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PREPROJECTIVE ALGEBRAS AND C-SORTABLE WORDS
CLAIRE AMIOT, OSAMU IYAMA, IDUN REITEN, AND GORDANA TODOROV

ABSTRACT. Let @ be an acyclic quiver and A be the completion of the preprojective
algebra of ) over an algebraically closed field k. To any element w in the Coxeter group
of @, Buan, Iyama, Reiten and Scott have introduced and studied in [] a finite
dimensional algebra A,, = A/I,,. In this paper we look at filtrations of A,, associated to
any reduced expression w of w. We are specially interested in the case where the word
w is c-sortable where c¢ is a Coxeter element. In this situation, the consecutive quotients
of this filtration can be related to tilting kQ-modules with finite torsionfree class. This
nice description allows us to construct a triangle equivalence between the 2-Calabi-Yau
triangulated category SubA,, and the generalized cluster category associated with an
Auslander algebra.
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INTRODUCTION

Attempts to categorify the cluster algebras of Fomin and Zelevinsky [FZ02] have led
to the investigation of categories with the 2-Calabi-Yau property (2-CY for short) and
their cluster-tilting objects. Main early classes of examples were the cluster categories
associated with finite dimensional path algebras [BMRT0G] and the preprojective alge-
bras of Dynkin type [[GLS06]. This paper is centered around the more general class of
stably 2-CY and triangulated 2-CY categories associated with elements in Coxeter groups
[BIRS094] (the adaptable case was done independently in [[GLS0J]), and their relationship
to the generalized cluster categories from [Ami094] (see Section 4 for definition).

Let () be a finite connected quiver with vertices 1,...,n, and A the completion of the
preprojective algebra of the quiver () over a field k. Denote by sy, ..., s, the distinguished
generators in the corresponding Coxeter group Wg. To an element w in Wy, there is
associated a stably 2-CY category Sub A, and a triangulated 2-CY category SubA,,. The
definitions are based on first associating an ideal I; in A to each s;, hence to any reduced
word by taking products. This way we also get a finite dimensional algebra A, := A/I,.
Objects of the category Sub A,, are submodules of finite dimensional free A,,-modules. The
cluster category is then equivalent to SubA,, with w = ¢, where ¢ is a Coxeter element
such that ¢? is a reduced expression [BIRS09d, [GLS0§]. When A is a preprojective algebra
of Dynkin type, then the category mod A as investigated in [GLS0(] is also obtained as
SubA,, where w is the longest word [BIRS094, I1T 3.5].

Using the construction of ideals we get for each reduced expression w = s, Sy, - - - Sy
chain of ideals

et

ADILy Dl D...D Iy,
which gives rise to an interesting set of A-modules:

A I
L =_— r?.=-4 ! .=l
W Iul ’ v Iulug ’ v Iw
which all turn out to be indecomposable and to lie in SubA,,.
The investigation of this set of modules, which we call layers, from different points of
view, including connections with tilting theory, is one of the main themes of this paper,
especially for a class of words called c-sortable.

The modules L. ..., Ll provide a natural filtration for the cluster-tilting object My,
associated with the reduced expression w = sy, ... S, (see Section 1). These modules can
be used to show that the endomorphism algebras Ends (M) are quasi-hereditary [[RIC].
Here we show that these modules are rigid (Theorem B3, that is Ext} (L%, L) = 0
and that their dimension vectors are real roots (Theorem P.§), so that there are unique
associated indecomposable kQ-modules (L, )q (which are not necessarily rigid).

The situation is especially nice when all layers are indecomposable kQ-modules, so
that LI, = (LJ,)o. This is the case for c-sortable words. An element w of Wy is ¢
sortable when there exists a reduced expression of w of the form w = ¢©@¢c® | (™ with
cm C ... C e C el C e where ¢is a Coxeter element, that is, a word containing each
generator s; exactly once, and in an order admissible with respect to the orientation of

Q.
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Starting with the tilting kQ-module kQ (when ¢® = ¢), there is a natural way of
performing exchanges of complements of almost complete tilting modules, determined
by the given reduced expression. We denote the final tilting module by Ty, and the
indecomposable k@Q-modules used in the sequence of constructions by 7Y, for j =1,...,1.
We show that LI, ~ TJ for all j (Theorem B.§) and that the indecomposable modules in
the torsionfree class Sub (T ) are exactly the T¥ (Theorem B.1()). In particular this gives
a one-one correspondence between c-sortable words and torsionfree classes, as first shown
in [[Thd] using different methods.

There is another sequence UL, ...Ul of indecomposable k@Q-modules, defined using
restricted reflection functors, which coincide with the above sequences. This is both
interesting in itself, and provides a method for proving LI, ~ T for j =1,...,1.

In another paper [AIRT]], we give a description of the layers from a functorial point of
view. When the c-sortable word is ¢, and ¢ = s;...s,, then the successive layers are
given by

P, ..,P,7P,...,7 P, 7 %P,...,T P,

for the indecomposable projective k@Q-modules P;, where 7 denotes the AR-translation.
In the general case we will give a description of the layers using specific factor modules of
the above modules.

The generalized cluster categories C4 for algebras A of global dimension at most two
were introduced in [[Ami09]. It was shown that for a special class of words w, properly
contained in the dual of the c-sortable words, the 2-CY category Sub A, is triangle equiv-
alent to some C4. We show that the procedure for choosing A works more generally for
any (dual of a) c-sortable word (Theorem [L.I(), with a simpler proof due to developments
in the meantime.

The paper is organized as follows. We start with some background material on 2-
CY categories associated with reduced words, on complements of almost complete tilting
modules and on reflection functors. In Section 2 we show that for any reduced word w, the
associated layers are indecomposable rigid modules, which also are real roots. Hence there
are unique associated indecomposable k(Q)-modules. In Section 3 we show that our three
series of indecomposable modules {LZ }, {77} and {UZ} coincide in the c-sortable case.
The description of the layers as specific factor modules of the 77¢P for P indecomposable
projective is given in Section 4. In Section 5 we show the relationship with generalized
cluster categories in the c-sortable case. Section 6 is devoted to examples and questions
beyond the c-sortable case.

Some of this work was presented at a conference in Trondheim in August 2009.

Notation. Throughout £ is an algebraically closed field. The tensor product — ® —,
when not specified, will be over the field k. For a k-algebra A, we denote by mod A the
category of finitely presented right A-modules, and by f.I. A the category of finite length
right A-modules. For a quiver ) we denote by )y the set of vertices and by () the set of
arrows, and for a € @); we denote by s(a) its source and by t(a) its target.

Acknowledgements. This work was done when the first author was a post doc in NTNU
Trondheim. She would like to thank the Research Council of Norway for financial support.
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1. BACKGROUND

1.1. 2-Calabi-Yau categories associated with reduced words. Let () be a finite
quiver without oriented cycles and with vertices Qg = {1,...,n}. Fori,j € Qg we denote
by m;; the positive integer

mi; = Ha € Q1] s(a) =i, t(a) = j} + H{a € Q1] s(a) = j, t(a) = i}.

The Cozxeter group associated to @) is defined by the generators sq, ..., s, and relations

o s7=1,

® 5iS; = §;5; if mi; = 0,

® 5;5jS; = §;5;5; if m;; = 1.
In this paper w will denote a word (i.e. an expression in the free abelian group generated
by si,i € Qp), and w will be its equivalence class in the Coxeter group Wy,.

An expression W = s, ...S,, is reduced if | is smallest possible. An element ¢ =

Suy - - - Sy, 18 called Cozeter element if | = n and {uy,...,w} ={1,...,n}. We say that a
Coxeter element ¢ = sy, ... s,, is admissible with respect to the orientation of @ if 7 < j

n

when there is an arrow u; — u;.

The preprojective algebra associated to @) is the algebra

k@/(Z aa® — a*a)

aceQ1

where @ is the double quiver of @), which is obtained from @ by adding for each arrow
a:i— jin @y an arrow a* : ¢ < j pointing in the opposite direction. We denote by A
the completion of the preprojective algebra associated to () and by f.l. A the category of
right A-modules of finite length.

The algebra A is selfinjective finite-dimensional if @) is a Dynkin quiver. Then the stable
category mod A satisfies the 2-Calabi- Yau property (2-CY for short), that is, there is a
functorial isomorphism

DHom, (X,Y") ~ Hom, (Y, X[2]),
where D := Homy(—, k) and [1] := Q™! is the suspension functor.

When @ is not Dynkin, then A is infinite dimensional and of global dimension 2. In
this case the triangulated category D°(f.I.A) is 2-CY.

We now recall some work from [[R0§, BIRS094]. For each 7 = 1,...,n we have an ideal
I; := A(1 — ¢;) A, where ¢; is the idempotent of A associated with the vertex i. We write
Iy =1, ... 1,1, when w = s,,5,,...5,, is a reduced expression of w € Wy,.

We collect the following information which is useful for Section 2:

Proposition 1.1. [BIRS094] Let A be a preprojective algebra.
(@) If W = 5y, ...5y, and W' = s, ..., are two reduced expression of the same
element in the Coxeter group, then Iy = Ly .
(b) If w = w's; with w' reduced, then Iy, C Iy. Moreover w is reduced if and only if
Iy & L. And for j # i we have ejly, = ejly:.
If A is not of Dynkin type we have moreover:

(c) Any finite product I of the ideals I; is a tilting module of projective dimension at
most one, and Endy(I) ~ A.
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(d) If S is a simple A-module and I is a tilting module of projective dimension at most
one, then S ®y I =0 or Tor(S,I) = 0.

L
(e) If S; .= A/I; and Torf(Si, I) =0, then I; @ I = I; @p I = L1 for a tilting ideal I
of projective dimension at most one.

