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heat equation with superlinear absorption
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Abstract

We study the limit, when k — oo of the solutions of dyu — Au+ f(u) =0
in RV x (0, 00) with initial data kd, when f is a positive superlinear increasing
function. We prove that there exist essentially three types of possible behaviour
according f~1' and F~'/2 belong or not to L'(1,00), where F(t) = fot f(s)ds.
We use these results for giving a general result on the existence of the ini-
tial trace and some uniqueness and non-uniqueness results for solutions with
unbounded initial data.
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1 Introduction

In this article we investigate some local and global properties of solutions of a class
of semilinear heat equations

Ou — Au—+ f(u) =0 (1.1)

in Qoo := RY x (0,00) (N > 2) where f : R, — R, is continuous, nondecreasing
and positive on (0,00), vanishes at 0 and tends to infinity at infinity. As a model
equation we shall consider the following, with a > 0,

Ou — Au~+uln®(u+ 1) = 0. (1.2)

When f(u) = |u|/®u with 3 > 0 much is known about the structure of the set of
solutions. The local and asymptotic behaviour of solutions is strongly linked to the
existence of a self-similar solutions under the form

u(z,t) =t Pw(xVt). (1.3)

The critical exponent 5. = 2/N plays a fundamental role in the description of
isolated singularities and the study of the initial trace. This is due to the fact
that, for 0 < 8 < ., there exists a positive self-similar solution with an isolated
singularity at (0,0) and vanishing on R x {0} \ {(0,0)}, while no such solution
exists when 8 > . and more generally, no solution with isolated singularities.

In the case of ([.9), no self-similar structure exists. There is no critical exponent
corresponding to isolated singularities since there always exist such singular solu-
tions. Actually, for any k > 0 there exists a unique u = u € C(Qo \ {(0,0)}) N
C?*1(Qo) solution of

(1.4)

Ou— Au+uln®(u+1) =0 in Qo
u(.,0) = kdo in D'(RV).

There are two critical values for a: @ = 1 and o = 2, the explanation of which comes
from the study of the two singular problems

{ ¢ +oém(p+1) =0  in (0,00) L5
¢(0) = oo,
and, for any € > 0,
~AYp+pIn*(p+1) =0 in RN\ B
\Efﬁﬂm ~ . (1.6)



where B, := {x € RY : |2| < ¢}. When it exists, the solution ¢, of ([.J) is given

implicitely by . ;
S

—— =1 vt > 0, 1.7

/%O(t) sIn“(s+1) (L.7)

and such a formula is valid if and only if & > 1. For problem ([.f) an explicit
expression of the solution is not valid, but this solution exists if and only if o > 2;
in this case of the Keller-Osserman condition (see ([.13) below) holds.

Having in mind this model we study ([[.1)) assuming the weak singularity condi-
tion on f:

/13N/2f(s_N/2)ds < 0. (1.8)

0

Proposition 1.1 Assume ([[.§) holds. Then for any k > 0, there exists a unique
solution u := uy, to

Oru—Au+ f(u) =0 in Qoo (1.9)
u(.,0) = kdo in D' (RY). '
Another condition on f is
> ds
— < 0. 1.10
1 f(s) ( )
Under assumption ([[.L10) there exists a solution ¢ := ¢oo to
 + =0 in (0, 00
{ ¢+ f(9) (0,00) (L.11)
¢(0) = oo.

The next important condition on f we shall encounter is the Keller-Osserman con-

dition, i.e.
o0

(1.12)

ds
NGO

/f do, Vs e€[l,00). (1.13)

If (L.IY) is satisfied, by [, Th III] for any € > 0 there exists a maximal solution
=1 to

where

~AY+f(R) =0  inRV\B,

|1i|m P(z) = oo.

(1.14)



The first question we consider is the study of the limit of ux when k — oo. This
question is natural since k +— w; is increasing. In order to treat it, we need some
additional conditions.

(C1)- The function s — /()

is increasing on (0, 00) and satisfies

limf(s) =0 and lim 1(s) =

s—0 S s—00 8§

(C2)- The function f is convex on (0, 00).
(C3)- If liminf f(s)/(sln“s) = 0,Va > 2, then there exists § € (1, 2] such that
5—00

lim sup 1(s)
s—oo slnP s

< 0.
In the second section, we prove the following results.

Theorem 1.2 Assume the conditions (C1) and (C3) hold. If f satisfies

> ds
ol (1.15)

then the solutions uy, of ([.9) satisfy klim ug(z,t) = oo for every (x,t) € Qoo-
— 00

Theorem 1.3 Assume the conditions (C1) — (C3) hold. If f satisfies ([.I0) and

*  ds
/1 - Ol (1.16)

where F is defined in ([L13), then the solutions uy of (.9) satisfy klim ug(z,t) =
—00
boo(t) for every (z,t) € Quo, where ¢uo is the solution of ([.17)).

We denote by Uy the set of positive solutions u of ([.])) in in Qso, which is continuous
in Qo \ {(0,0)}, vanishes on the set {(x,0) :  # 0} and satisfies

lim [ wu(x,t)de = o0 (1.17)
t—0 Be

for any € > 0.

Theorem 1.4 Assume f satisfies (L) and ([L1Y). Then U := klim uy, s the mini-
— 00

mal element of Uy.



In the third section we study the set of positive and locally bounded solutions
of ([L.1) in Qo. This set differs considerably according the assumption on f. This is
due to the properties of the radial solutions of the associated stationnary equation

—Aw+ f(w)=0  inRY. (1.18)

The next result is based upon the Picard-Lipschitz fixed point theorem and a result
of Vazquez and Véron [[L1]].

Proposition 1.5 Assume ([[.L16) holds. For any a > 0, there exists a unique positive
function w = w, € C?([0,00)) to the problem

—w” — ?u/ + f(w) =0 in Ry
w'(0) =0 (1.19)
w(0) =a

A striking consequence of the existence of such solutions is the following non-
uniqueness result.

Theorem 1.6 Assume f satisfies ([L10) and ([1@). Then for any uy € C(RY)
satisfying, for some b > a > 0, wy(z) < ug(xr) < wy(z) Vo € RY, there exist two
solutions u,u € C(Quo) of (L)) with initial value ug. They satisfy respectively

0 < u(z,t) < min{wy(z), doo(t)} V(z,t) € Qoos (1.20)

thus tlim w(x,t) = 0, uniformly with respect to x € RY, and
— 00

we () < u(z,t) < wp(x) V(z,t) € Qoo, (1.21)

thus lim u(x,t) = oo, uniformly with respect to t > 0.
|z|—o00

The next theorem shows that if two solutions of ([L.1]) have the same initial data
and the same asymptotic behaviour as |z| — oo then they coincide.

Theorem 1.7 Assume f satisfies (C1) and (L16). Let u, % € C(Quo) N C%1 Qo)
be two positive solutions of ([L.]) with initial data ug. If for any € > 0,

u(z,t) — a(z,t) = o(we(|z])) as  — oo (1.22)

locally uniformly with respect to t > 0, then u = 4.



On the contrary, if the Keller-Osserman condition holds, a continuous solution is
uniquely determined by the positive initial value uy € C(R”), and uniqueness still
holds if C'(R¥) is replaced by M (RY).

Theorem 1.8 Assume f satisfies (L.14) and (C2). Then

(i) For any nonnegative function ug € C(RN) there exists a unique nonnegative
solution u € C(Qu) of (1) in Qoo with initial value ug.

(1) For any for any nonnegative measure p € IMM(RN), there exists at most one
nonnegative solution u € C(Qoo) of (L) in Qoo such that f(u) € L}, (Qso) satisfying

lim u(z, t)((x)dx =

Jm ((z)du(x) V¢ € Co(RY). (1.23)
RN RN

In the last section we study the initial trace of locally bounded positive solutions

of (1) in Qec-

Proposition 1.9 Let u € C*1(Qs) be a positive solution of ([0]) in Qoo The
set R(u) of the points z € RN such that there exists an open ball B,(z) such that
u, f(u) € Ll(Q?T(z)) is an open subset. Furthermore there exists a positive Radon
measure p:= p(u) on R(u) such that

i [ u(eC@)de = [ (@)du) e Co(Rw). (1.24)
R(u) R(u)

Due to Proposition [[.g, we introduce the definition of the initial trace.

Definition 1.10 The couple (S(u), 1) where S(u) = RN \ R(u) is called the initial
trace of u in Q and will be denoted by trgn(u). The set R(u) is called the regular
set of the initial trace of u and the measure p the regular part of the initial trace.
The set S(u) is closed and is called the singular part of the initial trace of w.

