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Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLDi�ulty in multiobjetive optimizationMultiobjetive problem
f2

f1Fesible Solution Pareto Solution

Ideal Point Utopique Point Nadir Point

Multiobjetive problem
S : set of admissiblesolutions,f : S → IRp : multiobjetivefuntion to minimizeDominane (minimization)x dominate y : x ≺ y i� :
∀k = 1..p, fk(x) ≤ fk(y)

∃k ∈ 1..p, fk(x) < fk(y)



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLDi�ulty in multiobjetive optimizationSolving a multiobjetive problem
f2

f1Fesible Solution Pareto Solution

Ideal Point Utopique Point Nadir Point

Pareto Set (minimization)PS = {s ∈ S | ∀z ∈ S, z 6≺ s}Pareto FrontPF = {f (s) | s ∈ PS}Solving multiobjetive problemFind PS or at least X ⊂ PSwhih is a "good" approximationof PS



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLDi�ulty in multiobjetive optimizationDi�ulty in multiobjetive optimization
What does "di�ulty" mean ?For a given omputational time, X far from a "good"approximation of the Pareto Set(distane in objetive spae to PS, lak of diversity of X, et.)Time, or number of evaluations, for solving the problem islong : lass of omplexity



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLDi�ulty in multiobjetive optimizationDi�ulty in multiobjetive optimizationWhat's make "di�ult" a multiobjetive problem ?The number of objetive (riteria)The size of the feasible solutions spaeThe "di�ulty" of the single objetive problem (timeomplexity, ...)The orrelation between the objetivesThe onvexity of the Pareto FrontThe onnetedness of the Pareto Set... Fitness landsape point of view an help...



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesFitness landsapes in single-objetive optimizationFitness landsape (S,N , f )
S : set of admissible solutions,
N : S → 2S : neighborhoodfuntion,f : S → IR : �tness funtion.

∀x ∈ S,
N (x) = {y ∈ S | P(y = op(x)) > 0}or
N (x) = {y ∈ S | d(y , x) ≤ k}



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesGoal of the �tness landsapes study"Geometry" (features) of �tness landsape
⇒ dynamis of a loal searh algorithmGeometry is linked to the problem di�ulty :If there are a lot of loal optima, the probability to �nd theglobal optimum is lower.If the �tness landsape is �at, disovering better solutions israre.What is the best searh diretion in the landsape ?Study of the �tness landsape featuresallows to studythe performane of searh algorithms



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesGoal of the �tness landsapes study1 To ompare the di�ulty of two searh spaes :One problem with 2 (or more) possible odings : (S1,N1, f1)and (S2,N2, f2)di�erent oding, mutation operator, �tness funtion, et.Whih one is easier to solve ?2 To hoose the algorithm :analysis of global geometry of the landsapeWhih algorithm an I use ?3 To tune the parameters :o�-line analysis of struture of �tness landsapeWhih is the best mutation operator ? the size of thepopulation ? et.4 To ontrol the parameters during the run :on-line analysis of struture of �tness landsapeWhih is the optimal mutation operator aording to theestimation of struture ?



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesLinks with loal searhSolutions, eighbors, �tness :
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Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesLinks with loal searhSolutions, eighbors, �tness :
s_t

1

7

34

6

Put prob. from your heuristi :
s_t+1s_t
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Fitness landsape point ofview :before putting a partiularheuristiSample the neighborhood tohave information on loalfeatures of the searh spaeFrom loal information :dedue some global featureslike general shape of searhspae, "di�ulty", et.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLMono-objetive Fitness LandsapesMultiobjetive �tness landsapes (moFiL)3 ideas to de�ne multiobjetive Fitness Landsapes (moFiL)Change nothing from the mono-objetive de�nition (themost studied from 2003) :Fitness funtion is the multiobjetive funtionChange the �tness funtion by an indiator suh ashypervolume :Ruggedness an be studiedChange the searh spae by the set of sets of solutions :"Real" searh spae viewed by e�ient loal searhes



