N

N

Local and global properties of solutions of heat equation
with superlinear absorption
Tai Nguyen Phuoc, Laurent Veron

» To cite this version:

Tai Nguyen Phuoc, Laurent Veron. Local and global properties of solutions of heat equation with
superlinear absorption. 2010. hal-00459765v2

HAL Id: hal-00459765
https://hal.science/hal-00459765v2
Preprint submitted on 26 Feb 2010 (v2), last revised 23 Aug 2010 (v5)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00459765v2
https://hal.archives-ouvertes.fr

Local and global properties of solutions of
heat equation with superlinear absorption

Tai Nguyen Phuoc Laurent Véron

Laboratoire de Mathématiques et Physique Théorique,
Université Francois Rabelais, Tours, FRANCE

Abstract

We study the limit, when k¥ — oo of solutions of u; — Au + f(u) = 0 in
RY x (0, 00) with initial data k&, when f is a positive increasing function. We
prove that there exist essentially three types of possible behaviour according
f~' and F~1/2 belong or not to L'(1,00), where F(t) = fotf(s)ds. We use
these results for giving a general result on the existence of the initial trace and
some non-uniqueness results for regular solutions with unbounded initial data.
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1 Introduction

In this article we investigate some local and global properties of solutions of a class
of semilinear heat equations

0w — Au+ uh(u) =0 (1.1)

in Qoo := RY x (0,00) (N > 2) where h : R, + Ry is continuous, nondecreasing
and positive on (0,00), vanishes at 0 and tends to infinity at infinity. As a model
equation we shall consider the following, with a > 0,

Ou — Au+uln®(u+1)=0 (1.2)

When h(u) = |u|® with 8 > 0 much is known about the structure of the set of
solutions. The local and asymptotic behaviour of solutions is strongly linked to the
existence of a self-similar solutions under the form

w(z, t) =t~ Pw(zVt) (1.3)

The critical exponent 5. = 2/N plays a fundamental role in the description of
isolated singularities and the study of the initial trace, since if 0 < 8 < . there
exists a self-similar solution with an isolated singularity at (0,0), while no such
solution exists when 8 > . and no solution with isolated singularities.

In the case of ([[.9), no self-similar structure exists. There is no critical exponent
corresponding to isolated singularities since there always exist such singular solu-
tions. Actually, for any k > 0 there exists a unique u = uj, € C(Quo\{0})NC?*(Qso)
solution of

u — Au+uln®(u+1)=0 in Qs
{ ¢ (u+1) Q (1.4

u(0,.) = koo in D'(RY).

There are two critical values for a: @ = 1 and o« = 2, the explanation of which comes
from the study of the two singular problems

{ ¢+ oIn®(p+1)=0 in (0, 00) (1.5)
$(0) = oo
and, for any € > 0,
{ —AY+In®(P+1)=0  inRY\ B (1.6)
lim|$|_>e Y(x) = oo,

where B, := {x € RY : |2| < €}. When it exists, the solution ¢, of ([.J) is given
implicitely by
o ds
— = 1. 1.7
/<1500(t) S lna(s + 1) ( )
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and such a formula is valid if an only if @ > 1. For problem ([[.f) an explicit
expression of the solution is not valid, but it exists if and only if the Keller-Osserman
condition holds o > 2.

Having in mind this model we study ([[.1)) assuming the weak singularity condi-
tion on h:

/1h(tN/2)dt < 0. (1.8)
0

If (.§) holds, for any k > 0, there exists a unique solution uy, of ([[.1) satisfying
ug(.,0) = kdp. Another condition on h is

> dt

Under this assumption there exists a solution to

¢+ ¢h(¢) =0  in (0,00)
{ (1.10)
$(0) = o0
The last important condition on h we shall encounter is
o dt
(1.11)

L VED
where .
F(t) = 2/0 sh(s)ds.
If (L.11)) is satisfied, for any € > 0 there exists a maximal solution ¢ := 1 to
—AY+Yh(h) =0  in RV \ B,
{ lim | (z) = o0,

(1.12)

The first question we consider is the study of the limit of u; when k& — oo. This
question is natural since k +— uy, is increasing. We prove the following results.

Theorem A. Assume h satisfies ([.§) and

> dt
/1 o (1.13)

Then limy_, o ug(x,t) = c0.

Theorem B. Assume h satisfies (1.§), (.9) and

o dt
/1 Vol (1.14)
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Then limy o0 up(2,t) = ¢oo(t).

In the proof of the above two results we have to assume the following technical
assumption, called condition C

C- If liminf, , A(r)/In®r = 0,Va > 2, then there exists 5 € (1,2] such that

limsup h(r)/In® r < cc.

r—00

Theorem C. Assume h satisfies (1.§), ([.9) and (L.11). Then limg_ oo up = Uoo
where Uy, is the minimal solution of (1)) in Que which is continuous in Qs \ {0,0},
vanishes on the set {(z,0) : x # 0} and satisfies

lim | wu(x,t)de = o0 (1.15)
t—0 Be

for any € > 0.

In the second section we study the set U of positive and locally bounded solutions
of (.1]) in Q. This set differs considerably according the assumption on k. This is
due to the properties of the radial solutions of the associated stationnary equation

— Aw+wh(w) =0  inRY, (1.16)

For any a > 0 the problem

—w" — ?w' +wh(w) =0  forr >0
w'(0) =0 (1.17)
w(0) =a
admits a maximal solution w, defined on [0, r,). The function w, is increasing and
rq < oo if and only if h satisfies (ILL1)). If 7, = oo the mapping a — wy, is increasing

and lim, o w, (1) = 0o. A striking consequence of the existence of such solutions is
the following non-uniqueness result

Theorem D. Assume h satisfies () and ([I4). Then for any ug € C(RY)
satisfying wq(z) < up(z) < wy(z) for some b > a > 0 there exist at least two
solutions u,u € C(Quo) of (L)) with initial value ug. They satisfy respectively

0 < u(z,t) < min{wy(z), doo(t)} V(z,t) € Qoos (1.18)
thus limy_, oo u(z,t) = 0, uniformly with respect to x, and

we(z) <T(z,t) < wp(x) V(z,t) € Qo, (1.19)



thus im0 u(x,t) = oo, uniformly with respect to t > 0.

