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Asymptotic tracking of a state trajectory by output-feedback for a class of
non linear systems

V. Andrieu, L. Praly and A. Astolfi

Abstract— We consider the problem of tracking a reference
trajectory with an output feedback for a class of nonlinear
systems. We solve this problem by combining the techniques of
dynamic scaling and homogeneity in the bi-limit.

I. INTRODUCTION

We address the following problem : Given a system 7 =
fn,w) with output y = h(n), and a bounded reference
trajectory (n,,u,), exact solution of 0. = f(n.,u,), design
an output feedback v = o(w,y,n,), w = 0(w,y,n,) which
ensures global convergence of n to .

To illustrate our contribution we consider the system' :

2.’ = —Z +IE2 y

:tl = T2,

. 1+d (1)
To = utzy T + 2z,

Yy = I1 .

where y in R is the available measurement, u in R is the con-
trol input and d a real number in [—1, 1). Consider a bounded
reference trajectory (z, x1., Tor, U, ), exact solution of (1),
namely :

2.,’T = —zZ+ 2 ,

Trl = Tr2, (2)
. 1+d

Tr2 = Up+ a:rjg + zp .

The problem is to find an output feedback for u such
that (z,z1,x2) converges to (zr,%,1,%r2). This can
be rephrased as finding « = wu, — u, depending on
(2r, T1, 2%y 1, T2, Uy ), rendering the origin of the error sys-
tem :

z = —Z+4+Zy,

z = I3 )

- - 14d - -
To = U+ xrjg — (T +T2)1 T+ 2,

globally attractive.

To solve this problem we follow a domination approach

based on homogeneity. This leads to regard the term xifgd —

(w2 + T2)'t¢ + Z as a perturbation which can be upper-
bounded as :

|al5? — (@p2 + T2)1+ + 2] (3)
< (L+d) |zpo|? 3] + |221F + 2]
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IFor any real numbers w and r, w” denotes sign(w) |w|".

The term (1 + d)|x,2|? is a known function which
multiplies a linear function of the error. To deal with this
kind of term, we follow an idea introduced in [14] and design
a high-gain output feedback with a dynamic scaling with a
gain updated from the reference signal ;. 5.

The second term, namely |Z2|'*?, is a power of the
norm of the error |Z3|. To deal with this term, we use the
homogeneous in the bi-limit output feedback design tool we
have introduced in [1] and further developed in [2] (see the
Appendix).

Finally, the term |Z| depends on the zero dynamics. We
deal with this one by imposing a minimum phase assumption
and invoking a small gain argument.

In conclusion, our solution to this tracking problem is
based on a domination approach and combines high-gain
with dynamic scaling and homogeneity in the bi-limit.

When compared with what can be found in the textbooks
[13], [12] for instance, our approach allows us to deal with
some polynomial terms in the unmeasured state components.
This type of extension is already present in [8] where a
practical tracking result is obtained.

In section II the main results of the paper are stated and
commented. In Section III, we introduce an extension of the
homogeneous in the bi-limit output feedback design for a
chain of integrator introduced in [1] to render it compatible
with the use of dynamic scaling. This tool is then exploited
in Sections IV to introduce the dynamic high-gain output-
feedback.

II. MAIN RESULT OF THE PAPER
Consider a system whose dynamics are :
z2=F(z,z),
1 = x9 + 01(z,x)
To = x3 + (52(2,1‘) s

Tn=u + 0n(z,z),
where © = (z1,...x,) in R", y is the output in R, u is the
input in R and z in R™ is the state of the inverse dynamics.
This state can be “neglected” provided the inverse dynamics
with J; as output and z as input are incremental ISS (see
[3]). Specifically, we make the following assumption.

Assumption 1 : There exist a real number do, in [O, ﬁ)

positive real numbers v, co, p and q, non negative ct
functions Z;, non negative continuous functions <), ~y; and
Wi, a function « of class Koo and a continuous function w,
with strictly positive values such that, for all i,



1.1 p? is CY, convex and satisfies spf’(s) < qul(s),

1i(0) =0,
12 of|z)w(|z) Zuz i(22)),
13 2 (2:2) Flz.a)
tz (2,) [Fz + 2,2+ ) = F(,2)]

1.4 6;(z + Z, x+x) 0;(z, )]

1—doo(n—i—1)
< Q(z,2) ZW + oo Zp; | T ase
T uZiz,2).

l1-doo(n—i—1)

1.5 (14 0)7(%)) < oo Z|xj|+|x]| R

In Section IV, we prove :

Theorem 1 (Main result): Consider system (4) with As-
sumption 1. Then the controller given in (16) solves the
tracking problem for any bounded reference trajectory ¢ —
(zr(t), . (t), u,(t)) which is a particular solution of (4).