By (a) the ideal I, does not depend on the choice of the reduced expression w of w.
Thefore we write I, for the ideal I, and denote A, := A/I,. This is a finite dimensional
algebra. We denote by SubA,, the category of submodules of free A,-modules. This is
a Frobenius category, that is an exact category with enough projectives and injectives,
and the projectives and injectives coincide. Its stable category SubA,, is a triangulated
category which satisfies the 2-Calabi-Yau property [BIRS094]. The category SubA,, is
then said to be stably 2-Calabi- Yau.

Recall that a cluster-tilting object in a Frobenius stably 2-CY category C with finite
dimensional morphisms spaces is an object T' € C such that

e Ext}(T,T) =0
e Ext}(T, X) = 0 implies that X € addT.
A

_ : jo_
For any reduced word w = s, ... s,,, we write M, := e, TooToy”

Theorem 1.2. [BIRS094, Thm II1.2.8] For any reduced expression W = Sy, ...Sy, of
w € Wy, the object My, := @2:1 M is a cluster-tilting object in the stably 2-CY category
SubA,,.
For any reduced word w = s,, ... s,,, we have the chain of ideals
ADI, DIy D...D Ly,
which is strict by Proposition [[.] (b). For j =1,...,] we define the layer

IO R
Y Ly Ly

Using Proposition [[L1] (b) it is immediate to see the following

Proposition 1.3. We have isomorphisms in f.I. A:
L, ...1T

ST Ker( MY, — M
T, L, e w):

where i is the greatest integer < j satisfying u; = u;.

J J
L}, ~ ey L}, >~ ey,

Therefore the layers L ... L! give a filtration of the cluster-tilting object M,,.

1.2. Mutation of tilting modules. Let ) be finite quiver with vertices {1,...,n} and
without oriented cycles.

Definition 1.4. A tilting k@Q-module T' is a basic module with n indecomposable sum-
mands such that ExtiQ (T,T) = 0.

For each indecomposable summand T; of T, it is known that there is at most one
indecomposable T;* 2 T; such that T'/T; ® T} is a tilting module [RS90, Ung9d(], and that
there is exactly one if and only if T'/T; is a sincere kQ-module [HU89. We then say that
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T; (and possibly T7) is a complement for the almost complete tilting module T7'/T;. The
(possibly) other complement of T'/T; can be obtained using the following result:

Proposition 1.5. (a) If the minimal left add (T/T;)-approzimation T; . pisa
monomorphism, then Cokerf is a complement for T /T;.
(b) If the minimal right add (T/T;)-approzimation B’ —L T, is an epimorphism,
then Kerg is a complement for T/T;.

There is a one-one correspondence between tilting modules T" and contravariantly finite
torsionfree classes F = SubT containing the projective modules.

1.3. Reflections and reflection functors. Let () be finite quiver with vertices {1,...,n}
and without oriented cycles. Let i € @y be a source. Then the quiver Q' := 1;(Q) is ob-
tained by replacing all arrows starting at the vertex ¢ by arrows in the opposite direction.
Write kQ) = P, @ - - - © P,, where P; is the indecomposable projective k@Q)-module asso-
ciated with the vertex j. Then using results of [BGP73] and [APR7Y] we have functors:

mod k@) mod kQ)’

R

7

where R; := Homyo(M,—), R; = — Qroy M and M := 7~ P, @ kQ/P; which induce

(2
inverse equivalences

i

(mod kQ)/[eikC] (modkQ")/[e: DEQ'T ,

R

2

where mod kQ/[e;kQ] (resp. modk(Q)’/le;Dk(Q']) is obtained from the module category
mod k@) (resp. modk(@)’) by annihilating morphisms factoring through P; = ¢;kQ (resp.
e;DkQ’). Since i is a source (resp. a sink) of @ (resp. Q') the category modkQ/[e;kQ)]
(resp. mod kQ'/[e; DkQ)’]) is also a full subcategory of mod k@ (resp. mod kQ’).

When the vertex ¢ is not a sink or source, there is still defined a reflection on the
level of the Grothendieck group Ky(modk(@). It is constructed using the semigroup with
generators [X] for X € modk@ and relations [X] + [Z] = [Y] if there is a short exact
sequence X>——=Y — 7 . This is a free abelian group with basis {[S1],...[S,]}, where
S1, ..., 8, are the simple k@Q-modules. With respect to this basis we define

Ri([S5]) = [Sj] + (mu; — 2045)[Si],

where m;; is the number of edges of the underlying graph of @) as before.
This definition is coherent with the previous one. Indeed if 7 is a source and M is an
indecomposable in mod k() which is not isomorphic to P;, then we have

Ri([M]) = [Ri(M)].

2. GENERALITIES ON THE LAYERS

Let w be an element in the Coxeter group of an acyclic quiver ), and fix w = s,,, ... 5y,
a reduced expression of w. For j = 1,...,1 we have defined in Section 1 the layer L, as
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the quotient

I T
Y Ly

In this section, we investigate some main properties of these layers. We show that
each layer can be seen as the image of a simple A-module under an auto-equivalence
of D*(f.l.A). Hence they are rigid indecomposable A-modules of finite length, and we
compute explicitly their dimension vectors and show that they are real roots. Hence to
each layer we can associate a unique indecomposable kQ)-module with the same dimension
vector, but which is not necessarily rigid.

Note that some of the results of this section have been proven independently in [GLSI(]
but with different proofs.

2.1. Layers as images of simples.

Proposition 2.1. Let Q a non Dynkin quiver and A the completion of the preprojective
algebra. For j =1,...,1 we have isomorphisms in D(ModA):

. L L L L
L'z,v ~ Suj ®A (‘[uj—l o -[ul) =~ SuJ' ®A IUj_l ®A T ®A Iul
where S,; is the simple A-module associated to the vertex u;.
Proof. We set W' := s, ...5,; and W' := s, ...8,,_,. Since w" is reduced, by Proposition
L.1(e) we have
L L
[w// ~ [uj71 XA ... A [ul >~ [uj71 XA .. Qp [u17

and hence we get the second isomorphism.
Since w' = w"s,, is reduced, we have I, = I,; v & I, and therefore Torf(Suj, Iyn) =
0 by Proposition [[.T (d). Thus we have
[w//

L A )
Su- Iw” ~ Su -[w” ~ — Iw” ~ = L] .
s ®A s ®A L, “a Lyly ™

O

Immediately we have the following result, which implies that LJ, is an indecomposable
rigid A-module of finite length.
Theorem 2.2. For j=1,...,l we have
e if A is of non Dynkin type:

1 i=0,2,

dim EXti\(LiwLiv) - { 0 otherwise.

o if A is of Dynkin type:
dim Ext’\ (L%, L1,) = { 0 i1

Note that there can be higher extensions in the Dynkin case. In the non Dynkin case,
L7, is then said to be 2-spherical in the sense of Seidel-Thomas [ST01]).
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Proof. We separate the proof when A is of non Dynkin type and when A is of Dynkin
type.

Non Dynkin case:
By Proposition (c), I, is a tilting A-module with Enda(Z,~) ~ A. Hence the

functor — (}%A I,» is an autoequivalence of D(ModA). We have End,(S;) ~ k and hence
Ext3(S;,59;) =~ k since DU(f.l. A) is 2-CY. Moreover since @ has no loops, Extj(S;,S;)
vanishes and since A is known to have global dimension 2, Ext);(S;, S;) vanishes for n > 3.
Hence S; is 2-spherical. Since by Proposition P the layer L7, is the image of the simple
S; by an autoequivalence of D°(f.I. A), it follows that L, is also 2-spherical.

Dynkin case: N
Let @ be a Dynkin quiver and @ be an acyclic extended Dynkin quiver containing )
as a subquiver. Let A := Ag and A := A be the corresponding (completion of) their

preprojective algebras. Then we have A ~ A / AeA where e is the idempotent associated to
the additional vertex of ). The restriction functor R : mod A —s modA is fully faithful
and mod A can be seen as an extension closed subcategory of mod A.

It is immediate to check that for a reduced expression w of w € Wy we have Lf;w =

Liv T Using the first part of the proof, we get
Endx(LJ,) ~ Endx(L3,) ~ k and Exty (L], L},) ~ Ext}(Li,, L],) = 0.

Finally using the fact that mod A is stably 2-CY we get Ext (L7, L7,) ~ k.
0

Here we state a property about two consecutive layers of the same type, which gives
rise to special non split short exact sequences in f.I. A.

Proposition 2.3. Let 1 <1 < j < k <1 be integers such that u; = u; = uy, and such that
J 18 the only integer satisfying © < j < k and u; = u; = uy, . Then we have

dimy, Ext}y (L7, LF) = 1.

In order to prove this proposition, we first need a lemma. For 1 < h <[, we denote as
before by M” the A-module M := A

=€y, 7.
R T

Lemma 2.4. Let i < j < k be as in Proposition [2.3.
(a) The map Homp(ME M) — Homp(ME Mi) induced by the irreducible map
M — M. is an epimorphism.
(b) The image of the map Homy(M:,, M) — Homp (M, M) induced by the irre-
ducible map M3, — M, is in Rady (M7, M) .

Proof. (a) Since i < j < k, then by Lemma II1.1.14 of [BIRS09d|, we have isomor-
phisms

A , A
ﬁe and HOTT]A(M‘I;,, M? ) >~ e [u

w

Homy (M, Mi) ~ e e,
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where e is the idempotent e := e,, = e,, = €,,. Then the map Hom (M%, M) —
Homy (MZE, M) is the epimorphism e—2—e¢, — e—2—e¢,, induced by the

TujooTuy Uk TuyoLuy

inclusion I, ... Ly C Ly, - . Ly,
(b) It is clear that the image is contained in the radical. By Lemma III1.1.14 of
[BIRS094], we have isomorphisms

Lug - duiy [u”le and Rady (M, Mi) ~ 67[% e
Ly, - L, A e Ly
The map Homy (M, Mi) — Rady (MY, M?) is induced by the inclusion of ideals
L ... 1., CI,. Butsince j is the only integer satisfying i < j < k and u; =

u; = uy , we have el ... I, e ~ el, e and hence the map Hom (M, M) —

Rad (M7, M) is an isomorphism.

