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1. Introduction.

1.1. Residue current in dimension 1. Let w = g(z)dz be a meromorphic 1-form on a small enough open
set 0 € U C C having 0 as unique pole, with multiplicity k:

k
a—
g= Z Z_ll + holomorphic function
=1

Note that w is d-closed.
Let ¢ = ¢odz € D*(U) be a 1-test form. In general gy is not integrable, but the principal value

Vplw](¢) = lim w A

e—0 ‘2‘26

exists, and dVp[w] = d’"Vplw] = Res|w] is the residue current of w. For any test function ¢ on U,

Res[w](¢) = lim WA
e—0 |Z|:€
k—1 j
Then Res|[w] = 2 reso(w)do+dB = Z bjméo where resp(w) = a_; is the Cauchy residue. We remark
z
§=0

k—1
that do is the integration current on the subvariety {0} of U, that D = Z bj@ and that b; = Aja—; where
§=0
the \; are universal constants.
Conversely, given the subvariety {0} and the differential operator D, then the meromorphic differential

form w is equal to gdz, up to holomorphic form; hence the residue current Res[w] = Ddy, can be constructed.

1.2. Characterization of holomorphic chains. P. Lelong (1957) proved that a complex analytic subva-

riety V in a complex analytic manifold X defines an integration current ¢ — [V](¢) = / @ on X. More
RegV

generally, a holomorphic p-chain is a current Z n[V}] where n; € Z, [V]] is the integration current defined

€L
by an irreductible p-dimensional complex analytic subvariety V;, the family (V});c, being locally finite.

During more than twenty years, J. King [K 71], Harvey-Shiffman [HS 74], Shiffman [S 83|, H. Alexander
[A 97] succeeded in proving the following structure theorem: Holomorphic p-chains on a complex manifold
X are exactly the rectifiable d-closed currents of bidimension (p,p) on X.
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In the case of section 1.1, Res [w] is the holomorphic chain with complex coefficients 27i resg(w)dp if
and only if 0 is a simple pole of w.

1.3. Our aim is to characterize residue currents using rectifiable currents with coefficients that are principal
values of meromorphic differential forms and holomorphic differential operators acting on them.

We present a few results in this direction.

The structure theorem of section 1.2 concerns complex analytic varieties and closed currents. So,
after generalities on residue currents of semi-meromorphic differential forms, we will concentrate on residue
currents of closed meromorphic forms.

2. Preliminaries: local description of a residue current ([D 93], section 6)

2.1. We will consider a finite number of holomorphic functions defined on a small enough open neighborhood
U of the origin 0 of C", with coordinates (z1,...,2,). For convenient coordinates, any semi-meromorphic

7 where a € £ (U)), f € O(U) and

F=u [T soit,

k

differential form, for U small enough, can be written

where the ;p; are irreducible distinct Weierstrass polynomials in z; and the r, € IN are independent of j,
moreover u; is a unit at 0, i.e., for U small enough, u; does not vanish on U. Let B; be the discriminant of
the polynomial jp =[], jpr and let Yi, = Z(jpy); it is clear that Y}, is independent ij Let Y = U Yy and
Z = Sing Y.

1
After shrinkage of (0 €) U, the following expressions of 7 are valid on U: for every j € [1,...,n],

*zzﬂk 1

k p=1

where 7¢* is a meromorphic function whose polar set, in Y}, is contained in Z (Bj). Notice that B; is a

o
holomorphic function of (z1,...,%j,...,2,). In the following, for simplicity, we omit the unit uj_l
1
2.2. Let w=—, Vpw](p) = lim wA1; e D™™(U). The residue of w is
f 0111

Res[w] = (dVp — Vpd)[w] = (d"Vp — Vpd") ]

n
For every ¢ € D"~ Y(U), let ¢ = Z ©; with
=1

<pjzwjdzl/\.../\dzl/\.../\@/\...