The initial trace can also be represented by a positive, outer regular Borel measure,
not necessary locally bounded. The space of these measures on RY will be denoted
by Bfg(RN). If for every open subset A C RY we denote by 9, (A) the space
of positive Radon measures on A, there is a one-to-one correspondence between
BI8(RY) and the set of couples:

CML(RY) = {(S,p) : S C RY closed, p € My (R) with R =RV \S}. (1.25)

reg

The Borel measure v € BY*(RY) corresponding to a couples (S, u) € CM4(RY) is
given by

B 00 ifAﬂS#@ N
v(A) —{ W(A)  iFACS, VYA C R, A Borel. (1.26)



If u is a solution of ([[.T]), we shall use the notation trgx(u) (resp. Tren(u)) for the
trace considered as an element of CM (RY) (resp. BY8(RY)).

We consider the case when the Keller-Osserman holds.

Theorem 1.11 Assume f is nondecreasing and satisfies (.13). If u € C?1(Qwo)
is a positive solution of (1)), it possesses an initial trace v € B (RY).

Furthermore, the following theorem deals with the existence of the maximal solu-
tion and the minimal solution of ([.1]) with a given initial trace (S, u) € CM (RY).

Theorem 1.12 Assume f is nondecreasing and satisfies ([L.12), (.§) and (C2).
Then for any (S, u) € CM4(RYN) there exist a mazimal solution Us,,, and a minimal
solution ug ,, of (L)) in Qoo, with initial trace (S, i), in the following sense:

us, <v<Tsy, (1.27)

for every positive solution v € C*Y(Qso) of (L)) in Qoo such that trgn (v) = (S, ).

If the Keller-Osserman does not holds, we obtain the following results.

Theorem 1.13 Assume ([.10), ([.16), (C1) and (C3) are verified. If u is a positive
solution of (1) in Qeo, it possesses an initial trace which is either the Borel measure
infinity veo which satisfies Voo (O) = oo for any non-empty open subset O C RN, or
is a positive Radon measure 1 on RY.

A consequence of Theorem [l.13 which is worth mentioning is the following.

Proposition 1.14 Under the assumptions of Theorem [[.13, for any b > 0 there
exists a positive solution u € C(Quo) of (L) in (L) satisfying

masc{doo (1) wp([2)} < ule,t) < 6olt) +wpllz)  V(wt) € Qo (L28)

Consequently there exist infinitely many positive solutions of (L) with initial trace
Voo- Furthermore ¢ is the smallest of all these solutions.

Theorem 1.15 Assume f satisfies ([.15),([.16), (C1) and (C3). If u is a posi-
tive solution of (1)) in Qso, it possesses an initial trace which is a positive Radon
measure 1 on R,

The proofs are combination of methods developed in [f] for elliptic equations,
stability results and Theorem [[.3 and Theorem [[.3.



2 Isolated singularities

In order to study ([.T]), we start proving Proposition [L.1].

Proof of Proposition [L.1]

We denote by E(z,t) = (47Tt)*N/26*|m|2/4t the fundamental solution of the heat
equation in Q. By [, Remark 2.1], if for k& > 0,

I:= /1 f(kE(z,t))dxdt < oo (2.1)
0 JBpg

for any R > 0, then there exists a unique solution u = uy, to ([[.1) satisfying initial
condition

uk(., 0) = k50

in D'(RY). Furthermore the mapping k + uy is increasing. This existence result
and the next proposition lead to the conclusion of Proposition [L.1. (]

Proposition 2.1 If f satisfies ([.§) and (C1) then (R.1) is fulfilled.

Proof. We set

I is rewritten as
1
I= kC*/ / $= N2 lal* 4ty (o= N2~ |2 /4ty gy gy

0 JBg
where C* = (47)~N/2. Put r = |z| then dz = r¥='dr, and

1 R )

I= kC*/ tN/Q/ ek N e Ay N g dit.
0 0

Wet put p = %, then rV—1dr = pN=14N/2dp, and

1 R/\/E 2 2
I= kC*/ / e P AnkCH N e N N Lap dt.
0 0

We set _
I == kC* / / e P (kCH N 2e= 1N N1 ap dt.,
0 0

1 pR/VE ) )
I := kC* / / e P An(kC N 2e P /) pN " Lap dt.
0 J1



Since ¢=**/ 4pN=1 is bounded in [0,00), then there exists a constant c¢; depending
only on k such that

1 1 1
I < cl/ / h(kC N2 dp dt = cl/ h(kC*tN?)dt < oo.
0 0 0

Next we show that under the condition ([.§), I < co. In order to do that we

2
introduc% the variable 7 such that t—N/2e¢=r°/4 — 7=N/2. Then t = Te 5% and
dt = e~ 5N dr. Therefore

o0 2
Ir < kC* / S pN1< /
1 0

Since h satisfies ([.§), there exists ¢ > 0 (depending only on k) such that

602/2N

h(kC*TN/2)dT> dp. (2.3)

/ h(kC*r~N?)dr
0

take a finite value, denoted by co. Hence

ep2/2N 9
L

/ (kN2 dr < oy + h(kC e N2) (B — o). (2.4)
0
Inserting (R.4) into the right-hand side of (R.3), we obtain

[ee} 2 oo 2
(N+2)p
I, < 03/ e” av pNldp + 04/ eiprNfld,o < 00
1 1

where ¢3 = kC*cy and ¢y = kC’*h(kC’*e_N/Q). Thus I = I; + I < oo. O
The functions which satisfy the following ODE are particular solutions of ([L.1))
¢+ f(¢)=0  in(0,00). (2.5)

For a > 0, we denote by ¢, the solution of (R.5) with initial data ¢(0) = a. If ([L.15)
holds then li_>m ¢a(t) = oo for any ¢ € (0,00). While, if ([L.10) holds there exists a

maximal solution ¢, given explicitely by

t—/oo s
poo(t) £(5) '



Lemma 2.2 If ([.15) holds then

lim inf 1(r)

r—oo 7 In%r

=0, Va>1.

If (L10) holds then

lim sup JIC(Z) =00, VO<a<l.
r

r—oo T 11l

Proof. Case 1. Assume ([L.15) holds then

We put s = ¢’ ' and derive

1
J:/ L—l
o r2h(e")

where h is defined in (R.9). Suppose that there exists o > 1 such that

lim inf f(i)

s—o0 SIn— S

>0,

equivalently, )
liminf r*h(e” ) > 0,
r—0
then there exists [ > 0 and r € (0,1) such that
h(eril) > lr @ Vr e (0,79).

Hence we derive the following contradiction

1 [ro La
J<—/ Ta2d7°+/ 77‘71<OO
L Jo ro T2h(e")

Case 2. Assume (|L.10) holds then J = oco. Suppose that there exists o € (0, 1] such

that
lim sup 1(s)

s—soo SIn%s

< 00,

equivalently, )

limsupr®h(e” ) < oo,
r—0

then there exists { > 0 and ¢ € (0,1) such that

he ) <lr™®  Vre (0,r).

10



Hence

1 ["o 1 dr
J> = o2 / = 00,
i /0 r T+ . rzh(erfl) o0

which is a contradiction. O

Proof of Theorem [1.2.
Since ([[.1§) holds, by Lemma and the definition (B-2) of h,
h(r)

liminf —= =0 Va>1.
r—oo In%r
Thus h
lim inf (07:) =0 Va>2.
r—oo In%r
By (C3), there exists § € (1,2] such that
h
lim sup (r) < 00.

r—00 IDBT‘
Hence there exist M > 0 and rg > 0 such that
h(r) < Mn®r Vr € (rg, 00). (2.7)
Step 1. Let k > 0, we claim that
MN? !
(1) < 27 Mi(in by’ + / (In(r)Pdr Ve (0,1)  (2.8)
0

t
where 0 (t) = / h(kC*7~N/2)dr with C* = (47)~N/2. Set r = kC*7~N/2 then (P-7)
0

becomes
*x,_—N/2 * N —1\18
h(kC*T ) < M[ln(kC™) + 5} In(77)] V7 € (0,79)

where 79 = (kC*)z/NTO_Q/N. We put a1 = Ink, ay = %ID(T_l), and apply the
following inequality
(a1 + a2)? < 2°7(a] + a5)
in order to obtain
h(kC*r=N/2) < M{In(k) + & In(r=1))? 29)
<200 M (k) + (X)Wl ()] v e (0,7), '

(notice that Cx = (47)~N/2 < 1). Integrating over [0,] yields to (B.§).