Homy (ML, Mi) ~ e

1

O

Proof of Proposition [2.3. By definition of the layers, we have the following short exact
sequences

(j) LI Mi Mi and (k) Lk Mk Mi

w W w

Let K be the kernel of the composition map MY — MJ — M¢ . Then we have a short
exact sequence

() K ME M,

w

which gives rise to the following long exact sequence in modEndy(My), where My, =
B M3,

DExt) (M, My,) — DHomy (K, My,) — DHomx(ME | M,,) — DHomy (M, My,) — - -

The space DExtj (M, M,) is zero by Lemma I11.2.1 of [BIRS094], and the Ends(M,,)-
module DHomy (MZE | M,,) is indecomposable injective. Therefore the module DHom (K, My,)
has simple socle, and hence K is indecomposable.

Moreover from the sequences (j), (k) and (), we deduce that we have a short exact

sequence Lf>—— K — [J which is non split since K is indecomposable. Hence we
get
dimy, Ext) (L7, LE) > 1
From (j) we deduce the following long exact sequence

-« — Homy (ME, M) — Homy (ME | M} ) — Exty (MF, Li ) — Exty (MFE, M) =0.

Hence by Lemma 24 (a) we get Exty (ME, L)) = 0.
From (j) we also deduce the following long exact sequence

0 — Homy (M}, M) — Homp (M, M3,) — Homy (L3, M) — Ext} (M, Mi) =0 .

Hence by Lemma B4 (b) we get Homy (L7, , M) ~ Homy (M7, M7 ) /Rads (M7, M) which
is one dimensional since MY, is indecomposable.



10 CLAIRE AMIOT, OSAMU IYAMA, IDUN REITEN, AND GORDANA TODOROV

Finally using (k) we get the long exact sequence
- —— Ext) (M%, LJ,) — Exty (LE,, LJ,) — Ext} (M3, Li,) — -
By the 2-CY property and the previous remarks we have
Exti(MF Li)=0 and Exti(M?, L)~ DHomy (L%, Mi) ~k

and therefore
dimy, Ext) (L%, LE) < 1.
O

2.2. The dimension vectors of the layers. In this section we investigate the action of

L
the functor — ®, I,, at the level of the Grothendieck group of D’(f.I. A) when A is not of
Dynkin type. We show that this action has interesting connections with known actions.

L
We denote by [— ®, I,,] the induced automorphism of Ko(D(f.1. A)).
Lemma 2.5. Let Q) be a non Dynkin quiver. For all 1,5 in Qg9 we have
L
[Si @a Li] = [S;] + (mij — 26i;)[Si]
in Ko(DP(f.1.A)), where m;; is the number of arrows between i and j in Q.

Proof. Since S; is a simple A-bimodule, we have DS; ~ S; as A-bimodules. Hence we
have the following isomorphisms in Mod (A ® A):

DHomk(Sj é}A Si, k)
DRHomA(Sj, Homk(Sl-, /{Z))
DRHomA(Sj, DSZ)
DRHomA(Sj, Sz)

L
Sj @ S

11 1R

Therefore we have

S, 6a 5] = (3 (~1)" dim Exth (S, 5))[S] = (28, — my,)[S1].

t

From the triangle S;[—1] I; A S; we get a triangle
L L s L
Sj ®ASZ‘[—1]—>SJ‘ pnl; — ]—>Sj ®ASi'

L L
Hence we have [SJ XA [Z] = [SJ] — [S] XA Sz] = [SJ] — (251] — mw)[Sz] O
From Lemma B.J, we deduce the following results.

Theorem 2.6. Let A be the completion of a preprojective algebra of any type.
(1) Forj=1,...,1l wehave [L}] = Ry, ... Ry, ([S4,]), where the Ry are the reflection
functors defined in Section 1.
(2) Forj=1,...,1, there exists a unique indecomposable kQ-module (LJ,)q such that

[L3,] = [(L)ql-
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Proof. (1) As in the previous subsection we treat separately the Dynkin and the non
Dynkin case. The non Dynkin case is a direct consequence of Lemma P.5 and
Proposition P.1].

For the Dynkin case, we can follow the strategy of the proof of Proposition B.J.
We introduce an extended Dynkin quiver containing () as subquiver. Then apply-
ing reflection functors associated to the vertices of () to modules whose support
do not contain the additional vertex is the same as applying the reflection functors
of Q). Thus the equality coming from the non Dynkin quiver gives us the equality
for Q.
(2) From (1) it follows that the dimension vector of the layer L7 is a positive real

root, and we get the result applying Kac’s Theorem.
O

The layer L7, is always rigid as A-module, but the associated indecomposable kQ-
module (L7))q is not always rigid as shown in the following.

Ezxample 2.1. Let @) be the quiver g 2 - and W := 515253595183. Then we have
1——=3

1 _ 2 _ 2 3 _ .3 4 _ 3 5 _ 2.3 6 _ 2.3

L,=1, L,=1, L,=1 2 L, =71, Lw—13 12, and Lw—ls 1.

Thus the associated indecomposable kQ-modules are the follwing:
. . ] 3 3
(L) =L for j=1,...4, (L3)o=" 213217 and (Ly)o=1"2 3.
The module (LS )q lies in the tube of rank 2, with indecomposable objects % and 2 on
the border of the tube. Since (LS,)q is not on the border of the tube, it is not rigid.

Definition 2.7. [BB0J| Let () be an acyclic quiver with n vertices, and W, be the Coxeter
group of (). Let V' be the vector space with basis vy, ..., v,. The geometric representation
W — GL(W) of W is defined by
Sin = Uj -+ (ml-j — 25@])7}@
The contragradient of the geometric representation W — GL(V') is then
8 U5 = { . Y . ! 7&‘7
J —UF + Y vl =]

The Grothendieck group Ko(DP(f.l. A)) has a basis consisting of the simple A-modules,
and Ko (K?(projA)) has a basis consisting of the indecomposable projective A-modules.

L
Proposition 2.8. (a) The Cozeter group W acts on Ko(DP(f.l.A)) by w — [— @4 L]
as the geometric representation.

L
(b) The Cozeter group W acts on Ko(Kb(projA)) by w +— [— @4 I,] as the contragra-
dient of the geometric representation.

Proof. (a) This follows directly from Lemma P.5.
(b) This is shown in [[R0§, Theorem 6.6]. It is assumed in [[RO§] that @ is extended
Dynkin, but this assumption is not used in the proof for this statement.

O
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2.3. Reflection functors and ideals I;. In this subsection, we state some basic prop-

L
erties of the first layers. In particular we show that the equivalence — ®, I;, when @ is
not Dynkin, can be interpreted as a reflection functor of the category D°(f.l. A).

Lemma 2.9. Let Q) be an acyclic quiver, and A = Ag. Let c € Wq be a Coxeter element
admissible with respect to the orientation of Q. Let i € Qy be a source of Q). Then we
have the following isomorphisms in mod A:
(1) AJI. ~ kQ,
(2) [;/I.s, ~ 7' P ®kQ/P; = R; (kQ) where P; = e;kQ is the indecomposable projec-
tive kQ-module associated to 1 and T is the AR-translation of modk(Q).
(3) Icn/Icn-H ~ T_n(k’Q)

Proof. (1) This is Propositions I1.3.2 and 11.3.3 of [BIRS094]].

(2) We separate the case whether @) is of Dynkin type and of non Dynkin type. Note
that by Proposition (b) we have e;I; = e;A and e;l.,, = e;[;1. = ;1. if j # i.
Therefore by (1) it is enough to prove that e;I;/I., ~ 77 (e;kQ).

Assume first that @) is of non Dynkin type. The projective resolution of e;[; in
mod A has the form:

(*) 0 eiA @ae@l,s(a)zi et(a)A ei[i 0

Applying the functor —®, I.. to the exact sequence (), we get an exact sequence

(**) 0 eiIc @ae@l,s(a):i et(a)jc - eiIi QA Ic —0.

By Proposition (e), we have I; @ I. = I;1. = I.s,. Hence we deduce from (%)
and (%) the short exact sequence

A B A L
0 ei[_c @aths(a):i et(a) 1. €i Ies

Since ¢ is a source in (), we have the set equality
{a € Qy, with s(a) =i} = {a € Q,, with s(a) = i}.

Therefore by (1) this short exact sequence is

00— ele - @aEQl,s(a)zi €t(a) kQ €i I{:z 0.
Hence we have e; If; ~ 7 (e;kQ).

Let @ be of Dynkin type. Denote by @ an acyclic extended Dynkin quiver
containing () as a subquiver and such that the additional vertex is a sink. Let
A = Ag and A= Ag be the corresponding (completion of) their preprojective
algebras. Denote by cg the Coxeter element of W admissible with respect to the
orientation of Q. Using the above argument for the quiver Q and for I~CQ we get a
short exact sequence

~ ~ I;
0 ele ®GEQ1,S(Q):i et(a)kQ €i iCQSz' 0.
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Since the additional vertex ij is a sink, we get that ejk@ ~ ¢;kQ for j # iy and
A/Ie, ~ A/I., ~ kQ. Hence we have

A I;
>~ ei=

ICQ cQsi
(3) This is a direct consequence of (1) and (2).

i

“T1.

A .
~ eili ®A ~ eili ®]\

Q cQ

~ Tél(eik‘Q) ~ Tél(eikQ).

O

From Lemma P.9 we deduce the following result which gives another interpretation of
the tilting ideals I;.

Corollary 2.10. Let Q) be an acyclic quiver which is not Dynkin, and A = Ag. Leti € Qo
be a sink of Q. Denote Q' := 1;(Q). Then the following diagram commute

mod kQ/[e: DEQ] —— mod k(Y /[e:k Q] |

DV(F.LA) . DY(F.LA)

—®ali
where the vertical functors are the natural inclusions.