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLFitness funtion is the multiobjetive funtionMultidimensional multiobjetive Fitness Landsape (S,N , f )
S : set of admissible solutions,
N : S → 2S : neighborhood de�ned by loal operator ordistane on S,f : S → IRp : multiobjetive funtion.Main idea to analysis of multiobjetive �tness landsapes :Dominane relation



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLOverview on previous tools (1)Pareto Set [AT04℄ [AT07℄ :Number, distribution over landsape
+ :Information on the �nal goal

− :Information only on the �nal goalPartition the searh spae into dominane levels [PCS04℄[GD09℄ :onnetion between level of dominane
+ :Information on struture of searh spae
− :Ways to reah PS ? small searh spae



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLOverview on previous tools (2)Connetedness [EK97℄ [GKR06℄ [PS09℄ :number of lusters, size of luster by the graph indued byPareto set and neighborhood relation (edges if the distane
≤ k)

+ :If onneted, easy way to �nd the PS
− :Huge PS are intratable, �nal goal, often not onnetedFitness distane orrelation, random walk from Paretolo. opt. [GD06a℄ [GD08℄ [GD06b℄ :orrelation between distanes in obj. and sol. spae.

+ :Show the orrelation of �tness
− :The referene solution hange, no orrelation after few steps,no sale



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLRemarks on multidimensional moFiL
Majority of works use the onept of dominane :onnetedness, size, estimation of distribution Pareto set,partition by dominane levelsLimited results :No enought information for the design of metaheuristisFew understanding of the omplexity of multiobjetiveproblems from the �tness landsapes analysis



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLChange the �tness funtion by an indiatorIndiator multiobjetive Fitness Landsape (S,N , i)
S : set of admissible solutions,
N : S → 2S : neighborhood de�ned by loal operator ordistane on S,i : 2S → IR : indiator (suh as hypervolume, ǫ dominane) onset of solutionsMain idea to analysis of multiobjetive �tness landsapes :Value of the indiator (hypervolume) of the neighborhood :i(N (s) ∪ {s}) = hv(N (s) ∪ {s})



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLRugged/smooth �tness landsapes
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Autoorrelation of time series of�tnesses (f (s1), f (s2), . . .) alonga random walk (s1, s2, . . .)[Wei90℄ :
ρ(n) =

E [(f (si ) − f̄ )(f (si+n) − f̄ )]var(f (si ))autoorrelation length τ = 1
ρ(1)small τ : rugged landsapelong τ : smooth landsape



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLA model of multibojetive problemMultiobjetive MNK -landsapes with objetive orrelationMNK landsapes [AT04℄
∀m ∈ [1,M], fNK ,m(s) =

1N N
∑i=1 fi ,m(si , si1 , . . . , siK )M objetives whih are NK − landsapesSame interation : same K , and same siEah �tness omponent fi ,m by extension : y i ,msi ,si1 ,...,siK .MNK : y im

...
are randomly and independly drawn from [0, 1).in ρMNK : (y i1si ,si1 ,...,siK , . . . , y iMsi ,si1 ,...,siK ) ∼ multivariateuniform law of dimension M :objetive orrelation between objetive an be tuned preisely



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLResults on MNK -landsapes with objetive orrelation
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Dimension has low in�ueneon orrelation lengthObjetive orrelation hangeslowly the orrelation lengthThe non-linearity (epistasis)has the main in�uene



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLAnalysisDe�nition of the ruggedness in indiator moFiL.Ruggedness is not orrelated to the number of Pareto LoalOptima in moFiL.Argument in favour to optimize the hypervolume rather thanthe dominane
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Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLRemarks on indiator moFiL
Pros :Estimation of non-linearity / ruggedness of the landsapesExplain "loal" di�ulty of multiobjetive problemCons :Metaheuristis manipulate set of solutions, not single solution



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLChange the searh spae by the set of sets of solutionsSet based multiobjetive Fitness Landsape (Σq ,Nq , i)
Σq : set of sets of feasible solutions of maximum size q

Σq = {σ ⊂ S : |σ| ≤ q}, so |Σq| =
(

|S|q )Nq : insert, delete, or hange one solution in the seti : Σq → IR : indiator (suh as hypervolume, ǫ dominane) onset of solutionsMain idea to analysis of multiobjetive �tness landsapes :All the standard tools of Fitness Landsapes analysis