11



Step 2. Tt follows from (P.9) that ([.§) is fulfilled; hence by Proposition [I.]] there ex-
ists a unique solution uy, of ([.I]) in Qo with initial data kdy. By the maximum prin-
ciple, uy(z,t) < kE(z,t) for every (x,t) € Qoo, which implies uy(z,t) < kC*t~N/?
for every (z,t) € Qo. Therefore, since h is increasing,

Ayuy — Aug + uph(kC*tN/2) > 0.
If we set vy (z,t) = eP*uy(z,t), we obtain
dyvp — Avy, = e*D[B,uy, — Auy, + uph(kC*tN/?)] >0

and vg(.,0) = ug(.,0) = kdp. By the maximum principle, there holds

vg(z,t) > kOt~ N 2o Izl 4t ug(z,t) > kC N2 =0k(O) =zl /4t (2.10)
By step 1,
e 0k (0) > ¢ o~ Mpt(nk)? vVt e (0,1) (2.11)
where 5
M(N
c1 = exp < — 7( ) / (IH(T_l))ﬁdT)
2 0

and Mg = M2°~!. Inserting (R.11)) into the right-hand side of (B-10), we get
ug(x,t) > 10t~ N/2In k= Mpt(in k)P —|al* /4t V(z,t) € Q1 :=RY x (0,1).

If lim ug(z,t) < oo for all (z,t) € Qoo, we put U := lim wuy, then
k—o00 k—o00

Uz, t) > 01C* ¢~ N/2In k=Mgt(nk)®—|al* /4t V(z,t) € @1, Yk >D0.

Let {t,} C (0,1] be a sequence converging to 0. We choose k;,, = exp ((2M5tn)ﬁ)
then In k,, — Mpgt,(In kn)? = %ln k,,. Next we restrict = in order to have

2

|$|2 1 |$|2 B=2_ 2 11 2%_1
Ink, — Matp(Ink,)? — = = ZInk, — - > 0 <= |z| < 226-0 MDD
At, 2 At B

Therefore, since 1 < 5 < 2,

Jim U(z,t,) = oo

uniformly on RY if 1 < 8 < 2, or uniformly on the ball B,, where 7 = (2M)~1/2 if
B = 2. Since the sequence {t,} is arbitrary,

lim U(x,t) = 0o

t—0"

12



uniformly on RV if 1 < 8 < 2, or uniformly on the ball B,, if 8 = 2.

We pick some point zo in RY (resp. B,,) if 1 < 3 < 2 (resp. 3 = 2). Since for
any k > 0, the solution uys, —of ([.T) with initial data kd,, can be approximated by
solutions with bounded initial data and support in B, () where 0 < o < ro — |z|,

it follows
Q(x7 t) Z ukézo (.%', t) - uk(x — ZXo, t)a

by comparison principle. Letting & — oo yields to U(x,t) > U(x—=xq,t). Interverting
the role of 0 and zg yields to U(z,t) = U(xz — wo,t). If we iterate this process we
derive

U(z,t) =U(x —y,t) VyeRY.

This implies that U(z,t) is independent of  and therefore it is a solution of ([L.LI]).
By (C13), U(z,t) = oo for any (z,t) € Quo, which is a contradiction and the
conclusion follows. O

Proposition 2.3 Assume (L.10) is satisfied. For any k > 0, there holds

up(x,t) < Poo(t) V(z,t) € Qoo

Proof. For any small € > 0, we set dooe(t) = doo(t — €),t € [€,00) then oo is
a solution of ([L1]) in (e,00), which dominates u; on RY x {e} for any k > 0. By
comparison principle, uy(z,t) < ¢ooc(t) for every (z,t) € RN x (¢,00). Letting e — 0
yields the claim. O

A necessary and sufficient condition for the existence of a maximal solution to
the stationary equation

—Aw+ f(w) =0

in a bounded domain € is the Keller-Osserman condition (.13) (], [{]). If f is
convex and ([[.13) holds, then ([.10) is fulfilled. The Keller-Osserman condition can
be replaced by another condition, which owes to the following result.

Lemma 2.4 Assume f is convex on (0,00). Set

L= [

Then ([L.13) holds if and only if L < co.

Proof. In order to obtain the assertion, it is sufficient to show that

sf(g) < F(s) < s f(s) Vs > 1. (2.12)

13



The right-hand side estimate in (2.12) follows from the monotone property of f.
The assumption of convexity of f in (0, 00) implies
s. s,
> f(2)+=f(= .
2 f+30C) Va0
Define (s) = | f(a)do — s7(3), then ¢/(s) = f(5) = £(3) — 4/(3) = 0. Hence
0
©(s) > p(0) = 0, which leads to the left-hand side estimate in (R.19). O

By using the same argument as in the proof of the Lemma P.9 and thank to the
Lemma P.4, we obtain the following lemma.

Lemma 2.5 If (.L16) holds then

lim inf f((:) =0 Va>2.
r—oo rln (7“)

If (L.12) holds then

. f(r)
1 I
l,rnri,sogpr In“(r)

Proof of Theorem [1.3.
Since ([[.16) holds, by Lemma P.5 and the definition (2.9) of h,

=0 Vi<a<?2

lim inf h(;“) =0 Va>2.
r—oo In“r

By (C3), there exists 3 € (1,2] such that limsup h(r)/In” 7 < co. Hence there exists
r—00
M > 0 and 7o > 0 such that

h(r) < MIn®r Vr € (rg,0). (2.13)

Step 1. For any k > 0 we set
t
O(t) = / h(kC =N/ g
0

where C* = (47)~N/2. We claim that

0(t) < 28~ Mt(Ink)’ + MTNﬁ /1(111(7—1))/%17 vt € (0,1). (2.14)
0

If we define 7 by r = kC*r~N/2_ (B13) becomes
N
2

h(kC*t2) < M[In(kC*) + gln(fl)]ﬁ V1 € (0,70)

14



where 79 = (k:C*)Q/NT(;Q/N. We set a1 = Ink, ap = Z1In(r71), and apply the
following inequality
(a1 + az)’ < 2571(af + ag)

in order to obtain (notice that C* < 1)

h(kC*r~N/2) < M[In(k) + & In(7—1))#

< 25*1M[(]n ]g)ﬁ + ( )5 ]nﬁ(Tfl)]. (2.15)

w2

Integrating over [0, t], we obtain (R.14).

Step 2. Tt follows from (R.15) that ([L.9) is fulfilled; hence by Proposition [L.1] there
exists a unique solution of ([L.) in Q with initial trace k. By maximum principle,
ug(z,t) < kE(z,t) for every (z,t) € Qoo, which implies that uy(x,t) < kC*t~N/2
for every (x,t) € Q. Therefore, since h is increasing,

Ayuy, — Aug + uph(kC*tN/2) > 0.
We set vy, (x,t) = e’ Oy (x,t) and obtain
Ayvp — Avy, = %[0y, — Auy, + uph(kC*N/2)] > 0,
with vg(.,0) = ug(.,0) = kdp. By maximum principle, it follows
vz, t) > kCH N2l /4ty ug(z,t) > kC*tN/2e =0 (D~ /4t (2.16)

By step 1,
e 0k(t) > ¢ e~ Matb)?  yp ¢ (0,1) (2.17)

where ¢; = exp <— w fol (ln(T_l))BdT> and Mg = M2°~!1. Inserting (2.17) into
the right-hand side of (R.14), we get

ug(z,t) > ch*t_N/zelnk_Mﬂt(lnk)6_|$|2/4t V(z,t) € Q1 =RN x (0,1).

Since k — uy, is increasing, by Proposition P.J there exists U := klim up and U > uy.
—00
Hence

Uz, t) > 010t~ N/2gln k=Mgt(in k)P —|af* /4t V(z,t) € Q1,Yk > 0.

Let {t,,} C (0,1] be a sequence converging to 0. We choose k,, = exp((2M5tn)ﬁ),
equivalently Ink,, — Mgt,(Ink,)? = $Ink,. Next we restrict |z| in order

jo* 1 Lk 2(5-1)
n

Ink, — Mgt,(Ink,)? — m
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B—2 _1
where 75 = 22<5—1>M52(1_6). Because 1 < 8 < 2, it follows

lim U(x,t,) = oo,
n—oo
uniformly on RY if 1 < 8 < 2, or uniformly on the ball B,, where ro = (2M )7% if
B = 2. Since the sequence {t,} is arbitrary,
lim U(z,t) = 00

t—0"

uniformly on RV if 1 < 8 < 2, or uniformly on the ball B,, if 8 = 2.

We pick some point xg in RY (resp. B,,) if 1 < 8 < 2 (resp. 3 = 2). Since for
any k > 0, the solution us, —of ([L1) with initial data kd, can be approximated by
solutions with bounded initial data and support in By (xg) where 0 < o < ry — |zg|,

it follows
Q(x7 t) 2 ukézo (.%', t) - uk(x — ZXo, t)a

by comparison principle. Letting k — oo yields to U(x,t) > U(x — xg,t). Reversing
the role of 0 and zq yields to U(z,t) = U(x — xzo,t). If we iterate this process we
derive

Ulz,t) = Uz —y,t) VyeRY.

This implies that U(z,t) is independent of  and therefore it is a solution of ([L.11])
Since ([L.10) holds, U(z,t) = ¢oo(t) for every (z,t) € Quo- O

Proposition 2.6 Assume ([.19) and ([L.J) are satisfied. Then for any k > 0 there
holds
ug(x,t) < ®(jzf)  V(z,t) € Qoo

where ® is a solution to the problem

—"+ f(®) =0 in (0, 00)
li_r)%fb(s) = 00.

