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Abstract

A Bernstein-type inequality in the standard Hardy space H? of the unit disc D = {z € C : |z| < 1}, for
rational functions in D having at most n poles all outside of %]D), 0 < r < 1, is considered. The asymptotic
sharpness is shown as n — oo, for every r € [0, 1).

I. Introduction

First we recall the classical Bernstein inequality for polynomials : we denote by P, the class of
all polynomials with complex coefficients, of degree n: P =3 }_ axz*. Let

1Pl = = ( / |P<<>|2d<)é - (Z )

The classical inequality

17|, = n1iPi, (1)

is known as Bernstein’s inequality. A great number of refinements and generalizations of (1) have
been obtained. See [RaSc, Part III] for an extensive study of that subject. The constant n in (1)
is obviously sharp (take P = z").

Now let ¢ = {1, ..., \,} be a sequence in the unit disc D, the finite Blaschke product B, =
I ,by,, where by = 1)‘__;2 is an elementary Blaschke factor for A € D. Let also Kp, be the n-

dimensional space defined by

KBU = Lin (k‘)\z 1= 1n) s

where o is a family of distincts elements of D, and where k) = 1——1Xz is the Szego kernel associated
to A. An obvious modification allows to generalize the definition of Kp_  in the case where the
sequence ¢ admits multiplicities.

Notice that using the scalar product (., .),. on H?, an equivalent description of this space is:

Kp, = (B,H*)* = H*©B,H?,

where H? stands for the standard Hardy space of the unit disc D,

o = {f = Zf(k)zk : Sup0§r<1/1r‘f(7"z)‘2dm(z) < 00}7

k>0



m being the Lebesgue normalized measure on T. We notice that the case Ay = Aa = ... =), =0
gives Kp, = P,. The issue of this paper is to generalize classical Bernstein inequality (1) to the
spaces Kp_. Notice that every rational functions with poles outside of D lies in a space Kp,_ . It
has already been proved in |Z1] that if r = maz; |\;|, and f € Kp,, then

5 n
<

1711, < 571 le- 2)

In fact, Bernstein-type inequalities for rational functions were the subject of a number of papers
and monographs (see, for instance, [L], [BoEr|, [DeLo]|, [B1], [B2], [B3], [B4] and [B5]). Perhaps,
the stronger and closer to ours of all known results are due to K.Dyakonov [Dyal|&|Dya2]. In
particular, it is proved in [Dyal] that the norm [[ D, _ ;- of the differentiation operator D f = f
on a space Kp satisfies the following double inequality

B < 1Dy < 4|5

where a = 5=, A = 3%¢ and ¢ = 2v/37 (as one can check easily (c is not precised in [Dyal])). It

implies an inequality of type (2) (with a constant about % instead of 3) .
Our goal is to find an inequality for sup ||D| . 52 = Cn, (sup is over all B with given
n = deg B and r = max )\EUCJ)\D’ which is asymptotically sharp as n — oo. Our result is that
n,r 147

there exists a limit lim, ;o> = = for every r, 0 < r < 1. Our method is different from

[Dyal|&|Dya2] and is based on an elementary Hilbert space construction for an orthonormal basis
in KB-

I1I. The result

Theorem
Letn > 1,0 ={\, ..., \n} be a sequence in the unit disc D, and B, the finite Blaschke product
B, =11 ,by,, where by = 1’\__52 is an elementary Blaschke factor for A € D. Let also Kp, be the

n-dimensional subspace of H? defined by

Kgp, = (B,H*)* = H*©B,H*.

Let D be the operator of differentiation on (Kp,, ||.||5) :
D (Kp,, ) = (22 1l,)
fef,
where || f||, = \/% (fT|f(§)|2d§)% . Forrel0,1) andn > 1, we set
Ch,r = sup{||D||KBa_>H2 1 <#o<n, [N <rvie 0}.

(i) If n =1 and o = {\}, we have

1
1Pl = M (=57

D=



Ifn > 2,

a(n, T)l——r

where

>
aln, 1) > 1

and

(ii) Moreover, the sequence

15 convergent and

for all r € 10, 1).

Proof.