For the system (1), the condition 1.4 of Assumption 1
follows from inequality (3) by setting do, = d and picking
Qy,z) = (1+d) |eralhs Za(z,2) = 22 pa(s) = v,
v2(&) = |#2]?. Consequently, system (1) belongs to the class
of systems satisfying Assumption 1 and Theorem 1 applies.

Assumption 1 is to be compared with the one in [8] where
standard homogeneity and domination is also used. In that
contribution, there is no z dynamics and the objective is
only practical tracking. This allows the authors to work with
an assumption weaker than 1.4 since it is needed only for
(x,2,%,2) = (0,0, %, 2). (See footnote 4). Here we get exact
tracking but under the more restrictive assumption that the
reference trajectory is an exact solution of the system to be
controlled. [4] and [11] are two other contributions where
such a more restrictive assumptions is not needed, but on
the other hand they do not allow polynomial growth in the
;.

Another important point is that we do not need to know in
advance the whole reference trajectory or even a bound on
it to design the controller. This is to be opposed for instance
to the controller proposed in [8]. Compare also with [11].

III. HOMOGENEOUS TOOLS FOR A CHAIN OF
INTEGRATOR

Throughout this section we consider a chain of integrator,
with state X = (x1,...,&,) in R™ described by :

t = SX+Bu , y=ux, (5)
where B = (0,...,1)T and S denotes the left shift matrix
of order n, i.e.

SX = (xg,...,x,,0)T .
We deal now with homogeneity in the bi-limit. This notion

and its properties are studied in [2]. We give in the Appendix
a brief summary.

Selecting arbitrary degrees dy < do in <71, ﬁ
geneity in the bi-limit is obtained for system (5) provided the
weights 79 = (701,...,70.n) a0d Too = (Too,1,- -+, Too,n)
are :

7“071‘:1 — do(’n—i),

) , homo-

Too,i = 1 - doo

(n—i). (6)

A. Homogeneous in the bi-limit observer
In [1], [2], we have proposed an observer for system (5)
given by :
X =8X+ Bu+ K(i1 —x1), (7)

where ¥ = (&1,...,4,) in R", and K is a homogeneous in
the bi-limit vector field with weights ry and ., and degrees
dy and d.. Setting :

E = (61...,

en)l = X-X
yields the error system :

E=SE+K(e) . (8)
The design of K is done recursively in such a way that there
exists a homogeneous in the bi-limit Lyapunov function W
of degree dy satisfying, for some real number ¢y,

ow

87E(E) (SE+ K(er)) 9)

dyy +doo
w(E) "= ) 7

To combine this tool with dynamic scaling we need to
establish a specific property on the error Lyapunov function
W. This property is a homogeneous in the bi-limit version
of the one given in [14, equation (16)] or in [9, Lemma Al].
Namely, given the diagonal matrix

D = diag(ds,...,d,) ,

with d; > 0, the function K has to be selected such that
the associated error Lyapunov function W satisfies (9), and
also :

dyy +dg

<—q (W(E) W 4

ow
oF
for some positive real number co.

Such a property can be obtained by modifying? the recur-
sive procedure given in [1], [2] as claimed in the following
statement the proof of which is omitted.

Theorem 2: Let dy be a positive real number satisfying
dw > 2 maxj<;<nt0, + ds and D = diag(dl, S ,dn)
with d; > 0. There exists a homogeneous in the bi-limit
vector field K : R — R™, with associated triples (rq, do, Ko)
and (7o, doo, Koo) and a positive definite, proper and C*
function W : R® — R, homogeneous in the bi-limit with
associated triples (rq,dw,Wy) and (reo,dw, Ws), such
that :

(EYDE > ¢, W(E) , (10)

1) The functions Wy and W, are positive definite and

proper and the functions % are homogeneous in the
J

bi-limit

2We multiply W;, 1 by a sufficiently large number before using it in the
definition of W;



2) There exist two positive real numbers ¢; and co such
that (9) and (10) are satisfied.

