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Abstract

We discuss scaling limits of large bipartite quadrangulations of positive genus. For a
given g, we consider, for every n > 1, a random quadrangulation ¢, uniformly distributed
over the set of all rooted bipartite quadrangulations of genus g with n faces. We view it as
a metric space by endowing its set of vertices with the graph distance. We show that, as n
tends to infinity, this metric space, with distances rescaled by the factor n~/*, converges
in distribution, at least along some subsequence, toward a limiting random metric space.
This convergence holds in the sense of the Gromov-Hausdorff topology on compact metric
spaces. We show that, regardless of the choice of the subsequence, the Hausdorff dimension
of the limiting space is almost surely equal to 4.

Our main tool is a bijection introduced by Chapuy, Marcus, and Schaeffer between the
quadrangulations we consider and objects they call well-labeled g-trees. An important part
of our study consists in determining the scaling limits of the latter.
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1 Introduction

1.1 Motivation

The aim of the present work is to investigate scaling limits for random maps of arbitrary genus.
Recall that a map is a cellular embedding of a finite graph (possibly with multiple edges and loops)
into a compact connected orientable surface without boundary, considered up to orientation-
preserving homeomorphisms. By cellular, we mean that the faces of the map—the connected
components of the complement of edges—are all homeomorphic to discs. The genus of the map
is defined as the genus of the surface into which it is embedded. For technical reasons, it will be
convenient to deal with rooted maps, meaning that one of the half-edges—or oriented edges—is
distinguished.



We will particularly focus on bipartite quadrangulations: a map is a quadrangulation if all
its faces have degree 4; it is bipartite if each vertex can be colored in black or white, in such
a way that no edge links two vertices that have the same color. Although in genus g = 0, all
quadrangulations are bipartite, this is no longer true in positive genus g > 1.

A natural way to generate a large random bipartite quadrangulation of genus g is to choose it
uniformly at random from the set Q,, of all rooted bipartite quadrangulations of genus g with n
faces, and then consider the limit as n goes to infinity. From this point of view, the planar
case—that is ¢ = 0—has largely been studied for the last decade. Using bijective approaches
developed by Cori and Vauquelin [8] between planar quadrangulations and so-called well-labeled
trees, Chassaing and Schaeffer [7] exhibited a scaling limit for some functionals of a uniform
random planar quadrangulation. They studied in particular the so-called profile of the map,
which records the number of vertices located at every possible distance from the root, as well
as its radius, defined as the maximal distance from the root to a vertex. They showed that the
distances in the map are of order n'/* and that these two objects, once the distances are rescaled
by the factor n=1/4, admit a limit in distribution.

Marckert and Mokkadem [21] addressed the problem of convergence of quadrangulations as a
whole, considering them as metric spaces endowed with their graph distance. They constructed
a limiting space and showed that the discrete spaces converged toward it in a certain sense. The
natural question of convergence in the sense of the Gromov-Hausdorff topology [14] remained,
however, open. It is believed that the scaling limit of a uniform random planar quadrangulation
exists in that sense. An important step toward this result has been made by Le Gall [17] who
showed the tightness of the laws of these metric spaces, and that every possible limiting space—
commonly called Brownian map, in reference to Marckert and Mokkadem’s terminology—is in
fact almost surely of Hausdorff dimension 4. He also proved, together with Paulin [19], that
every Brownian map is almost surely homeomorphic to the two-dimensional sphere. Miermont
[22] later gave a variant proof of this fact.

In positive genus, Chapuy, Marcus, and Schaeffer [6] extended the bijective approaches known
for the planar case, leading Chapuy [5] to establish the convergence of the rescaled profile of a
uniform random bipartite quadrangulation of fixed genus. A different approach consists in using
Boltzmann measures. The number of faces is then random: a quadrangulation is chosen with
a probability proportional to a certain fixed weight raised to the power of its number of faces.
Conditionally given the number of faces, a quadrangulation chosen according to this probability
is then uniform. Miermont [23] showed the relative compactness of a family of these measures,
adapted in the right scaling, as well as the uniqueness of typical geodesics in the limiting spaces.

The present work generalizes a part of the above results to any positive genus: we will show
the tightness of the laws of rescaled uniform random bipartite quadrangulations of genus g with n
faces in the sense of the Gromov-Hausdorff topology. These results may be seen as a conditioned
version of some of Miermont’s results appearing in [23]. We will also prove that the Hausdorff
dimension of every possible limiting space is almost surely 4.

1.2 Main results

We will work in fixed genus g. On the whole, we will not let it figure in the notations, in order
to lighten them. As the case g = 0 has already been studied, we suppose g > 1.

We use the classic formalism for maps, which we briefly remind here. For any map m, we
denote by V(m) and E(m) respectively its sets of vertices and edges. We also call E(m) its set of
half-edges. By convention, we will note ¢, € E (m) the root of m. For any half-edge ¢, we write ¢
its reverse—so that E(m) = {{¢,¢} : ¢ € E}—as well as e_ and e, its origin and end. Finally,
we say that E(m) C E(m) is an orientation of the half-edges if for every edge {e,¢} € E(m)



exactly one of ¢ or ¢ belongs to F(m).
Recall that the Gromov-Hausdorff distance between two compact metric spaces (S,d) and
(8',4") is defined by

dan ((Sa 5)7 (S/a 5/)) := inf {dHaus (50(8)7 90/(8/))},

where the infimum is taken over all embeddings ¢ : S - §” and ¢’ : &' — §” of S and &'
into the same metric space (S”,0"”), and dpyqus stands for the usual Hausdorff distance between
compact subsets of §”. This defines a metric on the set of isometry classes of compact metric
spaces ([4, Theorem 7.3.30]), making it a Polish space®.

Any map m possesses a natural graph metric dy: for any a,b € V(m), the distance dy(a,b)
is defined as the number of edges of any shortest path linking a to b. Our main result is the
following.

Theorem 1 Let q, be uniformly distributed over the set Q, of all bipartite quadrangulations
of genus g with n faces. Then, from any increasing sequence of integers, we may extract a
subsequence (ng)r>o0 such that there exists a random metric space (qoo, doo) satisfying

1 (d)
(V(an), 11 dan) k—)oo> (docs doo)
TNy

in the sense of the Gromov-Hausdorff topology, where

- )"

Moreover, the Hausdorff dimension of the limit space (qoo,doo) is almost surely equal to 4,
regardless of the choice of the sequence of integers.

The limiting spaces (qoo, doo ) appearing in Theorem 1 are expected to have similar properties
as in the case g = 0. For instance, they are expected to have the same topology as the torus
with g holes, and to possess the property of uniqueness of their geodesic paths. In an upcoming
work, we will show that the topology is indeed that of the g-torus.

We call g-tree a map of genus g with only one face. This generalizes the notion of tree: note
that a O-tree is merely a (plane) tree. In order to show Theorem 1, we will code quadrangulations
by g-trees via a bijection introduced by Chapuy, Marcus, and Schaeffer [6], which we expose in
Section 2. We then study the scaling limits of g-trees: we first decompose them in Section 3
and study their convergence in Section 4 and 5. Finally, Section 6 is dedicated to the proof of
Theorem 1.

Along the way, we will recover an asymptotic expression, already known from [6], for the
cardinality of the set Q,, of all rooted bipartite quadrangulations of genus g with n faces. Fol-
lowing [6], we call dominant scheme a g-tree whose vertices all have degree exactly 3. We write
G* the (finite) set of all dominant schemes of genus g. It is a well-known fact that there exists
a constant t, (only depending on g) such that |Q,| ~ t, n3(9=1) 127 (see for example [1, 6, 23)).
This constant plays an important part in enumeration of many classes of maps [1, 13] .

IThis is a simple consequence of Gromov’s compactness theorem [4, Theorem 7.4.15].



Theorem 2 ([6]) The following expression holds

4g9—3
3

9 1
tg = 911g—7 (69—3)F (%) Z Z H d()\,’t), (1)

s€6* A€, i=1

where the second sum is taken over all (4g—2)! orderings A of the vertices of a dominant scheme
s € 6%, i.e. bijections from [0,4g — 3] onto V(s), and

A\ k) = Heeﬁ(s), A7 <k§>\e‘f}’. 2)

As the proof of this expression is more technical, we postpone it to the last section. By
convention, we will suppose that all the random variables we consider are defined on a common
probability space (2, F,P).

2 The Chapuy-Marcus-Schaeffer bijection

The first main tool we use consists in the Chapuy-Marcus-Schaeffer bijection [6, Corollary 2 to
Theorem 1], which allows us to code (rooted) quadrangulations by so-called well-labeled (rooted)
g-trees.

It may be convenient to represent a g-tree t with n edges by a 2n-gon whose edges are pairwise
identified (see Figure 1). We note ¢; := e, ¢, ..., ¢2, the half-edges of t sorted according to the
clockwise order around this 2n-gon. The half-edges are said to be sorted according to the facial
order of t. Informally, for 2 < ¢ < 2n, ¢; is the “first half-edge to the left after ¢;_;.” We call
facial sequence of t the sequence t(0), t(1), ..., t(2n) defined by t(0) = t(2n) = ¢] = ¢ and
for 1 <i<2n—1,t4)=c¢ = ¢; ;- Imagine a fly flying along the boundary of the unique face
of t. Let it start at time 0 by following the root ¢, and let it take one unit of time to follow each
half-edge, then (i) is the vertex where the fly is at time i.

«3) £(0), t(2)

Figure 1: On the left, the facial order and facial sequence of a g-tree. On the right, its representation as
a polygon whose edges are pairwise identified.

Let t be a g-tree. The two vertices u,v € V(1) are said to be neighbors, and we write u ~ v,
if there is an edge linking them.

Definition 1 A well-labeled g-tree is a pair (t,1) where t is a g-tree and | : V(t) = Z is a
function (thereafter called labeling function) satisfying:

i. [(e;) =0, where e, is the root of t,



it. if u ~wv, then |I(u) — I(v)] < 1.
We call T, the set of all well-labeled g-trees with n edges.

A pointed quadrangulation is a pair (g,v.) consisting in a quadrangulation g together
with a distinguished vertex v, € V(q). We call

Q2 :={(q,ve) : 4 € Qn, ve € V(q)}

the set of all pointed bipartite quadrangulations of genus g with n faces.

The Chapuy-Marcus-Schaeffer bijection is a bijection between the sets 7, x {—1,+1} and Q2.
As a result, because every quadrangulation q € Q,, has exactly n + 2 — 2g vertices, we obtain
the relation

(n+2—29)[Qn| = 2[Tal. (3)

Let us now briefly describe the mapping from 7, x {—1,+1} onto QF. We refer the reader
to [6] for a more precise description. Let (t,I) € 7, be a well-labeled g-tree with n edges
and £ € {—1,41}. As above, we write t(0), t(1), ..., t(2n) its facial sequence. The pointed
quadrangulation (g, ve) corresponding to ((t,[),e) is then constructed as follows. First, shift all
the labels in such a way that the minimal label is 1. Let us call [ := [ — min [ + 1 this shifted
labeling function. Then, add an extra vertex v, carrying the label f(v.) := 0 inside the only
face of t. Finally, following the facial sequence, for every 0 < ¢ < 2n — 1, draw an arc—without
crossing any edge of t or arc already drawn—between t(¢) and its successor, defined as follows:

o if (t(i)) = 1, then its successor is the extra vertex v,

o if [((7)) > 2, then its successor is the first following vertex whose shifted label is [(£()) — 1,
that is t(j), where

[tz (k) = T(0) — 1} (k> < T(k) = () — 1} £ 2,
inf{k >1: I(t(k)) =(t(i)) — 1} otherwise.

The quadrangulation ¢ is then defined as the map whose set of vertices is V (t) U {ve }, whose
edges are the arcs we drew and whose root is the first arc drawn, oriented from t(0) if ¢ = —1 or
toward £(0) if e = +1 (see Figure 2).

Because of the way we drew the arcs of g, we see that for any vertex v € V(q), [(v) = dq(ve, v).
When seen as a vertex in V(q), we write q(i) instead of t(i). In particular,

{a(0),0 <@ <2n} = V(q)\{ve}.

We end this section by giving an upper bound for the distance between two vertices q() and
q(4), in terms of the labeling function [:

kei,j kel

dq(a(i), a(5)) < UH(E)) +(t(7)) — 2 max < min_ [(¢(k)), min [(f(k))> +2 (4)

where we note, for i < j, [i,7] :=[¢,j]NZ = {i,i+1,...,j}, and

— [i, 4] it i<,
[[z,—yﬁ-—{ [[i,2n]]Li[[0,j]] if j<ji.



