus,
PEK,l = p% ( sup  L(7(S(m7)),S(x)) > 57“e”+W(m1_)) )
z€lay my]
According to the first Ray-Knight theorem, Theorem P.1],
{L(r(S(m7)),S(my) —y),y € [0,S(m)]}

has the same law as a square of a Bessel process of dimension 2 started at
0. Therefore, with Item [ of Lemma P.3,

5,rev+W(m;)
2(S(my) - s<a1>>>

PE{J < Kexp <—

and by definition of a,

m
S(my)—S(ay) = / L@ gy < my eVl m)
a1
< m; eV C2 log U+W(m1_)‘
Hence we obtain the initial upper bound of the lemma.
Let us continue with the second one, to highlight the fact that the com-
putations are identical for B! and for B? we make the quantity by appears,

although it is zero. Using a similar argument as above,

Pg{,l =pY ( sup e V@Q(S(my) - S(x)) > 57“6”)

xz€[by a7 ]
o gy EOSm) —5@) g mv)
" <we[b51?a;1 S(my) — S(x) Q(S(my) = S(x)) > :

By definition of m;, P-a.s, for any = € [by,a; ],

e W@ (S(my) - S(z)) = e_W(x)/ ' VW dy

(ml_ . bo—)e—W(x)—I—W(x,m;)

VARVAN

(ml_ _ ba)evfcl log v

14



where the last inequality is due to m; being the first positive real x such
that W (x) — W(0,z) > v — ¢1 logv. Thus, coming back to the probability

ng > We obtain

1 Orvet
ng <PV < sup EQ(U) > L{)) .
u€[S(m7)—S(a7),S(m7)—S(by )] my — 0

According to Item [ of Lemma .3, we finally have

orv°t

_ — S(my)—=S(by,
20m; b5 log (=500

ngﬂ < Kexp | —

This concludes the proof of the lemma. O

Lemma 4.3 For any v,6,r > 0,

PXI{Q = pW < sup

Lioy, ) ~Lirtm).a) | _ s
v—(W(z)-W(m7))

xz€lal ,by] re
— 2 0 C2
BV A G Ry R S
4 T2 8(1+ &)m;
Pg{,Q = pW < sup L(oy,z) —L(t(my),z) > 57’6”)
xz€[by a1 ]
1
< .
T vz

Proof: It is easy to verify that the inverse of local time o satisfies the
following equality for every » > 0 and y € R,

o (r,y) = T(o(re"¥, 5(y))). (7)
Thus, () implies that, for any » > 0 and y € R,
L(oy,z) = ¢ @ L(o(re" ™+, S(my)), S(2)).
And we obtain the following expression for the local time,

L(o;,z) — L(m(my),z)
= VO (Lo (re™ DT S(mi)), S(@) - Lir(S(m7), S(a)))

£ e W@y WMtV (5(1,0), s(x))

15



where

e—W(my)—v

s(z) = (S(x) = S(my))

Denoting by Z a square of a 2-dimensional Bessel process started at 1,
according to the second Ray-Knight theorem (Theorem P.9), we have

r

Py, < PV ( sup  |Z(y) — 1] > 6)
0<y<]s(ay )

+PY ( sup  |Z(y) — 1] >5> .

0<y<s(by)

Therefore, using Item [ of Lemma .3 we conclude that

P s < 30 olste e (~grgaT )
4

+ 51/ (1 +0)s(by ) exp <_8(1T)s(bl)> '

Moreover, the definition of a; implies

—W(m7y)—v pmi
Is(ay)| = e / ' V@) dy
r a

n
Wla)=W(mi)—v

my
< my

r = rue’
This last upper bound and the similar one for s(b]) lead us to the first

inequality of the lemma. Now we continue with the proof of the second
inequality. Still reasoning in the same way, we can have

Py, =PV ( sup e W@IWI15(1,0), 5(x)) > 5) .

xz€[by ,a; ]

One more time, thanks to the second Ray-Knight theorem and denoting by
Z a Bessel process of dimension 0 started at 1, we obtain:

P, < PV <ew<ba,a;>+w<m;> sup Z(u) > 5>
’ u>0

_ L wey ey wmy)

0

The second line is a consequence of Item P of Lemma P.3. Let us denote by
n! the unique real number in [b;, ay ] such that W(n') = W (b, ,a; ) then

W(my) = W(n') = W(n',ay) = W(n') - (W(n',ay) = W(my))

<wv—rcilogv— (v—-cylogv) = (ca — 1) logv.