B. Homogeneous in the bi-limit state feedback

In the same spirit as the homogeneous in the bi-limit ob-
server design introduced in the previous section, we modify?
the recursive state feedback design introduced in [1] to make
it compatible with dynamic scaling. The result is expressed
in the following statement.

Theorem 3: Let dy be a positive real number satisfying
dy > 2max1<j<nrg;, and D = (dy,...,d,), with
d; > 0. There exist a homogeneous in the bi-limit function
¢ : R" — R, with associated triples (rg, 1+ do, ¢o) and
(Toos 1 + doo, Poo) and a positive definite, proper and C*
function V' : R®™ — R, homogeneous in the bi-limit with
associated triples (ro,dy, V) and (7, dyv, Vo), such that :

1) The functions V) and V,, are positive definite and

proper and the functions g—;/j are homogeneous in the
bi-limit

2) There exists c3 > 0 such that, for all X in R",

ov

o5 X (S X+ Bo(x)

(11)
L V)T ) .

dy +dg

< e <V(3€) T

3) There exists ¢4 > 0 such that, for all X in R",

Z—Z(X)Df{ > V(%) . (12)
IV. PROOF OF THEOREM 1
A. Rephrasing the problem as a stabilization problem
Setting
U=U—Ur, T =T —Xp, 2 = 2Z—2r,
we obtain :
2 =F(zo+ 2,2 +2) — F(z,2,) ,
T1 =39 + 01(zr + 2,2, +2) — N1(2r,2r)
: 13)

I =10 + On(zr + 2,2, + &) — 01(2r,2r) .

The objective is now to find u depending on the output z; =
y—x,1 and on the reference trajectory (z,, z,) such that the
solution & = 0 is globally attractive®.

B. Output feedback using homogeneous in the bi-limit tools
and dynamic scaling

The output feedback is obtained from the functions K and
¢ given by Theorems 2 and 3 and by introducing an extra
dynamically updated gain L.

The first step consists in selecting the parameter D in
Theorem 2 and 3. Following [14], let :

3We multiply V; by a sufficiently large number before using it in the
definition of V; 1

4 In [8], Z is defined as & = ((z1 — yr,x2,...,Tn). This leads to the
presence of ¢, as a disturbance in the & dynamics explaining why practical
tracking is obtained and why a weaker assumption can be invoked.

D = diag(b,1+b,...,n—1+b7T | (14)
where b is a positive real number satisfying?,
1—de(n—i—1 i+ b ;
(n—1 ‘ ) ‘ i+ ‘ 7 , (15)
1—ds(n—j) j—14b6 j5-1

for all 1 < j < i < n and with d, as given in Assumption
1.

Selecting dy = 0 and dy = dy = dy sufficiently large,
we apply Theorem 2 and 3 to construct the homogeneous
in the bi-limit vector field K, the state feedback ¢ and the
Lyapunov functions W and V such that (9), (10), (11) and
(12) hold.

Following [1], the output feedback is given by :

u=u, + L"Py(£717) (16)
i=8i+BL"G( )+ LEK (%) 7
with :
£ = diag(Lb,..., L")
and L satisfying :
L = —ajanL (17)

+ L max{0,a1(az; — L) + a3 Q(zr, 2,)}

where a1, as1, aze and ag are positive real numbers to be
defined with as = as1 — ags > 0.

This update law of the gain L is an elaboration from
the original one introduced in [14, (24)] and modified
in [5, (3.12)] or [10, (134)]. Note that the driving term
depends only on the reference trajectory (z..,z,). Since
this trajectory is bounded, L is bounded along any closed-
loop solution. Also we see that, if initialized to a value
larger than ao, L remains larger than ay along any closed-
loop solution. Moreover the presence of the term —ajass L
allows to recover the main property of [14, (24)], i.e. L

“follows” its driving term. Specifically the Dini derivative

of | — aiaz+azQ(zr,or)

‘ satisfies
ai

ayaz+a3Q(zr,xr)
ay

D+‘L— Qzr, 7,)

<
<

aras + a3z, ;)