Proof. Denote by c the Coxeter element admissible with respect to the orientation of @),
and by ¢ = s;cs; the Coxeter element admissible with respect to the orientation of @'
We have the following isomorphisms in D°(f.I. A).

kEQ Q%)A I, ~ AJI Q%)A I; by Lemma P.9 (1)
~ AN/I.®p I by Proposition [.]] (e)
~ k@) by Lemma B9 (2)

3. TILTING MODULES AND ¢-SORTABLE WORDS

In this section @ is a finite acyclic quiver, A is the completion of the preprojective alge-
bra associated with ) and ¢ a Coxeter element admissible with respect to the orientation
of ). The purpose of this section is to investigate the layers for words w satsifying a
certain property called c-sortable.

Definition 3.1. [Real07| Let ¢ be a Coxeter element of the Coxeter group Wg. An
element w of Wy is called c-sortable if there exists a reduced expression w of w of the
form w = ¢©c® . (™ where all ¢® are subwords of ¢ whose supports satisfy

supp(c™) C supp(c™ V) C ... C supp(cV) C supp(c?) C Q.

For i € Qo, if s; is in the support of ¢, by abuse of notation, we will write i € ¢(*).

Here is an immediate result [Rea07)].
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Lemma 3.2. Let w be a c-sortable element of Wqy. Then the expression w = Oc) | elm)
1S UNIQUE.

Let w be an element of Wy, and w = s,,...s,, a reduced expression. Recall from
Section 1 that for j =1,...,[ the layer LJ, is defined to be the A-module:
Ly oo Ly, Ly Iy
Ly ... I N Ly ... I

where k < j satisfies u; = u; and is maximal with this property.
Here is a Theorem giving a nice charasterization of c-sortable words.

J —
L3, = ey,

Theorem 3.3. Let w be an element of Wg and W = 54,8, . .. 5y, be a reduced expression
of w. Then we have the following:

(1) if there ezists a Coxeter ¢ such that w is c-sortable and w is the c-sortable expres-
sion of w, then for all j =1,...,1 LI is in modkQ, where Q is admissible for the
Coxeter element c;

(2) if for all j = 1,...,1 the layer LI, is in modkQ for a certain orientation of Q,
then w is c-sortable, where c is the Coxeter element admissible for the orientation

of Q.

Proof. (1) Assume that w = s,, ...s,, is a c-sortable word. Let j > 1, and k be the
(possibly) last index < j such that u; = u. Since w is c-sortable, the word sy, .. .s,; is
a subsequence of cs,, ...S,,. Therefore we have an inclusion

eu]~[u1...uk[c = eu]~[cu1...uk g eu]~[u1...uj
Hence there is a surjection

I I ;
luk 'lLlA“'lLk — L-]
Lk e, = .
U5 Ty de Ui Ly o w

e
The left term is a k(Q)-module, indeed it is isomorphic to

A
euJ-Iul...uk 2N I_c - euj-jul...u,rC XA kQ

by Lemma P.9 (1). Thus the right term L, is also a kQ-module.

(2) For this statement we again have to treat separately the Dynkin and the non Dynkin
case. Assume first that @ is not Dynkin. We prove this assertion by induction on the
length of the word w. For {(w) = 1 the result is immediate.

Assume that (2) is true for any word w of length <! —1 and let w := s,, ..., be
a reduced expression such that L7 is a kQ-module for all j = 1,... 1. Without loss of
generality we can assume that the support of w contains all the vertices of ). We first
show that u; is a source of (). Assume it is not, then there exists k£ > 2 such that there
is an arrow u, — wuq in ). Take the smallest such number. It is then not hard to check
that the top of L% is the simple S,, and that the kernel of the map LY, — S, contains
S,, in its top. Thus L* is not a kQ-module, which is a contradiction.

Therefore u; is a source of the quiver () and we have

‘ Ly .. I Iy ... I, L »
Ll =¢, e~ (eu].[’“i[_) ®a L, by Proposition [ (e).

w Uj
I, ... 1,
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Hence we have LJ, = Li:,l (}%A I, for j = 2,...,1, where w' := s,,...5,,. By Theorem
.G (1) we have [L}] = Ry, o...0 R,,_,([Sy,]) in the Grothendieck group Ko(D(f.I.A).
Since w is reduced we then have [LJ,] # [S,,] for j > 2. Thus LJ, is not isomorphic to the
simple projective e, kQ = S,, if 7 > 2. Then by Corollary R.10, we get

L3t~ Ry (L,) € modkQ'/[en, DEQ]

where Q)" = p,,(Q). By induction hypothesis we get that w’ is ¢’-sortable where ¢ is
the Coxeter element admissible for the orientation of @', i.e. ¢ = s,,¢s,,. We get the
conclusion using the following criterion which detects c-sortability:

Lemma 3.4. [Rea07, Lemma 2.1] Let ¢ := sy, ... s, be a Cozeter element. If I(s,,w) <
l(w), then w is c-sortable if and only if s,,w is Sy, Sy, -sortable.

If @ is Dynkin, we introduce an extended Dynkin quiver @ such that the additional
vertex is a source. And then we conclude by the above argument for non Dynkin quivers.
O

3.1. Three series of k()-modules. To the c-sortable word w = s,, ... s,,, we associate
three different series of k@Q)-modules, and show that they coincide.

For j = 1,...,1, we define kQ-modules TJ. For 1 < j < I(¢?), TJ is the projective
kQ-module e, kQ. For j > 1(c?), let k be the maximal integer such that k < j and
ur = u;. We define T7, as the cokernel of the map

f:TE 5 B
where f is a minimal left (751 & - .- @ TJ~1)-approximation.
Definition 3.5. An admissible triple is a triple (Q, ¢, w) consisting of an acyclic quiver
@, a Coxeter element ¢ admissible with respect to the orientation of (), and a c-sortable

word w = c©@c® (M guch that ¢ = ¢@v for some v as words.
We denote by QU) the quiver Q restricted to the support of ¢V,

Definition 3.6. Let (Q, ¢, w) be an admissible triple, with w = s,,, w'. The reduction of
(Q, c, W) at sy, is the triple (@', ¢/, w') with Q' = j1,,,(Q?)), where p,, is the reflection at
up and ¢ = 5,,c0s,,.

It is not hard to check the following property:
Lemma 3.7. The triple (Q',c,w’) is admissible.

Note that since u; is a source on the restriction of @ to supp(c\?)), it is always possible
to apply the reflection functor .

Let (@, c,w) be an admissible triple with w = s,, 5y, ... S,,. For j =1,...,1, we define
kQ-modules UJ, by induction on .

If [ = 1 then we define U}, = e,, kQ, the projective indecomposable k@Q-module associ-
ated to the vertex wu;.
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Assume [ > 2. Then we write w = s,,w’, and by Lemma B.7 the triple (Q' =
o, (Q@), 5,,¢54,, W) is an admissible triple with [(w') = [ — 1. Therefore by the in-
duction hypothesis we have kQ-modules U}, . .. U‘lN_,l. For j = 2,...,1 we define

S
Uy = B, (Ug)
where R;l is the composition

Ry

mod kQ" = mod k(p,, Q)

mod kQ©) —— mod kQ .

Theorem 3.8. Let w = s, ...5,, be a c-sortable word where c is admissible for the
orientation of Q. Then for j = 1,...,1, we have LI, ~ Ul ~ TJ where the LI, are the
layers and the kQ-modules T2 and U, are defined as above.

Proof. We first prove that LJ, =~ UJ. By definition L! = e, A/I,, = S,,. Since by
assumption ¢ = ¢Ov, we have e, kQ®) = ¢, kQ = S,,,. Hence we get Uy, = Ly,.
Let w' be the word s, . ..s,,. We will prove that L, = R (L’,") for j > 2.

_ L. :
By Lemma .9 (2) we have R, (=) = — Qg IC(O);“ . Hence we can write
i1 Cu; Ly - - Luy Y

Culuy o Ly X

We have the following exact commutative diagram:

X ®A [ullc(o) —_— X ®A [ul —_— X ®A
7

a

L f Iul
Y @p Iy Loy —=Y @ [,, —=Y @4 —0

g b

Y d Y e Y I
Y @n L Lo % @x L, — X 8 1 —— 0

0 0 0

By Proposition [.1] (b) we have the inclusion Y, C X since uy---u; is a subword of
cuy ... u. By definition c(o)zsu1 is s,,¢, so the map f factors through a. Therefore the
composition dg vanishes and since g is epi, d vanishes and hence e is an isomorphism.
Moreover since w = 8y,5y, - - - Sy, is a subword of sy, ...s,,, then X1, is contained in
Y'I,, by Proposition (b). Hence a is mono. Finally we get an isomorphism
Y Ly, Y®nly

= ® r~ ~ L.
X ML X@pl, 7

We will now prove that UJ, ~ T7. For j < I(c”) this is clear because of a basic
property of reflection functors.
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Assume j > [(c?). Let k be the maximal integer < j such that u;, = uj;. It exists
because j > [(c(?)) and because w is c-sortable. We define the subwords w” = s, ... 5, ,
and W' = sy, ...5,; of w. Let ¢ be sy, ...5,,_,, and Q" be the quiver fiy/(Q) = fy,_, ©
-+ 0y, (Q). Then (@', ¢, w') is an admissible triple. We have U}, = S,, and Uvjjkﬂ =
R, (S.,) = T,;é,(Suk), thus we have an almost split sequence:

0= UL, = E— U 50

Applying the reflection functor R, to this short exact sequence we still get a short exact
sequence:

0 — Ry, (UL) = Ro.(E) = R, (UL =0
which is

0= Ul - R,.(E)—= Ul -0

and the left map is a left add (R, (U2,) @ --- ® R, (U2, *))-approximation, thus a left
add (UEH @ - - - @ Ui ~1)-approximation. Note moreover that this approximation is always
mono.