16



Therefore,

w
P8172 S 5fl)c1 —c2

and the lemma is proved. O

Combining the results of Lemmas .9 and [L.] yields to the upper bounds of
PW(A!) and P (B!) of Proposition [L1.

We now continue with the estimate of P"(C). Reducing once again
process X to a Brownian motion by a time and space change, we obtain

z€[bt,ct]

PV (@) =pP% ( sup e WEIWON L5(1,0), 5(2)) > 5) .

As before, if Z denotes a squared 0-dimensional Bessel process starting at
1, the second Ray-Knight theorem gives:

PY () < PV (e_W(b+’c+)+W(m+) sup Z(u) > 6>
u>0

< e—ﬂ(b*,c*)-‘rW(m*)

SeN

where for the second inequality, we used Item ff of Lemma R.3. Finally we
show that with high probability at time o7, diffusion X does not hit ¢*,
that is to say, we find an upper bound for P" (D). The scale change in time
and space and the usual properties of Brownian motion give us (see eg [f]
Formula 4.1.2 page 185)

PY(D) =PV (r(c*) < o (re",m"))
= pY (T(S(C+)) <o <Te”+W(m+), S(m+))>

. revtWimt) revtWmt)
p— —_ — < .
P\ T2SE) =SmT) ) T 205(eT) = S(mT)
This completes the proof of the proposition. O

We now give upper bounds independent of the medium while it is in the
event I', defined in E

Proposition 4.4 We use the same notations as in the previous proposition.
There is a constant K > 0 such that for any v > 2, any 0 < 3§ < 1, and any

17



P () 5 e (<),
)

— Srvcr—8 1
w
_ 1
w
P (v) §5v01+03 nd
— r
PV (D, <
(D) —v—2]logv

We have again similar estimates for PW(.:@)), PW(l/ﬁ’Z), PY(C,), PW(Y/)\U).
Proof: We only have to control the values of the upper bounds of Proposi-
tion [I.] when W € T',,.

For PV (A%), it is enough to notice that m, ; < b, , and that, on I',
the variable b, , is smaller than v8. This also allows us to obtain the upper

bound m, , — b, , | <b,, <05 To estimate PV (B_gj>, it remains to study

v,—1 =

S(my;) = S(b, ;1) < (my; = b;iq)ew(b;’i‘“m;’i)
S(m, ;) — S(a,;) Wimg,)

(m;z - a;,i)@

But, on one hand W(b;i_l,m;i) - W(b,,_1) <v—cilogv <v and on the
other hand, as we work on I'y, it is easy to find upper bound for the other
quantities involved in the computation. And we finally obtain,

S(m;z) - S(b;,z‘ﬂ) < Bt t?
S(m;z) - S(a;i)

which implies the result of the proposition.
As on Ty, we have W (b, ) — W(m}) > (¢1 + c3)log v, the third esti-

mate is obtained immediately. It remains only the upper bound of PW (D_U)
For this, it is enough to found a lower bound to

cv+ Cv+
S(ch) — S(m) :/ V@ dg > / @y
mi (cv+ —log U)va+

> (logv A (¢ — m7)) W (5 ~logv)vmy i)

Thus, as on I', we have ¢ —m} > v and W((¢; — logv) V m™, ) >

v -

W (c}) — 2logwv, the following is true:

pw (D_) < rv? oUW (md) =W (ef)
Y/ Zlogw

Moreover W (cF) — W (m}) = v+ c3logv, we therefore obtain the last result
of the proposition. O

18



5 Asymptotics of the maximum local time

Thanks to Proposition .4, we can now study the process L at the time
o, =0y, NG, Ao, Aol the first instant the diffusion has "passed a
time” re” in one of the points m, ;, my, M, or my . Let us begin by fixing
the values of constants ¢; : we take a real number ¢ > 0, then we choose
c1,co and c3 as follows ¢1 := 2¢+ 8, ¢9 := c+ 6 and c3 := ¢+ 2. This yields
to the following proposition:

Proposition 5.1 Let v > 2. We define

+

b, 1 _ by N
- ::/ L WE@AWn gy |t ::/ W @)W (D) g

+

We define similarly f; and fj from W and
Joi=1, ALV AL NI et Jy =1, + I + I, + I

Then there is a constant K > 0 such that for any 0 < § <1 and any r > 0,
if Wel,,

PY (rev <L*(oy) <re’(1+9) ; ju(l=90) < 7%; < Jy+ 2v65>

1K 1 . 52ru¢ Lo orv® . 1 n r
— xp [ — xp | — —+— .
- o/ Tv¢ P K P K ove V¢

v,17

and T/T\L;Q whereas in the last proposition we use the points m;l,mj, A; 1
and m,". The former ones were interesting because they simplify the compu-
tations of Proposition [1.4, but the latter ones allow us to reduce the study
of I, If, fv_ and f{f to the study of the integral

Note that in the previous section we used the four points m, ,,m, 5, m,

by
Iv:/ oW @)W (mo) g

ay

where

by :=inf{x > m, ; W(x) — W(m,) > v —c;logv} and
ay :=sup{x < my, ; W(x) —W(m,) >v—cgloguv} V0.

Proof: We only have to prove that on the intersection of all the events of
Proposition [1.4 the event

{re” <L*(oy) <re’(140) ; ju(1 —06) < :.71; < Jy + 2U65}

is realized. As o, is the first time the diffusion has ”passed a time” re? in

one of the points m,,, my, M, or m; we already have reV < L*(o,).

19



Moreover, the local time is non-decreasing, so for every = € R,

L(oy, z) = L(Gy,2) AL(G, 1, 2) AL(o |, x) AL(oy, ).

vl’

On I'y we have of € {0,,,0,,} and &, € {5,,6,5}. We then obtain
the upper bound L*(O'U) < re’(1+0).
Let us continue with the estimate of o,: by definition of the local time,

+o0
oy :/ L(oy, x)dz, P-a.s.

—o0
If m§ =m,, then b =b,, and o} = o, therefore
400
/ L(oy,z)dz
0
Gy q b;,l ol
<[t [ Logade s [ Legod
0 a b

<(I; + 6¢)re”

else if mf =m_,,

+o00 a;’ b;’
/ L(oy,z)dz < / 1 L(o,;,z)dz + / 1 L(o,,z)dx
0 0 a

v,1

a, b;’ cv+
[t [ m,x>dx+/ Lo}, 2)dx
b b

+
v,2 v

< (I, +If + 8¢ )re

The integral fEOO L(oy,x)dz has a similar upper bound. As on I';, we have
¢t + ¢ < 20°, the upper bound of the proposition follows immediately.

For the lower bound, if o, = o ,, we have

v,1?

b'u,l
— 2/ L(o,,,z)dz
a_ )

v,1

>I5(1—0).

Doing the same computation if o, takes one of the three other possible
values, the lower bound stated in the proposition is obtained immediately.
O

We are now interested in the behaviour of the local time in deterministic
time:

20



Proposition 5.2 Let v > 2. For any 0 <6 <1/2, if W €T,

v Y(149)
PV ([ ey < S0
(Jv Tams <V =5

— 1 5200 N dve 6 RS
= 5o P\TTK PR ove vt )

Proof: We now use the real number r» which appears in all propositions since
the beginning. Furthermore we use the result of the previous proposition.
Let us define

_ 1
- jv(l - 5)

We also write o for the time o, associated with p and o, for the one
associated with 7. We now consider the events

p(’U) = m and 7"(’[)) :

P 05 3 P v
O° = p(v)e”SJv—H}é ={oh <e"},

O — {L*(O-Z) <r@)e’(1+46); j,(1-96) < T(Z;r}ev}

={L*(o}) <r(w)e’(14+6); e" <o,}.

As the maximum of the local time is a non decreasing function,

on 0", L*(e") < L*(o7,) < r(v)e’(1+0)
and on Q°, p(v)e” < L*(o#) < L*(e").

