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Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLDi�
ulty in multiobje
tive optimizationMultiobje
tive problem
f2

f1Fesible Solution Pareto Solution

Ideal Point Utopique Point Nadir Point

Multiobje
tive problem
S : set of admissiblesolutions,f : S → IRp : multiobje
tivefun
tion to minimizeDominan
e (minimization)x dominate y : x ≺ y i� :
∀k = 1..p, fk(x) ≤ fk(y)

∃k ∈ 1..p, fk(x) < fk(y)



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLDi�
ulty in multiobje
tive optimizationSolving a multiobje
tive problem
f2

f1Fesible Solution Pareto Solution

Ideal Point Utopique Point Nadir Point

Pareto Set (minimization)PS = {s ∈ S | ∀z ∈ S, z 6≺ s}Pareto FrontPF = {f (s) | s ∈ PS}Solving multiobje
tive problemFind PS or at least X ⊂ PSwhi
h is a "good" approximationof PS



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLDi�
ulty in multiobje
tive optimizationDi�
ulty in multiobje
tive optimization
What does "di�
ulty" mean ?For a given 
omputational time, X far from a "good"approximation of the Pareto Set(distan
e in obje
tive spa
e to PS, la
k of diversity of X, et
.)Time, or number of evaluations, for solving the problem islong : 
lass of 
omplexity



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLDi�
ulty in multiobje
tive optimizationDi�
ulty in multiobje
tive optimizationWhat's make "di�
ult" a multiobje
tive problem ?The number of obje
tive (
riteria)The size of the feasible solutions spa
eThe "di�
ulty" of the single obje
tive problem (time
omplexity, ...)The 
orrelation between the obje
tivesThe 
onvexity of the Pareto FrontThe 
onne
tedness of the Pareto Set... Fitness lands
ape point of view 
an help...



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesFitness lands
apes in single-obje
tive optimizationFitness lands
ape (S,N , f )
S : set of admissible solutions,
N : S → 2S : neighborhoodfun
tion,f : S → IR : �tness fun
tion.

∀x ∈ S,
N (x) = {y ∈ S | P(y = op(x)) > 0}or
N (x) = {y ∈ S | d(y , x) ≤ k}



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesGoal of the �tness lands
apes study"Geometry" (features) of �tness lands
ape
⇒ dynami
s of a lo
al sear
h algorithmGeometry is linked to the problem di�
ulty :If there are a lot of lo
al optima, the probability to �nd theglobal optimum is lower.If the �tness lands
ape is �at, dis
overing better solutions israre.What is the best sear
h dire
tion in the lands
ape ?Study of the �tness lands
ape featuresallows to studythe performan
e of sear
h algorithms



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesGoal of the �tness lands
apes study1 To 
ompare the di�
ulty of two sear
h spa
es :One problem with 2 (or more) possible 
odings : (S1,N1, f1)and (S2,N2, f2)di�erent 
oding, mutation operator, �tness fun
tion, et
.Whi
h one is easier to solve ?2 To 
hoose the algorithm :analysis of global geometry of the lands
apeWhi
h algorithm 
an I use ?3 To tune the parameters :o�-line analysis of stru
ture of �tness lands
apeWhi
h is the best mutation operator ? the size of thepopulation ? et
.4 To 
ontrol the parameters during the run :on-line analysis of stru
ture of �tness lands
apeWhi
h is the optimal mutation operator a

ording to theestimation of stru
ture ?



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesLinks with lo
al sear
hSolutions, eighbors, �tness :
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Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesLinks with lo
al sear
hSolutions, eighbors, �tness :
s_t

1

7

34

6

Put prob. from your heuristi
 :
s_t+1s_t

0

0.5

0

0.5

Fitness lands
ape point ofview :before putting a parti
ularheuristi
Sample the neighborhood tohave information on lo
alfeatures of the sear
h spa
eFrom lo
al information :dedu
e some global featureslike general shape of sear
hspa
e, "di�
ulty", et
.



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLMono-obje
tive Fitness Lands
apesMultiobje
tive �tness lands
apes (moFiL)3 ideas to de�ne multiobje
tive Fitness Lands
apes (moFiL)Change nothing from the mono-obje
tive de�nition (themost studied from 2003) :Fitness fun
tion is the multiobje
tive fun
tionChange the �tness fun
tion by an indi
ator su
h ashypervolume :Ruggedness 
an be studiedChange the sear
h spa
e by the set of sets of solutions :"Real" sear
h spa
e viewed by e�
ient lo
al sear
hes



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLFitness fun
tion is the multiobje
tive fun
tionMultidimensional multiobje
tive Fitness Lands
ape (S,N , f )
S : set of admissible solutions,
N : S → 2S : neighborhood de�ned by lo
al operator ordistan
e on S,f : S → IRp : multiobje
tive fun
tion.Main idea to analysis of multiobje
tive �tness lands
apes :Dominan
e relation



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLOverview on previous tools (1)Pareto Set [AT04℄ [AT07℄ :Number, distribution over lands
ape
+ :Information on the �nal goal