< Chnr < An, 1)

4t

1—r

1 3 2
<1+5r4———min (—, —)
+r n 4" n

Proof of (i). The case n = 1. In this case, Kz = Ce; , where

_ 22
S L R
(1 — )\z)
(e; being of norm 1 in H?). Calculating,
, X1 AP
e = —
(1 - )\z)
and
A== =
e (1_XZ)2 H?
1 : 1 1
= (1= AP)? (Z(k +1) |A|2k> ==
k>0
we get
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The case n > 2. First, we prove the left hand side inequality. Let

(1—r2)

bt
1—rz 7

€n =

Then e, € Ky and |le,||, = 1, (see [N1], Malmquist-Walsh Lemma, p.116). Moreover,

1 1
. r(1—1?)? 1—r2)%
S € el K S el il LAY
(1 —rz2) 1—rz
1-12)2
= - L 1 brb?_l + (n 1>( d ) brb? 27
(1—1r2)2 1—rz
since b; = (i;zl)z. Then,

(1—r2)2 1—rz "
and
2 1 (1 2>% 2
: = — ' ' _4 n—1 . r n—9
1 ’ ’ 1_ 2)2
= L[| [f )| -— )+ (0= ) S s,
21 Ju (1—1r2)2 1—rw
which gives, using the variables u = b,.(w),
2 1 (1 2); 2
/ ’ T —7r 2
== _— - _ 1 = T
“ll, =z L1 (b’"(u))“ ot T |
But 1 —7b, = 1_T21_—:(ZT_Z) = }::2 and b/r ob, = ({_27;)71.)2 = _(11—_7’:2)2. This implies
2 1 (1—ru)’ r (1- 7,2)% 2
€n 9 o /’]T 1 — p2 (1 B 7«2)%u + (n ) 1— 2 ( TU) dm(u)
1 1

/T (1= ) (—ru+ (n = 1)(1 — ru)|? dm(u).

Without loss of generality we can replace r by —r, which gives

(1—r2)°27

1
m [enlly

!

e

n 9 =
where ¢, = (1 +7rz) (rz+ (n —1)(1 4+ rz)) . Expanding, we get

on=14+rz)(nrz+(n-1)) =



=nrz+(n—1)+n?22+(n—1rz=

=(n—1)+ (nr+ (n—1)r)z +nr?z?
and

2 2 2 2
1 2 4 1
= z 1+47’2+7’4———L+ R
1—7r 14+7r n n n?

2 2 4 4 2 2
1 4 4 4 2 1
= n 1+4r2+r4—5r4+57‘4—L+L—L——+ il
1—r 147 n n
2 2
n 1 472 1+ 172 4t
= 4721 —r?) — —(1 —r? 1 1=
(1—7”) <1+7,) (T( %) n( ) + 2 + 1457
2 2
n 1 1, 1+7r? 4t 2
= 4r2(1 —r?)(1 — = 1 T
(1—7”) <1+7”) (T( e n)_
>( n )2< 1 )2{ 145t =40 —2fp>2
= 1 at 2, _
1—r 1+r Z+1—|—5r4—7—§zfn—2
2 2
n 1 4t 3 2
> 1 e —min (=, =
(7)) (oo (5)

1
1 4rt 3 2 2
> 2 un(2 2
a(n, 7‘)_1+T<1+5T - mm(4, n)) ,

which completes the proof of the left hand side inequality .

and

We show now the right hand side one. Let o be a sequence in D such that
1 <#0 <n, |\ <rVXe€o. Using [Z1], Proposition 4.1, we have

1 1+7r
1Dl e < 7=+

—1
1—7’(n >+1—7"

Vi—3-

= (A1) VD) =

1 1 2
=7 (n(1+7°)—7’—|—\/n—2):1n <1+r—£+ ——_>—
- —r

which gives the result.



Proof of (ii). Step 1. We first prove the right-hand-side inequality:

— 1+
lzmn—mo_cn,r = T7
n 1—r

which becomes obvious since

n 1
||D||KBJ—>H2 < E <1+T+ \/;) .

Step 2. We now prove the left-hand-side inequality:

1Cnr>1+r‘
T 1—-r

lim —
= Nn—o n

More precisely, we show that

1+r

lz_mn—mog ||D||Kb;?_>H2 =1 fr,‘

Let f € Kyp. Then,

/ - b, - 1
=, 61)H2 (1 _Trz) ot Z(k - 1)(/, €k)H2 b_rek + TZ (f; ek)H? (17
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which gives

171, =
1
1 2 r - p L, (L=17)2 . k
= (1—rv) (fs ex) 2™ + (L—rv) ) (k=1)(f, ex)pv
1—72 T} | (1—7"2)% kz:; H v(r2 —1) — H
1 n n 2
= 3 ‘(1—7’1})2‘ r (f, ex) gz ' (l=r0)Y (k=1 (f 6k)H2'Uk 2 dv =
(1—=7r2)°Jr 1 k=2
1 n—1 n—2 2
= . 2/ r(1—rv) (f, ers1) g2 v —(1—=rv)?y (k+1)(f, Cht2) 2 V| dv.
(1 =72~ Jr k=0 k=0
But n—1 n—1 1/2
r(1—rv) Z fiers1) g2 07| <r(l+7) (Z\ s €ktl H2|> <
k=0 2 0
<r@4+r)[flly,
and in particular
n—1
. 1
lzmn_mg r(1—rv) Z (f, €x+1) g Wl =o0.
k=0 2
Now,
n—2
(1=rv)® Y (k+1)(f, erra)ye v =
k=0
n—2
= (1 —2rv+r%?) Z kE+1)(f, eryo) HQUk_
k=0
n—2 n—2 n—2
= (]f + 1) (f, €k+2>H2 Uk —2r Z(k + 1) (f, €k+2)H2 Uk+1 + 7"2 Z(k + 1) (f, €k+2)H2 Uk+2 =
k=0 k=0 k=0
n—2 n—1
(k+1) (f, enpa) o 0" =20 > K (f, epgr) o 0 +7“2Z — 1) (f, ex) o v =
k=0 k=1 k=2

