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Abstract. Most models of assembling simulations consider that form 
errors are negligible, but how can this assumption be assessed? When 
clearances are high, form deviations can be neglected, but on the case 
of very precise mechanisms with small clearances, this assumption can 
lead to non-accurate models. This paper is the continuation of our 
previous works presented at IPAS 2008 dealing with the assembly of 
two parts regarding their form deviation. The proposed method 
considers the positioning of the pair of surface with a given external 
force to identify contact points. The parts relative positioning is 
expressed by a small displacement torsor that can be transferred to any 
referee and compared to the functional requirement. The objective of 
this paper is to identify the clearance domain of a mechanical linkage 
regarding the form deviation of parts. Several parameters are identified 
as influent such as the clearance value, the straightness of the form 
deviation and the localization of the ideal least squared associated 
shape.  

Keywords: form deviation, relative positioning, clearance domain, 
small displacement torsor, modal parameterization 

1 Introduction 

Tolerancing of assembly can be solved using mathematical model of different levels 
of complexity. One very simple model presented by Graves [1] that only considers 
dimensional variations. More complex models are proposed to exploit the 3D 
tolerance zone, such as Chase [2] who proposes the use of the vector chain, or 
Davidson [3] who proposes the T-maps® model that can be compared to the small 
displacement torsor (SDT) proposed by Bourdet [4] and also used by Giordano [5] 
into the clearance domain model. These previous works consider that form deviation 
of parts can be neglected. Ameta [6] proposes to study the influence of form deviation 
based on the T-maps® model. Radouani [7] presents an experimental study of the 
positioning of parts regarding form deviations. Some mathematical methods are also 
presented to determine the relative positioning of parts regarding form deviations such 
as Neville [8], Stoll [9] and Morière [10]. Most of these approaches use optimization 



algorithm considering the minimization of a criterion based on distances or volumes 
between parts.  

Adragna [11] and [12] presents the static method that simply calculate the relative 
positioning of one shape on another considering their form deviations and a contact 
force, leading to the resolution of a mechanical static equilibrium. The main idea is to 
transfer the form deviation of the first shape to the second one in order to have a 
similar but simpler problem. Due to the form deviation, only few points of the shapes 
can be in contact. The identification of all possible set of contact points is obtained by 
the computation of a convex shape that filters and identifies the possible contact 
points and facets. The consideration of a positioning force allows identifying the 
contact facet. The positioning problem is then simplified to the identification of a 
geometric transformation in the small displacement domain leading the identified 
contact points of a shape on the contact points of the other one.  

This paper is composed of three main parts. The first one presents the method for 
the relative positionning of parts regarding their form devition and a contact force 
direction. The second part presents the random generation of form deviation using the 
modal paramterization and the translation of the form deviation in two geometrical 
parameters. The third part presents the case of application that is a 2D linear linkage. 
A single study is firstly presented, and then simulations are drawn with differents 
values of form deviations. The paper ends by a conlusion.  

2 Proposed method 
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Fig. 1.  a) two shapes with form deviation, b) transferring one shape form deviation on the 
other shape 

The assembly of one part on another is illustrated by the figures 1 and 2. Figure 1a 
shows two shapes with form deviation facing each other. Shapes are theoretically 
positioned and ideal shapes are associated by the least square criterion. Figure 1b 
shows the first step of the method that transfers the upper shape form deviation to the 
lower one. The transferred deviation, also called distance surface, represents the point 
to point distances between the shapes. Shapes are in contact if two distances in a 2D 
problem are set to zero. Possible contact points and facets are identified thanks to the 
computation of the convex surface that filters the possible contact points. Figure 1b 



shows two different force directions, force a and force b, used to identify the contact 
facet and its contact points. 

The following figure 2 shows two different positioning, figure 2a and 2b, 
depending on the force direction of force a and force b respectively. 

 

Fig. 2. Two contact configurations of shapes positioning, a) assembly for the direction of the 
given force a, b) assembly for the direction of the given force b 

3 Parameterization of shapes 

This part presents two ways to parameter the form deviation. The first way is a 
description of the form deviation by elementary form deviation with a proposed 
method called the modal parameterization. The second way uses much simpler 
parameters that are geometrical zones.  