Figure 2: The Chapuy-Marcus-Schaeffer bijection. In this example, € = 1. On the bottom-left picture,
the vertex ve has a thicker (red) borderline.

We refer the reader to [23, Lemma 4] for a detailed proof of this bound. The idea is the
following: we consider the paths starting from t(¢) and t(j) and made of the successive arcs going
from vertices to their successors without crossing the g-tree. They are bound to meet at a vertex
with label m — 1, where

m = min_[(t(k)).
keli,j
On Figure 3, we see that the (red) plain path has length [(t(¢)) — m + 1 and that the (purple)
dashed one has length [(t(j)) — m + 1.

WG -1 m

Figure 3: Visual proof for (4). Both paths are made of arcs constructed as explained above.

3 Decomposition of a g-tree

We investigate here more closely the structure of a g-tree t. We call scheme a g-tree with no
vertices of degree 1 or 2. Roughly speaking, a g-tree is a scheme in which every half-edge is
replaced by a forest.



3.1 Forests
3.1.1 Formal definitions

We adapt the standard formalism for plane trees—as found in [24] for instance—to forests. Let

o0
U= U N™
n=1
where N := {1,2,...}. If u € N, we write |u| :=n. For v = (u1,...,un), v = (v1,...,0p) €U,
we let uv == (u1,...,Un,v1,...,0p) be the concatenation of u and v. If w = wv for some u,v € U,

we say that u is a ancestor of w and that w is a descendant of u. In the case where v € N, we
may also use the terms parent and child instead.

Definition 2 A forest is a finite subset f C U satisfying:
i. there is an integer t(f) > 1 such that f NN = [1,¢(f) + 1],
it. if u € §, |u| > 2, then its parent belongs to f,
iii. for every u € f, there is an integer ¢, (f) > 0 such that ui € § if and only if 1 <i < e, (f),

. Ct(f)-i—l(f) = 0.

The integer t(f) encountered in i. and iv. is called the number of trees of f.

We will see in a moment why we require ¢(f) 4+ 1 to lie in f. For v = (u1,...,up) € f, we call
a(u) := uy its oldest ancestor. A tree of f is a level set for a: for 1 < j < ¢(f), the j-th tree of §
is the set {u € f : a(u) = j}. The integer a(u) hence records which tree u belongs to. We call
fNN = {a(u), u € §} the floor of the forest .

For u,v € f, we write u ~ v if either

o u is a parent or child of v, or

o u,v € Nand |[u—v| =1.

It is convenient, when representing a forest, to draw edges between parents and their children,
as well as between ¢ and i + 1, for ¢ = 1,2,...,¢(f), that is between u’s and v’s such that u ~ v
(see Figure 4). We say that an edge drawn between a parent and its child is a tree edge whereas
an edge drawn between an ¢ and an ¢ 4+ 1 will be called a floor edge.

We call # the set of all forests with o trees and m tree edges, that is

Fr={f:t(f) =0, [fl=m+oc+1}.

Definition 3 A well-labeled forest is a pair (f,1) where § is a forest and [ : f — 7Z is a function
satisfying:

i. for allu e fNN, l(u) =0,
it. if u~wv, [(u) —(v)] <1.

Let
3o ={(.D: T 7"}

be the set of well-labeled forests with o trees and m tree edges.



Figure 4: An example of well-labeled forest from F2°.

Remark. For every forest in .Z.", there are exactly 3" admissible ways to label it: for all tree
edges, one may choose any increment in {—1,0,1}. As a result, |7 = 3™ |.Z|.

3.1.2 Encoding by contour and spatial contour functions

There is a very convenient way to code forests and well-labeled forests. Let f € .#2" be a forest.
Let us begin by defining its facial sequence f(0),f(1),...,§f(2m + o) as follows (see Figure 5):
f(0) :=1, and for 0 <i <2m+ o0 — 1,

o if f(¢) has children that do not appear in the sequence (0), (1), ..., §(i), then f(i + 1) is the
first of these children, that is f(i + 1) := f(¢)jo where

jo =min{j > 1 :§(@)j ¢ {5(0),§(1),....§(0)}},

o otherwise, if f(¢) has a parent (that is [f(¢)| > 2), then §(i + 1) is this parent,

o if neither of these cases occur, which implies that [f(i)| = 1, then f(i + 1) := f(2) + 1.

Figure 5: The facial sequence associated with the well-labeled forest from Figure 4.

It is easy to see that each tree edge is visited exactly twice—once going from the parent to
the child, once going the other way around—whereas each floor edge is visited only once—from
some i to i + 1. As a result, f(2m + o) = (f) + 1.

The contour function of f is the function Cj : [0, 2m+ 0] — R defined, for 0 <i < 2m+o,
by
Cy(@) = [f@)] + t(F) — a (§(9))

and linearly interpolated between integer values (see Figure 6).

We can easily check that the function Cj entirely determines the forest f. We see that Cj
ranges in the set of paths of a simple random walk starting from ¢(f) and conditioned to hit 0
for the first time at 2m + o. This allows us to compute the cardinality of 7"



Lemma 3 Let 0 > 1 and m > 0 be two integers. The number of forests with o trees and m tree
edges is:

o o 2m+o
F| = —— ¥t p(g, = = ,
’ (S2m+ o) 2m+a< m )

where (S;)i>o0 s a simple random walk on Z.

Proof. Shifting the contour functions, we see that |.#| is the number of different paths of a
simple random walk starting from 0 and conditioned to hit —o for the first time at 2m + 0. We
have

| Z0 | = 22" P (Somqo = —0 3 Vi € [0,2m + 0 — 1], S; > —0)

g
- 22T B( Sy =
om+o (2 + J)v

where the second equality is an application of the so-called cycle lemma (see for example [2,
Lemma 2]). The second equality of the lemma is obtained by seeing that Sa,,+, = o if and only
if the walk goes exactly m + o times up and m times down. (I

Now, if we have a well-labeled forest (f,[), the contour function Cj enables us to recover f.
To record the labels, we use the spatial contour function L; : [0,2m + o] — R defined, for
0<i<2m+ o, by

Ly (@) == 1(5(2))

and linearly interpolated between integer values (see Figure 6). The contour pair (Cj, Ly,)
then entirely determines (f,[).

A

A

Figure 6: The contour pair of the well-labeled forest appearing in Figures 4 and 5. The paths are dashed
on the intervals corresponding to floor edges.

3.2 Scheme
3.2.1 Extraction of the scheme out of a g-tree

Definition 4 We call scheme of genus g a g-tree with no vertices of degree one or two. A
scheme is said to be dominant when it only has vertices of degree exactly three.



Remark. The Euler characteristic formula easily shows that the number of schemes of genus g
is finite. We call & the set of all schemes of genus g and G* the set of all dominant schemes of
genus g.

It was explained in [6] how to extract the scheme out of a g-tree t. Let us recall now this
operation. By iteratively deleting all its vertices of degree 1, we are left with a—mnon-necessarily
rooted—g-tree. If the root has been removed, we root this new g-tree on the first remaining
half-edge following the actual root in the facial order of t.

The vertices of degree 2 in the new g¢-tree are organized into maximal chains connected
together at vertices of degree at least 3. We replace each of these maximal chains by a single
new edge. The edge replacing the chain containing the root is chosen to be the final root (with
the same orientation).

By construction, the map s we obtain is a scheme of genus g, which we call the scheme of the
g-tree t. The vertices of t that remain vertices in the scheme s are called the nodes of t. See
Figure 7.

Figure 7: Eztraction of the scheme s outl of the g-tree t.

3.2.2 Decomposition of a g-tree

When iteratively removing vertices of degree 1, we actually remove whole trees. Let ¢, ¢a, ...,
¢x be one of the maximal chains of half-edges linking two nodes. The trees that we remove,
appearing on the left side of this chain, connected to one of the ¢; ’s, form a forest—with &
trees—as defined in Section 3.1. Beware that the tree connected to c; is not a part of this forest;
it will be the first tree of some other forest. Remember that the forests we consider always end by
a single vertex not considered to be a tree. This chain being later replaced by a single half-edge

10



of the scheme, we see that a g-tree t can be decomposed into its scheme s and a collection of
forests (fe)eeﬁ(s)' Recall that E(s) is the set of all half-edges of s.

For ¢ € E(s), let us define the integers m® > 0 and o° > 1 by
Jez, (5)

so that m* records the “size” of the forest attached on the half-edge ¢ and o° its “length.”

In order to recover t from s and these forests, we need to record the position its root. It
may be seen as a half-edge of the forest j** corresponding to the root e. of s. We code it by the
integer

u € [0, 2m® + o[ (6)

for which this half-edge links §**(u) to §** (u + 1).
For every half-edge ¢ € E(s), if we call ¢ its reverse, we readily obtain the relation:

o =o". (7)

This decomposition may be inverted. Let us suppose that we have a scheme s and a collection
of forests (fe)eeﬁ(s)' Let us define the integers m*’s and o°’s by (5) and suppose they satisfy (7).
Let again 0 < u < 2m** 4+ ¢ be an integer. Then we may construct a g-tree as follows. First,
we replace every edge {e,¢} by a chain of 0¢ = ¢ edges. Then, for every half-edge ¢ € E (s), we
replace the chain of half-edges corresponding to it by the forest §°, in such a way that its floor?
matches with the chain. Finally, we find the root inside §** thanks to the integer w.

This discussion is summed up by the following proposition. The factor 1/2 in the last state-
ment comes from the fact that the floor of §¢ and that of ¢ are overlapping in the g-tree, thus
their edges should be counted only once.

Proposition 4 The above construction provides us with a bijection between the set of all g-trees
and the set of all triples (5, (fe)eeﬁ(s)’u) where s € & is a scheme (of genus g), the forests

fe € F1 satisfy (7) and u satisfies (6).
Moreover, g-trees with n edges correspond to triples satisfying Zeeﬁ(s) (m° + %oe) =n.

3.2.3 Decomposition of a well-labeled g-tree

We now deal with a well-labeled g-tree. We will need the following definitions:
Definition 5 We call Motzkin path a sequence of the form (My)o<n<s for some o > 0 such
that Mo = 0 and for 0 <i <o —1, My1 — M; € {~1,0,1}. We write o(M) := o its lifetime,
and M := My pry its final value.

A Motzkin bridge of lifetime o from I; € Z to Iy € Z is an element of the set

Mf(l);]b = {ll + M : M Motzkin path such that o(M) = o, M =1y — ll} .

We say that (M,,),>0 is a simple Motzkin walk if it is defined as the sum of i.i.d. random
variables with law 1(6_1 + 8o + 01).

2The floor of a forest f is naturally oriented from 1 to ¢(f) + 1. The forest ¢ is then grafted “to the left side”
of e.

11



Remark. We then have

(M| =37 P(My =15 — 1)

where (M;);>0 is a simple Motzkin walk.

When decomposing a well-labeled g-tree (t,[) into a triple (s, (f¢),u) according to Proposi-
tion 4, every forest f¢ naturally inherits a labeling function noted [ from [. In general, the
forest (fe,fe) is not well-labeled, because the labels of its floor have no reason to be equal to 0.
We will transform it into a Motzkin bridge ¢ starting from 0 and a well-labeled forest (§¢, ).
The Motzkin bridge records the floor labels shifted in order to start from 0: for 0 < i < #(§°),
O (7) == [€(i+1) — [¢(1), where, on the right-hand side, we used the notation {1,2,...,¢(f¢)+1}
for the floor of §*. The well-labeled forest is obtained by shifting all the labels tree by tree in
such a way that the root label of any tree is 0: for all w € §¢, [¢(w) := [*(w) — [*(a(w)).

We thus decompose the well-labeled g-tree (t,[) into its scheme s, a collection (901%),. (s) Of
Motzkin bridges started at 0, a collection (f¢,[%), cB(s) of well-labeled forests and an integer u,
as shown on Figure 8.

- fe [

Figure 8: Decomposition of a well-labeled g-tree t into its scheme s, the collection of Motzkin bridges
(M%) 5(sy» and the collection of well-labeled forests (§,1°) cp(,)- In this example, the integer u = 50.
The two nodes of t are more thickly outlined.