We prove that, under the conditions of Theorem D, two solutions w; (i=1,2) with
the same initial data ug coincide if for any € > 0 there holds

up(z,t) — ug(x,t) = o(we(|z|)) as |z| — oo (1.20)

locally uniformly with respect to ¢ > 0.

On the contrary, if h satisfies ([.IT]) and r ~— rh(r) is convex, a continuous
solution is uniquely determined by the initial value ug.

In the last section we study the initial trace of locally bounded positive solutions

of ([.T). We prove:
Theorem E. If h satisfies condition C, ([.§) and (.13) the initial trace is a Radon

measure.

Theorem F. If h satisfies condition C, ([.§), (.9) and ([.14), either the initial
trace is a Radon measure, or u > ¢oo-

Theorem G. If h satisfies ([L.§), ([.9) and ([.11)) the initial trace is a positive outer
regular Borel measure.

The proofs are combination of methods developed in [f] for elliptic equations,
stability results and Theorems A and B above. Among the consequences of the
previous results we can mention.

Theorem H. If h verifies (l.9) and ([L.14) there exist infinitely many solutions u of
([Ld). They all satisfy u > ¢poo and ¢oo is the minimal one.

Theorem I. If h satisfies (L), ([L.Y) and (L.11)), then for any outer regular Borel

measure v on RY, there exists a positive solution u of ([L1]) with initial trace v.

2 Isolated singularities

In order to study ([L.T), we shall assume the following conditions on h

C1- h is a positive, increasing function and h(0) = 0.

C2- the mapping r — f(r) = rh(r) is convex.

C3- If liminf, , A(r)/In®r = 0,Va > 2, then there exists 5 € (1,2] such that

limsup h(r)/In® r < .
r—00
It is well-known (e.g. [[[4]) that, if for k& > 0,
1
I:/ / EE(z,t)h(kE(x,t))dzdt < oo (2.1)
0 JBgr
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for any R > 0, then there exists a unique solution u = uy, to ([[.1)) satisfying initial
condition

uk(., 0) = k50

in the sense of distributions in RY. Furthermore the mapping k — uy is increasing.
The condition (P.]) can be reduced to a weaker form as follows

/1 h(t=N?)dt < 0. (2.2)
0

Proposition 2.1 If (.9) is satisfied then (R.)) is fulfilled.
Proof. We have
1
I = ke / / £~ N/2 ol 4t o ooy~ NI2 o~ lol? 4t g gy
0 JBg
where C* = (47)~N/2, Put 7 = |z| then dz = +V~1dr, and
1 R
I = kC* / =N/ / e "y (kO N2 /A N1 gy,
0 0
We next put p = %, then VN —1dr = pN=1N/2dp, and
1 rR/VE 2 2
I =kC* / / e P IAR(kCH N 2P /) pN "L dpdt.
0o Jo
We set e
I = kC* / / e P (kCHt N 2e= P/ N1 dpdt,
0o Jo
1 rR/VE 2 2
I = kC* / / e P Ap(kCH N e /) pN "L dpdt.
0o J1

Since 6_92/4,0]\[_1 is bounded in [0,00), then there exists a constant ¢; depending
only on k such that

1 1 1
I < cl/ / h(kC*tN/?)dpdt = cl/ h(kC*tN/2)dt < 0o
0 0 0

We next show that under the condition (2.3), I» < oco. In order to do that we

2
change to a new variable 7 such that t=N/2¢=p*/4 = +=N/2_ Then t = e~ s~ and
2
dt = e~ s~ dr. Therefore
2
o) ( )02 eP” /2N
I, < kC* / e~ pN Y / h(kC*T~N/2)dr)dp (2.3)
1 0
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Since h satisfies (£.9), there exists ¢ > 0 (depending only on k) such that
/ h(kC*r~N/%)dr
0
take a finite value, denoted by co. Hence

J

Inserting (R.4) into the right hand side of (B.), we obtain

er?/2N

2
h(kC*r=N2)dr < e + h(kC*eN/?)(efN — )

o 2 oo 2
_(N+2)p _ _pZ N
Iggc;;/ e AN pN 1dp+04/ e~ pN 1dp<oo
1 1

where ¢3 = kC*cy and ¢y = kC*h(kC*e*N/Q). Thus, I = I; + I, < co.

(2.4)

O

The functions which satisfy the following ODE are particular solutions of ([.1])

¢t + oh(¢) =0 in (0,00)

(2.5)

For a > 0, we denote by ¢, the solution of (R.§) with initial data ¢(0) = a. This

solution is given by the formula

t= /a ds < 0
o(t) Sh(s) '

If

then lim,_ 00 ¢ (t) = co. While, if

* ds
J—/a sh(s)<oo'

there exists a maximal solution ¢, given explicitely by

Lemma 2.2 If J = oo then liminf, oo h(r)/In%r =0, Va > 1.
If J < 0o then limsup,_, . h(r)/In“r =00, VO<a<1.

(2.6)

(2.7)

(2.8)



Proof. Set s =€ then
b
d
J= / __dar
0 TaJrlh(er )
where b = (Ina)~!.
Case 1: J = oo. Suppose that there exist o > 1 such that

lim inf hs)

s—oo [n%s

> 0,

equivalently, )
liminf r*h(e” ) >0

r—0

then there exists [ > 0 and r¢ > 0 such that
h(eril) > rme Vr € (0,ro).

Hence we derive the following contradiction

a [ b dr
— a=2q _— .
J < l/o r T+/r0r0<+1h(e7"l)<oo

Case 2: J < co. Suppose that there exist o € (0, 1] such that

) h(s)
lim sup —= < o0,
s—oo  INYS

equivalently, )
—

limsupr®h(e” ) < oo

r—0
then there exists [ > 0 and r¢ > 0 such that
h(eril) <lIlr ?, Vr e (0,79).
Hence

a [T b dr
J - a—2d I
> l/o T 7"—}-/m ra+1h(e”_1) 00,

contradiction.