Proof. Step 1: Upper estimate. Since f satisfies ([L12), by [] for any R > 0, there
exists a solution wg to the problem

{—AwR—i—f(wR) =0 in Bg,

lim wr(z) = oo, (2.18)

|lz| =R

and wpg is nonnegative since f(0) = 0. Notice also that R — wpg is decreasing,
since f is nondecreasing; moreover limp o wr = 0, since f(0) = 0 and f is positive
on (0,00). Let zg # 0 arbitrary in RY. Set E = {€: |¢] = 1} and take € € E.
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Put zz = |zo| € and for n > |zg| put a,, = né. Denote by Hg the open half-space
generated by € and its orthogonal hyperplane at the origin, then zz, a, € Hz. Take
R such that n — |zo] < R < n. We set Wg,, p(x) = wr(z — ay), then Wg, p is a
solution of ([L.1)) in Bg(a,) and blows-up on the boundary ‘ lin‘l Wen, r(x) = 00.
r—an|—R
By the maximum principle,
ug(z,t) < Wep r(x) VY(z,t) € Br(an) x (0,00). (2.19)

The sequence {Wg,, r} is decreasing with respect to R and is bounded from below
by ug, then there exists Wz,, := }%im We n,r satisfying
—n

ug(z,t) < Wep(z) V(z,t) € By(an) x (0,00). (2.20)

The sequence {Wz,, } is also decreasing with respect to n and is bounded from below
by uy, then there exists Wz o := lim We,,. Letting n — oo in (R.20) yields to

n—o0
ug(z,t) < Weoo(z) V(z,t) € He x (0,00). (2.21)
In particular,
uk(mg, t) < Waoo(.%'g). (2.22)

Since uy, is radial, it follows that
ug(wo,t) = up(re,t) < We oo (z2).
Foranyr >0, n>r,n—r < R<nand €, e_;EE, since wg is radial,
wr(ré — né) = wr(re’ — né).
Letting successively R — n, n — oo yields to
Weoo(ré) = Wy (rél).

Define (1) := Wi oo (r€), Vr € (0,00) then it satisfies

- N _—1- .
—0 =+ f(B) =0 in(0,00)

. (2.23)
lm®(r) = oo,
r—0
and )
ug(x,t) < O(|z|) V(z,t) € Qoo- (2.24)
Step 2: End of the proof. We claim that
d(r) < ®(r)  Yre(0,00). (2.25)
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For any € > 0, we set ®.(r) = ®(r — €), r > € then ®, is a solution of
— O/ + f(P) =0  in (¢,00) (2.26)

verifying im®.(r) = oo. Since ®. < 0, P, is a supersolution of the equation in
T—€

(B23) in (e, 00), which dominates ® at r = e. By the maximum principle, ® < ®,
in (e,00). Letting ¢ — 0 yields (2.2§). Combining (R.24) and (R.25) leads to the

conclusion. O

Remark. Combining Proposition and Proposition P.§ yields to

up(z,t) < min{oeo(®), ®(|z))}  V(z,%) € Quo, Yk > 0. (2.27)

Proof of Theorem [[.4.

The sequence {uy} is increasing with respect to k and is bounded from above by
(B:27) then there exists U := klim uy, satisfying
— 00

Uz, t) < min{oés(®), ®(|z))}  Y(2,t) € Quo, ¥k > 0. (2.28)

Moreover, U € Uy because U has the following properties:
(i) It is positive in Qs, belongs to C(Qu \ {(0,0)}) and vanishes on the set {(z,0) :

x # 0}.
(ii) Tt satisfies ([L.1) and

lim U(z,t)dx = 00, VYo >0. (2.29)
t—0 B,

In the sense of initial trace in Definition .3, U has initial trace trg~ (U) = ({0},0)
(here {0} is the singular part and the Radon measure on R\ {0} is the zero measure)
and the conclusion follows from Proposition [.3. O

By a simple adaptation of the proof of Proposition P.J and Proposition B.g it is
possible to extend (R.2§) to any positive solution vanishing on RY x {0} \ {(0,0)}.

Proposition 2.7 Assume ([L.12) and (C2) are satisfied. Then any positive solution
u € C?YQuo) of ([) satisfies

u( ) < uolt) V(@) € Qo (2.30)

If we assume moreover that u € C(Quo \ {(0,0)}) vanishes on RY x {0} \ {(0,0)},
there holds

u(z, t) < min{pso(t), ®(|z|)} V(z,t) € Qoo- (2.31)
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Proof. Since f(0) = 0 and due to the convexity of f, the following inequality holds
fla+b) > f(a)+ f(b) Va,b>0, (2.32)

which implies that for any R, 7 > 0, (z,t) — ¢oo(t —7) +wr(z) is a supersolution of

(L)) in Bg x (1,00). This function dominates u on the parabolic boundary, thus in

the domain itself by the comparison principle. Since f(r) > 0if r > 0, Rlim wr =0
—00

in RY. Therefore

u(z,t) < Poo(t) = lim lim (oo (t — 7) + wr(x)) V(z,t) € Qoo-

T7—0 R—00

For the second estimate we notice that (R.19) is valid with uy replaced by u (and
without assumption ([.§) since existence is assumed). The remaining of the proof
of Proposition P.q is similar and yields to

u(z,t) < ®(jzf)  V(z,t) € Qoo
This implies (2.31). O

It is also possible to construct a maximal element of Uy (U is defined in Theo-
rem @) For £ >0 and € > 0, let u := U be the solution of

Ou—Au+ f(u) =0 in Qs
u(z,0) =flxp, inRY.

Lemma 2.8 For any 7 > 0 and € > 0, there exist £ > 0 and m(7,€) > 0 such that
any positive solution u of ([L1)) which verifies (i) in the proof of Theorem satisfies

w(z,t) < Uecy(x,t —7) +m(T,¢€) V(z,t) € Qoo, t > T. (2.33)
Furthermore
lim m(7,€) =0 Ve > 0. (2.34)
70
Finally
U(z,t) = lim lim lim (U (2, t —7) + m(7,¢€)) (2.35)

7—0e—0/—00

is the maximal element of Uy.

Proof. We set £ = ¢oo(7), then u(z,7) < ¢ for any x € RY. Let W := W, /5 be the
solution of the following Cauchy-Dirichlet problem
oW — AW + f(W) =0 in BZ )y x (0, 00)
W(z,0) =0 in B§/2 (2.36)
W(z,t) = doolt) in 0B, X (0,00)
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and put m(7,€) := mar{W5(v,0) : [x] > €,0 < < 7}. It is clear to see that
lim m(7,€) = We/a(z,0) = 0. (2.37)
7—0

From the fact that u(x,0) = 0 in B, u(z,t) < doo(t) in 98¢, x (0,00) and the

maximum principle, it follows that u(z,t) < W j9(x,t) in Bg, % (0, 00).
Next, we compare Ue(.,. — 7) + m(7,€) with u in RY x (r,00). The func-

tion U (.,. — 7) + m(7,€) is a supersolution of (1)) in RY x (r,00). If x € B,
Ue(2,0) = £ > u(x,7), which implies Ue¢(x,0) + m(r,€) > u(z,7). If z € B,
m(r,€) > Wep(z,7) > u(w,7), hence Ue¢(x,0) + m(7,¢€) > u(x,7). So we always
have Ue ¢(z,0) + m(r,€) > u(x,7) for any z € RY. Applying maximum principle
yields to U ¢(.,. — 7) + m(7,€) > u in RY x (7,00). Finally, the function U defined
by (B.39) is the maximal solution because U ¢(x,t —7) = Ucy(z,t) as 7 — 0 and
Uet T Ue oo when £ — 00 and Ue o | U when € — 0. O

3 About uniqueness

We prove first the existence of global radial solutions of ([L.1§) under the Keller-
Osserman condition.
Proof of Proposition [L.5.

A solution of ([[.19) is locally given by the formula

=a rsl_N TN w S .
w(r) = +/0 /Ot Flw)dtd (3.1)

Existence follows from the Picard-Lipschitz fixed point theorem. The function is
increasing and defined on a maximal interval [0,7,). By a result of Vazquez and
Veron [[]} 7, = oo, thus the solution is global. Uniqueness on [0, 00) follows always
from local uniqueness. The function 7 — w(r) is increasing and

for all r > 0. U
Proposition 3.1 Assume ([.16) holds. For any ug € C(RY) which satisfies
we(|z]) < up(z) < wp(|z)) Ve € RY (3.2)

for some 0 < a < b, there exists a positive function U € C(Qu) NC* (Qs0) solution
of (L.T) in Qoo and satisfying u(.,0) = ug in RY. Furthermore

we(|z]) < ulz,t) < wp(|z|) V(z,t) € Qoo (3.3)
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Proof. Clearly w, and w, are ordered solutions of ([[.1). We denote by u, the
solution of the initial-boundary problem

O, — Aup + f(un) =0 in @, = B, X (Oa OO)
up(z,t) = (we(|z|) + wp(|x]))/2  in IB, x (0,00) (3.4)
Un(2,0) = up(z) in B,.