For ¢ € E(s), we define the integer [° € Z to be such that
M € MO ®

It records the spatial displacement made along the half-edge ¢. Because the floor of §¢ overlaps
the floor of ¢ in the g-tree, MM° and 9° read the same labels in opposite direction:

ME(3) = M (0° — 4) — I 9)

In particular, I = —[°. But this is not the only constraints on the family (I%) ceB(s)" These
will be easier to understand while looking at vertices instead of edges. For every vertex v € V(s),
we let [ be the label of the corresponding node shifted in such a way that [°+ = 0. We have the

following relation between (le)eeé(s) and (IV),ev (s): for all e € E(s),

=1 -0 (10)
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so that the family (I"),cv(s) entirely determines (I°) Because of the choice we made,

[*= =0, it is easy to see that (le)eeﬁ(s)
It now becomes clear that the only constraint on (I°)
(I")vev(s) by the relations (10).

ecE(s)"
determines (I"),cy (s) as well.

ccF(s) is to be obtained from a family

Let s be a scheme, (M), () be a family of Motzkin bridges started from 0, (%, ), 5, be
a family of well-labeled forests, and u be an integer. Let the integers m®’s, 0¢’s and [*’s be defined
by (5) and (8). We will say that the quadruple (s, (Dﬁe)eeﬁ(s), (F¢, [e)eeﬁ(s)’“) is compatible if
the integers o®’s satisfy the constraints (7), the Motzkin bridges 9’s satisfy (9), the integers
[*’s can be obtained from a family (IV),cy (s) by the relations (10), and u satisfies (6).

Let suppose now that we have a compatible quadruple (5, (9312)26}5(5), (f¢, [e)eeﬁ(s),u). We
may reconstruct a well-labeled g-tree as follows. We begin by suitably relabeling the forests. For
every half-edge ¢, first, we shift the labels of 9° by [° so that it becomes a bridge from I® to
I Then, we shift all the labels of (¢, [¢) tree by tree according to the Motzkin bridge: precisely,
we change [ into w € ¢ — [¢ + M(a(w) — 1) + [*(w). Then, we replace the half-edge ¢ by
this forest, as in the previous section. As before, we find the root thanks to u. Finally, we shift
all the labels for the root label to be equal to 0. This discussion is summed up by the following
proposition.

Proposition 5 The above construction provides us with a bijection between the set of all well-
labeled g-trees and the set of all compatible quadruples (5, (Dﬁe)eeﬁ(g), (F¢, [e)eeﬁ(g)’u)'

Moreover, g-trees with n edges correspond to quadruples satisfying Zeeﬁ(s) (m° + %ae) =n.

If we call (C*®, L*) the contour pair of (f¢, [¢), then we may retrieve the oldest ancestor of ¢(7)
thanks to C*® by the relation
a(f* (i) =1 =0 = C(i),

where we use the notation

X, =inf X
[0,5]
for any process (X;)s>0. The function
[ ¢ el ¢ e
o = (L (t) + M (o — C (t)))ogtgmcw (11)

then records the labels of the forest ¢, once shifted tree by tree according to the Motzkin
bridge 9t¢. This function will play an important part in Section 6.

Through the Chapuy-Marcus-Schaeffer bijection, a uniform random quadrangulation corre-
sponds to a uniform random well-labeled g-tree. In order to investigate the scaling limit of the
latter, we will proceed in two steps. First, we consider the scaling limit of its structure, consisting
in its scheme along with the integers m*’s, ¢’s, [V’s and u previously defined. Then, we deal
with its Motzkin bridges and forests conditionally given its structure.

4 Convergence of the structure of a uniform well-labeled
g-tree

4.1 Preliminaries

We investigate here the convergence of the integers previously defined, suitably rescaled, in the
case of a uniform random well-labeled g-tree with n vertices. Let (%, [,,) be uniformly distributed
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over the set T, of well-labeled g-trees with n vertices. We call its scheme s,, and we define

M) e (s, T W) ecBan)r (Mndecia,)r (Tn)ecBer Un)eeBe,)r Unlvevis,, and un

as in the previous section. We know that the right scalings are 2n for sizes, v2n for distances in
1 . .
the g-tree, and yn7 for spatial displacements?, so we set:

4 2m$1+0—721 4 o-’fz lc l’f} v lfl d Un,
m = O(p) ‘= —F—» n) = 1 n) ‘= arn Uip) = —.
(n) o ™ = 5 ) = 1 ) = T () "= 5

Remark. Throughout this paper, the notations with a parenthesized n will always refer to
suitably rescaled objects—as in the definitions above.

As sensed in the previous section, it will be more convenient to work with {?’s instead of [*’s.
We use the notation Z; := {0,1,...} for the set of non-negative integers. For any scheme s € &,

we define the set €, (s) of quadruples (m,o,l,u) lying in Zf(s) x NE(s) x 7V () 7. such that:
o Ve € E(s), 0% = o°,
o 1% =0,
o 0<u<2m>*+o% —1,
© ek (M +30°) =n.

This is the set of integers satisfying the constraints discussed in the previous section for a
well-labeled g-tree with n edges. For (m,o,l,u) € €,(s), we will compute the probability that
5p, =6 and (Mg, On, by, uyn) = (M, 0,1,u). A g-tree has such features if and only if its scheme is s
and, for every ¢ € E(s), the path 9i° is a Motzkin bridge from 0 to I = '~ ¢ on [0,0°¢], and
the well-labeled forest (f¢, ) lies in F7% .

Moreover, because of the relation (9), the Motzkin bridges (91°) . () are entirely determined

by (M), (), where E(s) is any orientation of E(s). Using Lemma 3, we obtain

P(5n =85, (mnao—nalnvun) = (m,a,l,u))

_ 1 0—1° m* m®
frnd m H ’M[O,Uc] ot 8:0-?
" eCE(s)
12" o . .
= m H mP(SQWeJ’_Uc =0 ) H P(Mgc =1 ) (12)
eeﬁ(s) ecE(s)

where (S;)i>0 is a simple random walk on Z and (M;);>o is a simple Motzkin walk.

We will need the following local limit theorem (see [25, Theorems VII.1.6 and VIIL.3.16]) to
estimate the probabilities above. We call p the density of a standard Gaussian random variable:
1 a2

P(x)zﬁe 2.

W=

3Recall that ~ := (%) .
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Proposition 6 Let (X;)i>o be a sequence of i.i.d. integer-valued centered random variables with
a moment of order ro for some ro > 3. Let n* := Var(Xy), h be the maximal span® of X,

and the integer a be such that a.s. X1 € a + hZ. We define ¥ = Zf:o X, and we write
QL (i) :==P(Zy = i).

1. We have

sup
i€ka+hZ

1 EQR) - (_)] — o (k1)
2. For all 2 <r <rg, there exists a constant C' such that for alli € Z and k > 1,
C

1+‘n\/ﬁ

|7 VEQE()| <

-

Proof. The first part of this theorem is merely [25, Theorem VII.1.6] applied to the variables
%(Xk — a), which have 1 as maximal span. The second part is an easy consequence of [25,
Theorem VII.3.16]. O

In what follows, we will always use the notation S for simple random walks, M for simple
Motzkin walks, and ¥ for any other random walks. We will use this theorem with S and M: we
find (n,h) = (1,2) for S and (n,h) = (1/2/3,1) for M. In both cases, we may take r as large as
we want.

4.2 Result

Recall that & is the set of all dominant schemes of genus g, that is schemes with only vertices
of degree 3. We call p, the density of a centered Gaussian variable with variance a, as well as p/,

its derivative: .
o T , _ T
S <¢a) and - pale) =~ P <¢a> '

For any s € &, we identify an element (m,o,l,u) € Rf(s)\{e*} X (Rj_)E(s) x RVEMet xR,
with an element of RY®) x (R%)E() x RV() x R, by setting:

o m =1 =3 e Bap (e ™ (13.1)
o for every ¢ € E(s), 0f 1= o°, (13.2)
01—, (13.3)
We write

As = {(@)ene € 0,115, gy ze =1}

the simplex of dimension |E(s)] — 1. Note that the vector m lies in the simplex A, as long
as m® > 0. We define the probability p by, for all non-negative measurable function ¢ on
UsEG{s} X AS X (Rj—)E(E) X RV(E) x [Oa 1])

1
we) = % > /S AL Uimer50,ucmesy @ (5;m0Lu) [ =Phe (09) T poe (1),

s€6" ecB(s) c€E(s)

4We call maximal span of an integer-valued random variable X the greatest h € N for which there exists an
integer a such that a.s. X € a + hZ.
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where dL° = d(m*®) d(c®) d(I”) du is the Lebesgue measure on the set
S =0, 1]5(5)\{2*} X (Ri)E(s) x RV 5w 10,1]

and

T = Z/ drLs ]]-{m‘*>0 u<me=} H *p;nc (Ue) H Doe (le) (14)

SEG* ccE(s) e€E(s)

is a normalization constant. We may now state the main result of this section.

Proposition 7 The law of the random variable

(5"’ (mzn))eeﬁ(sn)’ (U(en))eeﬁ(sn)’ (lzjn))vev(sn)’ u(”))

converges weakly toward the probability .

Proof. Let ¢ be a bounded continuous function on the set

. * o) 5 , .
U {s} x As x (R)PE) xRV x [0,1]
€6

We need to look at the convergence of
E,:=E {90 (5"’ (mgn))ceﬁ(sn)’ (U(en))eeﬁ(sn)’ (ZE}”))UGV(ETL)’U(”))} )

1) Let n € N. For the time being, we identify (m, 0,1, u) € Zf(g)\{c*} xNE@) xzVE\e x 7,
with an element of Z5¥) x NE(©) x ZV() x 7, by (13.2), (13.3), and

o m*(n) :=n— ZcEE(E)\{c*} mt — ZeeE(s) o, (13.17)

instead of (13.1), which may be seen as its discrete counterpart. This is an element of €,(s)
provided that m®*(n) > 0 and 0 < u < 2m**(n) +o°*. Beware that here the definition of m®(n)
actually depends on n. It also depends on o but we chose not to let it figure in the notation for
space reasons.

For any vector z = (1, %2, ..., x1) € R¥, we note |x| the vector (|z1], [x2],..., |zx]) € Z*.

Note that for m € R (5)\{“}, m]®*(n) is well defined through (13.1’). Until further notice,
we will write [m]® for |m | (n), which n being implicit. So when we write |m], we mean the
vector such that [m|® = |m*®] for ¢ # e, and |m]™ = [m]*"(n). Using (12), we find

wem X 2 TRt ) et T ke

€6 (m,0,l,u)EC, (s) ec E(s) c€B(s)
where
. ot S . M
P, 0%) = G Qe e (0) Lggezyy and ha(0%,1) = QU(I) Ligezay.

Writing the sum over €, (s) in the form of an integral, we obtain

E, = 12”Z/d£5]lg(mau<pu [T mmis o)) IT he(lo)s 1 = 1),

7] s€6 e€E(s) c€F(s)
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where ¢|.| stands for

2\m] + o] lof U] [u]
<P<5, 2n 7\/%,771411,%),

dL® is the Lebesgue measure on the set % := Rf(g)\{e*} X (Ri)E(ﬁ) x RV} w Ry and
&5 1= {(m,0,u) € REMT 5 (R)PO xRy : ] (n) > 0, u < 2 |m)* (n) + o]}

Finally, the changes of variables m +— nm, o0 — 2no, | — ’yn% [, and u +— 2nu yields

En:%Zn‘m?‘*gz‘““‘fﬂ“ 39 / ace A3 ] B [[ o3 (15)
n Ss

s€6 eeﬁ(s) e€E(s)

where

A5, = 1gs (nm, V2n.0,2n u) <p(5, 2 [nm] ;'nt\/%aj ’ L\/\/Q?_noj , L:TZLZJ I_QHUJ)’
By =nhi (|nm), |V2nol*),

€3¢ =y ha([VaRa), yndy) '~ [ymt) ).

2) We are now going to see that every integral term of the sum appearing in the equation (15)
converges, by dominated convergence. We no longer use (13.1”) but (13.1) in the identification
(13). Because

2 [nm](n) + |V2not] 2|nm¢| + |V2not] . .

m _1_qz m s o0 1_qz mo=m-,
c€E(s)\{ex} e B(s)\{ex}

we see that A7, — Lipe> 0, ucme=} @ (5,m,0,1,u). Thanks to Proposition 6, we then obtain

By — —pl.(cf) and C3¢ — pye ().