Theorem 2.3 Assume (R.7) is satisfied. Then

lim wuy(x,t) = oo V(z,t) € Qoo-

k—o0



Proof. Since J = oo, by Lemma R.2, lim inf,_, h(r)/In® = 0 for all & > 1. Thus

lim inf A(r)/In%r = 0, Va > 2.
r—00

By (C3), there exists 8 € (1,2] such that limsup,_,.. h(r)/Inr = 0 < co. Hence
there exist M > 0 and r9 > 0 such that

h(r) < MinPr,  Vr e (rg,o0). (2.9)
Step 1. Let k > 0, we claim that
MNP [t
(1) < 27 MRy + / (n(r—1)Pdr,  te(0,1) (2.10)
0

t
where 0 (t) = / h(kC*r=N2)dr and C* = (47)~N/2. Set r = kC*r—N/2 then (£.9)
0

becomes
*x,_—N/2 * N —1\18
h(kC™T™Y%) < MIn(kC™) + —-In(r))7, V7 € (0,70)

where 7y = (kC*)%e_%ral. We put a; = Ink, as = %ln(T*I), and apply the
following inequality

(a1 + ag)? < 2571(af + ag)
in order to obtain

h(kC*r=N/2) < M[In(k) + & In(r~1))°
<27 M0 k) 4+ ()], vr e (0,m)

Integrating over [0, ] yields to (R.10).

Step 2. Tt follows from (R.11)) that (R.J) is fulfilled, hence there exists the unique
solution of ([[.1]) in Qo with initial data kdy. By the maximum principle, ug(z,t) <
kE(z,t) for any (z,t) € Quo, which implies uy(x,t) < kC*t~N/2. Therefore, since h
is increasing,

(2.11)

O, — Aug + uph(kC*t2 ) > 0.

If we set vy (x,t) = ey (z,t), we obtain
Ayvp — Avy, = %O (Bpuy, — Auy, + uph(kC*N/2)) > 0,
and vg(.,0) = ug(.,0) = kdyg. By the maximum principle, there holds

vg(z,t) > kCH N2l /4ty ug(z,t) > kC* /2 =0 (O~ /4t, (2.12)



By step 1,
e 0k (t) > ¢ o= Mpt(nk)? vt e (0,1) (2.13)

where ¢; = exp(—M(éV)ﬁ [H(n(r=1))Pdr) and My = M2°~. Inserting (B13) into
the right hand side of (@), we get

wel@, t) > ¢ Ot N/2mh=Matn k) —z*/4t gy 4y € Q.
Put U := limy_, o, ug, then
U(z,t) > ch*thpelnkiMf’t(lnk)Bﬂm'Q/‘lt, V(z,t) € Q1,Yk > 0.

Let {t,,} C (0, 1] be a sequence converging to 0. We choose k = k,, = exp <(2M5tn)ﬁ),

then Ink,, — Mpgt,In" k,, = %ln l,,. Next we restrict z in order to have
2 2 1 B—2
Ink, — Mgt, In" k,, — % = §lnkn — % >0« |z| < 22(ﬂ71)M;(1 R

Therefore, since 1 < 5 < 2,

Jlim U(z, tn) = o0

uniformly on RY if 1 < 8 < 2, or uniformly on the ball B,, where 7 = (2M)~1/2 if
B = 2. Since the sequence {t,} is arbitrary,

lim U(x,t) = 00

t—0"

uniformly on RV if 1 < 8 < 2, or uniformly on the ball B,,.

We pick some point xg in RY (resp. B,,) if 1 < 8 < 2 (resp. 3 = 2). Since for
any k > 0, the solution uys, of ([L.)) with initial data kd,, can be approximated by
solutions with bounded initial data and support in By (xg) where 0 < o < ry — |z0|,
by comparison principle, it follows that

U(z,t) > uks,, (2,t) = ug(r — x0, ).

Letting k — oo yields to U(x,t) > U(x —xo,t). Reversing the role of 0 and zg yields
to U(x,t) = U(x — xg,t). If we iterate this process we derive

Q('Iat) :Q(x_yat)a vyGRN
This implies that U(z,t) is independent of x and therefore it is a solution of

{ ¢+ ¢h(¢) =0 on (0,00)

limt_>0 ¢(t) = Q.

By (A7), U(z,t) = oo for all (z,t) € Quo, which ends the proof. O
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Proposition 2.4 Assume ([2.§) is satisfied. For any k > 0, there holds

uk(xat) < ¢oo(t)a V(:C,t) € Q-

Proof. For any small € > 0, put ¢ooc(t) = doo(t —€),t € [e,00) then ¢uooc is a solution
of (.1) in (e, 00), which dominates u, on R x ¢ for any k& > 0. By comparison
principle, ug(2,t) < dooc(t) in RY x [¢,00). Letting e — 0 yields to the claim.
O
A necessary and sufficient condition for the existence of a maximal solution to
the stationary equation
—Aw + wh(w) =0

in a bounded domain {2 is the Keller-Osserman condition ([], [[])

K:/ o, (2.14)

VF(s)

t
where F(s) = /Th(T)dT. If (.14) holds, then (P.§) is fulfilled. The Keller-

Osserman condition can be replaced by another condition, which owes to the follow-
ing result

Lemma 2.5 Set

Then K < oo if and only if L < oco.

Proof. In order to obtain the assertion, it is sufficient to show that there exists two
positive constants ¢; and co such that

0152h(§) < F(s) < ca5%h(s) Vs > a. (2.15)

The right-hand side estimate in (R.15) follows from the monotone property of h (with
ca = 1/2). The assumption of convexity of s — f(s) := sh(s) in (0,00) implies
s s .,
> f(2)+=f(= :
)2 7+ G s> 0

s

Define p(s) = / f(r)dr — sf(35), then ¢'(s) = f(s) — f(5) — 5f'(5) > 0. Hence

0
©(s) > ¢(0) = 0, which is the left-hand side estimate in (R-I5) (with ¢; = 1/2).
]

By using the same argument as in the proof of the Lemma P.3 and thank to the
Lemma .5, we obtain the following lemma
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Lemma 2.6 If

K =0 (2.16)
then liminf, o h(r)/In®(r) = 0 for all a > 2.
If

K <0 (2.17)

then lim sup,_,o h(r)/In®(r) = oo for all 0 < a < 2.
For the case time-type absorption, we have the following result

Theorem 2.7 Assume (R.§) and (R.16) are satisfied. Then
U= klim up(z,t) = Pool(t) V(z,t) € Qoo
—00

Proof. Since K = oo, by Lemma R.6, liminf,_, h(r)/In%r = 0,Ya > 2. By (C3),
there exists 8 € (1,2] such that limsup,_,. h(r)/In®r < oco. Hence there exists
M > 0 and 79 > 0 such that

h(r) < MInPr, Yr e (rg,00). (2.18)