By the maximum principle, u,, satisfies (B.3) in Q. Using locally parabolic equations
regularity theory, we derive that the set of functions {u,} is eventually equicontin-
uous on any compact subset of Q. Using a diagonal sequence, we conclude that
there exists a subsequence {u,, } which converges locally uniformly in Qoo to some
weak solution 7 € C(Qs) which satisfies %(.,0) = ug in RY. By standard method,
U is a strong solution (at least C*!(Qs)). O

Proposition 3.2 Assume ([.16) and ([.I0) hold. Then for any up € C(R™) which
satisfies
walle]) < wo(x) < wy(fzl) Vo €RY (3.5)

for some 0 < a < b, there exists a positive function u € C(Quo) solution of (1) in
Qoo satisfying u(.,0) = ug in RN and

u(z,t) < min{oo(t), wy(|z|)} V(z,t) € Qoo- (3.6)
Proof. For any R > 0, let ur be the solution of

dur — Aup + f(ug) =0 n Qoo (3.7)
ur(z,0) = uo(z)xB, () in RV, '

The solution which is constructed is dominated by the solution of the heat equation
with the same initial data. Thus

wnlt) < (4mt)~N2 / iy () dy  Y(et) € Q. (38)
Br

and lim ug(z,t) = 0 uniformly with respect to ¢t. The functions ¢, and wy, are

|x|—00

solutions of ([L.1]) in Qs, which dominate up at t = 0. By the maximum principle,

min{ oo (t), wp(|z|)} > ur(x,t) V(z,t) € Quo. (3.9)

The fact that the mapping R + up is increasing and (B.9) imply that there exists
u:= lim up which satisfies u(.,0) = ug in RY. Letting R — oo in (B.9) yields (B.6).

R—o0

Proof of Theorem [L.§.
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Combining Proposition B.] and Proposition B.J we see that there exists two
solutions u and @ with the same initial data ug which are ordered and different since
lim w(z,t) = oo and lim wu(z,t) < ¢oo(t) < oo for all ¢ > 0. O

Proof of Theorem [1.17.
Step 1: There always holds

(ah(a) — bh(b))sign(a —b) > |a — b| h(|a — b)) Va,b >0 (3.10)

where h is defined in (2.9) and

1 if z>0,
sign(z) =< —1 if z <0,
0 it z =0.

In fact, since h is increasing and assuming a > b, we get

ah(a) — bh(b) = (a — b)h(a) + b(h(a) — h(b))
(@ —b)h(a)

(a —b)h(a —b).

VIV

Step 2: End of the proof. By Kato’s inequality,
O lu—1a| —Alu—1a| <[0(u—1a)— Alu—a)]sign(u — a),
therefore by step 1,
Olu—1a|—Alu—1a|+|u—1a|h(ju—1a]) <O0. (3.11)
Let € > 0. There exists R, > 0 such that for any R > R,
0 <l|u—a|(z,t) <wz|]) V(z,t)e Bfx]|0,1]. (3.12)
Since w, is a positive solution of ([[.1]) which dominates |u — %| on dBr x [0, 1] and

at t = 0, it follows that |u — 4| < we in Bg x [0,1]. Letting R — oo yields to
lu — @] < we in RN x [0,1]. Letting ¢ — 0 and since lin%we(]x\) =0 for any z € RY,
e—

we derive |u — @ = 0, thus u = @ in RV x [0, 1]. Iterating yields that equality holds
in Q. O

Remark. If we replace the condition (C'1) by the condition (C2), the conclusion of
Theorem [L.7 remains valid. Indeed, it follows by the convexity of f that

(f(a) — f(b))sign(a —b) > f(la—b|) Va,b> 0.
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Then we proceed as in step 2 to get the desired conclusion.

Proof of Theorem [L.§.

Proof of statement (i). The solution u which is constructed in Proposition B.J is a
minimal solution of (1)) in Qs with the initial value ug. Indeed, if u € C?1(Q)
is a nonnegative solution of ([[.1)) in Q. which satisfies u(.,0) = up in R" then,
by maximum principle, ug < u in Qo where up is the solution of (B.7). Letting
R — oo yields v < u in Q. Next we construct the maximal solution. We recall
that wg is the solution of (R.1§). Since f is convex and f(0) = 0, there holds
f(wgr) + f(ur) < f(wr + ugr). Consequently wg + ug is a supersolution of ([L.1])
in B x (0,00). If u € C(Qx) is a solution (1) in Qo with initial data wo, it
is dominated by wg + ur on (0Br x (0,00)) U (Br x {0}). Thus, by maximum
principle, u < wr + ug in Br x (0,00). Since

ur < u < wWR + UR,

wr — 0 when R — oo, by Proposition P.G-Step 1, and ur — u, we derive that
U =u.

Proof of statement (ii).

Step 1: Construction of a minimal solution. Assume there exists at least one positive

solution u of (1)) satisfying ([.23) and f(u) € L}, .(Qoo), equivalently [f]
| utom+ any+ fapmdede = [ o 0)du@) (313
o Jry RN

for all n € C? 1(Q—oo) We construct first a minimal solution in the following way:
let n € Nand R > 0 and let v = vg, be the solution of

ov—Av+ f(v)=0 in Br x (0,00)
v=0 in 0Br x (0,00) (3.14)
v(.,0) =u(.,27") in Bp.

By the maximum principle, vg,(.,t) < u(.,t +27"). Furthermore,
UR,n(xa 27”) < u(x, 2in+1) = UR,nfl(xa O)a

therefore,
Vpn(z,t+27") <vgppo1(z,t) in Br x (0,00). (3.15)

Using the formulation (B.13) with vg,,, we obtain

/Oo/ (_UR,n(atn + An) + f(UR,n)n) dxdt = / 77(1'7 O)U(.%', 2in)dx7 (3'16)
0 JRN RN
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for any 7 € 03’1( ). The right-hand side of (B.16) converges to [px n(z,0)du(z)
as n — oo. Concermng the left-hand side, there holds f(vgn(z,t)) < f(u(z,t+

27")). Since f(u) € L} (Qc), f(vrn) is bounded in L} ( Br) By the L! reg-

loc
ularity theory for parabolic equations (see [fi] and the references therein), the set
of functions {vg,} is locally compact in L} (Qo) and there exists a subsequence
{ni} and a function up such that vg,, — up, almost everywhere in QBR, and
up < u. Noticing that the sets of functions {f(u(.,.+27"))} and {u(.,. +27™)}
are uniformly integrable, we obtain that the two sets {f(vr,)} and {vg,} are also
uniformly integrable in Br x (0,7). It follows from Vitali’s convergence theorem
that, up to a subsequence still denoted by {ny}, vpn, — ugr and f(vgpn,) = f(ug)
in L}(Bg x (0,T)). Letting n = nj, — oo in (B.16) we derive

| Cun@n+ an)+ fagn st = [ e 0)du@). @)
0 RN RN
This means that up satisfies up < u and
Oup — Aup + f(up) =0 in Br x (0,00)
up =0 in 0BR x (0,00) (3.18)
ug(.,0) = xp, 1 in Bpg.

If @ is any other nonnegative solution of ([[.1]) in Qs with initial data p, the same
construction of @g, solution of (B.14) with initial data (.,27") instead of u(.,2™™")
converges, up to a subsequence to some @p which satisfies 4p < % and is solution
of problem (B.1§). We know from [f], [f] that this problem admits at most one
solution. Therefore tp = up, which implies that up < @ in QBR. Furthermore, in
the above construction, we have only used the fact that # is defined in a domain
larger than QB% and is nonnegative. Consequently, the same comparison applies if
we compare up and up for R* > R and we obtain

Up < Upy in QOB;)R'

Put v = limp_, up. Using the monotone convergence theorem and a test function
n e C (Qoo ) with compact support in QBR, we obtain

/ / u(0n + An) + f(w)n) dxdt :/ n(x,0)du(z). (3.19)
RN RN
from (B.17). Thus u satisfies ([29) and f(u) € L} .(Qso). By construction u is

smaller than any other nonnegative solution.

Step 2: End of proof of statement (ii). As in the proof of statement (i), we see that,
for any n € N*, there holds u < wgr +vpg,, in QOB;R where wg is the maximal solution
of (R.1§). Consequently u < wgr + up and letting R — oo, u < u. Thus u = w.
U
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4 Initial trace

If 2 is an open domain in RV, we denote by 9(Q2) (resp. MP(Q)) the set of Radon
measures in  (resp. bounded Radon measures), and by 9, (Q2) (resp. M (2)) its
positive cone. For T' > 0, we set QS = Q x (0,7).
4.1 The regular part of the initial trace

In this section we only assume that f is a continuous nonnegative function defined
on R, and that u is a C%! positive solution of ([L.1) in Q7.