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLNeighborhood Nq : Insert, delete, or hange 1 solution
Neighborhood Nq : Σq → 2Σq :de�ned from neighborhood N : S → 2SNeighbors of σ ∈ Σq are given by 3 operators :Insert one solution whih is neighbor of one of solution of σDelete one solutionChange one solution by its neighborNq(σ) = N iq(σ) ∪ Ndq (σ) ∪ Nq (σ)



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLN iq(σ) : Insert one solution in the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = q : σ

′
= σif 0 < k < q : σ
′
= {s1, . . . , sk , sk+1} with sk+1 ∈ N (si)if k = 0 : σ

′
= {s} with s ∈ SSizeswhen 0 < k < q,if sk+1 is not in σ, |σ′ | = |σ| + 1

|N iq(σ)| ≤
∑ki=1 |N (si )|

|N iq(σ)| ≤ kλ if neighborhood size is st.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLNdq (σ) : Delete one solution from the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = 0 : σ

′
= σif 0 < k : σ
′
= {s1, . . . , si−1, si+1, . . . , sk} with i ∈ 1..kSizeswhen 0 < k ,

|σ
′
| = |σ| − 1

|Ndq (σ)| = k



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLNq (σ) : Change one solution of the set
σ
′ neighbor of σ = {s1, . . . , sk}if k = 0 : σ

′
= σif 0 < k : σ
′
= {s1, . . . , si−1, s ′i , si+1, . . . , sk}with i ∈ 1..k and s ′i ∈ N (si )Sizeswhen 0 < k ,if s ′i is not in σ, |σ′ | = |σ|

|Nq (σ)| ≤
∑ki=1 |N (si )|

|N iq(σ)| ≤ kλ if neighborhood size is st.Total size of Nq(σ) : |Nq(σ)| ≤ k + 2∑ki=1 |N (si )|
|Nq(σ)| ≤ k(2λ + 1) if neighborhood size is st.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLLinks with loal searh : example of e�ient LS"On set based-based multiobjetive optimization" Zitzler et al, 2009
Set based Algo. for MOGenerate initial set P of size q with randomsolutionsrepeatP′

← randomSetMutation(P)P′′

← heuristiSetMutation(P)if P′′

� P thenP ← P′′elseif P′

� P thenP ← P′end ifend ifuntil terminaison riterion is not true
RandomSetMutationrandomly hoose s1, . . . , sk ∈ S with si 6= sjrandomly selet p1, . . . , pk ∈ P with pi 6= pjP′

← P \ {s1, . . . , sk} ∪ {p1, . . . , pk}return P′heuristiSetMutationGenerate s1, . . . , sk ∈ S based on P (seletionand mutation of solutions from P)P′

← P ∪ {s1, . . . , sk}while |P′′

| > q dofor all a ∈ P′′ do
δa ← i(P′′

\ {a})− i(P′′

)end forhoose p ∈ P′′ with δp = mina∈P′′ δaP′′

← P′′

\ {p}end whilereturn P′′



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLTools to analysis set-based multiobjetive �tness landsapesDensity of states :What an we exept from random searh ?Adaptive walk, loal optima :What is the number of loal optima, and size of basin ?Random walk, ruggedness :Is the solution in the neighborhood are random?Fitness loud, evolvability :What is the distribution of �tness in the neighborhood ?Can the solutions go to better �tness values ?Neutral walk, neutrality :Is there a lot of solutions with the same �tness ?Is there information in and around the neutral networks ?Loal Optima Network :What are the links between basins of attration in thelandsapes ?