Step 1. For any k > 0 we set

t
05 (t) = / h(kC* N2 dr
0

N
2

where C* = (47)” 2. We claim that

0 (t) < 28~ Mt(In k)’ + MTNB /1(1n(71))5dr, t e (0,1). (2.19)
0

If we define 7 by r = kC*7~N/2, (BI]) becomes

N
2

h(kC*T72) < M[In(kC*) + gln(Tfl)]B, V1 € (0,79)

where 7y = (kC*)%e_%TO_I. We put a; = Ink, as = %ln(T*I), and apply the
following inequality
(a1 +ag)? < 25_1(af + ag)
in order to obtain
h(kC*r=N/2) < M[In(k) + & In(7—1))#

< 25 IM[(In k)P + (X)P P (r1)] (2.20)

Integrating over [0, ¢], we obtain (R.19).
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Step 2. Tt follows from (R.20) that (P.3) is fulfilled, hence there exists the unique
solution of ([LI) in Qs with initial trace kdy. By maximum principle, ug(z,t) <
kE(x,t) for any (z,t) € Qoo, which implies that uy(z,t) < kC*t~N/2. Therefore,
since h is increasing,

Ayuy — Aug + uph(kC* /%) > 0.
We set vy, (x,t) = e?* By (x,t) and obtain
Ao — Avy, = €D (Byuy, — Aug + uph(kC*t~N/2)) > 0,
with vg(.,0) = ug(.,0) = kdg. By maximum principle, it follows
vg(z,t) > kCH N2l /4t ug(z,t) > kC*t=N/2e =0 (D=l /4t (2.21)

By step 1,
e 0k(t) > ¢ e~ Matnh)?  yp ¢ (0,1) (2.22)

where ¢; = eXp(—w fol (In(771))Pdr) and Mg = M2°~!. Inserting (R.13) into
the right-hand side of (B.19), we get

Uk(x,t) > Clc*t—N/Qelnk—Mﬁt(lnk)ﬂ—\xP/th, \V/(,I,t) € Q.
Since U > uy, then

Uz, t) > ch*t*N/Qelnk*Mﬁt(lnk)B*‘mp/‘“, V(z,t) € Q1, Vk>0.

1

Let {t,} C (0, 1] be a sequence converging to 0. We choose k = k,, = exp((2Mpt,,)1-7),
equivalently In k, — Mgat,, In" k,, = %ln l,. Next we restrict |z| in order

hlk‘ —Mt hl’yk/’ —lelnkj _ﬁ>0<:>|x|<r t2(%:21)
n Bln n At 5 n i, = <rgin ,

B—2 _1
where 753 = 22(5—1)Mﬁ2(176). Because 1 < 8 < 2, it follows

lim U(x,t,) = oo,
n—oo

uniformly on RY if 1 < 8 < 2, or uniformly on the ball B,, where ro = (2M )7% if
B = 2. Since the sequence {t,} is arbitrary,

limU(z,t) = oo

t—0"

uniformly on RY if 1 < B < 2, or uniformly on the ball B,.,.
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We pick some point zo in RY (resp. B,,) if 1 < 3 < 2 (resp. 3 = 2). Since for
any k > 0, the solution uys, —of (1) with initial data kdg, can be approximated by
solutions with bounded initial data and support in B, () where 0 < o < ro — |z|,
it follows, by comparison principle, that

U(z,t) > ugs, (2,t) = up(x — xo,1).

Letting k — oo yields to U(x,t) > U(x —xg,t). Reversing the role of 0 and zg yields
to U(x,t) = U(x — xg,t). If we iterate this process we derive

U(z,t) =U(z —y,t), YyeRYN.
This implies that U(z,t) is independent of x and therefore it is a solution of
{ ¢' + ¢h(¢) = 0 on (0, 00)
limy_,0 ¢(t) = o0
Thus U(z,t) = oo, VY(2,t) € Qoo O
Proposition 2.8 Assume (R.2) and the Keller-Osserman condition are satisfied.

Then there holds
Uz, t) < @(|z|) V(1) € Qoo

where ® is a solution to the problem

{ —®" + Oh(P) =0 in (0,00)

limg o ®(s) = 00

Proof. Step 1: Upper estimate. Since s — sh(s) satisfies (B.14)) condition, for any
R > 0, there exists a solution wg to the problem

{ —Awp + th(wR) =0in Bpr
lim,| g wr(7) = 00

Let g # 0 arbitrary be in RY. Set E = {€": |¢] = 1} and take & € E. Put x5 = |zo| €
and for n > |zg| put a,, = né. Denote by H the open half-space generated by €, then
T, an € Hg. Take R such that n — |z9] < R < n. We put Wg,, r(x) = wr(z — an),
then W, g is a solution of ([.1)) in Bg(a,) and satisfies the blow-up condition on
the boundary lim,_,, | g Wen,r(7) = oo. By the maximum principle,

ug(z,t) < Wep r(x) in Bg(ay) x (0,00). (2.23)

The sequence {W¢g,, r}r is decreasing and is bounded from below, then there exisits
Wy == limp_, Wz, r. Letting successively R — n, k — oo in (R.29) yields to

U(z,t) < Wey(z) in By(an) x (0,00). (2.24)
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The sequence (We,,)n is also decreasing and is bounded from below, then there exists
We oo := limy, o0 We,,. Letting n — oo in (B.24) yields to

U(z,t) < Weo(x) in He x (0,00). (2.25)

In particular,
Q(xé'v t) < Wg,oo(xg)' (2.26)

Since U is radial, it follows that
U(zo,t) = U(ze,t) < Weoo(ze).
Because € is arbitrary in E, we obtain that
Ulzo,t) < W(xo),

where W () := infzep We oo (|| €). Note that W is radially symmetric, finite in RY
and satisfies lim ;o W (x) = oo.
Step 2: End of the proof. We claim that

W(z) = ®(|z|) Vo # 0. (2.27)

Let € € E, n be large enough and R < n. By the maximum principle, there holds
®(|z]) < Wep r(z) for all z € Hg. Letting successively R — n, n — oo yields to
®(|z|) £ Weoo(x), which implies that

&(|z]) < W(x). (2.28)

Next for any € > 0, we set ®.(s) = ®(s —¢€), s > € and W(x) = ®(|z|) in BE.
Since ®. <0, We is a supersolution, which dominates W' on 0B¢. By the maximum
principle, W < W, in Bf. Letting € — oo yields to