Therefore it is enough to find a lower bound of P(£2" N Q”). According to
the previous proposition, we only have to estimate r and p. On T, it is true
that

Ju

IN
(AVAR

+ ot 6
v <y —cy <200,
1
02

Moreover we have m_; —a., and
v,1 v,1

W(m;l —logvVa, ,m, ) —W(m,,;) < 2logw,

v, 10 "1

thus

vV
—

(m;l - %7,1) A (log v)) o~ Wmy  —logvvay my ) +W (my )

v
|
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The lower bounds for I\, f; and fj are found in the same way. Finally,

K
5 < p(v) < r(v) <20

and it is now easy to obtain the estimate of the proposition. O

Using the result of the previous proposition with § = v=7 and ¢ > 20
and the upper bound for P(I',) of Proposition B.J, this yields for any v > 2
to

p(i <LH(e) < M) 21_[((&)2_ (8)

Jy + 2071 Ju(1—v71) v —cplogw
We also obtain, using this time the event I',,
v v —1
Pl cprey < CUE) )y Klev g
I+ 1, +2v! I, N T,(1 — vl v —cylogv

6 Proof of Theorem [I.]]

As shown by Proposition p.d, the asymptotic behaviour of L* has a direct
link with the ones of j,, J, and more generally with the behaviour of integral
I, = fab: e~ W@+Wms)qz. So to prove the theorem we need to study this
integral.

6.1 Maximum and minimum speed of process [,

Let us begin with a lower bound for the maximum speed:

Lemma 6.1 Let v, = e". Then P-a.s.,

. I, AL, _ 1
lim sup ——+ > —.
n—oo 1089 Un en

Proof: We first define the sequence of events

bup,
. {mvn > My, 5 / e WD) dy > loan} .
Moy,

e

Denote by (F,)nen the filtration generated by (W (t) ; 0 <t <, ), we also
put Wy, = W(- + by, ) — W (b, ). The events

{mvn > mvn_l} = {W,—1 hits — v,_1 before v,, — v,_1}

22



and

bun,
oW (@)W (M) 1 > 1087
m ~ en?

Un

are independent of one another and of F,,_1. Moreover,

P(W,, hits —v,_1 before v, —v,_1) =
Un

and according to Theorem R4,

bvn TR(I)
P(/ e~ W@ +W(me,) 40 > loﬂ) >p (/ e B@)qg > loﬂ)
0

= 2
>p (TR(l) > log”> :

_-_— em
According to Theorem 2 of R (recall that j;50 = 7.) there is a real
number K > 0 such that

and so

We now define the similar event for W:

Bor, ~
E,:= {m > i,y / W () gy > BT }

ﬁ’bvn em

The events E,,, En are pairwise independent, thus

We can now conclude thanks to the second Borel-Cantelli lemma. O

We are not interested in an upper bound of the minimum speed because
this would lead, except for the value of the constant, to the result obtained by
Shi in [[[§]. We now search almost sure bounds of the integral. To this end,

23



we start first by studying the successive values p, the process {m,,v > 1}
can take. This is precisely defined as follows:
f1:=inf{z >0 ; W(x) - W(0,z) =1},
py :=inf{zx >0; W(x) =
yi=inf{z > By 5 W(z) = W(
M,y :=inf{z > g ; W(z) = W(Bi,m)},
hy =W (M) — W (1)

and recursively for any n € N*,

Bni1 :=inf{z = v, ; W(z) = Wy, 2) = hn-1},
pnt1 =inf{z > v, 5 W(x) = W(ym, Bnt1)}
Ynt1 :=inf{x > Bry1; W(x) =W
Myy1 :=inf{x > Bi1; Wiz)=W
by, =W (M,) — W (uy,) and
Fn =0 (W(x),0 <z <7,).

\,\// B1 M L

Figure 2: The variables for a sample path of W

Lemma 6.2 There is a real K > 0 such that for any n > 0 and any A > 0,

M,
P </ e WE@)+Wpn) 40 > )\> SKefjg% and
Yn—1

Bn
P e W@)+W(n) g0 < )\> <K< + /_> —1/(2eX)
</n B B Vel

where jo is the smallest strictly positive root of Bessel function Jy.

Proof: The process (W (vp—1 + ) — W(yn—1))z>0 is a Brownian motion
independent of F,,_1. Therefore given h,,_1 = h, Theorem @ gives us the
law of the process

(W (pen 4+ ) = W(ptn), —pin + -1 < & < By — pin) -
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So denoting by R and R two independent Bessel processes of dimension 3
started at 0, we have

My, ') [e'e) -
P ( / W@ () g > A) <p ( / @) g 4 / R gy > )\> .
TYn—1 0 0

Moreover using Le Gall’s Ray-Knight Theorem (Proposition 1.1 [[f]), it can
be proved that [ e @) dz has the same law as 4Tg(1) where Tp(1) is
the hitting time of height 1 by a a square of a 2-dimensional Bessel process
started in 0. Thereby, we denote by TQ(l) a independent copy of TH(1) and
we have

My, B
ot

n—1

<2P <TQ(1) > %) .