3.1  Modal parameterization 

Samper [13-14] uses the modal analysis to generate a form deviation basis to 
characterize a measured form deviation. The main advantage of this method is that 
any type of geometry and form deviation can be characterized as a combination of 
elementary form deviation. The following figure 3 shows the height first modes of a 
2D linear shape.  

The analysis of a form deviation in the modal basis is a vectorial projection in a 
non orthogonal basis using the dual basis [15]. Hence, the result of the modal 
characterization of a measured form deviation V on the B modal basis is the modal 
signature Λ. This Λ modal signature is composed of the λi modal coefficients with 
metric meaning. 

The recomposed shape with the rigid modes (translation and rotation) corresponds 
to the rigid shape and is equivalent to the Least Square associated ideal shape. The 
recomposed shape R is obtained by the following relation: 

R = Λ.B (1) 



    

    

Fig. 3. First height modal vectors of a 2D profiles 

3.2 Random shapes  

If a batch of produced part exists, then it is possible to draw simulations based on this 
family of form deviations. In other cases, assumptions can be made in order to define 
the family shapes (batch of form deviations). The modal characterization of form 
errors can be used to create simulated shapes. A random draw of the modal 
coefficients creates a random shape which form complexity depends on the number of 
considered modes. Based on the observation of shapes analyses, amplitude of the 
modal coefficients is considered given by the following law: 

A(i) = A0 / i (2) 

Where A0 is initial amplitude, i is the order of the modal coefficient and A(i) is the 
maximum amplitude of the i th modal coefficient. The following figure 4a shows the 
amplitude law of the coefficients and a random draw of a modal signature. This 
decreasing law can be changed in order to fit to a pilot production.  

3.3 Geometric parameters 

The modal parameterization presented in this paper is only used to generate random 
shapes (lines in this case). Then two parameters are calculated, closer to geometrical 
specification: 

• The strength of the shape that indicates the range of deviation, 
• The localisation deviation of an ideal shape associated by the least square 

method.  
The figure 4 represents the random drawing of the modal signature and the 

corresponding shape. On this shape is calculated the strength and the deviation of the 
associated geometry.  

For this shape, the rectitude zone is 10.5µm, the localisation deviation of the 
associated geometry is 3.8µm and the localisation deviation of the entire shape 
(including the form deviation) is 8.0µm. 
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Fig. 4. a) randomly drawn modal signature, b) recomposed shape, the least square associated 
geometry and the rectitude zone 

In order to identify the influence of parameters, shapes are randomly generated 
with modal signatures, then strength and localisations are measured. It is then possible 
to modify the modal signature thanks to an algorithm in order to set a given value to 
the shape rectitude and/or to the localisation of the associated geometry. 

4 Clearance domain with form deviation 

This part presents our proposed method to find the clearance domain of a mechanical 
linkage regarding their form deviations based on the method detailed in the first part. 
A study case illustrates the method on a single application, and then simulations are 
drawn to compare our approach to the least square assembling model.  

4.1 2D linear linkage 
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Fig. 5. Tthe mechanical linkage and its upper and lower contact zones 



To illustrate this paper, the study case is a 2D linear linkage, composed of two 2D 
linear contacts, upper and lower contacts. For this example, the geometrical clearance 
of the linkage is set to 20µm and form deviation are randomly drawn then measured.  

Based on our proposed methods, possible contact facets and points are identified 
for each contact area, on the upper and lower.  

 
 Strength (µm) Localisation* (µm) Real localisation (µm) 

Shape 1 11.0 4.8 11.8 
Shape 2 10.5 3.8 8.0 
Shape 3 12.4 3.5 9.1 
Shape 4 9.3 4.2 11.2 

* deviation of the localisation of the least square associated geometry 

Table 1. Values characterizing the shapes of the linkage 

An added difficulty is the fact that the linkage can not be assembled due 
interpenetration of parts. Hence, for each relative positioning of the inner part on the 
outer one, interpenetration is checked. The following figure 6 illustrates a positioning 
with interpenetration of parts; this relative positioning is no considered.  
 