N

3

=2k (f, exs1) o + 17 (k —

[(k+ 1) (f, exsa) o

= (f7 €2>H2 +2(f7 63>H2U+

B
||

—2r [(.fa 62)H2 v+ (TL - 1) (f> en)H2 v

1) (fv €k>H2:|

r(f; €2) 2] v+

n—2
+Z ]f + 1) (f, ert2) gz — 21k (f, ery1) g + r?(k—1) (f, ek)HQ} v+
k=2

+ [7‘2(n —

2) (f En— 1)

=200 = 1) (f, en) ] 0" 7

(0= 1) (f. ea) e "

v+

4+ [(n=2) (f, en1) g2 0™+ (n— 1) (f, €n) 2 v"] =
= (f, ea) 2 + 2[(f, €3) 2 —



n—2 n—1

1 1

_(1_ 2) [ (1_TU)2 (k_'_l) (f7 €k+2>H2vk + T(l-T’U)Z(f, ek‘—l-l)HQUk ] >

n " k=0 2 k=0 2

>l s
n H?
1 1 n—2 n—1
25(1_7,2> [ (1_TU>2 (k_'_l)(fv ek—l-?)H?U - T(l—TU)Z(f, ek—l-l)H?Uk ] )
k=0 2 k=0 2
and )
limy eo— ||r (1 — rv) (f, €rt1) g vl =0,
k=0 2
we get that
1 . 1 , n—2
lz—mn—mo_ (1 - TU) (k + 1) (f? ek+2)H2 v =
1+ n
k=0 2
, 1—r .
> lzmn—)ooT ‘ f 2 >
1 1 n—2
Z 1 n Tli—mn—mog (1—rv)® Z(/f + 1) (f, ena) e 0
k=0 2
This gives
n—2
lz_mn_,ooT ‘ f e 1 +le_mn_mg (1—rv) kzo(k + 1) (f, ers2) g v 2

But

-2

(L =r0)*> (k+ 1) (f, ehsa) o v*

k=0

+[r2(n = 2) (£, en1)yz = 2r(n = 1) (f, ea)piz|” 47 (0 = 12 |(f, en) ol +

3

= |(f, e2)ppel” + 41(f, €s) e — 7 (fs €2) ppa|” +

2

n—2
3+ 1) (f, ensa) e — 20k (f, enen) o + 12k — 1) (f, ex) o
k=2
Now, let s = s,, be a sequence of even integers such that

o [im,_ oSy, = 00 and
es, =o(n)asn — 0.
Then we consider the following function f in Kjp:

f =€p —€p_1t+eh2—€h 3+ ...+ (_1)k€n—k + ..o teps—€ps1F+ens2=



With such an f, we get
2
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(1—rv) QZ (k+1)(f, ek+2)H2vk
k=0

= }rz(n —2)+2r(n— 1)‘2 +rin — 1)+
+ 2_: }(n -1+ 1) (.fa 6n—l-i-2)H2 - 2’/“(71 - l) (f> en—l+1)H2 + 7’2(71 —1- 1) (.fa 6n—l)H2}2
=2

Y

setting the change of index [ = n — k in the last sum. This finally gives

2

(1= 0 Sk 4+ 1) (£, enr)gs o*

k=0

2

_ }rQ(n—Q)+2T(n_1)‘2+r4(n_1)2+
S Dl (R IR e R
+ln—s—1)+2r(n—s=2)" +n—s—2f.