W(z) < ®(|z|) Vo # 0. (2.29)
Combining (P.2§) and (R.29) leads to (R.27), which implies U(z,t) < ®(|z|) V(z,t) €
Qoo \ ({0} x (0,00)). Since limg_,o ®(s) = oo, the conclusion follows. O

Remark 1. In the proof, we have used the fact that ®. < 0. Indeed, if there exists
so > 0 such that ®'(sg) > 0, then by the convexity property,

P(s) > D(sg) + (s — 80)P'(s0) Vs > sp.
Hence lims_, o ®(s) = oo, which contradicts with (B.29).
Remark 2. Combining Proposition P-4 and Proposition P.§ yields to

Q(x’t) < mm{%o(t),‘l)ﬂﬂ)}, V(x,t) € Qoo- (2'30)

As a consequence, the function U has the following properties:
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e (i) It is positive in Q, belongs to C'(Q\{(0,0)}) and vanishes on RY x {0}\{0}.
e (ii) Is satisfies ([.1)) and
lim U(z,t)de =00, Yo >0. (2.31)

t—0 B

o

In the sense of initial trace, U has initial trace v := ({0}, 0) (here {0} is the singular
part and the Radon measure on RY \ {0} is the zero measure).

By a simple adaptation of the proof of Proposition P.4 and Proposition P.§ it is
possible to extend (R-3() to any positive solution vanishing on RY x {0} \ {0}.

Proposition 2.9 Assume (R.2) and the Keller-Osserman condition are satisfied.
Then any positive solution u of (L)) which C(Q \ {(0,0)}) and vanishes on RN x

{0} \ {0} satisfies
u(z,t) < min{dso(t), ®(|z])}, V(z,t) € Qoo (2.32)

Proof. Estimate (2.23) is valid with uy replaced by u. The remaining of the proof
of Proposition P.§ is similar and yields to the first estimate

u(z,t) < O(|x]) V(x,t) € Qoo-

For the second estimate, due to the convexity, for any R, 7 > 0, (x,t) — ¢oo(t —7)+
wg(x) is a supersolution of ([L.1]) in Bg x (,00). It dominates u on the parabolic
boundary, thus in the domain itself by the comparison principle. Since h(r) > 0 if
r >0, limg .o wr = 0. Therefore

u(z,t) < Poo(t) = lim lim (doo(t — 7) + wr(x)) V(z,t) € Qoo-

T7—0 R—00

This implies (2.32). O

It is also possible to construct a maximal solution of ([[.1)) in Q, which satisfies
(i). For £ > 0 and € > 0, let u := U, 4 be the solution of

Ou— Au+uh(u) =0  in Qo
u(z,0) = fxp, in RN,
Lemma 2.10 For any 7 > 0 and € > 0, there exist £ > 0 and m(7,€) > 0 such that
any positive solution u of (L)) which verifies (i) satisfies

w(z,t) < Ucy(x,t —7) +m(7,€) V(z,t) € Qoo, t > T. (2.33)
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Furthermore

lim m(7,€) =0 Ve > 0. (2.34)
70
Finally
U(z,t) = lim lim lim (U g(x,t — 7) + m(7,€)) (2.35)

7—0e—0/—00

1s the maximal solution.

Proof. We set £ = ¢oo(7), then u(z, 7) < ¢ for any x € RY. Let W := W, /5 be the
solution of the following Cauchy-Dirichlet problem

oW — AW + Wh(W) =0 in By x (0, 00)
W(z,0) =0 in B, (2.36)
W(z,t) = ¢poo(t) in 635/2 x (0, 00)

and put m(7,€) := mar{Ws(r,0) : [x] > €,0 < < 7}. It is clear to see that

lim m(7,€) = We/a(z,0) = 0. (2.37)

7—0

From the fact that u(xz,0) = 0 in Be)o, u(z,t) < Poo(t) in aBg/Q x (0,00) and the
maximum principle, it follows that u(z,t) < We/g(az, t) in BS/Q x (0, 00).

Next we compare U (.,. — 7) + m(7,€) with u in RY x (7,00). The func-
tion Uc(.,. — 7) + m(7,€) is a supersolution of ([.I)) in RY x (r,00). If x € B,
Ue(z,0) = £ > u(z,7), which implies U ¢(x,0) + m(1,€) > u(z,7). If 2 € B,
m(7,e) > Wepo(w,7) > u(w,7), hence U o(x,0) +m(r,€) > u(z,7). So we always
have U ¢(z,0) + m(7,€) > u(x,7) for any x € RY. Applying maximum principle
yields to U ¢(.,. — 7) + m(7,€) > u in RY x (7,00). Finally, the function U defined
by (R.39) is the maximal solution because U, ¢(z,t — 7) — Ucy(z,t) as 7 — 0 and
Uet T Ue oo when £ — o0 and Ue o | U when € — 0. U

3 About uniqueness

Proposition 3.1 Assume ([2.16) holds. For any a > 0, there exists a unique positive
function w := w, € C?([0,00)) to the problem

—w’ — Ew’ + wh(w) =0 in Ry
r
w'(0) =0 (3.1)
w(0) =a
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Proof. A solution of (B.]) is locally given by the formula

=a rsl_N ) N=1y w S .
w(r) = +/O /Ot (t)h(w)dtd (3.2)

Existence follows from Picard-Lipschitz fixed point theorem. The function is increas-
ing and defined on a maximal interval [0,7,). By a result of Vazquez and Veron [[L]]
rq = 00, thus the solution is global. Uniqueness on [0,r,) follows always from local
uniqueness. The function r — w(r) is increasing and

ah(a) .
N D
ah(a) ,

r

w'(r) >

>
w(r) > a+ 5N

for all » > 0 U
Proposition 3.2 Assume ([2.16) holds. For any ug € C(RY) which satisfies
we(|z]) < uo(z) < wy(|z|) Vo e RY (3.3)

for some 0 < a < b, there exists a positive function u € C(Q,) NC* Q) solution
of (L)) in Qoo and satisfying u(x,0) = ug. Furthermore

we(|z]) <ulz,t) <wp(jz]) V(z,t) € Qoo (3.4)

Proof. Clearly w, and wj are ordered solutions of ([.1l). We denote by u, the
solution of the initial-boundary problem

Oy, — Ay + uph(uy) =0 in @, = B, x (0,00)
up (z,0) = up(z) in B, (3.5)
un(x,t) = (we(|z|) + wp(|z]))/2 in 0B, x (0,00).