—ay minf{ags, as} |L —

ai
Hence along the solution of the closed loop system, we have

Q(z-(t), zp(t
limsup |L(t) — 010 + agQ(z (1), 2, (1)) <
t—+o0 ay
B Jimsu ”Q(;; (t)' x (t))"
~ min{agz,as} t—>+oop ne '

Properties of the closed loop system : Let
E:(ela"'aen)Tv i:(‘lea"'a')A(’r“L)T

and 7 be scaled quantities defined as :

5This choice is always possible since, for 1 < j < ¢ < n, we have :

i+b .
].ij < jjl Vb >0,
’ l—d (n—i—1) i 1



dE ,dL

& _SE+ K - L

dr SE + Kfex) dr
N - L

X _S% 4 Bo®) + Ker) — L

dr dr

Chain of integrator part

Dynamic Scaling

Q(L) )

DX (19)

——

Nonlinearities = Disturbances

d 1d
dr  Ldt’
The closed loop dynamics can be described by equation (17),
the z dynamics and equations® (19) at the top of this page,
where

D(L) =L '~

is regarded as a perturbation.
We consider now the homogeneous in the bi-limit Lya-
punov function :

UX,E) = V(X) + {tW(E) (20)

where / is a positive real number to be specified and V' and
W are given by Theorems 2 and 3. Along the trajectories of
system (19), the Lyapunov function satisfies in the time 7 :

E=¢Y&-%) , X=8"1% ,

(18)

Y0(2r + 2,20 + &) — 8(2r, 7))

d N
U(X,E) S TCI + TDS + TDista

e 21

with
Tor = 2%(%) (SX+ Bo(X) + K(e1)
HW(E)(SE + K(e))
Tps = 171 4 (2%(%)D& + ¢ J%(B)DE) |
Tpist = —L P (E)D(L) .

Bound on the term 7T;. Let 7 and v be functions defined

W& E) = 2®) (SX+Bon(k) + Kle)
WB) = GE(E)(SE + K(e)) -

These two functions are continuous and homogeneous
in the bi-limit with associated triples ((ro,70),du,no)s
((Tooaroo)7dU+dooanoo) and ((TO»TO)vdUa’YO),
((Toos Too)s du + dooy Yoo ), Where Yo, Yoo and 1o, 7o
are continuous functions. Furthermore, by (9), v(E) is
non positive for all £ in R™ and by (11), we have, for all

(X,E) # (0,0),

YE)=0 = nXE) <0,
WE) =0 = X E) <0,
Yo(E) =0 = 7700(3%, E) <0

Consequently, by Claim A.2 in the Appendix, we can select
£ such that Ty is negative definite and the same holds for
the homogeneous approximation in the 0-limit and in the
oo-limit. Then, Claim A.3, yields a positive real number cs
such that :

Z_

SNote that £ ' = —L~' [ D g}

Ter < —cs (U(x E)+ U, E) d°°+dU> (22)

Note that ¢/ and c5 have been fixed.

Bound on the term 7pg. From Claim A.1, the function
(%,E) — %(i)D% + (9%(E) D E is homogeneous in
the bi-limit with associated weights (rg,79) and (reo,7oo)
and degrees dy and dy. Hence Claim A.3, as well as
equations (10) and (12) yield positive real numbers cg and
c7 such that :

X)DX + (YL(E)DE
U(X,E)

Finally, using the expression of L in (17), this gives :

Tps < —craz 2" (X E) + cga1 U(X,E) .

2

Ce > cr .

(23)

Bound on the term 7y, ;. Let
B o= LM (ag —e)
By Assumption 1.4 and equation (6), we have, for all ¢,
Di(L)]|
= L77%0(2 4 2,20 + ) — 05 (20, 20)|
< Q(ZT,JIT) ZLj_l_ilﬁc'j — 6]“
Jj=1
Too,i+d00
oL i— bz ‘LbJrj I(X _ 6])| Too.j
1 .
= —|—L_2_b/,[,i(Zi) .

Inequalities (15) imply the existence of a real number € > 0
such that

OQﬁrao

(b4+j—1) —i—b

L=¢>1L VL >1.