It remains to prove that the convergence is dominated. To that end, we use the second part
of Proposition 6. In the remainder of the proof, C' will denote a constant in (0, c0), the value of
which may differ from line to line. First, notice that

A5 < elloo-

Then, applying Proposition 6 with r» = 3, we obtain, for n > 2,

5,¢ 2n L\/%UJK 1 ¢ el g ¢
B = T 5 QanJ +|.\/%UJ 2Q2 - e I_\/%UJ 1 _—
(2lnm]* + [V2no)°)? 2( ) nmge 4 (vam o) ) (Vamoe>1}
<c <L\/%J“)’ 2L T [Vanol* )
< \/% >3/2 {\/%0621}

(L\/%oj")Q
L+ <2[nm]"+b/%o‘j‘

<Cm) T A) 7,
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where we used the fact that for > 1, [#]”" < 2/2. The case [nm] = 0 is to be treated
separately, and is left to the reader. Applying now Proposition 6 with r = 2, we find that, for
n>2,

(QTL)i 2 NE 1 et 1¢
C;’e = DE———— —(L\/ 2TLO'J )2 I\/[2no_ ¢ L’Y”“” - \:777’4” 1 V2not>1
(IVanol)* V3 o )tz

o sttty —lynty)
vor | T2 [v/3na )"

-1
C (=1 | - 1)?
G <1 i o e

—1

IN

g

Any integrand in the equation (15) is then bounded by

C H (me)fl /\(O’e)_2 H (O_e)—l/Q <1+ (’le _lee ’ _1) ]]-{|l°+l‘|>1}> . (16)

. . g
e€E(s) e€L(s)

We have to see that this expression is integrable. First, note that we integrate with respect to u
on a compact set. Moreover,

2

- (Jis" =17 = 1)
/]Rdle <1+ par ]l{|l‘+—lt”

and we have the same bound if we integrate with respect to I*" instead of [¢ .

It is possible to injectively associate with every vertex v € V(s)\{e; } a half-edge ¢, € E(s)
such that v is an extremity of e,. Let us call Ey the range of such an injection. The integral of
the expression (16) with respect to u and [ is then bounded by

I m7 A [ tve)™ ] @2

c€E(s) ecEv c€E(s)\Ev

-1
>1}> :2_’_77.\/07
<C1V Vo,

Finally, it is easy to see that this expression, once integrated® with respect to o, is bounded by
C ]_[265(5)(7719)_7/87 which is integrable with respect to m.

3) We just saw that the integral expression in (15) converges toward
/ ace 1{m‘*20,u<m‘*} @(5,7’)@,0’,1,’&) H 7p;n‘ (O—e) H DPoe (ZE) .
: eeﬁ(s) e€E(s)

The dominant terms in the equation (15) are the ones for which |E(s)| is the largest. The
corresponding schemes are exactly the dominant ones: for a scheme, 2 [E(s)| = 3_ oy s deg(v) =
3|V (s)| and the Euler characteristic formula gives |E(s)| < 6g — 3, the equality being reached

5Be careful that, when integrating with respect to o¢ for some ¢ € FE(s), both half-edges ¢ and ¢ are to be
considered.
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when 2 |E(s)| = 3|V (s)|, that is when s is dominant. Note that this situation is exactly the same
as the one encountered in [5, 6, 23].
Hence, if ¢ is momentarily chosen to be constantly equal to 1, we obtain that

59—3 3g

1To| ~ 1270 % 275 39 T (17)

where T is defined by (14). Finally,

1
En — = Z /S dﬁs ]]_{mc*ZO,u<mc*} @(E,W,J,l,u) H 7pfm‘ (0—9) H Do (le),

n—oo Y - .
s€6” ecE(s) eeE(s)

which is the result we sought. i

5 Convergence of the Motzkin bridges and the forests

Conditionally given the vector

(50 (M8 ey O3 eeiien) s uevisn)

the Motzkin bridges 9, ¢ € E(s,,) and the well-labeled forests (f,1%), ¢ € E(s,,) are indepen-
dent and

o for every ¢ € F(s,), M,

n

on [0,0%] from 0 to & =15 — 1%,

is uniformly distributed over the set M[OO_;I;' of Motzkin bridges

5]

o for every e € E(sy,), (§, 1) is uniformly distributed over the set S;n;* of well-labeled forests
with oF, trees and m;, tree edges.

The convergence of Motzkin bridges is already known. We will properly state the result we
need in Lemma 10.

The convergence of a uniform well-labeled tree with n edges is well-known, see [7], for example.
We will need a conditioned version of this result: roughly speaking, instead of looking at one
large tree with n edges uniformly labeled such that the root label is 0, we look at a forest with n
edges, a number of trees growing like y/n, that are uniformly labeled provided the root label of
every tree is 0. For that matter, we will adapt the arguments provided in [15, Chapter 6].

Let us define the space KC of continuous real-valued functions on R killed at some time:

K:= ] c(0,2],R).

TERy

For an element f € K, we will define its lifetime o(f) as the only z such that f € C([0, z],R).
We endow this space with the following metric:

dic(f,9) = lo(f) —al(g)l +sup |f(ynol(f) —g(y Ao(g))]-

y=>0

Recall that we use the notation X(s) for the infimum up to time s of any process X € K.
Throughout this section, m and ¢ will denote positive real numbers and [ will be any real number.
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5.1 Brownian bridge and first-passage Brownian bridge

The results we show in this section are part of the probabilistic folklore. Because of the scarceness
of the references, we will give complete proofs for the sake of self-containment.

We define here the Brownian bridge B[Oojfl] on [0, m] from 0 to [ and the first-passage Brownian

bridge F[OO,_’:‘NIU on [0,m] from 0 to —c. Informally, B[Oo,_;é] and F[OO;:LTT are a standard Brownian
motion 5 on [0,m] conditioned respectively on the event {3,, = [} and on hitting —o for the
first time at time m. Of course, both theses events occur with probability 0 so we need to define
these objects properly. There are several equivalent ways do do so (see for example [3, 27, 2]).
Remember that we call p, the Gaussian density with variance a and mean 0, as well as p/, its
derivative. Let (8¢)o<i<m be a standard Brownian motion. As explained in [12, Proposition 1],

the law of the Brownian bridge is characterized by B[Oojfl] (m) =1 and the formula

& [f <(B[%% (t))0<t<m'>} -k [f ((ﬂt)ogtgm') %(l)ﬂm,)] (18)

for all bounded measurable function f on K, for all 0 < m/ < m.
We define the law of the first-passage Brownian bridge in a similar way, by letting

E(r (R ) )] =B[r (Bpen ) o=l By T )
[ ( ostSm)] [ { }

P (—0)

for all bounded measurable function f on K, for all 0 < m/ < m, and

F[%?m?’(m) = —0.

These formulae set the finite-dimensional laws of the first-passage Brownian bridge. It remains
to see that it admits a continuous version. Because its law is absolutely continuous with respect
to the Wiener measure on every [0,m'], m’ < m, the only problem arises at time m. We will,
however, use the Kolmogorov lemma [27, Theorem 1.8] to obtain the continuity of the whole
trajectory. We will see during the proof of Lemma 14 that, as for the Brownian motion, the
trajectories of the first-passage bridge are a-Holder for every oo < 1/2.

The motivation of these definitions may be found in the following lemma:

Lemma 8 Let (8;)o<i<m be a standard Brownian motion. Let (Bf)o<i<m and (Ff)o<i<m have
the law of B conditioned respectively on the events

{IBm =1l <e} and {fm<-0+¢, B, >—0—¢c}.

Then, as € goes to 0,

0—1 0——o

in law in the space (C([0,m],R), | - [|co)-

The proof of this lemma uses similar methods as those we will use for Lemma 10 so we let the
details to the reader. In what follows, we will use the following lemma, which is a consequence
of the Rosenthal Inequality [26, Theorem 2.9 and 2.10]:

Lemma 9 Let Xy, Xo,... X be independent centered random variables and ¢ > 2. Then, there
exists a constant c¢(q) depending only on q such that

k k

: ] <clg) kY E[XY.

i=1

i=1
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In particular, if X1, Xa,... X} are i.i.d.,
E l

We will see in this paragraph two lemmas showing that these two objects are the limits of
their discrete analogs. These lemmas, in themselves, motivate our definitions of bridges and
first-passage bridges. Let us begin with bridges.

We consider a sequence (Xj)r>0 of i.i.d. centered integer-valued random variables with a
moment of order go for some go > 3. We write n? := Var(X}) its variance and h its maximal
span. We define ¥; := ZZ:O X, and still write X its linearly interpolated version. Let (m,,) € Z
and (I,,) € Z" be two sequences of integers such that

k

>

=1

] < cla) k2 E[1X)7).

Discrete bridges

n ln
m(n) = m— — m and l(n) =

— [

n\/ﬁ n—oo

Let (Bn(i))o<i<m, be the process whose law is the law of (3;)o<i<m, conditioned on the
event

{Zmn = ln}a

which we suppose occurs with positive probability. We let

Bn(ns))
B = (
( ) nﬁ OSSSm(n)

be its rescaled version.
Lemma 10 As n goes to infinity, the process By, converges in law toward the process BPO%],

in the space (K, di).

Proof. We note F; := 0(X,0 < k <) the natural filtration associated with 3. Applying the
Skorokhod theorem, we may and will assume that

()
AT 0<s<m

converges a.s. toward a standard Brownian motion (8s)o<s<m for the uniform topology.

1) Let m" < m. We begin by looking at B, on [0,m/]. For n large enough, [nm'] < m,.
Let f be continuous bounded from K to R. We have

(B, ) o]

Yins P (Emn =y | ‘F[nm’])
f <<n\/ﬁ)0§s§m’> P(Em" - ln) ] . (20)

Recall the notation Q3 (i) = P (35 = 4). Using the Markov property, we obtain
b
P (Sm, =tn | Fram1) = Qo ] (bn = Spame)

1= Bor). (21)

E [f (B (s))o<s<m')] =E

=E

L
nyno "
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where the second line comes from Proposition 6. Note that the denominator of the fractional
term in (20) is the same as the numerator when m' is chosen to be 0. So the fractional term in
(20) converges a.s. toward

Pm—m/ (l - ﬂm/)
pm(l) ,
the convergence being dominated—by Proposition 6. Finally,

E [f ((Bw)(s))ogs<m)] —— E [f((ﬂs)0<s<m/) %@)@n')]

- E [f ((B[O()T},,i](s))OSsﬁm’)} '

2) We will use the following lemmas, the proofs of which we postpone right after the end of
this proof.

Lemma 11 There exists an integer ny € N such that, for every 2 < q < qo, there exists a
constant Cy satisfying, for alln >mng and 0 < s <t < M),

E [|Buy(®) — By (5)|"] < Cylt — 512 .

Lemma 12 We note B := B[%_’nfb]. For any q > 2, there exists a constant C, such that, for all
0<s<t<m,
E[|B(t) = B(s)|"] < Cq |t — 5|

By the Portmanteau theorem [3, Theorem 2.1], we can restrict ourselves to bounded uniformly
continuous functions from K to R. Let f be such a function. Let € > 0, and § > 0 be such that
di(X,Y) < ¢ implies | f(X) — f(Y)] < e.

Let 0 < @ < 1/2 —1/qp. Thanks to Lemmas 11 and 12, Kolmogorov’s criterion [30, Theo-
rem 3.3.16] provides us with some constant C' such that

3

1flloo”

K = XelC:sup'X(LX;(SHSC .
sAt |t — 3]

sgpP(B(n) ¢ K)VP(B¢K)<

where

We take m’ satisfying
m—m/|+Clm—m'|* < 2
so that, for n sufficiently large,

|7’I’L(n) — m'| +C |7’I’L(n) — m'|a < 0.

For any function X = (X (s))o<s<z € K, we define X, := (X (s))o<s<y € K. Hence

E[|f (Bw) ~ £ B)] <E || (Bew) = f (Bony e )|] +E |[£ (B ) = F (B ]
+E[|f (Bw) = f(B)]]. (22)
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Thanks to point 1), for n large enough, the second term of the right-hand side of (22) is less
than €. The first and third terms are treated in the same way (for the third term, just remove
the (n)’s): on the set {B,) € K},

dic (B(n)aB(n)‘m/) =|mey —m/|+ sup  |B(t) — By (m')|

m/ <t<mp)
<My — m'|+C () — m'|*
<5,
and
E[|7 (Bow) = £ (Bowy )|] B[ (Be) = £ (Bow )| Vpoery] + 2P (B ¢ K)
< 3e.

All in all, for n large enough

E[|f (Bm) — f(B)]] < Te,
and B,) converges weakly toward B. O

It remains to prove Lemmas 11 and 12.