O

Corollary 3.9. Let w be a c-sortable word, where c is admissible with respect to the
orientation of Q. Then the kQ-modules LI, satisfy the following properties:

(1) They are non zero.

(2) They are pairwise non-isomorphic.

(3) The space Homyg(Ld,, L% vanishes if j > k.
(4)

4) The minimal left add {LEFY ... Li-'}-approzimation map f : LY — E is a
monomorphism, where k and j are consecutive of same type.

Proof. (1) This is Proposition [L1] (c).
(2) This is clearly true for the U, because reflection functors preserve isoclasses.
(3) Using reflection functors, we can assume that U is simple projective, and then
this is clear.
(4) The fact that the approximation map is mono comes from the fact that reflection
functors preserves short exact sequences.

O

Theorem 3.10. Let w = s,, ...5s,, be a c-sortable word, where c is admissible for the
orientation of Q). For i € Q(()O), denote by tyw (i) the mazimal integer such that ue, @) = i.
Then the kQ-module

Tw := @ Lf,f,”(i)

ieQ
is a kQO-tilting module and we have Sub(Ty) = {LL,,..., L} }.

Proof. The fact that T}, is a kQ©-tilting module can easily be seen using the fact that
LI, =T7, and Corollary B.9 (3)-(4).

We prove that Sub(Ty) = {LL,... L. } by induction on [ = [(w).

If [(w) = 1, then the assertion is clear.

Assume that [ > 2 and write w = s, W'.
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Case 1: uy is in the support of w': this means that ty(u;) > 2. Thus we have

Then using the induction hypothesis we get
(R (Us)s o By (U™} € SubTay € {8y, Ry, (U), - Ry (U}
By definition of the T7 there exists a short exact sequence:

w

where F is in add (T2 & ... ® T27!) and where j is the minimal integer < 2 such that
uj = uy. It exists since w; is in the support of w'.
The approximation map is a monomorphism, thus S, is in Sub(F) C Sub(T2 @ ... ®
T771) C SubT,.
Case 2: uy is not in the support of w'.
Then it is easy to see that
Ty = Su, ® R, (Tw).

And we get
SubTy = {Su,, Ry, (Us:), - . .,R;l(Uiéyv’))} — (UL, U2,... U,
U
Remark 3.1. (a) The short exact sequence Ll&?L) E — Li, in modkQ is an al-

most split sequence of the category Sub (Ty).
(b) This almost split sequence is an element of Ext} (LJ,, L), which is the ‘2-Calabi-

Yau complement’ of the short exact sequence Li>—— K — L% of Proposition
B3
3.2. Tilting modules with finite torsionfree class. In this section we establish a

converse of Theorem B.I(}. Hence we get a natural bijection between tilting k()-module
with finite torsionfree class and c-sortable elements in Wy,.

Proposition 3.11. Let w = s, ...8,, = 9™ be q c-sortable word where ¢ is a
Cozeter word admissible for the orientation of Q). We define Ty, = @jec(o) Ti@ s
in Theorem [F10. Let i € Qu such that ¢™s; is a subword of ™V ori € ™. We

define L' := II}V and T' as the cokernel of =@ R E where f is a minimal left-

add (7o @ ... @ TL)- approzimation.
Then we have the following
(1) T~ L';
(2) the kQ© -module T' @ GB#Z W@ s q tilting module if and only if the expression
ws; 1s c-sortable.
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0)' m—1) ./

Proof. If ¢™s,; is a subword of ¢™~Y then we can write ws; = ¢® .. ¢ ¢ with

¢ = c™g, and we have
supp(c) C supp(c™ V) C ... C supp(c) C supp(c?).

If i € ¢™ then we write ws; = ¢@ ... ™Dt with M+ .= s, and then

supp(c™D) C supp(c™) C ... C supp(cV) C supp(c?).
To prove (1) it is then enough to observe that the proof of Theorem B.§ does not use
the fact that the expression w is reduced.
By Theorem B.I0 it is enough to check that if 7" & P, ; T g tilting then ws; is
reduced. If ws; is not reduced we have L' = 0 by Proposition [[.]] (b), and therefore
T’ =0 by (1). Since w is c-sortable all TJ, = LJ, are non zero indecomposable modules

by Theorem P.2. Therefore the module 7" & €P,; T Ti'9 has 1(c©) — 1 indecomposable
summands, so it can not be a tilting module over kQ®

U
From Proposition we deduce a nice consequence.

Theorem 3.12. Let () be an acyclic quiver. Let ¢ be a Coxeter element admissible with
respect to the orientation of Q. Let T be a tilting module over kQ. Assume that SubT

has finitely many indecomposable modules. Then there exists a unique c-sortable word w
such that Ty, ~T.

Proof. Assume that the orientation of () is admissible for the Coxeter element s;ss ... s,.
The category SubT has almost split sequences. Denote by 7 the AR-translation of this
category. Since SubT' is finite, then for any i € )y there exists m; > 1 such that
7™~ e;kQ) = 0. And for each indecomposable X in SubT, there exist unique ¢ > 0
and 7 € Qg such that X ~ 77%(¢;kQ). Indeed since SubT is finite, the AR quiver of SubT
is connected and since the algebra k(@) is hereditary it is not hard to see that there are no
periodic modules. Then for ¢ > 0 we look at the set

{ieQ | (ekQ) #0} =iV <if) < <ilV}
and set ) = s, MOEHOR . It then clear that the word w := ¢©@c®) . ™ where
Zp

m = max{m; | i E Qo} satisfies

supp(c™) C ... C supp(cV) C supp(c?).

We have to check that w is reduced. Assume it is not and write w = w’s;v where w’
is reduced and w’s; is not reduced. The word w’ is again c-sortable so can be written
as W = ¢ . "™ For j € Qy denote by m’; the integer such that j € ™) and
jé ™5+ Then by hypothesis m, < m;. Using the almost split sequences of SubT, it

is immediate that

@ T (e;kQ).

1€Qo
Then by Proposition the cokernel 7" of the minimal left add {T‘fv”,”/ @1 EBTj;’,”' O+
Tl(,wl)}-approximation map ij",”' W - Bis Li,s,wl)ﬂ which is zero by Proposition [[]]
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(b). Therefore we have 7~ (vav,v'(i)) = 0 which is a contradiction since 7~ (vav,v'(i)) =

7 ek Q) and mf + 1 < m;.
0

As a consequence we get the following:

Corollary 3.13. If T is a tilting kQ-module such that SubT is of finite type, then all
indecomposables SubT are rigid as kQ-modules.

Combining Theorem with Theorem we get the following result which was first
proved using other methods in [TLd].

Corollary 3.14. There is a 1-1 correspondence

1:1

{finite torsionfree class of modkQ} {c-sortable words with ¢ = ¢}

3.3. Example. Let ) be the following graph o 2 , and let w be the word
1—3
515253515251 in the Coxeter group Wg. An admissible orientation for () is the follow-
ing 2
7N

1——3

The canonical cluster-tilting object My, in SubA,, has the following direct summands

2
1 1

1 _ 2 _ 2 3 _ 3 4 2 3 5 3,1 6 __ 2 3

M,=1, M,=1%, M, =1 21,Mw— 1%9 , M, =1 2132,Mw— 37179
1 1 1 1

Then we can easily compute the layers L .... LS. They are the indecomposable
summands of the M, as kQ)-modules:

1 2 2 3 3 4 2.3 5 1 3 2 3 d 6 3
L,=1, L,=17%, L,=1 2 L, = "1 2 Ly, = 139 5 and Ly, = 7.

Let us compute the 7% . For j < 3 the TY, are the projective kQ-modules, thus we have

3

1 2 92 3 _
T,=1, T,=17%, and T, =1 2,

Then we have to compute approximations. We have a short exact sequence

3 2 3
0—1—=201 2, —= "1 21—>(),

where the map 1 —— 2 @ 1 ? ) | is the minimal left add (T2 @ T3 )-approximation of

2 3
T,.. Hence we have Tig = “ 1" 2 .- We have an exact sequence

3 2 3 3
O—>~%—>1 21@ 121—>1 2132 —0,
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where 2 —— 1 7 @ 217 . Is the minimal left add (T2 @ T.)-approximation of T2.

3
Hence we have T = 1 2,3, . There is an exact sequence

00— 1 2 —>12132 —>‘z’
1
1

%0’

hence T¢ = %. So we have T, = LJ, as in Theorem B.§.
The module Ty, is by definition T2 & T2 ¢ T9. Tt is easy to check Theorem B.10. The
module Ty, is a tilting module over £Q), and we have

SubT,, = 2 3 2,3 122 3
ubTy, ={1, 2, 1 2, 1h2 AP )

Let us now compute the UZ’s. By definition UL, = 1. Then we have
1

Up=Ri(2)=1, Uy=RiR(s)=Ri(3)=2 3,
and Uf‘v:Rl_RQ_Rg(l):Rl_RQ_(?lj):Rl_(st):21321.
And finally we have US = Ry R; Ry Ry Ry (1) where R; is the reflection functor associated

to the quiver 1 —— 2 . Therefore we have

US =R Ry Ry Ry (3) = Ri Ry R5(2) = R{ Ry (%) =Ry (3) = 3.

4. CATEGORIES AS CLUSTER CATEGORIES ASSOCIATED WITH AUSLANDER ALGEBRAS

In this section @ is an acyclic quiver, c is the Coxeter element admissible with respect
to the orientation of @ and w = ¢@c® . (™ is a c-sortable word with ¢ = ¢. We
denote by M, the canonical cluster-tilting object of Sub A, associated with the c-sortable
expression w of w.

This section is devoted to proving that the triangulated category SubA,, is triangle
equivalent to a generalized cluster category associated to an algebra of global dimension
at most two. Note that the result also holds in the case of general words [ART0Y], but
with a very different construction. A link between the construction given in this paper

and the construction of [ART0Y] is given in [EAmi09H].