The condition L > 1 holds along all closed loop solutions if
az > 1. Consequently, for all (X, E) in R?*" and L > ay > 1,

Qzr, Tr) -
Mot Sy e

Too,itdoo

Fewai® Yl e F
j=1

1D;(L)] <

L_i_bﬂi(Zi) .

On the other hand, the function

P(E)| 13— 5] (respec-
Too,itdoo

tively ’gTW(E)‘ |%; —e;|” "=J ) is homogeneous in the
bi-limit with weights (g, 79) and (r, 7o) and degrees dy
and dy + 700 j — Too,i (respectively dy — 1+ % & dy)
and do,+dy ). Hence, Claim A.3 yields positive real numbers
cg and cg, such that :



|TDist| c Q(ZT,J)T-)
¢ =L

U(X,E)

E) L7 1(Z)) .
> |Gt )\ ()

Hence, by (22) and (23), selecting a; sufficiently small and
as and a3 sufficiently large guarantees the existence of a

positive real number cjo such that (21) becomes :

WD) < —sen (vik8) + UGB @)
oW |
e (B) Lz

i=1

Small-gain arguments. Let {; and 6 be the homogeneous
in the bi-limit functions defined as

dy +doo dy+d
Gls) = I8l 4[|, 0(s) = |s|+[s| T
We use Claim A.2 with the functions
~ew (U, E) + X0 | (B)] s and S, Gls),

which are homogeneous in the bi-limit with weights
(Foos Too) and (rg,7) for (X, E), and (1,700 + dso) for
s; and degrees dyy and do + dyy. This gives a positive real
number c;; satisfying :

—C10 H(U( X ;

E)|s; <ciu ZQ(S
i=1
Thus, inequality (25) (in time t) implies :
U(X,B) < —e LOU(X, E))
e L YL G ui(Zi(z, 2))) -
Since, along solutions, L is lower bounded by ao, this implies
the existence of a class KL function 3, such that we have,

for all ¢ in the domain of existence of the closed loop solution
and for all s <¢

U(t) < BulU(s),t — )
+oswp S0 (20“@( (1)

r€[st) ;1 €10

Te;

).

where to simplify the notation, we have defined
U(t) = UX(1), E(t) , Zi(t) = Zi(2r(1), 2(1))
and we have used the property 6(a) + 0(b) < 6(a + b).
Now, with p as in Assumption 1, let
Y; = L7 1i(Zi(2, 2)))
We get :
. _ L
Y; < —p(i+ b)fﬁ

LT W (Zi(20, 2)) [~ Zi(zrs ) + (@)

Since L + ajassL is non- -negative, using property 1.1 of p;
and considering the two cases (14 v)v;(Z) < Z;(z,, 2)) and
Zi(2r,2)) < (1 4+v)7;(Z), we obtain

Y, < — Li —p(i+ b)a1a22} Y;

+qL P i (1 4 0)yi(2))P

, funct ))) and

|x;—ej|+]x;—e;| "4  are homogeneous in the bi-limit
with weights (70, 70), (oo, 7o) and degree 1 and 1o, ; +doo
Hence, using Claim A.3, we obtain the existence of a positive
number c15 such that :

We remark that the functions ¢; ' ("10 O(U(X,

2c11

Too,itdoo

ej| Teo

<ec2¢; <2C101
Moreover, since L > as > 1,

Coo Doy X5 — 5] + |25 —

o(U(X, E))) .

Too,itdoo

L~ (z+b)Z|$J| + |24 e

Jj=1

< a?Z %) — el + |2 —ej| 7o
j=1
By Assumption 1.5, it follows that :

Y < |:1+v p(Z —+ b)a1a22:| Y;
_ _ €10 b
+q [%6612 ¢t (2 O(U(X, E)))} :
C11

Hence by selecting a; and ago to satisfy

0022 < TG ¢
we obtain the existence of a class ICL function §, and a
real number cq3 such that, for all 4, all £ in the domain of
existence of the closed loop solution and all s < ¢,

L(t) =0 pi(Z4(t)))
< ﬁz (L(S)—(i+b)

+ sup a;‘ci3(;
re€ls,t)

1i(Zi(s)),t — s)
1 C10
—0(U .
(522 o)
Since, by choosing ay large enough the small gain condition
[6, condition (14)] is satisfied (see also [7]), we conclude
there exists a function 3, of class CL such that, on the
domain of existence of the closed loop solution, and for all
ia
U(t) < B,(U0) + > L0)" ) 1i(2,(0)) , t) -
i=1
By Assumptions 1.2 and 1.3, there exists another function
3, of class KL which depends on the bounds sup, L(t)

and sup, |z.(t)| such that, on the domain of existence of
the closed loop solution,

a|Z(8)]) < B.(U(0) + Y na(Zi(0))
i=1
This implies that the domain of existence is [0, +00), and
the global attractiveness of = E' =0 and z = 0.