Moreover according to Theorem 2 of [Pd], as in the proof of the previous
lemma,

My, B
P (/ e_W(x)-i-W(Mn)dx > )\> <P <TQ(1) +TQ(1) > %)
Y

n—1
22 A
<Ke JoTs.

We still have thanks to Theorem R.4, denoting Tg(1) := inf{x > 0, R(z) >

1},
Bn TR(l)
P </ e~ W@)+W (kn) 4 < )\> <P </ e B®@) 4 < A)
n 0
<P (Tgr(1) <e))
1
<K n \/J) o= 1/(2e0)
(7
This concludes the proof. O

We also need the following lemma:
Lemma 6.3 Let a < e <b. Then P-a.s., for n large enough,
a™ < hy, <V a" < W) — W(tng1) < and a®™ <, < b*".

Proof: We begin with the law of the sequence (h,). For any h > 1, any
n € N and any = > 1,

P <h;+1 < hlhy = x) =P (W <h-—1lh, = x)

n n

=P(rw((h—1Dz) > mw(—x))=1-—

S
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Thus the variables r, := hy41/hy, are independent and so logr, is expo-
nentially distributed with mean 1. Therefore log h,, = > log 7 has the law
I'(n,1) and for any 1 < a <e, n € N,

wnfl

oy
-1

nloga
P (h, <a")=P(logh, <nloga) = /
0

< (nloga)”
“a*(n—1)!

because the function z — 2" 'e~? is non decreasing on [0, nloga]. Stirling

Formula n! ~ (2)"v/27n gives us

(nloga)" — [n (eloga "

a™(n —1)! 27 a '
As for any a €]1,¢[, 0 < ek;% < 1, the serie > P (h,, < a™) converges. Then
Borel-Cantelli lemma yields directly the first part of the lemma. We proove
the upper bound in the same way.

For the second result, we begin by noting that, given h,_1 = =z, the
process W (pn—1) — W(py) has the same law as W(m;). Therefore,

h
P (W (ptn—1) = W(ttn) < hlhp—1 =2) =1 —e " < =

Taking 1 < ¢ < a < e, we obtain

P(W(Mn—l) - W(Mn) < cnil)
<P (W (tn—1) = W(pn) <15 hyoy > a" ™) + P (bt < a™7Y)

< (g)n_l + P (hp_y <a"h).

The result of the previous proof implies that the sum of
P (W (pn—1) = W(pn) < 1)
converges and Borel-Cantelli Lemma shows that for large n,
W(mp_1) — W(my) > "L

The second inequality can be proved in the same way.
We reason similarly to find an upper bound of ~, : first, we show that
for ¢ > 0,

P <M > c) < 2P (rw(1) > ¢) (10)

h3,
Indeed, as before, conditionning by W (),

P<7nh—%5" >c> gP(%’;(;:é’; >c> = P (rw(1) > ¢)

< K
J— \/E'
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and conditionning by h,_1,

P<&lém1>c>§P<@£:&i>c>§PhWﬂﬁz@.
-1

The bound of ([L() follows immediately. Now, let € > 0 and 7y = 0, we have
for any n > 1,

P(ZZ (1+€)? ><P<Z% Tkl (1+e)2">

n . n 3/2
S P (’yk h;/kil > (1+€) > S (Kn
k=

n 1+e)n
Therefore Borel-Cantelli Lemma implies that P-a.s., for n large enough,
Yo < (14 €)*h2.