And
2

>

n—2
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2
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In particular,

2s}(n—s)+2r(n—s—1)+r2(n—s—2)‘2.
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k=0

Now, since
If]l3 =543 =s,+3,
we get
1 n—2 2
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T 2
> lim,,_,oo———(|f12=3) [(n = s) + 2r(n — s = 1) +12(n — s — 2)*.
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Since 9
, 2 2 _
lzmnﬁmm—s%}(n—s)+2r(n—s—1)+r(n—s—2)} =0,

we get
1 n—2 2
s = 2 040 (5, v 2
712 2
1
> lim, o.—— S0 [(n =) +2r(n—s, — 1) +71%(n — s, — 2)‘2 =
S'ﬂ

1
= liMp—00— [(n = sp) 4+ 2r(n—s, = 1) +1*(n — s, — 2)‘2 =
n

1
= limn 00— }n + 2rn + r2n}2 = (1+7)%
n

We can now conclude that

1- 1—r|[f]
lim,_,..— | D| > lim, 2 =
- Kop =12 Il
1 1 = (1+r)?
—1lim,, 1 —rv)? E+1)(f, e k|| > =1+r.
1+T — ||.f||2 ( ) kz:%( )(f k+2)H2 ) = 147
Step 3. Conclusion. Using both Step 1 and Step 2, we get
S 1-— 1-—
limn_,oo—rCn p=lim, TCn,T =1+4n,
n

which means that the sequence (lC’ ) > 1s convergent and

1+r
1—7r

1
lzmn—)oo ECn, r =

Comments

(a) Bernstein-type inequalities for Kp appeared as early as in 1991 in [Dya2|. There, the
boundedness of D : (Kp, ||.||g») — (H?, ||.||4») was covered for the full range 1 < p < oo.
In [Dyal], the chief concern of K. Dyakonov was compactness (plus a new, simpler, proof of
boundedness). Now, using both [BoEr| Th. 7.1.7 p. 324, (or equivalently M. Levin’s inequality [L|)
and complex interpolation, we could recover the result of K. Dyakonov for H? spaces, 2 < p < 0o
and our method could give a better numerical constant ¢, in the inequality

1711, < e | 5| 171

The case 1 < p < 2 can be treated using the partial result of K. Dyakonov (p = 1) and still
complex interpolation.

(b) In the same spirit, it is also possible to generalize the above Bernstein-type inequality to
the same class of rational functions f in D, replacing the Hardy space H? by Besov spaces B3 5,

s € R, of all holomorphic functions f =3, f (k)2z* in D satisfying

1A llss, = <Z(k+1)2s fk) 2) < 0.
k>0

10



The same spaces are also known as Dirichlet-Bergman spaces. (In particular, the classical Bergman
space corresponds to s = —% and the classical Dirichlet space corresponds to s = %) Using
the above approach, one can prove the sharpness of the growth order -2~ in the corresponding

1—r
Bernstein-type inequality

, n
< S S ) 3
|71, < e Wl (3)
(at least for integers values of s).
(c) One can also prove an inequality
/ n s
£lag, < (1) Wl (4)

for s > 0 and the same class of functions, and show the sharpness of the growth order (&)8 (at
least for integers values of s). An application of this inequality lies in constrained Nevanlinna-Pick
interpolation in weighted Hardy and Bergman spaces, see |Z1]| and [Z2] for details.

Notice that already Dyn’kin (in [Dyn|), and Pekarskii (in [Pel], [Pe2] and [PeSt|), studied
Bernstein-type inequalities for rational functions in Besov and Sobolev spaces. In particular, they
applied such inequalities to inverse theorems of rational approximation. Our approach is different
and more constructive. We are able to obtain uniform bounds depending on the geometry of poles
of order n, which allows us to obtain estimates which are asymptotically sharp.

Also, in paper [Dya3] of K. Dyakonov (see Sections 10, 11 at the end), there are Bernstein-type
inequalities involving Besov and Sobolev spaces that contain, as special cases, the earlier version
from [Dya2|, Pekarskii’s inequalities for rational functions, and much more. K. Dyakonov used
those Bernstein-type inequalities to "interpolate", in a sense, between the polynomial and rational
inverse approximation theorems (in response to a question raised by Dyn’kin). Finally, he has
recently studied the "reverse Bernstein inequality" in Kpg; this is done in [Dyad4].

(d) The above comments can lead to wonder what happens if we replace Besov spaces Bj ,
by other Banach spaces, for example by W, the Wiener algebra of absolutely convergent Taylor

series. In this case, we obtain

£l < e ) [ f 1]z (5)

1 1
where ¢(n, r) < ¢ <%) * and ¢ is a numerical constant. We suspect that (%) ® is the right

growth order of ¢(n, r). An application of this inequality to an estimate of the norm of the
resolvent of an n x n power-bounded matrix 7" on a Banach space is given in [Z3]. Inequality (5),
above, is deeply linked with the inequality

171, <m0l (6)
through Hardy’s inequality :

Il < |£]

for all f € W, (see [N2] p. 370 8.7.4 -(c)).

Inequality (6) is (shown and) used by LeVeque and Trefethen in [LeTr| with v = 2, and later
by Spijker in [Sp| with v = 1 (an improvement) so as to apply it to the Kreiss Matrix Theorem
in which the power boundedness of n x n matrices is related to a resolvent condition on these
matrices.

IO,
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