− :Information only on the �nal goalPartition the sear
h spa
e into dominan
e levels [PCS04℄[GD09℄ :
onne
tion between level of dominan
e
+ :Information on stru
ture of sear
h spa
e
− :Ways to rea
h PS ? small sear
h spa
e



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLOverview on previous tools (2)Conne
tedness [EK97℄ [GKR06℄ [PS09℄ :number of 
lusters, size of 
luster by the graph indu
ed byPareto set and neighborhood relation (edges if the distan
e
≤ k)

+ :If 
onne
ted, easy way to �nd the PS
− :Huge PS are intra
table, �nal goal, often not 
onne
tedFitness distan
e 
orrelation, random walk from Paretolo
. opt. [GD06a℄ [GD08℄ [GD06b℄ :
orrelation between distan
es in obj. and sol. spa
e.

+ :Show the 
orrelation of �tness
− :The referen
e solution 
hange, no 
orrelation after few steps,no s
ale



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLRemarks on multidimensional moFiL
Majority of works use the 
on
ept of dominan
e :
onne
tedness, size, estimation of distribution Pareto set,partition by dominan
e levelsLimited results :No enought information for the design of metaheuristi
sFew understanding of the 
omplexity of multiobje
tiveproblems from the �tness lands
apes analysis



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLChange the �tness fun
tion by an indi
atorIndi
ator multiobje
tive Fitness Lands
ape (S,N , i)
S : set of admissible solutions,
N : S → 2S : neighborhood de�ned by lo
al operator ordistan
e on S,i : 2S → IR : indi
ator (su
h as hypervolume, ǫ dominan
e) onset of solutionsMain idea to analysis of multiobje
tive �tness lands
apes :Value of the indi
ator (hypervolume) of the neighborhood :i(N (s) ∪ {s}) = hv(N (s) ∪ {s})



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLRugged/smooth �tness lands
apes
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Auto
orrelation of time series of�tnesses (f (s1), f (s2), . . .) alonga random walk (s1, s2, . . .)[Wei90℄ :
ρ(n) =

E [(f (si ) − f̄ )(f (si+n) − f̄ )]var(f (si ))auto
orrelation length τ = 1
ρ(1)small τ : rugged lands
apelong τ : smooth lands
ape



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLA model of multiboje
tive problemMultiobje
tive MNK -lands
apes with obje
tive 
orrelationMNK lands
apes [AT04℄
∀m ∈ [1,M], fNK ,m(s) =

1N N
∑i=1 fi ,m(si , si1 , . . . , siK )M obje
tives whi
h are NK − lands
apesSame intera
tion : same K , and same siEa
h �tness 
omponent fi ,m by extension : y i ,msi ,si1 ,...,siK .MNK : y im

...
are randomly and independly drawn from [0, 1).in ρMNK : (y i1si ,si1 ,...,siK , . . . , y iMsi ,si1 ,...,siK ) ∼ multivariateuniform law of dimension M :obje
tive 
orrelation between obje
tive 
an be tuned pre
isely



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLResults on MNK -lands
apes with obje
tive 
orrelation
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Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLAnalysisDe�nition of the ruggedness in indi
ator moFiL.Ruggedness is not 
orrelated to the number of Pareto Lo
alOptima in moFiL.Argument in favour to optimize the hypervolume rather thanthe dominan
e
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Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLRemarks on indi
ator moFiL
Pros :Estimation of non-linearity / ruggedness of the lands
apesExplain "lo
al" di�
ulty of multiobje
tive problemCons :Metaheuristi
s manipulate set of solutions, not single solution



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLChange the sear
h spa
e by the set of sets of solutionsSet based multiobje
tive Fitness Lands
ape (Σq ,Nq , i)
Σq : set of sets of feasible solutions of maximum size q

Σq = {σ ⊂ S : |σ| ≤ q}, so |Σq| =
(

|S|q )Nq : insert, delete, or 
hange one solution in the seti : Σq → IR : indi
ator (su
h as hypervolume, ǫ dominan
e) onset of solutionsMain idea to analysis of multiobje
tive �tness lands
apes :All the standard tools of Fitness Lands
apes analysis



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLNeighborhood Nq : Insert, delete, or 
hange 1 solution
Neighborhood Nq : Σq → 2Σq :de�ned from neighborhood N : S → 2SNeighbors of σ ∈ Σq are given by 3 operators :Insert one solution whi
h is neighbor of one of solution of σDelete one solutionChange one solution by its neighborNq(σ) = N iq(σ) ∪ Ndq (σ) ∪ N
q (σ)



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLN iq(σ) : Insert one solution in the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = q : σ

′
= σif 0 < k < q : σ
′
= {s1, . . . , sk , sk+1} with sk+1 ∈ N (si)if k = 0 : σ

′
= {s} with s ∈ SSizeswhen 0 < k < q,if sk+1 is not in σ, |σ′ | = |σ| + 1

|N iq(σ)| ≤
∑ki=1 |N (si )|

|N iq(σ)| ≤ kλ if neighborhood size is 
st.