V. CONCLUSION

We have solved a state trajectory tracking problem for
minimum phase non linear systems which admit globally a
strict normal form and in such a way that the nonlinearities



satisfy power growth. This has been achieved by exploiting
the tools of domination, homogeneity in the bi-limit and
dynamic scaling gain.
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APPENDIX
ON HOMOGENEITY IN THE BI-LIMIT

For details on the notion of homogeneity in the bi-limit
refer to [2]. We only give the definition and state the main
properties used in this paper.

Given a vector r = (r1,...,7,) in (R4 /{0})", we define
the dilation of a vector x in R" as

Nox = (Nlay, ..., N apn)”

Definition 1 (Homogeneity in the 0-limit):

o A continuous function ¢ : R" — R is said
homogeneous in the O-limit with associated triple
(ro,do, ¢0), where 7 in (R4 /{0})™ is the weight, dgy
in R the degree and ¢¢ : R™ — R the approximating
function, respectively, if ¢y is continuous and not
identically zero and, for each compact set C' in
R™\ {0} and each & > 0, there exists A* such that we
have :

d(A™0 o)

o —do(x)] < & VAe (0,\].

max

zeC

o A vector field f = Z?:_1 fia%,;_ is said homogeneous

in the 0-limit with associated triple (r¢, do, fo), where

fo = >, fo,i%, if, for each ¢ in {1,...,n},

the function f; is homogeneous in the O-limit with
associated triple (ro, do + 70,4, fo0,i)’-

Definition 2 (Homogeneity in the oo-limit):

e A continuous function ¢ : R™ — R is said
homogeneous in the oco-limit with associated triple
(Foos dooy o) Where ro in (Rip/{0})™ is the
weight, do, in Ry the degree and ¢, : R" — R
the approximating function, respectively, if ¢, is
continuous and not identically zero and, for each
compact set C' in R™\ {0} and each £ > 0, there exists
A* such that we have :

(A= o) b ()

S — < e YAE[N,+00) .

max
zeC

« A VCCtOI.‘ ﬁfald f = Z?:} fi% is said homogeneous.in
the oco-limit with associated triple (roo,doo, foo), With
foo = >0y fooﬂ»%, if, for each i in {1,...,n},
the function f; is homogeneous in the oo-limit with
associated triple (roo, doo + Too,is foo,i)-

Definition 3 (Homogeneity in the bi-limit):
A continuous function ¢ : R™ — R (or a vector field f) is
said homogeneous in the bi-limit if it is homogeneous in the
0-limit and homogeneous in the co-limit.

Claim : Let n and v be two continuous homogeneous in
the bi-limit functions with weights rg, 7, degrees dy, o, dy, oo
and d. 0, d+ -, and continuous approximating functions 7o,
Tloos Y05 Yoo-

A.1. The function = — n(z)vy(x) is homogeneous in the bi-
limit with associated triples (1o, dy.0 + d~,0,M0 ) and
(Tooa dn,oo + d%om Too ’Yoo)~

A2. If the degrees satisfy d,, 0 > dyo and dy o0 < dy o0,
and v(x) > 0, and for © # 0

v(z) =0 = n(z) <0,
Yo(z) =0 = no(r) <0,
Yoo(x) =0 = Moo () <0,

then there exists a real number £* such that, for all & > k*,
and for all non zero x in R :

n(z) < ky(), m(x) < k(@) Moo () < kyoo(2) -
A 3. If the degrees satisfy d,, o > d 0 and d; o < d o and
the functions -y, vp and 7., are positive definite then there

exists a positive real number c satisfying n(z) < c~v(z) for
all z in R™.

7In the case of a vector field the degree dp can be negative as long as
do +ro,; >0, forall 1 <4 <mn.