By the maximum principle, u,, satisfies (B.4) in Q,,. Using locally parabolic equations
regularity theory, we derive that the set of functions {u,} is eventually equicontin-
uous on any compact subset of Q.. Using a diagonal sequence, we conclude that
there exists a subsequence {u,, } which converges locally uniformly in Q. to some
weak solution 7 € C(Q.,) which satisfies u(.,0) = up. By standard method, 7 is a
strong solution (at least C*!(Q)). O

Proposition 3.3 Assume (R.16) and R.§) hold. Then for any ug € C(RYN) which
satisfies
wallz]) < uo(z) < wp(lal) Yz e RY (3.6)

for some 0 < a < b, there ezists a positive function u € C(Quo) solution of (1)) in
Qoo satisfying u(x,0) = ug and

u(z,t) < min{ooo(t), wp(|z|)} V(z,t) € Qoo- (3.7)
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Proof. For any R > 0, let ug be the solution of
{ 3tuR—AuR+uRh(uR) =0 in Qo
ug(z,0) = uo(z)xBg(x) in RV,

The solution which is constructed is domainated by the solution of the heat equation
with the same initial data. Thus

wn(a,t) < (dmt) N2 / I g () dy (@ t) € Qe (38)
Br

and lim|;| o0 ur(7,t) = 0 uniformly with respect to ¢. The function ¢, and wy, are
solution of ([L.1)) in Qoo, which dominate ug at ¢ = 0. By the maximum principle,

min{ oo (t), wp(|z|)} > ur(z,t) V(z,t) € Quo. (3.9)

The fact that the mapping R + up is increasing and (B.9) imply that there exists
u := limp_,0o up which satisfies u(z,0) = ug(z) in RY. Letting R — oo in (B.9)
yields to (B.7). O

Corollary 3.4 Assume (R.16) and (R.§) hold. Then for any uy € C(RN) which
satisfies
we(|z|) < up(z) < wy(|z|) Vo e RY, (3.10)

there exists two solutions u € C(Qso) of (1)) satisfying u(.,0) = ug.

Proof. Combining Proposition B.3 and Proposition B.J we see that there exists two
solutions u and w with the same initial data ug which are ordered and different since
limy| 00 U(, 1) = 00 and lim ;o0 u(2, 1) < Poo(t) < oo for all ¢ > 0. O

Theorem 3.5 Assume (R.16) holds. Let u,@ € C(Q..) N C*Y(Qu) be two positive
solutions of ([LA)) with initial data ug. If for any e > 0,

u(z,t) —a(z,t) = o(we(|z])) as v — o0 (3.11)
locally uniformly with respect to t > 0, then u = 4.
Proof. Step 1. There always holds
(ah(a) — bh(b))sign(a —b) > |a — b|h(la —b|) Va,b> 0. (3.12)
In fact, since h is increasing and assuming a > b,

= (a = b)h(a) + b(h(a) — h(b))
> (a —b)h(a)
> (a—b)h(a —b)

ah(a) — bh(b)
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Step 2. End of the proof. By Kato’s inequality,
O lu—1a| —Alu—1a| <[0(u—1a)— Alu—a)]sign(u — a),
therefore,
Oplu—1a| —Alu—al+ |u—a|lh(Ju—1al|) <O0. (3.13)
Let € > 0. There exists R, > 0 such that for any R > R,
0 <l|u—al(z,t) <we|z|]) V(z,t)e€ Bg x]|0,1]. (3.14)

Since w, is a positive solution of ([[.1]) which dominates |u — %| on dBr x [0, 1] and
at t = 0, it follows that |u — @] < w, in Qg. Letting R — oo yields to |u — 4| < w,
in Q. Letting ¢ — 0 and since lim._.owc(|z|) = 0 for any z € RV, we derive
|lu —a| = 0, thus u = u* for 0 < ¢ < 1. Iterating yields that equality holds in Q.
Similarly 4 = u* and the claim follows. O

4 Initial trace

Let  is an arbitrary open domain in RY, we denote by 9t(Q) (resp. M?(Q)) the
set of Radon measures in 2 (resp. bounded Radon measures), and by 2t (2) (resp.
MY (Q)) its positive cone. We set QF = Q x (0,7).
4.1 The regular part of the initial trace

In this section we only assume that f is a continuous nonnegative function defined
on R, and that u is a C*! positive solution of

ug — Au+ f(u) =0 (4.1)
in Q%

Lemma 4.1 Assume G is a bounded C? domain in RY, Q? =G x (0,T) and let

u € CQ’I(Qg) be a positive solution of (@)_m QS such that f(u) € LY(Q$). Then
u € L®(0,T; LY(G")) for any domain G' C G’ C G and there exists a positive Radon
measure pg on G such that

lim [ u(z,t)((z)dx = /C(m)d,ug(m) V¢ € Co(G). (4.2)
G G

t—0

Proof. Let ¢ := ¢¢ be the first eigenfunction of —A in I/VO1 ’Q(G) with corresponding
eigenvalue A\g. We assume ¢ > 0. Then

d
% wadm + Ag/Guqﬁdx + /Gf(u)¢dx + /awandS =0
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Since ¢n < 0, the function

t— eAGt/ u(z, t)p(x)dx — /T/ e S f(u)pdads
G t JG

is increasing and

/Gu(x,t)QS(x)dx < e)‘G(T_t)/Gu(x,T)gb(x)dx + e_AGt/tT/Ge)‘GSf(u)gbdxds

for 0 < t < T. Thus u € L*(0,T; L} (G")) for any strict domain G’ of G. If
¢ € C2(G), there holds

([ ate.ticw— [ [ (c-usamas) =0 s)

Consequently

T
lim u(m,t)((x)dm:/Gu(x,T)C(x)dx—l—/O /G(f(u)g—uAC)dxds. (4.4)

t—0 e

This implies that u(.,¢) admits a limit in D’(G) and this limit is a positive distribu-
tion, then a measure. Therefore ([.2) follows by density. O

Corollary 4.2 Let u € C*1(Q%) be a positive solution of (1)) in Q. The set
R(u) of the points z € ) such that there exists an open ball B,(z) such that f(u) €

LIQTT(Z) is an open subset of 2. Furthermore there exists a positive Radon measure
= p(u) on R(u) such that

lim [z, t)((x)de = ((z)du(z) V¢ € Co(R(w)). (4.5)