Proof of Lemma 11. If |t — s| < 1/n, the fact that B, is linear on every interval [i,i + 1]
implies that (
B - B Lt 1
| (n)(t) (n)(s)| = 77\/5 = t—s,
which gives the desired result. By the triangular inequality, we can restrict ourselves to the cases
where ns and nt are integers, and either ¢t < m,)/2 or m,)/2 < s.

First, let us suppose that 0 < s <t < m,)/2. Applying (20) with m’ = ¢ and the proper
function f, we obtain

q —q,,—2 q ﬁn—nt(ln - Ent)

E [| Bl (t) — By (5)|*] = 790 4 B [ |t — S o

The asymptotic formula (21) and the fact that m,) — m yield the existence of a positive
constant ¢ and an integer ng such that for n > ny,

(23)

Vn@y, () >c and  mg,) >

SE

Then Proposition 6 ensures us that for n > ny,

V@ illn = Snt) < Vnsup sup Q) (2v/n)

zeR y>7

< % Sup sup sup (%\/@ng (x\/ﬁ)) < 0.

ze€R y>0 neN
Thus, the fractional term in the equation (23) is uniformly bounded as soon as n > ng, and
E HB(") (t) — B(n)(s)’q] <Cn zE [|Ent — Zns|q]
<Cn 3 E|[|Sh-g|’]
<Cylt—s|?
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by means of the Rosenthal Inequality (Lemma 9).

Now, if m(,)/2 < s <t < my,), we use the following time reversal invariance:

(law)

(B () gcscmp, = Um = Bm(mm) =5))gcicm, - (24)

We have

E [|Bay(t) = By (8)|"] = E [| By (mm) = 8) = By (mmy = )[]
and we are back in the case we just treated. Note that it is important that m,) be a deterministic
time. O

Proof of Lemma 12. We show the inequality for 2 < ¢ < qo. As B appears as the limit of
By (in a certain sense), we may choose the X}’s to have arbitrarily large moments, and we
see that it actually holds for any value of ¢ > 2. For 0 < s < ¢t < m, point 1) in the proof of
Lemma 10 shows that @

d

n—roo

and
E[|B(t) = B(s)"] = lim E[|B(t) - B(s)[" A M]
= lim lim E[|Bg,(t) — By(s)|* A M]

M —00 n—00

<G, lt—s|?,
where C; is the constant of Lemma 11. Tt only remains to see that B(,)(m A m(,)) — B(m) in
probability in order to obtain the same inequality for ¢ = m. The time reversal invariance (24)

implies that

(law)

Biy(mAmy) =" lny = By (mgny —m) V0),

and, thanks to 1),

| By () —m) V0)| < [Biny ((mny —m) V0) = B ((m(my —m) VO)| + |B ((mem) —m) V0|
—0

in probability, so that B(,)(m A m(,)) — | = B(m) in probability. O

Discrete first-passage bridges

We now see a lemma similar to Lemma 10 for first-passage bridges, in which we will only consider
simple random walks. Let (m,) € ZY and (0,) € N¥ be two sequences of integers such that

My, On
M) 1= - m m and o) = ﬁ m) .
We consider a sequence (X)g>1 of i.i.d. random variables with law (d_1 + 01)/2 and define
S; = 2221 X} (and, by convention, Sy = 0). We still write S its linearly interpolated version.
We call (By,(2))o<i<m, and (Fy,(i))o<i<m,, the two processes whose laws are the law of (S;)o<i<m,,
conditioned respectively on the events

{Sm, =—0on} and  {Sm, =—0n, S,,, 1 > —0n},
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which we suppose occur with positive probability. Finally, we define

B F,
\/ﬁ OSSSm(n) \/ﬁ OSSS’H’L(n)

their rescaled versions.

There is actually a very convenient way to construct F, from B,. For 0 < k < m,, the
shifted path of B,, is defined by

| Bp(k+x) — B,(k) if 0<z<m,—k,
@k(B”)(z){ Bn(k+x—my)+ Bp(my) — Bp(k)  if my, —k <z <m,.

For 0 < k < o0, — 1, the first time at which B,, reaches its minimum plus k is noted

ri(By) = mf{i . Bp(i) = inf Bn(j)+k}.

0<j<mpy
The following proposition [2, Theorem 1] gives a construction of F,, from B,,.

Proposition 13 (Bertoin - Chaumont - Pitman) Let v, be a random variable independent
of S and uniformly distributed on {0,1,...,0, — 1}. Then, the process O,, (p,)(Bn) has the
same law as F,,.

Using this construction, we may show that the first-passage Brownian bridge is the limit of
its discrete analog:

F0—>—U

Lemma 14 As n goes to infinity, the process F(y) converges in law toward the process 0,m]

in the space (K, di).

Proof. We begin as in the proof of Lemma 10. We note F; := o(Sk,0 < k < i) the natural
filtration associated with .S, and by the Skorokhod theorem, we may and will assume that

(%)
\/ﬁ 0<s<m

converges a.s. toward a standard Brownian motion (85)o<s<m for the uniform topology.

1) Let m’ < m. For n large enough, [nm’] < m,. Let f be continuous bounded from K to R.
We have

=FE Smn = —0On, §m ~1> —On
f<<\/ﬁ)0§s§m’> ’ o n—1 o ‘|
Sns P (Smn = —0On, §m —1 > —0On | ‘F[nm’])
_E n . 25
f <<\/ﬁ)ogé§m/> P (Smn = —0On, ﬁmnfl > _Un) ( )
)

Recall the notation Q7 (i) = P(Sk = i). We have to deal with terms of the form

B(Si = ~i, g1 > —i) = £ B(Sy = —i) = £ Q¥ (i),
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where the first equality is an application of the so-called cycle lemma (see e.g. [2, Lemma 2]).
Using the Markov property, we obtain

P (Sm, = ~0n, Sy, 1> ~0n | Framn)
On + S[nm/‘\
= ,,S;,Lnil',nm/“ (_Un - S]—nm’-l) ]l{ﬁlrnyn,-l>—0'n}.

My — [nm']

Here again, the denominator of the fractional term in (25) is the same as the numerator
when m’ is chosen to be 0. The fractional term in (25) converges a.s. toward

p;nfm’(_on - Bm’) 1
Pul(-0) (B

and Proposition 6 ensures that this convergence is dominated. So,

E[f ((Fny(s))o<s<m’)] — E [f ((Bs)o<s<m’) pm_";;:(fa) Bm) ]l{@m/>_a}

AT

2) For any a > 0 and X = (X (s))o<s<z € K, we write
X(t)— X(s
Xl = sup XU =X
0<s<t<w |t — s]

its a-Holder norm. Proposition 13 gives a stochastic domination of the a-Hélder norm of F{,,
by that of B(,): we may assume that [}, = 0, (p,)(Bn). If 0 <s <t <m) — 1, (Bn),

| Fny (1) = Finy (5)] = % O, (B,)(Bn)(nt) = O, (5,)(Bn)(ns)|

n (7w, (Bn) +nt) = By, 1y, (Bn) + ns)|

We obtain the same inequality when m,y — 7, (Bn) < s <t < m(y,), and by the triangular
inequality, we find
1Fom o < 2Bl -

3) We now suppose that 0 < o < 1/2. Let € > 0. Thanks to Lemma 11—for which we now
have ¢ arbitrarily large—and Kolmogorov’s criterion, we can find some constant C' such that

supP (F,) ¢ K) <e with K:={XeK:|X[.<C}. (26)

Ascoli’s theorem [29, Chapter XX]| shows that K is a compact set, so that the laws of the
F(y)’s are tight.

4) We almost have the convergence of the finite-dimensional marginals of F,) toward those

of F:= F[%_;n?”. Point 1) shows that for any p > 1,0 <51 < s9 < -+ < 5, <M,

(F(n) (51), F(n) (Sg), e ,F(n)(sp)) — (F(Sl), F(Sg), ey F(Sp)) .
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It only remains to deal with the point m. Let 6 > 0. For n large enough, on {F(n) € K},
| Eny(m A i) + 0] < o) — o] + Clmey —m[” <5,

therefore
P (|F(n) (m/\ﬂ”L(n)) +o| > 5) <P (F(n) ¢ K) <e.

We have shown that Fi,) (m A m(n)) converges in law toward the deterministic value —o so
Slutzky’s lemma allows us to conclude that the finite-dimensional marginals of F{,) converge
toward those of F'. This, together with the tightness of the laws of the F{,,’s, yields the result
thanks to Prokhorov’s lemma. (|

For any real numbers my, ma, l1, la, we define the bridge on [m1, ms] from Iy to I3 by

(Bf"ln?’l;?] (S))m1§s§m2 =ht (B[OO’_;Z:&“](S B ml)) ’

m1<s<mg

and for o1 > 09, we define the first-passage bridge on [m,mz] from oy to o by

o1—02 N 0—o2—01 _
(F[ml,mz]('s))mlgsgnw =01+ (F[Omwfml](s ml))mlgsgmz ’

5.2 The Brownian snake

We need a version of the Brownian snake’s head driven by a first-passage Brownian bridge. There
are several ways to define such an object.

We may define it as a the head of a Brownian snake with lifetime process a first-passage
Brownian bridge F[%;f]) and starting from the path 0, :=t € [0, 0] — 0 (see [16, Chapter IV] or
[9, Chapter 4] for a proper definition).

Let (Fs)o<s<m be a first-passage Brownian bridge from o to 0. The Brownian snake driven
by F and started at 0, is the path-valued process (Fs, (W (s,t), 0 <t < F§))o<s<m whose law is
defined by:

o forall 0 <t <o, W(0,t) =0,
o for all 0 < s <m, W(s,0) =0,

o the conditional law of W (s,-) given F' is the law of an inhomogeneous Markov process
whose transition kernel is described as follows: for 0 < s < s’ < m,

— W(s',t) = W(s,t) for all 0 <t <inff, o F,

_ (W(s’, infg o7 F'+ t))OStSFs’*inf[s,s’]
real Brownian motion started from W (s, inf, o F') and stopped at time Fy —inf[, ;) F'.

- is independent of W (s, -) and distributed as a

The head of this process is then defined by

(F[%;}n?az[o,m]) = ((Fs)ogsgm ) (W(San))ogsgm) .

This description has the advantage of being very visual: W(0,-) is the function 0,. Then,
every time F' decreases, we erase the tip of the previous path, and when F' increases, we glue a
part of an independent Brownian motion (see Figure 9).
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Figure 9: An approzimation of the conditioned Brownian snake. The first-passage bridge from o to 0 is
represented by the shadowy part of the figure. In order to see W (s,-), one must “cul” the surface at s
and look at the edge of the cut piece.

In the following, we will only need the head and not the whole process. The following
description gives a direct construction of this head. Conditionally given F = F[%;’I(]J, we define a
Gaussian process (Fs)ogsgm with covariance function

cov(T's,Ty) = inf (F — F).

[s,5']
The processes (F,T") then has the same law as the process (F[%jn(]’, Z[o,m]) defined above.

We easily see that we can derive the law of the head from the law of the snake, and it is
actually also possible to recover the whole snake from its head (see [20, Section 2]): starting from
the process (F, Z) = (F59, Zjg,mm)), we define

[0,m]’
W(s,t) :=Z(inf{r > s, F(r) =t}), 0<t<F(s),0<s<m.
The process (F(s), (W (s,t), 0 <t < F(s)))0<s<m then has the law of the Brownian snake

defined above. In particular, for s € [0,m] fixed, the process

(Z(inf{r >s, F(r) = t}))E(s)gtSF(S)

has the law of a real Brownian motion started from 0. Using time reversal invariance, we see
that the process

(Z(inf{r > s, F(r) = F(s) —a}) — Z(s))

0<z<F(s)—E(s)

has the same law. This fact will be used in Section 6.

5.3 The discrete snake

We will describe here an analog of the Brownian snake in the discrete setting. Let us first consider
three sequences of integers (oy,), (m,) and (I,) such that

on 2m,, + o, d 1 Iy I
O(n) '= — — 0, My 1= an n) = — 1.
(n) on (n) m (n) 7”%



We call (C,, Ly,) the contour pair of a random forest uniformly distributed over the set g~
of well-labeled forests with o, trees and m,, tree edges. We define

Con = (Cn(Qnt)) and Ly (Ln(Qnt))
V2n. J o<t<m, YnEJ o<t<mn,

their scaled versions.
We define the discrete snake (W, (i,7),0 < j < Cn(i))g<icam, 10, DY (see Figure 10)

Wy (i,7) == Ly, (sup{k <i : Cy(k)=j}) =L, (inf{k>1i : C,(k)=j}).
Let (f,1) be the well-labeled forest coded by (Cy,, Ly). Then for 0 <14 < 2m,, + oy,
(Wa(is9))o<j<cn iy

records the labels of the unique path going from #(f) + 1 to f(¢). As a result, W,,(4,j) = 0 for
0<j <t(f) +1—a(f()).