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLConlusion and perspetivesSummaryPrevious works on multidimensional moFiL : Fitness is themultiobjetive funtionbased on dominane, information on Pareto Set (goal ofoptimization)Indiator moFiL : Fitness is the value of indiatorbased on random walk, information on ruggednessSet based moFiL : searh spae is the set of setsUse the "real" searh spae and elementary operators on sets



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLConlusion and perspetivesSummaryPrevious works on multidimensional moFiL : Fitness is themultiobjetive funtionbased on dominane, information on Pareto Set (goal ofoptimization)Indiator moFiL : Fitness is the value of indiatorbased on random walk, information on ruggednessSet based moFiL : searh spae is the set of setsUse the "real" searh spae and elementary operators on setsPerspetivesUse it !To deide the best enoding and operator for example inmultiobjetive TVRP (see M-E Marmion)



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLNon ommerial ommuniationSpeial SessionFitness landsapes and metaheuristisat international onferene META'2010, Djerba Island,Tunisia, Otober 28-30th, 2010.Extended abstrat 2 pagesPost publiation for seleted papers in COR, ITOR, JMMADeadline may 5, 2010web page :http://www2.lifl.fr/META10/index.php?n=Main.InfoFIL

http://www2.lifl.fr/META10/index.php?n=Main.InfoFIL


Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLFor Further ReadingHernán E. Aguirre and Kiyoshi Tanaka.Insights on Properties of Multiobjetive MNK-Landsapes.In 2004 Congress on Evolutionary Computation (CEC'2004),volume 1, pages 196�203, Portland, Oregon, USA, June 2004.IEEE Servie Center.Hernán E. Aguirre and Kiyoshi Tanaka.Working priniples, behavior, and performane of moeas onmnk-landsapes.European Journal of Operational Researh, 181(3) :1670 �1690, 2007.M. Ehrgott and K. Klamroth.Connetedness of e�ient solutions in multiple riteriaombinatorial optimization.European Journal of Operational Researh, 97 :159�66, 1997.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLFor Further ReadingDeon Garrett and Dipankar Dasgupta.Analyzing the performane of hybrid evolutionary algorithmsfor the multiobjetive quadrati assignment problem.In Congress on Evolutionary Computation (CEC 2006), pages1710�1717. IEEE Servie Center, July 2006.Deon Garrett and Dipankar Dasgupta.Analyzing the performane of hybrid evolutionary algorithmsfor the multiobjetive quadrati assignment problem.In Congress on Evolutionary Computation (CEC'2006),pages �. IEEE Servie Center, July 2006.Deon Garrett and Dipankar Dasgupta.Multiobjetive landsape analysis and the generalizedassignment problem.pages 110�124, 2008.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLFor Further ReadingDeon Garrett and Dipankar Dasgupta.Plateau onnetion struture and multiobjetive metaheuristiperformane.In Congress on Evolutionary Computation (CEC'2009),pages �. IEEE Servie Center, July 2009.Johen Gorski, Kathrin Klamroth, and Stefan Ruzika.Connetedness of E�ient Solutions in Multiple ObjetiveCombinatorial Optimization.Tehnial report, Kaiserslauterer uniweiter, 2006.Luis Paquete, Maro Chiarandini, and Thomas Stützle.Pareto Loal Optimum Sets in the Biobjetive TravelingSalesman Problem : An Experimental Study.In Xavier Gandibleux, Mar Sevaux, Kenneth Sörensen, andVinent T'kindt, editors, Metaheuristis for MultiobjetiveOptimisation, pages 177�199, Berlin, 2004. Springer. LetureNotes in Eonomis and Mathematial Systems Vol. 535.



Multiobjetive Fitness Landsape Multidimensional moFiL Indiator moFiL Set based moFiLFor Further ReadingLuís Paquete and Thomas Stützle.Clusters of Non-dominated Solutions in MultiobjetiveCombinatorial Optimization : An Experimental Analysis.In Vinent Barihard, Matthias Ehrgott, Xavier Gandibleux,and Vinent T'Kindt, editors, Multiobjetive Programming andGoal Programming. Theoretial Results and PratialAppliations, pages 69�77. Springer, Leture Notes inEonomis and Mathematial Systems, Vol. 618, 2009.ISBN 978-3-540-85645-0.E. D. Weinberger.Correlated and unorrelatated �tness landsapes and how totell the di�erene.In Biologial Cybernetis, pages 63 :325�336, 1990.
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