The first subsection is devoted to recalling results on Jacobian algebras defined in

IDWZ04], and on the endomorphism algebra of the cluster-tilting object My, from [BIRS094]|
and [BIRS09H]. In the second subsection we recall some definitions and basic properties

for generalized cluster categories. In the third subsection we construct an algebra A
of global dimension at most two such that the endomorphism algebra of the canonical
cluster-tilting object in the generalized cluster category C4 is isomorphic to the endomor-
phism algebra of M,, in the category SubA,, (Proposition [£.9). In the fourth subsection
we construct a triangle functor from C4 to the category Sub A, using a consequence of
the universal property of the generalized cluster category (see Proposition [£.4). Using a
criterion of [[KRO§| (Proposition [£.14), we show that this functor is an equivalence. In the
last subsection we describe an example.
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4.1. Canonical cluster-tilting object of SubA,. Quivers with potentials and their
associated Jacobian algebras have been investigated in [DWZ0§]. Let @ be a finite quiver.
For each arrow a in @), the cyclic derivative 0, with respect to a is the unique linear map

Du : KQ/IKQ, kQ] — kQ

which takes the class of a path p to the sum Zp:uav vu taken over all decompositions of
the path p (where u and v are possibly idempotent elements e; associated to the vertex 7).
An element W in kQ/[kQ, kQ)] is a potential on @, and is given by a linear combination
of cycles in ). The associated Jacobian algebra Jac(Q, W) is by definition the algebra

kQ/<8aW§ a € Q1>

There is a generalization of quivers with potentials (Q, W) to frozen quivers with poten-

tials (Q, W, F') in [BIRS09H] (see also [ART0Y]), where F' = (Fp, F}) is a pair of a subset

Fy of vertices of @ (called frozen vertices) and a subset Fj of arrows contained in the set
{a € Q1,s(a) € Fy and t(a) € Fy} (called frozen arrows). The associated frozen Jacobian
algebra is by definition the algebra

Jac(Q, W, F) = kQ/(0W, a ¢ F1).

Let w = ¢©@c® . ™ be a c-sortable word. Assume that the orientation of Q is
admissible with respect to ¢ and that ¢©) = ¢. For t > 0, we define Q® to be the full
subquiver of ) with vertices in the support of ¢). For each i in Qo we denote by m; the
integer such that i € ¢™) and i ¢ c™*Y. Let @y be the following quiver:

e the vertices are {(i,7),r =0,...,m, i¢ccM}.

e for each r > 1, for each 7 in Qgﬂ), one arrow p’. : (i, + 1) — (i,7)

o for each a:i — j € @y, if r <m; and r < m;, one arrow a, : (i,7) = (j,7),

o for each a:i — j € @y, if m; <my;, one arrow a,,, : (i, m;) — (j,m]),

o foreacha:i— j € Qq,if r < m; and r < m; then one arrow a; : (j,r) = (i,r+1),
e for each a :i — j € @1, if my < my, one arrow ay,. : (j,m;) = (z mz)

We define the potential W, to be the sum

Ww = Z Z pf«a:ar - Z piar+1a:

aii—j \r<mg;,r<m; r<m;,r<m;
. i i * *
g Pmi—1 - Pmj—10m; G, 1 + E Dmj -+ - Pmi—10pp ;G
a:i—j,m;<my; a:i—j,m;>m;

Let us denote by Q. the full subquiver of Qy, with vertices (i,7) where r # m;. And
let W5, be the potential

Ww = Z Z pia:ar - Z piar+1a:

aii—j \ r<mg;,r<m; r<m;,r<m;

Then we have the following result:
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Theorem 4.1. [BIRS09H, Theorem 6.8] Let w = ¢ ...c™ be a c-sortable word. Then
the endomorphism algebra Endsy, a,, (My) of the standard cluster-tilting object M, is the
frozen Jacobian algebra Jac(Qw, Wy, F') with frozen vertices being Fo = {(i,m;), i € Qo}
and frozen arrows being Fy = {a € Q1,s(a) € Fy and t(a) € F1}.

And the endomorphism algebra Endsup a,, (M) is the Jacobian algebra Jac(Qy, Wy,).

4.2. Generalized cluster categories. In this subsection we recall some basic facts on
the generalized cluster categories associated to algebras of global dimension at most two
introduced in [A .

Let A be a finite dimensional k-algebra of global dimension at most two. We denote
by Db(A) the bounded derived category of finitely generated A-modules. It has a Serre
functor that we denote by S, which coincides with 7[1]. We denote by S, the composition
S[—2] = 7[-1].

The generalized cluster category C4 of A has been defined in [[Ami09d| as the trian-
gulated hull in the sense of [Kel0F] of the orbit category D’(A)/S,. There is a triangle
functor

74 DY(A) —= D(A)/Se——Ca

Theorem 4.2. [Ami094, Theorem 4.10] Let A be a finite dimensional algebra of global
dimension < 2, and assume that the endomorphism algebra Endc,(7w(A)) is finite dimen-
sional. Then C4 is a Hom-finite, 2-CY category and w(A) € C4 is a cluster-tilting object.

The following result obtained from Theorem 6.11 a) of [Kel09] shows that the 2-CY-
tilted algebra given by the canonical cluster-tilting object in a generalized cluster category
is Jacobian. Recall that a 2-CY-tilted algebra is by definition the endomorphism algebra
of a cluster-tilting object in a Hom-finite 2-CY triangulated category.

Theorem 4.3 (Keller). Let A = kQ/I be an algebra of global dimension < 2, such that
I is generated by a finite set of minimal relations (r;). The relation r; starts at the vertex
s(r;) and ends at the vertez t(r;). Then we have an isomorphism of algebras:

Ende, (m(A)) ~ Jac(Q, W)

where the quiver Q is the quiver Q with additional arrows a; : t(r;) — s(r;), and the
potential W is Y. a;r;.

There is the following criterion for constructing triangle functors from the generalized
cluster category to some stable category. It can be deduced from the universal property
of the generalized cluster category (see [Kel0F], subsection 1.3.1 of []A g] or appendix
[O0g] for more details).

Proposition 4.4. Let A be an algebra of global dimension < 2 such that the algebra
Endc, (m(A)) is finite dimensional. Let € be a Frobenius category, stably 2-CY with a
cluster tilting object M. Assume that M has a structure of left A-module. Then if there
is a morphism in D*(A% ® &)

M — RHomA(DA, A) (}%A M[Q]
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whose cone lies in DY(A @ P), where P is the subcategory of £ of projective-injectives,
then there exists a triangle functor F : C4 — £ such that we get following commutative
diagram:

DH(A) — o)
A
Ca E.

Here the category DY(A% @ &) denotes the bounded derived category of A”? ® £ as
defined in [Kel94]. Objects are bounded complexes of objects in € with a structure of left

L
A-modules. Note that the endofunctor — ® 4 RHom (DA, A)[2] ~ RHom (DA, —)[2] of
Db(A) is isomorphic to the functor S;*. Hence this universal property requires that the
image of A and of S;' A under the composition

L
—®aM

D(4)

DH(E) —= DY(E)/DY(P) ~ £

are isomorphic. Here the category D°(P) is the thick subcategory of D°(£) generated by
P. The localization of D*(€) by D°(P) is equivalent to the stable category £ by [KV87].

4.3. Computing endomorphism algebras. We define a quiver I'y, by

o Dwo={(i,t),i € Q),0 <t <m}
e for any arrow a : i — j in ), we put an arrow a' : (i,t) — (j,t) if i and j are in
().

0>

e for any arrow a : i — j in @, we put an arrow a) : (j,t) — (i,t + 1) if 4 is in
(1), 1 s i OO
o~ and jisin Q.

The quiver I'y, is a translation quiver in a natural way.

Proposition 4.5. The translation quiver I'y, is isomorphic to the Auslander-Reiten quiver
of SubTy,, where Ty, is the tilting kQ-module defined in Section 3.

Proof. We prove this by induction on [(w), starting with ¢®. For ¢*) both quivers are
clearly the quiver Q® = @, which is a translation quiver with trivial translation.
Assume that the claim holds for the subword w’, containing ¢, but not c(”Jrl for
some r < m. So 'y is isomorphic to the AR—quiver of SubTy, = add{ Wi T } =
add{T}, ..., T l(w }. In this proof, for i € Qg and r > O We write T(; ) = Tk if uj, = i and
it < k|lu = z} = r. We omit the index w since T = T¥,. Consider the word w” = w’s;
where i € ¢"*1). Then we have exactly one new mesh in qu, compared to Iy, namely

klu

/{:u,'r’\
\

(i,r) —= ll,r+1) (i,r+1)
)

\\

/
vl

(lv,r+1
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By the induction assumption
<k1_7 T)
(i,7) 5

(I, 7+ 1)
corresponds to a minimal left almost split map in SubTy = add {7, ... ,Tvléw,)}. Since
all kq,...,ky, 11, ..., 1, are the last vertices of their type in I'ys, the corresponding inde-
composable modules are all in add (7y). Hence
<k1_7 T)
1,7 |
(ly,7+ 1)

also corresponds to a minimal left add (7% /T}; »y)-approximation. Hence we have an exact
sequence

(*) 0 Nigy —— (B Niky) & (B—y Niyirs1) — Niiwsr) —= 0,

where N, denotes the indecomposable module associated with the vertex s. By the
induction hypothesis we have N, = T(s4) for (s,t) # (i,7 4+ 1). And by the short exact
sequence (¥) we have Nj,11) = T(ir11) € SubTyr, which is a summand of the tilting
module Ty.

We have the exact sequence

Homyo (T(i.ry, (D1 Tir;m) © (D)1 Ty r11))) = Homio(Tiimy, Tiry) = Extig (Tiiry Tii)

where Ext,lﬁQ(T(l-m), Try) = 0 since T}, ) is a summand of the tilting module Ty. Hence
g is a minimal left almost split map also in SubTy~, and therefore (%) is an almost split
sequence in SubT,.