Lemma 4.1 Assume G is a bounded C? domain in RY, Q% = G x (0,T] and let
u € C2HQF) be a positive solution of (1) in QF such that u, f(u) € LY(QF).
Then u € L>=(0,T; L*(G")) for any domain G' C G’ C G and there exists a positive
Radon measure pg on G such that

lim [ u(z,t)((z)dx = /(}C(x)du(;(x) V¢ € Co(G). (4.1)

t—0 a

Proof. Let ¢ := ¢¢ be the first eigenfunction of —A in I/VO1 ’Q(G) with corresponding
eigenvalue Ag. We assume ¢ > 0 in G. Then

d
% wadm + Ag/Guqﬁdx + /Gf(u)¢dx + /awandS =0

where ¢, denote the outward normal derivative of ¢. Since ¢, < 0, the function
T
t— eAGt/ u(z, t)p(x)dx — / /e’\Gsf(u)tbdx ds
G t G

is increasing and

/Gu(x,t)¢(x)dx < e/\G(T—t)/

G

u(z, T)o(x)dx + e_)‘Gt/T/ e f(u)pdz ds
t JG

for 0 < t < T. Thus u € L*(0,T; L' (G")) for any strict domain G’ of G. If
¢ € C2(G), there holds

4 ([wtwa@ar [ [ g -usgaas) <o a2

Consequently

T
lim u(x,t){(x)dx:/Gu(x,T)C(x)dx—i—/o /G(f(U)C—UAC) dx ds. (4.3)

t—0 G
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This implies that u(.,t) admits a limit in D’(G), and this limit is a positive distri-
bution. Therefore there exists a positive Radon measure pug on G satisfies (JL.1]).

O
Proof of Proposition [..9.

It is clear that R(u) is an open subset. If G is a strict bounded subdomain
of R(u), i.e. G C R(u), there exists a finite number of points z; (j = 1,...,k) and

Br’. (Z) _
7% > 1; > 0 such that u, f(u) € LYQp " ’ )and G C U;“‘:lBrj(zj). Let pj = 1B, (=)
the measure defined in Lemma [l If ¢ € C.(G) there exists a partition of unity
{n; };?:1 relative to the cover { B, (zj)}?zl such that n; € Cg°(G), supp(n;) C B, (z;)

k
and ¢ = ZU;‘C- Since

j=1
%in% u(z,t)(n;Q)(z)dx = / (n;i¢)(x)dp;(x) Vi=1,..k,
7Y J By (2)) By, (z)
there exists a positive Radon measure p on R(u) satisfying ([.24). Notice also that
u € L®(0,T; LY(@G)) for any G C G C R(u). O

The main problem is to analyse the behaviour of u on the singular set S(u).

4.2 The Keller-Osserman condition holds

If the Keller-Osserman condition holds, the existence of an initial trace of arbitrary
positive solutions of ([[.1]) is based upon a dichotomy in the behaviour of those
solutions near t = 0.

Lemma 4.2 Assume u is a positive solution of (1)) in Q7 and z € S(u). Suppose
that at least one of the following sets of conditions holds.

(i) There exists an open neighborhood G of z such that u € LY(QS).

(ii) f is nondecreasing and ([[.19) holds.
Then, for every open relative neighborhood G’ of z,

lim [ wu(z,t)de = oco. (4.4)
t—0 J

Proof. First, we assume that (i) holds and let ¢ € C?(G), ¢ > 0. Since z € S(u),
then for every open relative neighborhood G’ of z, there holds

T
/ flu)dz dt = occ. (4.5)
0 J&
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Since there exists

T
lim/ /uACdxdt:LER,
t /

t—0

it follows from ([£.3) that

T
/lu(:c, t)((z)dz = /t Glf(u)(dxds +0(1), (4.6)

which implies ([£4).
Next we assume that (.1) holds and u ¢ L'(Q%) for every relative neighborhood

G of z. If there exists an open neighborhood G C € of z such that (f4) does not
hold, there exists a sequence {t,} decreasing to 0 and 0 < M < oo such that

sup /Gu(x,tn)dx =M. (4.7

tn

Furthermore, we can always replace G by an open ball Bg(z) C G. Thus (.7) holds
with G replaced by Br(z). Let w := wpr be the maximal solution of

—Aw+ f(w) =0  in Br(z)

lim w(zx) = oo. (4.8)
|lt—z|—R
Let v := v,, be the solution of
Ov—Av =0 in Br(z) X (tn, o)
v =0 in 0BR(2) x (t,,00) (4.9)
v(,tn) =ul.,ty) in Bgr(2).

Since v, > 0, f(wgr + vy) > f(wgr), and wr + v, is a supersolution of ([.1]) in
Bgr(z) x (t,,T). It dominates u on BR(z) X (t,,T) and at t = t,,, thus u < wgr+v,
in Br(2) X (tn,T). We can assume that u(.,t,) — v for some positive and bounded
measure v on Bg(z). Therefore

u(z,t) <v(a,t) +wg(z)  in QR (4.10)
where v is the solution of
Ov—Av =0 in QiR(Z)
v =0 in dBpr(z) x (0,0) (4.11)
v(,,0) =v in D'(Bg(z)).

Since v € LI(Q?R(Z)) and wg is uniformly bounded in any ball Bg/(z) for 0 < R’ <
R, we conclude that u € Ll(Q?R/(z)), which is a contradiction. O
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Definition 4.3 Assume f is nondecreasing and satisfies ([[.19). Let u € C*1(Qr)
be a positive solution of ([L1]) in Qr. We say that u possesses an initial trace with
regular part 1 € M, (R(u)) and singular part S(u) = RN \ R(u) if

(i) For any ¢ € C.(R(u)),

}ir% u(z,t)((x)dx = C(x)du(z). (4.12)

(ii) For any open set G C RN such that G NS (u) # ()

lim [ u(x,t)dz = oco. (4.13)
t—0 G

Proof of Theorem [1.11]

The set R(u) and the measure p € M (R(u)) are defined by Definition [[.10
thanks to Proposition [.d. Because ([.L1J) holds, S(u) = © \ R(u) inherits the
property (ii) in Definition f.J because of Lemma .7 (ii). O

If Q is a bounded domain with a C? boundary and p € 9 (2), we denote by
u,, the solution of

Ou — Au—+ f(u) =0 in Q¥
=0 in 09 x (0, 00) (4.14)
u(.,0) = p in D'(Q).

We recall the following stability result proved in [f, Th 1.1].

Lemma 4.4 Let Q be a bounded domain with a C? boundary. Assume f is non-
decreasing and satisfies ([.§). Then for any p € MY(Q) problem (E14) admits a
unique solution u,. Moreover, if {p,} C MP(Q) converges weakly to p € M*(Q)
then wy,, — wy, locally uniformly in Q x (0,00) and in LY(Q%), and f(u,,) — f(u,)
in LY(Q), for every T > 0.

Remark. The result remains true if 2 is unbounded, with a C? compact (possibly
empty) boundary and the p, have their support in a fixed compact set. In such a
case uy, (x,t) = 0 when |z| — oo, uniformly with respect to n and ¢ since

g (2,1)] < e G| () V(1) € Qo (4.15)

1
(47Tt)N/2 /RN

By Lemma [£4 and the remark hereafter, for every y € Q and k > 0, there exists
a unique solution vy 1, o := v to (fL.14) with p = kdg. By comparison principle (see
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B, Prop 1.2]) vy k.0 18 positive, increases as k increases and depends continuously
on y. Note that if Q = RV, Uy o rN (T, 1) 1= vy p(z,t) = ug(|z — y|,t); furthermore,
if f satisfies ([[.L19), we recall that U = limy_,o u is the minimal solution of ([.1])
in Qo with initial trace ({0}, 0).

Proposition 4.5 Assume f is nondecreasing and satisfies (I.) and ([.13). Let
u € C*Y Qo) is a positive solution of (L) in Qoo with initial trace (S,p). Then
for every y € S,

Uy(z,t) :=U(x —y,t) < u(w,t) (4.16)

M Qoo-

Proof. By translation we may suppose that y = 0. Since 0 € S(u), for any n > 0
small enough

lim | wu(z,t)dr = cc.

t—0 B”I

For € > 0, denote M, , = / u(z,€)dz. For any m > m,, = in% M, ,, there exists
a>
n
€ = €(m,n) such that m = M., and lin% e(m,n) = 0. Let v, be the solution of the
n—

problem
Oy — Avy + f(vy) =0 in Quo
vy(z,0) = u(z,€)xB, in RV

where xp, is the characteristic function of B;,. By the maximum principle v;, < u
in RY x (e,00). By Lemma (.4 and the remark after v, converges to vg,, when n
goes to zero. Letting m go to infinity yields ({.16). O

Corollary 4.6 Under the assumption of Proposition [[.8, there exists a minimal
positive solution Ug of (L)) in Qoo with initial trace (S,0) in the sense that

Us(z,t) < u(z,t) V(z,t) € Qoo, (4.17)
for all positive solution u € C*Y Qo) of (L) with initial trace (S(u), ).