Figure 10: Discrete snake

We then extend W, to {(s,t) : s € [0,2my, + 0,], t € [0,Cy(s)]} by linear interpolation and
we 1et, for 0 <s< mn)y, 0 <t< C(n)(S),

W (2ns,v2nt)

1
ynt

W(n) (S, t) =

For each 0 < s < m ), Wy (s,-) is a path lying in

Ko:={fe k| f(0)=0},

so that we can see W(,) as an element of

Wo = | ¢([0,2],Ko).

reR

For X € Wy, we call £(X) the real number such that X € C([0,&(X)], Ko), and we endow W)
with the metric

dw, (X,Y) = [§(X) = (V)| +supdi (X (s AE(X), ), Y (s AE(Y), ).

s>0
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5.4 Convergence of a uniform well-labeled forest

We will prove the following result.

Proposition 15 The pair (C,y, W(,)) converges weakly toward the pair (F[%Z?,W), in the
space (K, dic) x W, dw,)-

We readily obtain the following corollary:
Corollary 16 The pair (C(y), L(n)) converges weakly toward the pair (F[%%?,Z[O,m]), in the
2
space (K, dic)”.

Proposition 15 may appear stronger than Corollary 16, but is actually not, because of the
strong link between the whole snake and its head [20]. We begin by a lemma.

Lemma 17 For all 0 < § < 1/4, for all € > 0, there exist a constant C' and an integer ng such
that, as soon as n > ng, P(W,) ¢ A) < e, where

A= {X €Wy : sup die (X(s,) = X(s',)) < C’} .

s#s! |S — S/|

Proof. It isbased on (26) and a similar inequality for Motzkin paths (which is merely Rosenthal
Inequality). The fact that the steps of the random walks we consider are bounded allows us to
take the ¢ of Lemma 9 arbitrary large.

Let 0 < 5 < s’ < m(,. Conditionally given Cf,),

dic (Winy(s,)s Winy (s, 4)
= ‘C(n) (S) — C(n)(sl)’ + tS>U.ap ‘W(n) (S,ﬁ A C(n)(s)) — W(n) (8/, tA C(n)(s/))

)

where a,, := inf[, o) C(p).
We need to distinguish two cases:
o if bn = inf[o,s] C(n) < Ap, then
Wy (5:1) = Wiy (5,n)) o, <o 0
is merely a rescaled Motzkin path.
o if by > ay, then Wi,,)(s,t) = 0 for a,, <t < b, and
(W (8:8) = Wy (8:00)),, <1019
is a rescaled Motzkin path.

In both cases,
(W) (') = Wiy (5" ) <100 )

is also a rescaled Motzkin path—independent from (W(n)(s, t) — Weny (s, an))a <t<Com (5)"
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Treating both cases separately, we obtain that there exists a constant M, independent of s,
such that for n large enough,

E <M ’C(n)(s)—an’%,

sup ’W(n)(s, t) — W(n) (s, an)’q ‘ C(n)

an <t<Cn)y(s)

by Lemma 9. The same inequality holds with s" instead of s. We have
E [de (Wiay (5,7, Wo ()" | Con] < M ([ Clmlle s = 1%+ [[Coml3 15 = 1°¢)
<My ([Conpllg v 1) Is = 1%
For C' > 1,
E [dx (W (s, Wean(5':)" | [|Cimll, < €] < 3, €% = /172, (27)

Let 0 < 0 < 1. Then, let 0 < a < 1/2 be such that § < /2, and & > 0. Thanks to (26), we
may find a constant C' such that, for n sufficiently large,

P([|[Comll, > C) <e.

For this C, the inequality (27) allows us to apply Kolmogorov’s criterion [30, Theorem 3.3.16]:
we find a constant C” such that, for n large enough,

dic (Wi (s,+) — Wiy (s, -
P sup ’C( () 5()( )) >’ HC(")HQSC <e.
s#s’ |S*S/|
Finally,
d Wn 5" _Wn Ia'
P [ sup K( (5 ) 5()(8 ))>C' < : +e,
s#s’ |S*S/| 1—¢
which is what we needed. O

Proof of Proposition 15. We begin by showing the convergence of a finite number of tra-
jectories, together with the whole contour process, and then conclude by a tightness argument
using Lemma 17.

Convergence of the finite-dimensional laws. Let p>1and 0 < s; <--- <5, <m. We
will show by induction on p that

(d) o
(Con (D)oo Weay (51, ) -+ Wi (5p,)) — (F[Ojn?, W(s1, )., W(sp, .)) . (29)

—00

Because m,y — m, for n sufficiently large, s, < m,) and the vector we consider is well-defined.

1) For p = 1, we may only consider the case s;1 = 0. (Cy(i))o<i<2m,+o, is a discrete first-
passage bridge on [0, 2m,, + 0,,] from o, to 0 and W,,(0,5) =0 for 0 < j < 0,,. Lemma 14 thus
ensures us that

((Comy (Dosmys W (0, 0)0st00,) o (FGnd (5)hoozm: (W (0. osr<a )

n— o0
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2) Let us assume (28) with p — 1 instead of p. There exists a Motzkin path M, independent
of C(yy and Wy, (si,+), 1 <i < p— 1, such that conditionally given

((C(n) (S))Ogsgm(n) 5 W(n) (Sla ')a ceey W(n) (Sp—la )) )
for 0 <t< C(n)(sp),

N M /5m—an)+

1
yn4

W(n) (Sp, ﬁ) = W(n) (Sp_l, tA an)

where a,, :=inf[, | 1C,) and xT = x.1y,>0y stands for the positive part of . The Donsker
Invariance Principle [3] ensures that
< M /i >
YNt />0

converges weakly toward a Brownian motion 8 for the uniform topology on every compact sets.

By means of the Skorokhod representation theorem (see e.g. [10, Theorem 3.1.8]), we may
and will assume that this convergence holds almost surely. We also suppose that (28) holds
for p — 1. Then, a.s.,

(W(n)(sp, t))ogtgc(n)(sp) — (W(Sp_1, tAa)+ ﬁ(t*aﬁ)ogtgF[%fnﬁ(sp)

Fa—>0

0.m]" To see this, observe that

where a :=inf[,, | 5

—0

‘C(n)(sp) - F[%?n(]J (sp)
and
sgp ‘W(n)(sp,l,t Aan) —W(sp—1,t A a)‘ < <su<p ’W(n)(sp,l,t) — W(sp,l,t)’
o<t<an

+ sup W (sp—1,t) — W(sp—1,an A a)|
apNa<t<a,Va
— 0,

by continuity of W(s,—1,-). A similar inequality holds for M.

Finally, the law of

(W (sp—1,t Aa)+ ﬂ(t_a)+)0§tgmo](sp)

is that of W(s,,-), conditionally given

(B () osssm W st )y Wsp-1,9))

which is precisely what we wanted.
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Tightness. Let 0 < § < 1/4 and € > 0. Lemma 17 provides us with a constant C' and an
integer ng such that for all n > ng, P(W,) ¢ A) < e, where

A= {X €Wy : sup de (X(s5,) = X(5',)) < C’} .

s#s! |S — S/|6

Let (sk)r>1 be a countable dense subset of [0, m). As for every k > 1, (W) (s, ))n is tight,
we can find compact sets K C W, such that for all k£ > 1, for all n > ny,

9
The set
KZZAﬂ{XGWO : VkZI,X(Sk,')GKk}.

is a compact subset of Wy by Ascoli’s theorem [29, XX] and for n > ng, P (W(n) ¢ K) < 2e,
hence the tightness of the sequence of W(,’s laws. O

6 Proof of Theorem 1

We adapt the proof given in [17] for the case g = 0 to our case g > 1.

6.1 Setting

Let g, be uniformly distributed over the set Q,, of bipartite quadrangulations of genus g with n
faces. Conditionally given q,, we take v, uniformly over V(q,) so that (q,,v,) is uniform over
the set Qp of pointed bipartite quadrangulations of genus ¢ with n faces. Recall that every
element of @, has the same number of vertices: n + 2 — 2g. Through the Chapuy-Marcus-
Schaeffer bijection, (qq,,v,) corresponds to a uniform well-labeled g-tree with n edges (t,,[,).
The parameter € € {—1, 1} appearing in the bijection will be irrelevant to what follows.

Recall the notations t,(0), t,(1), ..., t,(2n) and q,(0), q,(1), ..., gu(2n) from Section 2.
For technical reasons, it will be more convenient, when traveling along the g-tree, not to begin
by its root but rather by the first edge of the first forest. Precisely, we define

i) i= { (o unt2m) i 0<i<u,

and

i (i) = (i —up +2n)  if 0 <i < uy,,
nlt) = (i — un) if w, <i<2n,

where u, is the integer recording the position of the root in the first forest of t,. We endow
[0,2n] with the pseudo-metric d,, defined by

We define the equivalence relation ~,, on [0, 2n] by declaring that ¢ ~,, j if 4, (i) = 4, (j), that
is if dy,(i,j) = 0. We call 7, the canonical projection from [0,2n] to [0,2n],., and we slightly
abuse notation by seeing d,, as a metric on [0,2n],., defined by dy (7, (%), 7.(j)) := dn(i, j).
In what follows, we will always make the same abuse with every pseudo-metric. The metric
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space ([0,2n]~,,dy) is then isometric to (V(qn)\{vn},dy, ), which is at dgp-distance 1 from
the space (V(qn),dq,,)-

We extend the definition of d,, to non integer values by linear interpolation: for s,t¢ € [0, 2n],
dn(s,t) :=stdn([s],[t]) +stdn([s], [t]) +5tdn([s], [t]) +5Edn(ls], [t]),  (29)

where |s] :=sup{k € Z, k < s}, [s] == |s|] + 1, s :==s— |s] and 5 := [s] — s. Beware that
d,, is no longer a pseudo-metric on [0,2n]: indeed, dy(s,s) = 255d,([s],|s]) > 0 as soon as
s ¢ Z. The triangular inequality, however, remains valid for all s,¢ € [0,2n]. Using the Chapuy-
Marcus-Schaeffer bijection, it is easy to see that d,([s], |s]) is equal to either 1 or 2, so that
dn(s,s) <1/2.

As usual, we define the rescaled version: for s,t € [0, 1], we let

dny(s,t) i= dn(2ns, 2nt), (30)

1
yna

1 1 1
dam ((2—[[0,2n]]/~n,d(n)) , (V(qn), — dqn)) < . (31)
n yn yn

6.2 Tightness of the distance processes

so that

~
P

The first step is to show the tightness of the processes d(,)’s laws. For that matter, we use the
bound (4). We define

kel kel

we extend it to [0,2n] as we did for dy, by (29), and we define its rescaled version df,, as we did
for d,, by (30). We readily obtain the following bound,

diny(s,t) < d‘(’n)(s, t). (32)

dg@J):%(%@»%%(ﬂAﬁ)2nmx<1mn[nan@»,lmn[nﬁn%»>%l

Expression of d?n) in terms of the spatial contour function of the g-tree

Although it is not straightforward to define a contour function for the whole g-tree, we may
define its spatial contour function £, : [0,2n] — R by,

Ln(i) =1, (tn(z)) — I (tn(o)) ) 0<i<2n,
and by linearly interpolating it between integer values. The rescaled version is then defined by

£,.(2nt)
S(n) = (_ T ) )
yna 0<t<1

and we easily see that

d(()n)(s,t) = S(H)(s) + L) (t) — 2max < m£ Ln) (x), m&) L) (.T)) + O(ni)

T€[s,t] z€E€[t,s]
where
[—tﬁ . [s, ] it s<t,
U s, qulo,y] i t<s.