Since there is no nonzero map from 77; 11y to an indecomposable module in Sub Ty, the
irreducible maps in Sub T} stay irreducible in SubTy. The irreducible maps to T{; ,+1) in
SubTy~ are given by the above almost split sequence, and correspond to the new arrows
in 'y~ compared to I'y,,. Hence I'y~» and the AR quiver of SubT~ are isomorphic as
translation quivers.

O

For w a c-sortable word, we define
I(w) A
Aw = Endio(EP LY.
j=1

Corollary 4.6. We have an isomorphism of algebras Ay, ~ kI'y, /Ly, where Iy, is the ideal
generated by the mesh relations

Z aalt) — Z p+ R — 0 for anyi € Y.
s(a)=i e(b)=i
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Proposition 4.7. There is an algebra morphism
Aw e EndsubAw(Mw) .

Proof. We define an algebra map G : kI'y, — kQyw by
e G(i,r) = (i,r) for i € Q)
e fora:i— jin Qy, if r < m; and r < my, we define G(a) = a,,
e fora:i— jin Qy, if r < m; and r < m;, we define G(a®™) = a,
e for a1 i — jin @y, if m; < m; then G(a'™)) is defined to be the composition
G(a(mi)) = p]mZ e 'pﬁnjfla’mi
e fora:i — jin Q, if m; < m; then G(a™)) is defined to be the composition
Gam)) = pfnthl i -pfmfla:@-
Then one can check that for any i € (1),
Z 70,0 _ Z b(t+1)5(t)) — 9, Wi,
s(a)=i e(b)=t

Since all arrows of Qy, of type pi are not in F}, the morphism G yields a morphism of
algebras Ay, = Jac(Qw, Wy, F'). Hence we get the result applying Theorem [.1].
O

Let w’ be the subword w’ := ¢ ... ¢(™ of w. The word w’ is also c-sortable.

Corollary 4.8. We have isomorphisms of algebras

I(w) H(w)
Aw ~Endig( P L) ~ Endio(EP L,)/[add kQ)]
G=1(c(®)+1 j=1

and Ay 15 an algebra of global dimension < 2.

Proof. Morphisms LI, — L¥ where j, k > () + 1 do not factor through kQ. Thus we
get immediately that

I(w) H(w)
Endyo @LJ addkQ] ~ Endro( €D Lj,).
G=1(c(®)+1

For the same reason we have an isomorphism End kQ(@ L{N) ~ kI /L. We get

ey
the first isomorphism applying Corollary [.§.
The word w' = c¢(Me® . ™ is ¢(D-sortable. Therefore Ay is the Auslander algebra of

a category which is stable under kernels, hence it is of global dimension at most two. [
Proposition 4.9. There is an isomorphism of algebras
Endcw, (W(Aw/)) ~ Endm/\w (Mw),

where Cy is the generalized cluster category associated with Ay and 7 : DP(Awr) — Cur
18 the canonical map.
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Proof. 1f i is in ¢+ and ¢ > 1, the set (@)= La®gt) — > (b)=i 375D forms a set of
minimal relations of Ay between the Vertices (z t) and (i,t 4 1). These relations form a
basis of minimal relations in Ay. Now using Proposition @ we know that the algebra
Endc_, (m(Aw-)) is a Jacobian algebra Jac(T',W). The quiver T is the same quiver as I’y
with extra arrows ¢! : (i,t + 1) — (i,t) for t < 1, and the potential W is

w=>" % ¢ Y a3 AEIAC)
s(a)=i e(b)=t

t21 jeclt+1)

Now we define an algebra morphism G : kT — kQ,, by:
o G(i,r) = (i,r — 1) for i € c";
e G(a")=a,; and G@@") =a:_,.

It is not hard to check that G(W) = Wy,. Thus the Jacobian algebras Jac(T', W) and
Jac(Q,, W) are isomorphic.
0J

4.4. Triangle equivalence. The aim of this subsection is to prove the following theorem.

Theorem 4.10. Let Q be an acyclic quiver. Let w = ¢\ . ) be a c-sortable word
with ¢ = ¢ admissible for the orientation of Q. Let Ay := Ende(EBl(w Li))/[add kQ),

where the LI, are defined in Section 3. Then there is a triangle equivalence
Cw =~ SubA,,
where Cy is the generalized cluster category associated to the algebra Ay

In order to prove this result, we will use the universal property (Proposition [f.4) of the
generalized cluster category associated to an algebra of global dimension < 2.

Let Ay, — Ay be the canonical projection sending the vertices (7,0) to zero. It yields
a restriction functor

DY(Aw) ==~ DY(Ay)

Let us denote by S the subcategory Sub (Ty,) of mod kQ), where Ty, is the tilting module
defined in Theorem B.I0. The projective (resp.injective) indecomposable Ay-modules are
of the form S(—, X) (resp. DS(X, —)), where X is indecomposable in S. The restriction in
mod A, of the projective (resp. injective) Ay-modules are of the form S(—, X)/[add (kQ)]
(resp. DS(X, —)/[add kQ)]) where X is an indecomposable non projective. The category
S = SubTy, is a category with almost split sequences. In this section, we will denote by
7 the Auslander-Reiten translation in S, (which is not the same as the AR translation in
mod k(). The category S is finite and contains all projective modules e;£Q. Hence as we
already noticed in the proof of Theorem B.19, for X € S, there exist unique p > 0 and
i € Qo such that X = 77P(e;kQ).

As before we denote by My, the standard cluster-tilting object of SubA,,. Since there
is a canonical bijection between the indecomposable objects of S = Sub T, and the direct
summands of My,, if X = 777(¢e;kQ) is an indecomposable object of S, then we will denote
by My the summand M, ) of M.
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By Proposition .7 we have a morphism of algebras Ay — Endsypa, (My), thus My,
has a structure of left Ay-module. Let F' be the following composition

L
Res —QAw Mw

F: DAy D (Ay)

DP(SubA, ) DY(A)

Lemma 4.11. Let X be an indecomposable object in S which is not projective. There
exists an exact sequence in mod A

0 My, My, —— Mx — M,x —=0

where () H, H, X 0 is the projective resolution of X as kQ-module.

Proof. The object X is of the form 77 P(e;kQ) where p > 1. By the previous part, it is
L3, where j is the p™ index in the word w of type i. By definition L, is the kernel of

W

the canonical map M; ) — M;,—1). Hence we have a short exact sequence in mod A

0 X Mx M, x 0.

Let 0 H, H, X 0 be the projective resolution of X as k@Q-module.
Since the H;’s are projective kQ)-modules, My, is equal to H; for + = 0,1. Thus we have
a short exact sequence in mod A

0 — My, — My, —= X —0.
U

Lemma 4.12. Let X be an indecomposable non projective object in S. The objects
F(8(—, X)/[add (kQ)]) and F(DS(X,—)/[addkQ]) of D°(SubA,,) are quasi-isomorphic
to complezes concentrated in degree 0. Moreover there exists a short exact sequence in
mod A functorial in X

(¥) 0—=F(S(=, X)/ladd (kQ)]) — Ro —= R1 —= F(DS(X, —)/[add (kQ)]) — 0

where Ry and Ry are projective-injective objects in Sub A,,.

Proof. Let 0 Hy H, X 0 be the projective resolution of X as kQ-
module. It induces a short exact sequence in mod Ay,

0—=8(=Ho) —= (=, H1) —= (=, X) —= &(—, X)/[add (kQ)] —= 0
Thus the complex F(S(—, X)/[add (kQ)]) is by definition

0 My, My, Mx 0

By Lemma it is quasi-isomorphic to the stalk complex M, x.
Since 7X is not zero and in § = SubTy,, there exists a short exact sequence

0 TX Ty T 0

where T; is in add (Ty) for i = 0, 1. It yields a long exact sequence in mod Ay,:

0—S(—,7X) —=8(—,Ty) — S(—,T}) — Ext,ng(—, 7X)

ls

— Ethng(_aTO)b i
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The functor Ext,iQ(—, To) vanishes on the category S by definition. And by the Auslander-
Reiten formula we have an isomorphism of functors

Extyo(—, 7X) ~ DHomyq(X, —)/[add (kQ)]
thus we have a short exact sequence in mod A,
0—=S(—,7X) —S8(—,Ty) — S(—,T1) — DS(X, —)/[add (kQ)] —= 0 .
Hence by definition the complex F(DS(X, —)/[add (kQ)]) is the complex

O MTX MTQﬁMTlﬁOﬁ'.'

This is a stalk complex whose homology is in degree zero and isomorphic to Q~2M, x,
where () is the syzygy functor.
Since the sequence

0 TX Ty T 0

is functorial in X we get a short exact sequence in mod A functorial in X:

(%) 0 —= F(S(=, X)/[add (kQ)]) — Mz, —= My, — F(DS(X, —)/[add (kQ)]) — 0

The objects My, (i = 0,1) are projective-injective since the 7;’s are in add (7).
UJ

Corollary 4.13. There exists a morphism F(DAy) — F(Aw)[2] in the category D* (A%,
A), whose cone is in D*(AZ, @ P), where P is the subcategory of SubA,, of the projective-
mjectives.

Proof. In the above lemma, if we take the sum of all X non projective in &, then we get
an exact sequence in mod A

0— F(Aw) My, M, F(DAw)—0.

Hence we get a morphism f : F(DAy) — F(Ay)[2] in D*(A) whose cone is quasi-
isomorphic to a bounded complex of projective-injective objects of SubA,,, namely is
in D°(P), where P is the subcategory of SubA,, of the projective-injectives. Since the
sequence (k) is functorial in X and since F'(Ay/) and F(DAy) are stalk complexes, the
morphism f can be lifted to a morphism in D*(A%, @ A). Its cone is in D*(A?, @ P). O

We are now able to prove Theorem [L.I(. First note that we have
F(Aw) = ) M,x = ay) My = M, /P,
Xeind (8),non projective Y €ind (S),not in add (Tw)

where P is the sum of the indecomposable projective-injective objects of SubA,. By
Proposition .4 and Lemma (12, the functor F : D°(Ay/) — D°(SubA,) induces a
triangle functor

F:C Ay 7 SubA,,.
It sends the cluster-tilting object Ay to the cluster-tilting object My /P in SubA,,. By
Proposition [f.9 we have an isomorphism of algebras

EndCAw/ (W(Aw/)) ~ EndSu_bAw (Mw)
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Hence by the following proposition, we get the result.