It is then easy to deduce the upper bound for ~,. And the lower bound can
be obtain easily using same techniques as before. U

It is now possible to control the asymptotic behaviour of the integral:

Proposition 6.4 P-almost surely,

b
v 1
hmlnflong/ e W@FWme) gy 22— and
Ay

V—>00 (&
b
v 16
lim sup / e WE@HWm) g <=
v—oo 108 v Jo

Proof: Let us begin with the lower bound. Fix ¢ > 2e, according to Lemma
B.9, for any n € N*,
1 -1
/1080 1)

W G )q
P Wz " < .
(/ ‘ v clog(n—1)> T (n— 1ol

According to the first Borel-Cantelli Lemma, P-a.s. for n large enough,

Bn 1
—W(2)+W () - -
/n e dx>clog(n—1)'

We come back to the m,. We fix v > 1. P-a.s. there is a unique n € N*
such that h,,_1 < v < h,,.Thus necessarily m, = u, and b, > 5,. Therefore

1

by Bn
/ W @HW ) g > / W@ W () g o=’

my
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Let a € (1,e), according to Lemma [6.3, if n is large enough, h,_; > a1t

Thereby P-a.s., for v large enough,

by
l/ W @HW () 4 > 1 .
- ~ c(logy v — log, a)

When ¢ goes to 2e, we obtain the result of the proposition.
Now we continue with the upper bound. Fix ¢ > 16/ jg. One more time
thanks to Lemma and Borel-Cantelli Lemma, P-a.s. for n large enough,

Mp
/ e W@FW )4z < clog(n —1).
.

n—1

Fix v > 1, P-a.s., there is a unique n € N* such that h,_ 1 < v < h,,.
Therefore m, = pn, by, < M, and taking 1 < a < e < b,

by M
/ oW @)W (m) g, < / oW @)W (n) g
Ay 0

M,

<o e Wln-D)+ W) | / =W @)W (n) gz
Tn

<b"e™ " + clog(n — 1)

<b"e™ " + c(logy v — logy a).

Thus,
I
lim sup / e WEHWme) g < ¢
0go v Ay
and when ¢ goes to 16/]'8, this yields to the upper bound. O

We can now come back to the process L*.

6.2 End of the proof of Theorem [L.]]

The previous results allow us to know the asymptotic behaviour of L*. Using
(B) with v, = n*? and Borel-Cantelli Lemma, we obtain that, P-almost
surely for n large enough,

evn < e’ (14 1/vy)

- <L*(e") < ——— L 22,
Jon +1/vn — (e )_jvn(l_l/vn)

Thereby Proposition .4 gives us

) L*(e")
lim sup < — < 2e and
n—oo €Ynlogs vy lim inf 5, logy vy,
* ([ Un -2
i jnf 0820 L (€) plogavn o
n—00 evn n—oo  Jy 64
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Moreover as L* is non decreasing, denoting by [z] the integer part of z,

-9 * [v3/2}2/3 *( U
Jo s e LT(e ) oo L(E”)
= < SRS U -7
64 = Bt — e SHnt =,
, L*(e’) .. L* (e 1+
llf}Ii)Solip = §hvm_)s;1;p NSV < 2e
and we have shown the first part of Theorem [L.1]
For the second part, we use this time (ff) with v,, = ¢” and Borel-Cantelli

Lemma. We then have, P-almost surely for n large enough,
Un, Un,

E <LA(ev) < e /(\1+1/n) .

I, + 1, +1/n Iy, N1, (1 —1/n)

Lemma leads directly to

et

L*(e”) < €7T2.

lim inf
V—00 e

And the proof of the theorem is completed.

7 What can be added

The methods we used allow us to obtain an other result on the position of
the favorite point of the diffusion. We denote by m*(¢) the favorite point
with the smaller modulus for the diffusion X. Using a method similar to the
one in the proof of Proposition .3, it can be shown that P-a.s., for v large

enough, there exists a real mi € {mfi’f, mf’Jr, mﬁ’f, m{f’*}, such that with

natural notations, m}, € [av# b | and

r(v)
R(v)
We can also prove that for any € > 0, P-a.s., for v large enough, for any

t € [ay,my — (logv)**] U [my + (log v)?*, by,
W (t) — W(m,) > 3logsv.

0 < W(mk) — W(m#) < 2log < 2logs v.

Hence we obtain the following:

Theorem 7.1 Let c be a real number strictly larger than 2. P-almost surely,

lim sup ) - migt =
t—00 (logy t)e
This theorem has to be compared with the corollary in the introduction of
[, note that accuracy gained in time is lost in space.

Acknowledgment: I thank Romain Abraham and Pierre Andreoletti for
their helpful remarks and comments.
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