Proof. 1t is clear that R(u) is an open subset of Q. If G is a strict subdomain of §2,

ie. G C Q, there exists a finite number of points z; (j = 1,...,k) and 7“;- >r; >0
Br/. (z) o
such that f(u) € L'(Qp”’ ’ ) and G C U;B;,(zj). Let pj = B, (;) the measure
J

defined in Lemma [L.1. If ¢ € Cy(G) there exists a partition 7; of unity relative to
the B, (z;) such that n; € C§°(By,(z;)) and ¢ = >, n;¢. Since

tiy [ u(e, )@@ = [ @s(a) ¥ =1,

relation ([.§). Notice also that u € L>(0,T; L*(G)) for any G C G C R(u). O

Definition 4.3 The set R(u) is called the reqular set of the initial trace of u and
the measure p(u) the regular part of the initial trace. The set S(u) = Q\ R(u) is
the singular part of the initial trace of u. It is relatively closed in 2.

The main problem is to analyse what does happen on the singular set S(u).
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4.2 The Keller-Osserman condition holds

If the Keller-Osserman condition holds, the existence of an initial trace of arbitrary
positive solutions of ([[.1]) is based upon a dichotomy in the behaviour of those
solutions near t = 0.

Lemma 4.4 Assume u is a positive solution of (1)) in QS and z € S(u). Suppose
that at least one of the following sets of conditions holds

(i) There exists an open neighborhood G of z such that u € LY(QS).
(ii) f is nondecreasing and (R.14) holds.

Then for every open relative neighborhood G’ of z

li = 00. 4.
lim Glu(m,t)dw 00 (4.6)

Proof. 1f z in S(u), then for every open relative neighborhood G’ of z, there holds

T
/ fu)dzdt = oc. (4.7
0 JG

First, we assume (i) holds and let ¢ € C2(G), ¢ > 0. Since there exists

T
lim/ / uAldxdt = L € R,
t !

t—0

it follows from ([L.4) that

T
//u(m,t)((aﬁ)dw :/t G/f(u)(dwds + O(1), (4.8)

which implies ([£.4).

Next we assume that (2:14) holds and u ¢ LY(Q$) for every relative neighborhood
G of z. If there exists an open neighborhood G' C Q of z such that ([.6) does not
hold, there exists a sequence {t,} decreasing to 0 and 0 < M < oo such that

sup /Gu(x,tn)dx =M. (4.9)

tn

Furthermore, we can always replace G by an open ball Bg(z) C G. Thus ({.9])
holds with G replaced by Bg(z). Let w := wpg be the maximal solution of

(4.10)

lim,_.|,pw(r) = oo.

{ —Aw+ f(w)=0  in Bp(z)
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Let v := v,, be the solution of

v —Av=0 in Br(z) X (tn,o0)
v=0 in OBR(2) X (tn, ) (4.11)
(o, tn) = ul., ty) in Bg(z).

Since v, > 0, f(wr + v,) > f(wr), and wgr + v, is a supersolution. It dominates
u on OBR(z) x (tn,T) and at t = t,, thus v < wr + v, in Br(z) X (t,,T). We
can assume that u(.,t,) — v for some positive and bounded measure v on Bg(z).
Therefore

u(z,t) <v(a,t) + wg(z)  in QR (4.12)
where v is the solution of
v —Av=0 in QZr*)
v=0 in OBRr(z) x (0,00) (4.13)
v(.,,0) =v in D'(Bg(z)).

Since v € Ll(QgR(Z)) and wg is uniformly bounded in any ball Bg/(z) for 0 < R’ < R
we conclude that u € Ll(QgR’ (Z)), contradiction. O

Definition 4.5 Let u € C%1(Q%) be a positive solution of ([) in QF. We say
that u possesses an initial trace with reqular part p € M4 (R(u)) and singular part
S(u) =Q\ R(u) if

(i) Por any ¢ € Co(R(w)),

lim u(z, t)¢(z)dx = /R( )C(x)du(m). (4.14)

t—0 R(u)

(i1) For any open set G C Q such that GNS(u) # 0

lim [ u(z,t)((z)dr = co. (4.15)
t—=0 Jo

Remark. To the couple (S(u), ), where p € M (R(u)) we can associate a unique
outer regular Borel measure v (i.e. v € B,(Q)) which is the initial trace of u. We

shall denote it by Tr®(u).
Theorem 4.6 Assume f satisfies the Keller-Osserman condition and is nondecreas-

ing. If u € C*YQ%}) is a positive solution of (E)), it possesses an initial trace
ve BH(Q).

23



Proof. The set R(u) and the measure u € 9 (R(u)) are defined by Definition [£.3
thanks to Corollary .. Because (.14) holds, S(u) = Q\ R(u) inherits the property
(ii) above because of Lemma [.4 (ii). O

As a counterpart of this result we have the following existence theorem.

Proposition 4.7 Assume f satisfies the Keller-Osserman condition, ([2.9) and is
nondecreasing. Then for any outer reqular positive Borel measure v on RY there
exists a positive solution u € C*H Q) of (1) in Qoo, with initial trace v.

Proof. Tt is essentially similar to the one of [[, Th 3.4]-to be outlined. Notice that
we can actually construct a maximal solution %, and a minimal solution u, with the
same initial trace v. O

Remark. When f(r) = |r|9~r with 1 < ¢ < 1+2/N, precise expansion of us.s(z,1),
when t — 0 allows to prove uniqueness. Even when f(r) = rIn%(r 4+ 1) with a > 2,
uniqueness is not known.

4.3 The Keller-Osserman condition does not hold

In this section we assume that (B.14) does not hold but (R.1) is always satisfied. If
Q) is a bounded domain with a C? boundary and u € S)JTZ(Q), we denote by u, the

solution of
ug — Au+ f(u) =0 in Q¥
u in 09 x (0, 00) (4.16)
u(.,0) = p in D'Q.

We recall the following stability result proved in [, Th 1.1].

Lemma 4.8 Let Q be a bounded domain with a C? boundary and {u,} C M8 () a
sequence weakly converging to some u € Dﬁljr(Q) Then w,,, — wu, locally uniformly
in Q x (0,00) and in LY(QPE), and f(up,) — f(u,) in LYQSE), for every T > 0.

Remark. The result remains true if @ = RY and pu, have their support in a fixed
compact set.