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLNdq (σ) : Delete one solution from the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = 0 : σ

′
= σif 0 < k : σ
′
= {s1, . . . , si−1, si+1, . . . , sk} with i ∈ 1..kSizeswhen 0 < k ,

|σ
′
| = |σ| − 1

|Ndq (σ)| = k



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLN
q (σ) : Change one solution of the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = 0 : σ

′
= σif 0 < k : σ
′
= {s1, . . . , si−1, s ′i , si+1, . . . , sk}with i ∈ 1..k and s ′i ∈ N (si )Sizeswhen 0 < k ,if s ′i is not in σ, |σ′ | = |σ|

|N
q (σ)| ≤
∑ki=1 |N (si )|

|N iq(σ)| ≤ kλ if neighborhood size is 
st.Total size of Nq(σ) : |Nq(σ)| ≤ k + 2∑ki=1 |N (si )|
|Nq(σ)| ≤ k(2λ + 1) if neighborhood size is 
st.



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLLinks with lo
al sear
h : example of e�
ient LS"On set based-based multiobje
tive optimization" Zitzler et al, 2009
Set based Algo. for MOGenerate initial set P of size q with randomsolutionsrepeatP′

← randomSetMutation(P)P′′

← heuristi
SetMutation(P)if P′′

� P thenP ← P′′elseif P′

� P thenP ← P′end ifend ifuntil terminaison 
riterion is not true
RandomSetMutationrandomly 
hoose s1, . . . , sk ∈ S with si 6= sjrandomly sele
t p1, . . . , pk ∈ P with pi 6= pjP′

← P \ {s1, . . . , sk} ∪ {p1, . . . , pk}return P′heuristi
SetMutationGenerate s1, . . . , sk ∈ S based on P (sele
tionand mutation of solutions from P)P′

← P ∪ {s1, . . . , sk}while |P′′

| > q dofor all a ∈ P′′ do
δa ← i(P′′

\ {a})− i(P′′

)end for
hoose p ∈ P′′ with δp = mina∈P′′ δaP′′

← P′′

\ {p}end whilereturn P′′



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLTools to analysis set-based multiobje
tive �tness lands
apesDensity of states :What 
an we ex
ept from random sear
h ?Adaptive walk, lo
al optima :What is the number of lo
al optima, and size of basin ?Random walk, ruggedness :Is the solution in the neighborhood are random?Fitness 
loud, evolvability :What is the distribution of �tness in the neighborhood ?Can the solutions go to better �tness values ?Neutral walk, neutrality :Is there a lot of solutions with the same �tness ?Is there information in and around the neutral networks ?Lo
al Optima Network :What are the links between basins of attra
tion in thelands
apes ?



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLCon
lusion and perspe
tivesSummaryPrevious works on multidimensional moFiL : Fitness is themultiobje
tive fun
tionbased on dominan
e, information on Pareto Set (goal ofoptimization)Indi
ator moFiL : Fitness is the value of indi
atorbased on random walk, information on ruggednessSet based moFiL : sear
h spa
e is the set of setsUse the "real" sear
h spa
e and elementary operators on sets



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLCon
lusion and perspe
tivesSummaryPrevious works on multidimensional moFiL : Fitness is themultiobje
tive fun
tionbased on dominan
e, information on Pareto Set (goal ofoptimization)Indi
ator moFiL : Fitness is the value of indi
atorbased on random walk, information on ruggednessSet based moFiL : sear
h spa
e is the set of setsUse the "real" sear
h spa
e and elementary operators on setsPerspe
tivesUse it !To de
ide the best en
oding and operator for example inmultiobje
tive TVRP (see M-E Marmion)



Multiobje
tive Fitness Lands
ape Multidimensional moFiL Indi
ator moFiL Set based moFiLNon 
ommer
ial 
ommuni
ationSpe
ial SessionFitness lands
apes and metaheuristi
sat international 
onferen
e META'2010, Djerba Island,Tunisia, O
tober 28-30th, 2010.Extended abstra
t 2 pagesPost publi
ation for sele
ted papers in COR, ITOR, JMMADeadline may 5, 2010web page :http://www2.lifl.fr/META10/index.php?n=Main.InfoFIL

http://www2.lifl.fr/META10/index.php?n=Main.InfoFIL
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apes.In 2004 Congress on Evolutionary Computation (CEC'2004),volume 1, pages 196�203, Portland, Oregon, USA, June 2004.IEEE Servi
e Center.Hernán E. Aguirre and Kiyoshi Tanaka.Working prin
iples, behavior, and performan
e of moeas onmnk-lands
apes.European Journal of Operational Resear
h, 181(3) :1670 �1690, 2007.M. Ehrgott and K. Klamroth.Conne
tedness of e�
ient solutions in multiple 
riteria
ombinatorial optimization.European Journal of Operational Resear
h, 97 :159�66, 1997.
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ture and multiobje
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ient Solutions in Multiple Obje
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hni
al report, Kaiserslauterer uniweiter, 2006.Luis Paquete, Mar
o Chiarandini, and Thomas Stützle.Pareto Lo
al Optimum Sets in the Biobje
tive TravelingSalesman Problem : An Experimental Study.In Xavier Gandibleux, Mar
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