Proof. If we set Ug = sup{U, : y € S}, then Ug is a subsolution of (L.1)). If u is a
positive solution of ([[.T) with initial trace (S, u), then u > U s by Proposition [.5.
Therefore u is larger than the smallest solution of ([L.1]) in Qo which is above Ug.
We denote this minimal solution by Usg. U

If S contains some ball B we have a more precise result.
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Proposition 4.7 Let u be a positive solution of ([L.1)) in Qs with initial trace (S, p).
We assume that S has a non-empty interior, and for R > 0, we denote by intr(S)
the set of y € S such that Br(y) C S. Then for any R’ € (0, R) there holds

u(x,t)
1550 Goo(t)

=1 (4.18)

uniformly for x € Br/(y) and y € intg(S).

Proof. Let y € intg(S) and w(x,t) = u(x,t) + wr(z — y) where wg is the maximal
solution of (R.1§) . Then w is a supersolution of ([[.T) in QOB;R(y) and limy_,o w(x,t) =
oo, uniformly with respect to € Br(y), by (f.16). Then, for any € > 0, there exists
te > 0 such that w(z,t) > ¢oo(e€) in QER(y). Since ¢oo(t + €) remains bounded on
OBR(y) % (0,00), it follows by the maximum principle that

w(x,t) > doo(t + €) V(z,t) € Qiff(y).

Letting ¢ — 0 and using the fact that wr(x — y) remains uniformly bounded when
|z —y| < R, we derive

w(@,t) > doolt) — Kpe V(z,t) € QZRW. (4.19)

where Kp = max{wg(z —y) : |z — y| < R'}. Combining this estimate with (.30])
yields to ({.18]). O

Proposition 4.8 Assume f is nondecreasing and satisfies (I.§) and ([.13). Let
{un} be a sequence of positive solutions of (1)) in Qoo with initial trace (S(uy), tin)
such that u, — u locally uniformly in Qs and let A be an open subset of R(uy,) :=
RN\ S(up). Then u is a positive solution of (1)) in Qs, with initial trace denoted
by trgn (u) = (S, p). Furthermore, if p,(A) remains uniformly bounded, then A C
R = RN \'S and x pn — X 0 weakly. Conversely, if A C R(u), then u,(K)
remains bounded independently of n, for every compact set K C A.

Proof. The fact that u is a positive solution of ([.]) in Qo is standard by the weak
formulation of the equation. Assume now that ANS # 0. Let 2 € ANS and

R > 0 such that Bp(z) C A. By convexity, u, is bounded from above in QOB;R(Z) by
Up,» + WR, Where v, , satisfies

v —Av+ f(v) =0 in QiR(Z)
v=0 in 0BR(z) x (0,00) (4.20)
U('? 0) = XBR(Z)MH in BR(Z)a
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and wg is the maximal solution of (.§). We can assume that, up to a subsequence,
Xp (o) Hny, = Mz € MY (Br(z)) weakly, thus vy, . — v, where v, is the solution of

v —Av+ f(v)=0 in QFr()
v=0 in 0BRr(z) x (0,00) (4.21)
v(.,0) = ps in Bg(z),
Therefore
u < v, +wpR in QBr(). (4.22)

By Lemma [£4], it implies that u € Ll(QgR' (Z)) for any 0 < R’ < R. Furthermore, if
(L.9) is satisfied, then for any positive constant k, s — sV/2f(s=N/2 4+ k) € L1(0,1),
thus if v is such that f(v) € Ll(QgR'(Z)), there holds f(v + k) € Ll(QgR/(Z)). In
particular, since f(v.) € L( ITgR' (z)), and if we take k = max{wgr(z) : * € Bgr/(2)},
we derive that f(u) € Ll(Q?R'(Z)), and therefore z € R, which is a contradiction;
thus A C R. Next, there exist a subsequence {n;} and a bounded positive measure
fi, with support in A such that x, ftn, — it weakly and suppose Br(z) C A. Since
Up, < VUp, .+kand f(u,,) < f(vn,,-+k)in Q?R'(Z) and vy, ,+k and f(vn, .+k) are
uniformly integrable in Q?R/(z), it follows that u,, and f(uy, ,) inherit this property.
Therefore, if ¢ € C?(Br(z)) we can assume that it vanishes outside Br/(2). Because

t
/B R(z)C(:c)dunk(x) = /B R(z)unk(ac,t)C(ac)dgcJr /0 /B " (—ttn, AC + f(un, )C) dads,

(4.23)
we derive from Vitali’s convergence theorem

/B R(Z)C(:c)dﬂ(x) = /B R(z)u(ac,t)((ac)dz;Jr /0 /B " (—uAC + f(u)C) drds.  (4.24)

This implies that XBR(Z)[‘ = Xp (o M and, by a partition of unity, that & = x, .
Assume now that K C R is compact. If u,(K) is unbounded and up to a subse-
quence still denoted by {n}, there exists a point y € K such that for any neigh-
borhood O of y, O C A, un(0O) — oo as n — oo. We can take O = B,(y) and
put M, , = p,(By(y)). If m € N*, there exists an integer n = n(m,r) such that
m = M, ,, and lim,_,on(m,r) = co. Let ro > r such that B, (y) C A, and w, be
the solution of

ow — Aw + f(w) =0 in QOBOTO )
w=0 in 9By, (y) x (0,00) (4.25)
w(.,0) = X, Hn in B, (y)-
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. .. . By, .
By the comparison principle, w, < u, in Qooo(y). Since X, (yyPn — md, as r — 0
and n — oo, we derive uy ,, Bry(y) < U from Lemma [£.4 and the remark hereafter.
Since m is arbitrary, wu, Bro(y) S U This implies that y € S, a contradiction.

O

If A is an open subset of Q and v € M (A), we define an extension v of v to §2
by
E)= inf v(ONA 4.26
v(E) = inf (0N 4) (4.26)
for every Borel set £ C 2 where the infimum is taken over the open subsets O; v is
an outer regular Borel measure on {2} and v = x ,v.

The following result which shows the existence of a minimal solution of ([L.1])
with a given initial trace in 91, (A) for any open subset A in RY is a straightforward
adaptation of [f, Lemma 3.3].

Proposition 4.9 Assume f is nondecreasing and satisfies ([L.), ([.19) and (C2).

(i) Let A be an open subset of RN and let v € M, (A) with associated extension
v. Then there exists a positive solution of (L)) in Qo denoted by u, satisfying
Tren(u,) = v and such that u,, < v for every positive solution v of ([[.J) in Qoo
such that trgn (v) = (S, 1) and x 00 > v.

(ii) Let @ C RY be a bounded domain with a C? boundary and u,, be the solution of
problem

Oy, — Aup + f(un) =0 in Q%
Uy =T on 092 x (0,00) (4.27)
un(.,0) =n in Q.

Denote Uy := lim uy,. Then Us q is the mazimal solution of ([L1)) in Q& i the

n—oo

sense that the following relation holds in Q¥ for every positive solution v of ([L.1])
Uso,0 > 0. (4.28)

Taking A = R := RV \ S, we obtain the existence of a minimal positive solution
of (L.I) with a given positive Radon measure 1 € M, (R) as the regular part of the
initial trace.

Corollary 4.10 Let S be a closed subset of RN, R = RV \' S and p € M (R).
Then there exists a positive solution u,, of (L) such that Trgx (u,) =p and u, <v
for every positive solution v of ([.J) in Qe such that trgn (v) = (S, p).

As a counterpart of Theorem we have the following existence theorem.
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Proof of Theorem

Step 1: Construction of a minimal solution. Let ug and w, the minimal solution
constructed in Corollary . and Corollary f.1(. Then ag, := sup{us,u,} is a
subsolution of ([.1)) in Q. while Us, = us + u, is a supersolution. Furthermore
Us,, < Ug ,- Therefore the set of solutions u in Qo such that 45, < u < dg , is not
empty and we denote by ug , the smallest solution larger than ig ,; it is a solution
with initial trace (S,p). If u is any other positive solution with the same initial
trace, it is larger than ug and w, by Corollary [i.q and Corollary [i.10. Therefore it
is larger than g , and consequently larger than ug ,.