Lemma 4.9 Assume (.14) does not hold and (2.§), and (C3) are satisfied. If u is
a positive solution of (L) in Qo which satisfies

limsup/u(m,t)dx = 00, (4.17)
t—0 G

for some bounded open subset G C RN, then u(x,t) > ¢oo(t).
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Proof. By assumpion, there exists a sequence {t,,} decreasing to 0 such that

lim [ u(zx,t,)dz = oco. (4.18)

n— o0 G

If ({.17), we can construct a decreasing sequence of open subsets G C G such that
Gy C Gg_1, diam(Gy) = ¢ — 0 when k£ — oo, and

lim u(z, t,)dr = oo Vk € N. (4.19)

n—oo Gk

Furthermore there exists a unique a € N Gj. We set

/ uw(x,ty)dr = My .
G

Since lim, o M, = 00, we claim that for any m > 0 and any k, there exists
n =n(k) € N such that

/ u(z, tyy)de > m. (4.20)
G

By induction, we define n(1) as the smallest integer n such that M, ; > m. This is
always possible. Then we define n(2) as the smallest integer larger than n(1) such
that M, » > m. By induction, n(k) is the smallest integer n larger than n(k — 1)
such that M, ;, > m. Next, for any k, there exists £ = £(k) such that

/ it {u(z, tag); }dz = m. (4.21)
Gy,

and we set
Vi(z) = inf{u(z, t,m)); O xg, (@)-

Let vy = v be the unique bounded solution of

v — Av+ f(v) =0 in Qoo
{ t v(.,0) = Vg in RY (4.22)

Since v(z,0) < u(w,tym), it follows
u(z,t +tyuy) > vi(z,t) V(z,t) € Qoo (4.23)

When k — oo, Vi — md,, thus vy — upmgs, by Lemma [L.§. Therefore u > g, -

Since m is arbitrary and s, — ¢oo When m — oo by Theorem P.7, it follows that
U > Poo- U
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Lemma 4.10 Assume (R.14) does not hold and (R.7), and (C3) are satisfied. There
exists no u positive solution of (1)) in Qoo which satisfies ([E17) for some bounded
open subset G C RY.

Proof. If we assume that such a u exists, we proceed as in the proof of the pre-
vious lemma. Since Lemma [.§ holds, we derive that u > wu,,s, for any m. Since
limy,—s 00 Ums, (z,t) = oo for all (z,t) € Quo, we derive a contradiction. O

Thanks to these results, we can characterize the initial trace of positive solutions
of (1) when the Keller-Osserman condition does not hold.

Theorem 4.11 Assume f is nondeacreasing, (2.14) does not hold but (2.§), and
(C3) are verified. If u is a positive solution of (1) in Quo, it possesses an initial
trace which is either the Borel measure infinity v, which satisfies voo(O) = oo for
any open subset O C RN, or is a positive Radon measure p on RN

Proof. If there exists some open subset G' of RY with the property ([17), then
u > ¢oo and the initial trace of u is the Borel measure vo,. Next we assume that for
any bounded open subset G of RY there holds

limsup/u(x,t)dx < 00, (4.24)
t—0 G

If S(u) # 0, there exists 2 € RY and an bounded open neighborhood G of z such

that
//f Ydxdxt =

By [E24), u € L>=(0,T; LY(G)) € LY(Q%). Then, by Lemma [£4, (@) holds, which
contradict (f.24). Thus S(u ) =0 and R(u) = RN . Tt follows from Corollary (.2
that there exists a positive Radon measure p such that

lim [ w(z,t)((x)dx = /RNC(x)d,u(x) V¢ € Co(RY), (4.25)

t—0 RN
O

Because of the lack of uniqueness from Corollary B.4 it is difficult to give a
complete characterization of admissible initial data for solutions of [i.] under the
asssumptions of Theorem [L.11. However, we have the following result

Proposition 4.12 Under the assumptions of Theorem [[.1], for any b > 0 there
exists a positive solution u € C(Qs) of (B.1]) satisfying

max{goo (t); wo(|2])} < u(x,t) < doo(t) +wp(lz])  V(2,1) € Qoo (4.26)

Consequently there exist infinitely many positive solutions of [1) with initial trace
Voo- Furthermore ¢ is the smallest of all these solutions.
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Proof. We first notice that max{¢.(t);wy(|z|)} is a subsolution of ([.1]) which is
dominated by the supersolution ¢ (t) + wp(|z|). The process is standard: for 7 > 0
we set

Yl 7) = 3 (max{Boc(t); wn2])} + Goo(t) + w(Ja])

There exists a function u = u, € C(Qu) solution of (1) in Qu satisfying u.(.,0) =
(., 7). Furthermore

max{goo(t+7); wp(|z])} < ur(2,) < Poo(t+7) +wp(lz])  V(z,t) € Qoo. (4:27)

By parabolic equation regularity theory, the set {u,} is locally equicontinuous in
Qoo. Thus there exists a subsequence {7,} and u € C(Q«) such that u,, — u on
any compact subset of Q. Clearly u is a weak, thus a strong solutions of ([.1])
and it satisfies ([L.26]). Since any solution w with initial trace vo, dominates ¢o, by
Lemma [£.9, it follows that ¢ is the minimal one. O

Theorem 4.13 Assume f is nondeacreasing, (R.14) does not hold and (R.7), and
(C3) are verified. If u is a positive solution of (1)) in Quo, it possesses an initial
trace which is a positive Radon measure pn on RV,

Proof. As in the proof of Theorem and because of Lemma [£10], S(u) = 0.
Therefore R(u) = RY and the proof follows from Corollary [i.2. (|

Remark. Under the assumptions of Theorem {.11), it is clear, from the proof of
Proposition B.3, that for any 0 < a < b and any initial data ug € C (RV) satisfying

we(x) < up(x) < wp(x) Ve € RN
there exists a solution u € C'(Quo) of (1)) in Qoo satisfying u(.,0) = ug and
wae) < ulwt) < wplz)  V(et) € Quo

We conjecture that for any positive measure p on RY which satisfies, for some b > 0,

/ du(x) S/ wy(x)dx VR >0 (4.28)
Br Br

there exists a positive solution u of (1)) in Q. with initial trace pu. Another
interesting open problem is to see if there exists local solutions in Q7 with an initial

trace p satisfying
| duto)
lim —2Br

—00  Vb>0. (4.29)
R_)OO/ wy(x)dx
Br
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