Convergence results

As in Section 3, we call s, the scheme of t,, (f¢, [fl)eeﬁ(sn) its well-labeled forests, (m;)eeé(sn)

and (JT?L)QGE(5 ) respectively their sizes and lengths, (I},),ev(s,) the shifted labels of its nodes,
(), €B(sn) its Motzkin bridges, and w,, the integer recording the position of the root in the

first forest f¢+. We call (Cf, Lf)) the contour pair of the well-labeled forest (§5,[¢) and we extend
the definition of M to [0, o8] by linear interpolation.
As usual, we define the rescaled versions of these objects

3 . 2m$z + O—’fl 3 . O—’fl lv R l’ZJL . Un
Mpy = T’ T(n) = \/—2_77,’ (n) 'yn%’ Un) = %
and
et = () £ = (L6200 - (& M)
(n) V2n 0<t<me, () yni 0<t<me, () yna 0<t<os

(n)

Combining the results of Proposition 7, Lemma® 10 and Corollary 16, we find that the vector

(5"’ (mzn))eeﬁ(sn)’ (U(en))eeﬁ(sn)’ (lgn))vev(sn)’ U(n)> (C(e")’ LE”))EEE(Sn)’ (gﬁzn))eeﬁ(sn))

converges in law toward the random vector

(5003 (m(e)o)eeﬁ(sx) ’ (U;o)eeﬁ(sx) ’ (lgo)'ueV(soo) y Uoo (C;o’ LZO)eeﬁ(sx) ’ (méo)eeﬁ(sx))
whose law is defined as follows:

o the law of the vector

joo = (500’ (m(c)o)eeé(goo) ’ (Uéo)eeé(sx) ’ (lZO)UEV(EOO) ’uoo)

is the probability p defined before Proposition 7,
¢ conditionally given Joo,

— the processes (C%, L%.), ¢ € E(s5) and (9N%.), ¢ € E(so) are independent,
— the process (C¢,, LS,) has the law of a Brownian snake’s head on [0, m{ ] going from
ol to 0:
(law) (6% —0
(Cor L) " (Foen ) Zome ) -
— the process (9M2,) has the law of a Brownian bridge on [0, o¢_] from 0 to I¢ := 5] —I¢_:

(mc ) (lgu) BO—)l;o

(0,08
— the Motzkin bridges are linked through the relation
M (5) = M (05, — 5) — IS

Applying the Skorokhod theorem, we may and will assume that this convergence holds almost
surely. As a result, note that for n large enough, s, = §.

6Remark that 'yni = \/g W 2n.
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Decomposition of £,) along the forests

In order to study the convergence of £(,), we will express it in terms of the Lfn)’s and Dﬁfn) ’s
First, the labels in the forest (f¢,[%) are to be shifted by the value of the Motzkin path 9% at

the time telling which subtree is visited: recall the definition (11) of the process
g5 = (L4 + 25 (o5, — C5(1))

We define its rescaled version

. . 2;(27”%) ¢ 3 ¢
(n) = < T > - (L<n>(t) + M) () *Qw(t)))
yn4 0<t<m¢,

0<t<2m¢ +of

O<t<m( )

as well as its limit in the space (K, dx),

fny —— L5 1= (L;O(t) + M (08 —Qéo(t)))

0<t<me,

We then need to concatenate these processes. For f,g € Ky two functions started at 0, we
call feg e Ky their concatenation defined by o(f e g) := o(f) + o(g) and, for 0 <t < o(f e g),

_ f(t) if 0<t<o(f),
Jegt):= { fo(D) +alt—al(f) it o(f) <t <a(f)+olg).

We sort the half-edges of s,, according to its facial order, beginning with the root: e; = e,
, 2(69—3) and we see that

1 [ . €2(69—3)
S =L et e et
We also sort the half-edges of s, in the same way and define £, := £ @ £22 o - @ 20979

Lemma 18 The concatenation is continuous from (Ko, dx)? to (Ko,dx).

Proof. Let (f,,gn) be a sequence of functions in K% converging toward (f,g) € K3 and € > 0.
There exist an 0 < n < € and an ng such that

|s—t|<n=1[feg(s)— feg(t))<e and n>ng=dc(fn,f)V dc(gn,g9) <n.

Let 0 <t <o(feg)Aa(fnegn) and n > ng be fixed. If t < o(f,), we call £ :=t Ao (f). In
that case,

[fn @ gn(t) — fog(t)] =1fa(t) = fEA ()] < dic(fn, f) <e.
If o(fn) <t,wecallt:=o(f)+ (t—o(fn)) A o(g) and we have
)
*g(

|fr @ gn(t) — f @ g(E)] = lgn((t — o (fn)) AU(gn ) = 9((t = a(fn)) Ao(g))| < dic(gn,9) <e.
In both cases, |t — | < 7, so that |f e g() —

dc(fr ® gn, f 0 g) <lo(fn) = ()] +1o(gn) — o(g)] + 2 < 4e. O

t)] < e. Hence

This ensures us that £(,,) converges in (K,dx) toward £, so that (d?n) (s,t)) ey GO
0<s,t<1
verges in (C([0,1]%,R), || - [|oc) toward (d3,(s, )<, ;< defined by

A3 (s,t) = Lo () + Loo(t) — 2max | min Lo (x), min Lo (z) | .
ze[svﬁ xe[tV,Qﬁ
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Tightness

Lemma 19 The sequence of the laws of the processes

(d(n)(57 t))ogs,tgl

is tight in the space of probability measure on C([0,1]%,R).

Proof. First observe that, for every s, s, t, ¢ € [0,1],
|y (5,8) = diny (s, 8)| < diny (s, 8") + dimy (8, 1) < df,(s,8") +dly (8, 1)

By Fatou’s lemma, we have for every kK € N and § > 0,

n—oo  \|s—s'|<5 |s—s/|<5

limsup P < sup  dy, (s, s') > 2_k> <P ( sup d2 (s,s’) > 2_k> .

Since d2 is continuous and null on the diagonal, for ¢ > 0, we may find 5 > 0 such that, for n
sufficiently large,

P ( sup  d(,(s,s") > 2_k> <27 ke, (33)

[s—s|<dk

By taking d; even smaller if necessary, we may assume that the inequality (33) holds for all
n > 1. Summing over k € N, we find that for every n > 1,

P (i € Ko) > 1—e¢,

where

Ke = {f € C([0,1)%,R) : £(0,0) =0, Vk € N, sup If(s,t) — f(s', 1) < 21k}

|s—s [Alt—t/| <3

is a compact set. O

6.3 The genus g Brownian map
Proof of the first assertion of Theorem 1

Thanks to Lemma 19, there exist a subsequence (ny)r>o and a function do, € C([0,1]%, R) such

that w
d
(d(nk)(svt))0§51t§1 m (dOO(Sa t))OSg,tSl . (34)

By the Skorokhod theorem, we will assume that this convergence holds almost surely. As the d,,
functions, the function d, obeys the triangular inequality. And because d(,)(s,s) = O(n='*%)
for all s € [0, 1], the function do is actually a pseudo-metric. We define the equivalence relation
associated with it by saying that s ~o t if doo(s,t) = 0, and we call qoo := [0,1] /.

We will show the convergence claimed in Theorem 1 along the same subsequence (n)k>0-
Thanks to (31), we only need to see that

den (((znk)*l[[o, anﬂ/wnk,d(nk)) ,(qoo,doo)) ——0.

k—o00
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For that matter, we will use the characterization of the Gromov-Hausdorff distance via cor-
respondences. Recall that a correspondence between two metric spaces (S,0) and (§,d) is a
subset R C & x &’ such that for all € S, there is at least one 2’ € &’ for which (z,2') € R and
vice versa. The distortion of the correspondence R is defined by

dis(R) :=sup {|6(z,y) — 6(z",y")| : (z,2"),(y,y') € R}.
Then we have [4, Theorem 7.3.25]

...
deu(8,8') = 3 1%fdls(R)
where the infimum is taken over all correspondences between S and S.

We define the correspondence R,, between ((2n)~'[0,2n] /., ,d(,)) and (qos, dso) as the set

Ry = {((2n) " mu([2nt]), T (t)) , t € [0,1]}

where 7, : [0,2n] — [0,2n],., and 7y : [0,1] = go are both canonmical projections. Its

distortion is 2ns] (2]
. ns nt
dis(R,) = sup ‘d(n) (T’ 7) — doo(s,t)‘,

0<s,t<1

and, thanks to (34),

_ 1.,
dam (((27’%) 1[[0, 27’Lk]]/~nk , d(nk)) , (qoo, doo)) < 5 dis (Rnk) — 0.

k—o0

A bound on d,

If we take the limit of the inequality (32) along the subsequence (ny)r>0, we find doo(s,t) <
d2,(s,t). Because d2, does not satisfy the triangular inequality, we may improve this bound by
considering the largest metric on g that is smaller than d2 : for all @ and b € g, we have

k
doo(a,b) < d*_(a,b) = inf {Z d;(si,ti)}

where the infimum is taken over all integer £ > 0 and all sequences sq, tg, S1, t1,..., Sk, lk
satisfying a = moo(80), for all 0 < i <k — 1, t; ~oo Sit1, and b = 7o (tr).

6.4 Hausdorff dimension of the genus ¢ Brownian map

We now prove the second assertion of Theorem 1. We follow the method provided by Le Gall
and Miermont [18]. As usual, we proceed in two steps.

Upper bound

Let 0 < a < 1. For every ¢ € E(ss), Lemmas 12 and 17, together with (26), imply that
L8 is a-Holder. The same goes for £, by finite concatenation. This yields that the canonical
projection moo : ([0,1], ]+ ) = (qoo, dso) is a-Holder as well: for 0 < s,¢ < 1,

oo (oo (8); Moo () = doo (s, 1) < dio(s,t) < 2[Loclla[s — 2|
It follows that dimp (g, dec) < Ldim([0,1]). Taking the infimum over o € (0,1/4), we have

dim g (qoo, doo) < 4.
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Lower bound

We start with a lemma giving a lower bound on du(s,t). Let us first define a contour function
¢, : [0,2n] — R, for the g-tree t, by

2(6g—3)
€= (O~ 02) 0 (O o) 0o (O o) 4 3 ot
1=1

where the half-edges e; = e., ..., ey(54—3) are sorted according to the facial order of s,,. This
function is actually the contour function of the “large” forest consisting in the concatenation of
e ge2 520979 A usual, we define its rescaled version C(n), as well as its limit

2(6g—3)

. _ _ _ ®2(69-3) i
Gl i = (O —08) +(C2 o) oove (G2 =2+ 3

where, this time, the half-edges are sorted according to the facial order of 5.

For 0 < s,t <1, we define the set

Loo(s,1) == {s/\t <zx<sVt:C€ (v)=C(s), Co(x) = inf Qfoo}.

[zAs, 2Vs]
It will become clearer in a moment what this set represents, while looking at its discrete analog.
Lemma 20 The following bound holds

doo(5,1) > Loo(s) — xmglt) Lo

Proof. This inequality follows easily by approximation, once we have shown its discrete analog:

dn(i,7) > £,(i) — gm(iinj) £n (35)

where the set

Z(iy§) = {m;’ <k<ivj:&,(k)=¢,(), (k)= inf ]cn}

[kAi, kVi

represents the ancestral lineage of t,(7) between i and j. An integer k belongs to .%,(i,7) if
and only if k is between i and j (first constraint), t, (k) lies in the same subtree as t, () (second
constraint), and t, (k) is an ancestor of t,,() (third constraint). Beware that .%,(j,1) is in general
a totally different set.

We can suppose i # j. In order to show (35), we consider a geodesic path yo, V1, - - -, Vd,(i.j)
from t, (i) to t,,(j) and call k € %, (i, j) an integer for which £, (k) = ming, (; ;) £,. Let us call p
the order of the vertex t,(k). Then removing the edges incident to t, (k) breaks t, into p + 1
connected components: {t,(k)}, p—1 trees, and a (p+ 1)-th component (which is a g-tree, unless
if £,(k) belongs to the floor of a forest). One of these components contains t,(i) and another
one contains t,(j). Say that 7, r < d,(i,j) is the last vertex of the geodesic path lying in the
same component as t,(i). Then ~, is linked by an edge of g, to 7,41, which lies in another
component. Moreover, the facial sequence of t, must visit t,(k) between any time it visits 7,
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and any time it visits v,.41 (in that order or the other). The way we construct edges in the
Chapuy-Marcus-Schaeffer bijection thus imposes [, (t,,(k)) > l,(v) V ln(vr11). Finally,

dn(iaj) > dqn (qn(i)a'}’r) > dqn (qn(l)avn) - dqn (Una%“) = [n(tn(z)) - [n('Yr)a

and the same holds with r + 1 instead of r, yielding

dn(i,j) > [n(tn(l)) - [n(tn(k)) = L, (i) - grﬁii{lj) L. O

Let us define the measure A on (. as the image of the Lebesgue measure on [0,1] by the
canonical projection 7 : [0, 1] = goo. From now on, we work conditionally given the parameters
vector Joo. Let 0 < s < 1 be a point that is not of the form Zle m. for some k =0, ...,
2(6g — 3). This means that it is not 0, 1, or a point at which two functions are being concatenated.
Such points will thereafter be called junction points.