Proposition 4.14. [KR0§, Lemma 4.5] Let T and T be 2-Calabi- Yau triangulated cat-
egories. Let T (resp. T') be a cluster-tilting object in T (resp. T'). If we have a triangle
functor F' : T — T which sends T toT" and which induces an equivalence between add (T')
and add (T"), then F' is an equivalence.

We also have the dual result which is a general version of a result in [[Ami09d]. In
[Ami094] the author proves it for a certain type of co-c-sortable words (w is co-c-sortable if
w1 is ¢ l-sortable) which are associated to tilting modules in the preinjective component.

Theorem 4.15. Let w = ¢ ... ¢ be a co-c-sortable word. Let w' be the subword
w = c" ..M. Then the algebra Ay = kD /Iy is of global dimension at most 2 and
we have a triangle equivalence:

Ca,, = SubA,,
sending the cluster-tilting object m(Aw) to the cluster-tilting object My, € SubA,,.

4.5. Example. We take the same example as in Section 3.
Let @ be the following graph 2 , and let w be the word w = 515953515251 in

1

the Coxeter group Wy. The admissible orientation for () is the following 2 “

1—3
The standard cluster-tilting object My, of SubA, has the following indecomposable
direct summands

2
1 1
3 3 1
COM2P=2, MP=1"s [ M'=23,  M=1"2's | MS= .23
1 1 1 2 1
1

M' =1

The indecomposable projective-injective objects are M3, M® and M. The endomor-
phism algebra Ends,p a,, (M) has the following quiver

M3
The layers L. ..., L5 are the following, as we have seen before.
1 _ gyl _ 2 _ 12 _ 9 3 _r3 _ .3
TW_LW_17 TW_LW_17 Czjw_Lw_1 217
3
4 _ 74 _ 23 5 _ 15 _ 192 3 6 _ 76 _ 3
T,=L, =1 2 Te =1L, = 2y T =Ly, =1.

As we already saw in section 3, the object Ty = T5 & T2 & TS is a tilting kQ-module.
The Auslander-Reiten quiver of the category Sub (7y,) is
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which is the quiver of the algebra A,,. The algebra Ay is the endomorphism algebra
Endio (T @& T35 @ TS). Tt has the following quiver

5
4 ...................... 6
The projective Ay-modules are
5
4 6
3 3 4
2 2 3 5
1, 2 172 | By, 172 3 3
1 1 172 3

Now, we will check that the images of e5Aw and e; DAy [—2] through the functor

L
Res —®aw Mw

F:DY(Ay) D (Ay)

DY(SubA,,) —= SubA,,

are isomorphic.
Let X be the non projective module T2 . The projective Ay -module esAy = 3 viewed
in D°(A,,) is quasi-isomorphic to the complex

Hence its image through the functor

L
7®AW Mw

F: DY(Ay) ——— Db(A,,) DY(Sub A, ) —> DY(f.I. A)

is the complex

0 M! M3 @ M3 WE 0
which is quasi-isomorphic to M? = M,x. Note that the projective resolution of X in
mod k() is
0—T) —T3 0T — X —=0
The injective Ays-module esDAy,, = ¢ viewed in D’(Ay) is quasi-isomorphic to the
complex

[a=)
=N
[
no
=Wt
e}
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Hence its image through the functor

L
Res —® Ay Mw

D(Aw)

F : Dt(Ayw) D¥(Sub A,,)—= DY(f.I. A)

is the complex

0 M? M3 M 0
Since M® and M°® are projective injective, F'(e5sDAy) is isomorphic to Q?M? in SubA,,.
Note that we have an exact sequence in Sub (Ty)

0 T2 T3 TS 0

Therefore we have an isomorphism in SubA,:

F<€5DAW/) ~ Q2F(€5Aw/).
5. PROBLEMS AND EXAMPLES

In this section we discuss some possible generalizations of the description of the layers
in terms of tilting modules, beyond the c-sortable case. We pose some problems and give
some examples to illustrate limitations for what might be true.

Recall from Section 2 that to a reduced expression w of an element w in Wy we have
associated a set {LZ } of [(w) indecomposable rigid A-modules which we call layers, and
which are indecomposable rigid kQ-modules when w is c-sortable, where ¢ is admissible
with respect to the orientation of ). Under the same assumption (i.e. w is c-sortable),
we constructed a set {77} of I(w) indecomposable k@Q-modules via minimal left approx-
imations, starting with the tilting module £(Q), and ending up with a tilting module T5,.
All minimal left approximations were monomorphisms. We showed that the two sets of
indecomposable modules coincide. In particular, the module L, := Lf,?,”(l) ®---®LY ("),
where for i € Qo = {1,...,n} the integer ty(7) is the position of the last reflection s; in
the word w, is a tilting module over kQ.

We now consider the case of words w with the assumption that w = cw’, where c is a
Coxeter element admissible with respect to the orientation of ). When w = cs,,,, ., ... 5y,
is a word, we define T, to be a tilting module associated with w if it is possible to
carry out the following. Start with kQQ = P, & --- & P,,, where P; is the indecomposable
projective kQ)-module associated with the vertex ¢. If possible, exchange P, ., with a non
isomorphic indecomposable kQ-module to get a tilting module 7" = kQ/P,, ., ® Py
then replace summand number i, in 7" by a non isomorphic indecomposable kQ-module
to get a new tilting module 7", etc. If an exchange is possible at each step, we obtain a
tilting module Ty,. We say that a word w = ew’ is tilting if Ty, exists, and w is monotilting
if morever Ty, is obtained by only using left approximations. Hence c-sortable words are
examples of monotilting words.

It is natural to ask the following question about tilting and monotilting words.

Problem 1:

(a) Characterize the tilting words w. In particular is every reduced word w = cw’
tilting?
(b) Characterize the monotilting words.
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(¢c) When do two tilting words w; and wy give rise to the same tilting module? Or
formulated differently, for which tilting words w do we have Ty, ~ kQ?
Note that all these questions can also be translated into combinatorial problems for

acyclic cluster algebras.
Note that non reduced words may be monotilting as the following example shows.

Example 5.1. Let ) be the quiver g 2 - and W := $1595384835154. Then w is not
1. 4
3
reduced, but monotilting with 73, = E s 2@ 2 e %‘ D 2.

Recall that in the c-sortable case, then w is monotilting and SubT,, is of finite type.
This not the case in general.

Example 5.2. Let () be the quiver g 2 - and W := $159535452535451. Then one can
1, - 4
show that w is monotilting and that T, = Yy L2 ‘o % D % @ 4. Then one can check easily
that all the modules of the form 23 , 2ty 2?3 , oty oty 27 ,...are in
A A 1 171 1 171 1 1 1
Sub( 3 .2 ).

However, it may happen that SubTy, is of finite type for a tilting word w which is not
c-sortable. It follows from Theorem .19 that there exists a unique c-sortable word w
such that Ty, = Ty. We then pose the following.

Problem 2:

(a) Characterize the tilting words w with Sub Ty, finite.
(b) For such words w, how can we construct the unique w such that Ty, = Ty 7

When w is monotilting, we have

(TL, ..., T} C SubTy, = SubTy = add {T%, ... TA™}.

w

Hence [(w) < [(w) and we expect that W is obtained by enlarging some rearrangement
of w.

Ezxample 5.3. Let ) be the quiver g 2 - and W := 5$159535482835154. Then w is
1 4
~ , 7
3
monotilting and we have
Tew = 243 243 @§@§@ 243 243 23
W 1 1717171 1 1 1

Then w is not c-sortable, Sub Ty, is finite and one can check that W = $1595354515253545253.

When w is c-sortable, w is a monotilting word and 7%, coincide with L., given by the
layers. In general L, is not a k()-module, but as we have seen there is an indecomposable
k@-module associated with each indecomposable summand of Ly, and hence a kQ)-module
(Lw)g associated with Ly,. In this connection we have the following questions:

Problem 3:
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(1) For which w does the following hold
(a) each indecomposable summand of (Ly)g is rigid,
(b) (Lw)g is a tilting module,
(c) w is tilting and Ty, = (Lw)o,
(d) w is monotilting and Ty, = (Lw)q-

(2) If w is monotilting and (L )¢ is rigid, do we have Ty, = (Lw)q?

As we already saw in Example P.0], it can happen that (a) fails. In this example, one
can check that w is monotilting.

Ezxample 5.4. Let ) be the quiver /2\ ,and W = $15983598152. The word w/ =
1——3
3
$182835281 is monotilting and we have Ty = 1 2,3, @ 3 @1 3y . To exchange 3

1

3

we have to use the minimal right approximation ¢g: ! 2,3, ——= 3 . Hence w is a

1
3
tilting word which is not monotilting and we get Ty, = 1 2,3, @ 217, O %y . The
1
cluster-tilting object My, of Sub A, associated with w has the indecomposable summands:
3 2 173
My =1602®1 2 @ 318 3213, @ 3 271

1 2 1
1 1 1

We then see that Ty, = (Lw)g, even though w is not a monotilting word.

Ezample 5.5. Let @ and w be as in Example .. Then we have
My=1®2a%e 2'3 @ 17 69134 @ 42134 @& 203
v Ly 1 3 2, 3 2 a4
Therefore we obtain (Ly)g = L3 1y L3 1y @ % @2 @ 4. Each indecomposable summand

is rigid, but (Lw)g is not a tilting module. Therefore we can have (a) without (b).
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