Step 2: Construction of the maximal solution. The proof is somewhat similar to the

one on [f, Th 3.4], but we give it for the sake of completeness. We denote, for § > 0,
S% = {z e RN : dist(z,8) < 6} and R® := RV \ &°.
and let ps be the measure given by
ps(E) = u(Rs N E) YE c RY, E Borel.

We denote by ugs a solution of ([[LI]) in Qu with initial trace (S°,0): a solution is
easily constructed as the limit when R,k — oo of the solution v = vy g of

Ov—Av+ f(v) =0 in Qo
— 4.29
{ v(.,0) = kX(ERmS%U(ERmE%_&) ( )
By Proposition [1.7, there holds, for any 0 < &' < 4,
t
%Lr% % =1 uniformly on Sy (4.30)

Let u,, be the solution of of ([.1]) in Qs with initial trace (0, u5). This solution
is constructed by approximation, as the limit, when R — oo, of the solution u =

Uxp,, 1 of
Ou— Au+ f(u) =0 in Qs
{ u(., O) = XBRlué in RN (431)
For 7 > 0, let us, be the solution of ([.1) in Qo with initial data ms, defined by
. (;500 (7’) ifz e 55
mar(7) = { Uy, (@, T) if z € Rs.

If u is a positive solution of ([L1]) with initial trace (S, u) then u(.,7) < ms, in Ss
and u(.,7) > mg, in Rs by Proposition [l.9. Therefore

T (u(, 7) = 5 7)) =0
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in the weak sense of measures. Furthermore, this convergence does not depend on w,
but only on S5 and ps. The set of functions {us;}r~0 is locally uniformly bounded
in QQso. By the regularity theory for parabolic equations, there exists a subsequence
{7} and a positive solution u} of ([.1)) in Qoo such that us,, — uj locally uniformly
in Qu. By Proposition [I.§ and Proposition [L.9, trp~ (uf) = (S°, u15). Let ws, be the
solution of ([.1]) in Qoo with initial data (u(.,7) —ms,(.))+ (it is constructed in the
same way as u,, in Proposition E.9-(1)). By Theorem [L.§-(ii), lim, o ws+ = 0, locally
uniformly. Since u < us +ws ; in (7,00) X RV, we obtain u < us. If0 < 0" < 9, we
can compare similarly us, with the solution us . of (E) with initial data

| Poo(T) if x € Sy
ey (7) = { Uy, (2,7) if z € Ry

If u}, is the limit of any sequence {us r,,}, it satisfies 0 < uj, < uj and has initial
trace (85,, ws). If we take in particular § = 6, = 27", we construct a decreasing
sequence of positive solutions {u}_, } of () in Quo, With trgn (uj_,) = (S* ", tg—n),
satisfying
u<uy, in Qu.

Clearly the limit s, of the sequence {uj_,} is a positive solution of (1)) in Quo
with initial trace (S, u) and is independent of w. It is the maximal solution of the
equation with this initial trace. O

Remark. When f(r) = |r|9~r with 1 < ¢ < 1+2/N, precise expansion of us.s(z,1),
when t — 0 allows to prove uniqueness. Even when f(r) = rIn%(r 4+ 1) with a > 2,
uniqueness is not known. The first step would be to prove that uniqueness holds
if trq(u) = ({a},0) for some a € Q. However, if S = (), uniqueness holds from

Theorem [L.§-(ii).

4.3 The Keller-Osserman condition does not hold

In this section we assume that ([.L13) does not hold but (R.1)) is always satisfied.
Lemma 4.11 Assume ([L.10), (.16), (C1) and (C3) are satisfied. If u is a positive
solution of ([L1) in Qoo which satisfies

limsup/u(m,t)dx = 00, (4.32)
G

t—0
for some bounded open subset G C RY, then u(w,t) > ¢oo(t).

Proof. By assumpion, there exists a sequence {t,} decreasing to 0 such that

lim [ u(z,t,)dx = co. (4.33)

n—o0 G
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If (£:33), we can construct a decreasing sequence of open subsets Gy, C G such that
Gy C Gg_1, diam(Gy) = ¢ — 0 when k — oo, and

lim u(z, t,)dr = oo Vk € N. (4.34)

n—oo Gk

Furthermore there exists a unique a € N Gj. We set

/ u(x,ty)dr = My .
G

Since lim M, , = oo, we claim that for any m > 0 and any k, there exists n =
n—00

n(k) € N such that

/ u(z, tyr))de > m. (4.35)

Gy,

By induction, we define n(1) as the smallest integer n such that M, ; > m. This is
always possible. Then we define n(2) as the smallest integer larger than n(1) such
that M, 2 > m. By induction, n(k) is the smallest integer n larger than n(k — 1)
such that M, ; > m. Next, for any k, there exists £ = {(k) such that

/ inf{u(x,t,u)); (ydx =m (4.36)
G

and we set
Vk(x) = lnf{u(x’ tn(k)); E}Xck (x)

Let v, = v be the unique bounded solution of

{ B — Av 4; {%’i - ka E ﬂ%vo. (4.37)

Since v(x,0) < u(x,ty)), we derive
u(z,t + ty)) > vi(w,t) V(z,t) € Qoo- (4.38)

When k£ — oo, Vi — md,, thus vy — up,s5, by Lemma E4. Therefore u > U, -
Since m is arbitrary and s, — ¢oo When m — oo by Theorem [[.3} it follows that
U > Poo. U

Lemma 4.12 Assume ([.17), (C1) and (C3) are satisfied. There exists no positive

solution u of (L)) in Qoo which satisfies (.33) for some bounded open subset G C
RV,
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Proof. 1f we assume that such a u exists, we proceed as in the proof of the pre-
vious lemma. Since Lemma [.4 holds, we derive that u > Ums, for any m. Since

lHm s, (z,t) = oo for all (z,t) € Qu, we are led to a contradiction. O
m—0o0

Thanks to these results, we can characterize the initial trace of positive solutions
of (L.T) when the Keller-Osserman condition does not hold.

Proof of Theorem

If there exists some open subset G of RV with the property (E33), then u > ¢uo
and the initial trace of u is the Borel measure v,,. Next we assume that for any
bounded open subset G of RY there holds

t—0

limsup/u(x,t)dx < 0. (4.39)
G

If S(u) # 0, there exist z € RY and an bounded open neighborhood G of z such

that
//f Ydxdxt =

By ([39), u € L>®(0,T; LY(G)) € LY(Q%). Then, by Lemma 1.2, (4) holds, which
contradict ([£39). Thus S(u) = 0 and R(u) = RN . It follows from Proposition [L.9
that there exists a positive Radon measure p such that

lim [ w(z, t)¢(x)de = RNC(x)d,u(x) V¢ € C.(RM). (4.40)

t—=0 JrN
O

Because of the lack of uniqueness from Theorem [L.§ it is difficult to give a
complete characterization of admissible initial data for solutions of ([.1) under the
assumptions of Theorem [[.13. However, we have the result as in Proposition [[.14.

Proof of Proposition

We first notice that max{¢.(t); wp(|z|)} is a subsolution of ([L.]]) which is domi-
nated by the supersolution ¢ (t) + wp(|z|). The construction is standard: for 7 > 0
we set

Pz, 7) = % (max{ oo (t); wp(|2])} + Poo(t) + wp(|2])) -

There exists a function u = u, € C(Q) solution of ([[]) in Qu satisfying u,(.,0) =
(., 7). Furthermore

max{¢oo(t + 7);wp(|z])} < ur(z,t) < doo(t + 1) + wp(|x]) V(z,t) € Quoo. (4.41)
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By the parabolic equation regularity theory, the set {u; },~¢ is locally equicontinuous
in Qs. Thus there exist a subsequence {7,,} and u € C(Q~) such that u,, — u
on any compact subset of Q. Clearly u is a weak, thus a strong solutions of ([.1])
and it satisfies ([.2§). Since any solution u with initial trace vs, dominates ¢ by
Lemma [£.11), it follows that ¢ is the minimal one. O

Proof of Theorem

As in the proof of Theorem and because of Lemma .13, S(u) = . Therefore
R(u) = RY and the proof follows from Proposition [[.9. O

Remark. Under the assumptions of Theorem [[.13, it is clear, from the proof of
Proposition B.I, that for any 0 < a < b and any initial data ug € C(RY) satisfying

we () < up(x) < wp(x) Vo € RY
there exists a solution u € C'(Quo) of (1)) in Qoo satisfying u(.,0) = up and
wa(t) < u(e,t) < wplz) V(1) € Quo

We conjecture that for any positive measure 1 on RY which satisfies, for some b > 0,

/ du(x) S/ wy(x)dx VR >0 (4.42)
Br Br

there exists a positive solution u of ([[]) in Q. with initial trace pu. Another
interesting open problem is to see if there exist local solutions in Q7 with an initial

trace p satisfying
| duto)
lim —2Br

—00  Vb>0. (4.43)
R_)OO/ wy(x)dx
Br
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