Suppose that for some é > 0, we can find two positive numbers r_ and r such that

Loo(s)— min Lo >3 and L.(s)— min L >0. (36)
Loo(s,8—1_) Loo(s,5+14)
For a € goo and 7 > 0, we call Bo(a,r) the open ball centered at a with radius r for the
metric de. Using Lemma 20 and the elementary fact that Z(s,t) € Zx(s,t') as soon as
|t —s| < |t/ — s|, we find that Boo(moc(s),8) € Moo ((s —7—,s+74)). As a result, we would have
A Boo(To0(8),0)) <r_ + 4.

For all 0 <z < € (s) — € (), we define
Ty i=1nf {r > s, € (r) = C€x(s) — z}

and we see that L (s, ) = {7y, 0 <y < x}. The discussion preceding Section 5.3 shows that
the process

(Loer) = £(5)

has the law of a real Brownian motion started from 0. Let n > 0. Almost surely, provided that
Coo(8) — €. (8) > 0, the law of the iterated logarithm ensures us that for 2 small enough,

0<2<C00(5)—C oy (5)

. 1
0%221(200(79) - 200(5)) < *zerna
so that .
Bl i S = £ B S > aE
We choose § = 227" and r, = 7, — s so that the second part of (36) holds. Moreover,
because s is not a junction point, on one of its neighborhoods, the function €, is a first-passage
Brownian bridge, and is then absolutely continuous with respect to the Wiener measure on this
neighborhood. It therefore obeys the law of the iterated logarithm as well. So, a.s., for r small
enough, .
. _ _3tm
Oértlg(@oo(ert) Coo(s)) < —r2™m.
It follows that ry < z(3+M " = §GE+TM " = §4=" for some 1/ > 0. In a similar way, we can find
an r_ < 077 satisfying the first part of (36). This yields, for all § > 0 small enough,

M Boo (oo (5), 8)) < 2647,
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which implies that, for all o > 0,

A(Boo (T (), 9))
li : < 2. 37
PR ”
Once again, because €., is absolutely continuous with respect to the Wiener measure on a
neighborhood of s, a.s. €5(s) — &€, (s) > 0. For the record, note that if s was a junction point,
we would always have € (s) = € (s) by definition of a first-passage bridge. We obtain that

for every s that is not a junction point, (37) holds almost surely. Finally, as there are only
2(6g — 3) + 1 junction points, Fubini-Tonelli’s theorem shows that a.s., for A-almost every a,

. A(Bx(a,9))
1 — =< 2.
e S <

We then conclude that dimpg (oo, doo) > 4 — 7 for all ' > 0 by standard density theorems for
Hausdorff measures ([11, Theorem 2.10.19]).
7 An expression of the constant ¢,

This section is dedicated to the proof of Theorem 2. Recall that the constant ¢, is defined by:
19| ~ tyn3@=1) 127, The relation (3) gives that |T,,| ~ %tgnogf 12", so that, thanks to (17),

39

tg=2"% 397

where T was defined by (14). For a given s € &%, we will concentrate on
/( dLs ]l{m°*207 u<me=} H _p{m" (0’9) H Poe (le) . (38)
S ccE(s) ¢€E(s)

First, notice that by integrating with respect to u, only a factor m®+ appears.

7.1 Integrating with respect to (me)eeﬁ(s)\{e*}
For ¢ # ¢,, m® is only present in the factor

M (=Prpe- (0°)) (=Pipe (0F)) = 0% Pmes (%) (=Ppae (7)) (39)
so we have to compute an integral of the form given in the following lemma:

Lemma 21 Let a, b, and t be three positive numbers. Then
t
[ pten(@) (-5 ) dm = puta )
0

Proof. Let us call fi(a,b) the integral we have to compute, that is

b o[ L s _1(a? ge?
ft(a,b)z—/(t—m)_im_%e é<t’m+l;”)d7n_
0

2T

By doing the change of variable m — ;- we find

e
2nt 0
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The change of variable x — ‘;—j 2 in this integral yields the identity

fi(a,b) = fi(b,a). (40)

When differentiating with respect to a, a factor —%(1 + ) appears inside the integral. We
may split it into two terms, the first one being merely —¢ fi(a,b) and the second one being

b a > I R z 2 1 b b
“tomt f, der (O dr = —= £i(b,a) = < fila,b),

thanks to the change of variable x — % All in all, we obtain

a+b

aaft(a’b) = t

ft (aa b)a
so that there exists a function g; satisfying
1 2
fi(a,b) = e~ 2 (a0 g (b).

Because of (40), the function g; is actually constant and

1 > s 1 1 > 1,2 1
b) = b 0.1) = — T2 e adr = — “2tY dy = .
gt( ) € ft( ) ) 27T1f/0 T 2e€ €L ort J, € Y ot

Putting all this together, we obtain the result. O

The first time we integrate with respect to an m*®, for an ¢ # ¢,, we apply Lemma 21 with
a=o0c%,b=0c"and t = m* +m* (¢t does not depend on m*) and the factor (39) is changed into

O'c* pme*J’,mc(O'e* + O—e).

We may then apply Lemma 21 again, with a = o +0°, b = 0¥ and t = m® +m* +m*
when integrating with respect to m¢ and so on. In the end, after integrating with respect to u
and (m*®)¢xe, , the

]]-{m°* >0, u<m®=} H 7p;n° (O—e)
ecE(s)
part in the integrand of (38) merely becomes

4

ob* _ _ o.c 2
1 (S o) = 00 (2 e o) = Vo ¢ s )

7.2 Integrating with respect to (0°).cp(

We call s =} ) 0°- In order to integrate with respect to (o) ¢ (), we will integrate with
respect to s and with respect to (UQ)QGE(E) on the simplex, precisely,

d(0)cei(s) = A5 Liges 503 A(0°) cc o)\ feu )

where 0% = s — ZQEE’(E)\{Q*} ot.
We then do the changes of variables o — so® and [V — /sl” for all ¢ # ¢. and v # ¢, , so
that o becomes 1 — 37 )\ sy 0 and the integral (38) becomes

1 i 2
d(l¥) — d 59—3 g =28 /d ¢ 1 otk e oe le .
/ ( ) \/%/0 8 € (J )e;ée* { >0} O | | p ( )

eCE(s)
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The first part is easily enough dealt with,

/ dssP9 372" —9=%7T <5_g — 1) .
O 2

[ te)setioresor o T woe ) = 0 ((FDecin)

e€E(s)

We then focus on

where the function ¢ is defined, for z¢ > 0, ¢ € E(s) by
¥ ((‘Te)ceE'(g)) = /d(ae)2¢e*l{0"*>0} ot H Poe (xe).
e€E(s)

If we differentiate this function ¢ with respect to every variables z°, we recognize the same
integral we treated while integrating with respect to (m¢),

[T 0 ((Wecsin) = [ dlodorsmy o T (e )

eEE(s) eeE(s)
=z p (ZcEE’(E) xe) .

Integrating back, we obtain
o ((xc)@(s)) _ plog=1] (ZeeE(s) xe) 4t pl69—2) (Zeem) xe) ,

where, for all n > 1, the functions pl™ are defined by

p(y) = /dyn—l/ dyn—2---/dyl p1(y1). (41)
Y Yn

-1 Y2

The integral (38) is now equal to some constant times

[ ) iz P (S 1) 1552 (S 1) (42)

7.3 Integrating with respect to (l”)vev(s)\{e;}

We follow here the ideas of [6]. The term }_ .z [l°| is a linear combination of "’s. We will
break the integral (42) into parts on which these coefficients are constant. This happens when
the vertex labels are sorted according to a given ordering: we call Oy the set of bijections from
[0,4g — 3] into V (s).

Let A € O, be an ordering and v € V(s). Because s is dominant, v is connected to exactly
three other vertices—not necessarily distinct—that we call v/, v”, and v"”. When the labels are
sorted according to A, that is when [* < M < ... < [Ms=3_ the coefficient of [V in the sum

ZEEE(S) |le| is

C()\,’U) =2 (]l{/\;/1</\;1} + ]l{)\;,}<)\;1} + ]1{)\;,},<A;1}) - 3.
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For 0 <k <4g — 3, we let
4g—3
A\ k) =) c(A ).

i=k

Let ¢ € E(s) be a half-edge and i (resp. j) be the smaller (resp. larger) of A\_' and A_!.
Then |I¢] = 1% — " and e will contribute to the sum by a factor +1 for [* and —1 for [*. So ¢
will contribute to d(\, k) by a factor +1 for k& < j plus a factor —1 for k < 4. Thus the definition
we just gave for d(\, k) is consistent with (2). This, by the way, also prove that d(\, k) > 0 for
k #0.

We have o
g—

Z |lc| = Z C()\,U) [V = Z d()\,l) (l)\-b _ l)\.;,l) )
c€B(s) VeV (s) i=1

Let us call k = )\:,1. We will write 1) := ]l{lA0<l>\1<m<l)‘49*3} for short. We integrate

4g—3
1 pl9—1 (Z (X, i) (I — zAi1)>

=1

with respect to [Ms=3 then [Ms-4, and so on up to [**+1. We then integrate with respect to [,
M, ..., M-1. By doing so, factors (d(X,4g —3))", (d(\,4g —4)"" ..., (d(\k+1))"" then
(A1) 7L (dN2) 7 Lo, (A k)T successively appear and every time we integrate, pl is
changed into p"t1. All in all,

49—3
A 1 (S 1) = 5000 TT 3

i=1

The second part of (42) is a little bit trickier because it distinguishes the root from the other
vertices. In order to circumvent this, we will consider the sum over all scheme with the same
“unrooted” structure (we do not consider an ordering A at this time). For any scheme s € &, we
note § the non-rooted scheme corresponding to s, and for any non-rooted scheme u, we note u,
the scheme u rooted at the half-edge e.

Let u be a non-rooted scheme. We look at 3, _, 1(s) where

0 i= [ A1), e 1105 (e 1)

This is

VE) = g 2 V)

5,8 =u ccE(u)
1 1
o7 —u 2 Aww 2 Y0
5,5 =u c€E(u)
1
= Z 69—3 P(ue).
5,5 =u ecE(u)
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We chose the convention to fix [+ to be 0 because we needed one of the [V’s to be 0 and e
was already distinguished as the root. This choice was totally arbitrary and we could have taken
any other vertex vg. This translates in the fact that, for any function y,

e x (0)cris)

does not actually depend on ¢ . In order to see this properly, we do the following change of
variables:

for every v ¢ {vg, e}, IV :=1" —1%, [~ :=—[" and [":=0,

so that [¢ = [%; and

[, x () = [ a0y x (()crn)-

Using this fact, we see that

0 = [ dupe 11697 (g 1) = / A, g 11992 (S 1)

and

Z Z / v;ée* eeE(s) |le|) p[6972] (ZeeE(s) |le|) .
5,5 =u

55711

We now consider an ordering A € O,. A computation very similar to the one we conducted
above (just change pl09—1 into = +— x pl%9=2)(x), which becomes, after 4g — 3 successive integra-
tions, x +» o pl%975l(z) + (4g — 3)pl1°9~4(z)) yields

1 49 — 3 = 1
69— 3 /d(lv)u;ee: L o e ple (ZeeE(s> |Ze|) " 69— 37170 I1 d(A, )’
ceB(s) i=1 ’

The sum over all dominant schemes of (42) then becomes

49—3

D

s€EG X0, i=1

7.4 Conclusion

We still have to compute p1%=%(0). For that matter, we may use Fubini-Tonnelli’s theorem
and rewrite (41), for n > 4, as

Yn—2 n—2
Ui
/dy1/dy2 / dyn—1 p1(11) = /dy1 7@ %) p1(y1)

yi 1 2

where the second line is obtained from an integration by parts (we differentiate y — y
integrate y — yp1(y)). As plZ(0) = L, we find that

pl"(0)

=3 and

P9 (0) = (2759 - 3))
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Taking into account everything we have done so far, we find

1 39T ( o 49—3
t
9= \/_269 3(6g — 3) 59_2 Z Z Hd

s€6* A€, i=1

The expression we claimed in (1) is then obtained by using the identity

() () - St ve
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