 

Fig. 6. Non-possible position of the linkage due to interpenetration on the upper contact, a) 
upper contact zone with interpenetration, b) lower contact zone with contact 

  

 

Fig. 7. One extreme rotation in the linkage, a) upper contact zone with contact,  
b) lower contact zone with contact 



Another difficulty is to find the two relative positioning given by the extreme 
rotations. An iterative approach is chosen to find both extreme rotations in the 
linkage. The following figure 7 shows one extreme rotation where contact points are 
not located at the extremity of the shapes. 
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Fig. 8. Linkage clearance domains for theoretical, associated and real model 

Finally, the clearance domain of the mechanical linkage is identified and showedon 
the following figure 8. In this graph, small displacement torsors components define 
the axis. Limits are always convex (small displacement assumption). Three domains 
are obtained: 

• The red one corresponds to the theoretical clearance domain given by the 
geometrical characteristics of the linkage and its gap,  

• The black domain corresponds to the clearance domain obtained with the ideal 
least square associated shapes, which is the commonly used model,  

• The blue domain corresponds to the real clearance domain regarding to the form 
deviation of shapes. This domain is defined by the convex domain of the parts 
relative positioning in the small displacement domain where interpenetration 
positions are not used but extreme rotations are added.  

 
 Area (µm2) Rotation range (µm) Translation range 

(µm) 
Theoretical 400 40 20 
Associated 925 (= 231% *) 58.6 (= 147% *) 29.3 (= 147% *) 

Real 755 (= 189% *) 66 (= 165% *) 14.5 (= 73% *) 
* compared to the theoretical clearance domain 

Table 2. Characteristics of the theoretical, associated and real clearance domains. 



To compare these different clearance domains, it is chosen to measure the domains 
area, translation range (horizontal length) and rotation range (vertical length). The 
following table 2 shows the different domains measures where it can be observed that, 
for this particular case, the theoretical domain area is more or less half of the 
associated and real domains areas. Another remark is that the associated domain is 
almost homothetic compared to the theoretical one, but the real domain shows that 
although the rotation range is a bit larger than the translation range of the associated 
domain, the translation range is half of the translation range of the associated domain. 

4.2 Simulations  

This part presents simulations in order to evaluate the influence of the strengthness 
and associated localization zones. The clearance value of the mechanical link is set to 
6µm. Strengthness and associated localization of shapes are independantly set from 0 
to 12µm by step of 2µm. For each configuration, 1000 assemblies are drawn, and 
their associated and real clearance domains are measured. Hence, the following 
results are made by 7*7*1000 simulations.  
 

 

Fig. 9. Evolution of the rate of non-assembling linkages depending on the forms strengths and 
associated localisation for the 6µm linkage clearance value. 

The first result showed in the figure 9 is the rate of non-assembling linkage given 
the deviation zones of shapes find with the real model considering the form deviation. 
It can be observed that almost all linkage can be assembled when the associated zone 
is null and the shape strength is lower or equal to the linkage clearance.  

The next figures concern the dimensions (area, translation and rotation range) of 
the associated and real clearance domains. Plotted surfaces represent the mean 
dimensions of the clearance domains of the drawn assemlies.  

It can be observed on the following figure 10 that the domains dimensions are 
identical to the theoretical domains when no associated deviation are considered, this 
is due to the model that does not consider form deviation. Another remark is that 



dimensions of the domains grow as deviation zones grow, there is no compensation 
due to the strengthness it can be observed on our model as showed in the following 
figure 11. 

The figure 11 c shows that when the associated deviation zone equals or is upper to 
the linkage clearance, the strength almost has no effect on the rotation range of the 
clearance domain. However, as the strength increases the real clearance domains 
characteristics deacrease.  
 

 

Fig. 10. Evolutions of the associated clearance domains, a) domain area, b) domain rotation 
range, c) domain translation range 

 

Fig. 11. Evolutions of the real clearance domains, a) domain area, b) domain rotation range, c) 
domain translation range 

4 Conclusion 

This paper continues our previous works dealing with form deviations in assemblies 
and shows that form deviations of parts not only impact their relative positioning but 
also impact the assembly clearance domain of the mechanical linkage.  

It can be conclude that the rigid assembly model usually considered for tolerancing 
is not correct concerning the assembly prediction with form deviation, even in a small 
deviation zone. Hence the solution proposed by [6] and others, the strength deviation 
is considered as an additional rigid deviation zone, can appear to be a correction of 
this problem.  

Then, works have to be continued to evaluate more precisely the separated and 
combined influence of each form deviation on the assembly functional requirement. 
The aim will be to find an expression or a criterion for the acceptance of the shape 
deviation that guarantees the functional requirement.  
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