Then, from Herrera-Lieberman [HL 71], and the next lemma about B; ,

we have:

Res[w =

n Tk 1
Jj=

E lim lim Ie k — Py
1 k u:léﬁOEHO |Bj|>38];pk|=¢ ka

The lemma we have used here is the following:
Lemma 2.1. ([D 93], Lemma 6.2.2).

Res|w](¢p;) = lim Timy |B;|>5| f|=e o



9jpk

82]-

Outside Z(Bjy), for | jpr | small enough (since # 0), we take (21,...,2j—1,j Pks Zj+1;- - -, 2n) as local

coordinates.
2.3. Notations. For the sake of simplicity, until the end of this section, we assume j = 1 and write py, ¢

instead of 1 py, 1cﬁ. Outside Z(By), we take (pg, 22, - . ., 2n) as local coordinates; then, for every C'*° function
h and every s € IN, we have

0°h 1
ﬁ = T“Dsh, for s Z 1,
Pr ()%
Opr\ 1
where Dy = Z G 8 == B35 is a holomorphic function determined by py and Do = (8—) .
21

Let

8_21 621
k
ko= ;D S
Ju—1 o\ 25 n=1\3p,
(%) ”

Let Vp%/k’ B, 19;'] also denote the direct image, by the inclusion Y3 — U, of the Cauchy principal value
Vv L9l of g1’ Ivi;

p—1-—1
o0 _ .
Dii= D (-D)"87' ' g and DY = id.
a=1
2.4. Final expression of the re51due All what has been done for j =1 is valid for any j € {1,...,n}:

the principal value Vp? (k, u,1) = Vp } Vi.B, l9/"] defined on Y}, and the holomorphic differential operator D;L ,i

We also denote Vp?(k, i1, 1) the direct image of the principal value by the canonical injection Y < U. Then,
denoting L the inner product, we have:

(% Reslu](¢) = Z[ZZ wzmlw (k)] (5L

7j=1

3. The case of simple poles.
1
3.1. The case w = ?

Lemma 3.1. For a simple pole and for every k, 7c¥ is holomorphic.
Proof. Let w = z; and y = (z1,...,%j,...,2,). At points z € U where Bj(z) # 0, for given y, let

Sk

Wgs, S =1,..., 8k, be the zeros of pi. For given y, pr, = H(w — Wks),

s=1
k,
) S TR
k s=1
- Sk,s 1 s
where 7C}"" = ————————; let [[_ denote the product for all o # s,

%f(wksa y)

LI k,s _ Sk k,s (S,w_wka) ik _
Z]Cl (w — wrs) :Zﬂcl % =} (w,y)p;
s=1

s=1 o\ W — Wko

with



ik (w,y) Z (W = Wko) (15 57], 1V.B.3 et C.1).
s—1 Bw (wksay)

Here 7/ c]f(w, y) holomorphically extends to points of U where the wy are not all distinct because: if w, appears
H (w — wio)
f(wksa y)

m times in [[_(w — wye), it appears (m — 1) times in the numerator and the denominator of
O
All the poles of w are simple, i.e. for every k, rp, = 1; then u=1,1=0.

n

Res[w](p) = 2mi > [Z DIV (k,1, 0)] (%L%—)

i=1 k
Opi 1 1 ¥ 1 ck
1,0 _ .9, _ (9P o e\, o1 1
But Dy, = id; Dof(azl) V= 2M—3D“1<%)’90 Ope —1D0<%)
821 =1 621 =1

Opr\— k 9o —
:?%—2) 1<§%1’;):<a_?f) Lk,
V100 = Vil =V, [ (52) 7]

hence

Res[w](¢) = i[ZVka (8pk) gk](aiL%)}

where 7¢c¥ is holomorphic.

3.2. The case of any degree. Let w = %. Then Res [w] = aA Res(%). Moreover, d Res [w] = +Res[dw],
then Res [w] is d-closed if w is d-closed.

4. Expression of the residue current of a closed meromorphic differential form.

In this section and a part of the following one, we give statements on residue currents according to
the general hypotheses and proofs of sections 2 and 3. Proofs in a particular case where the polar set is
equisingular and the singularity of the polar set is a 2-codimensional smooth submanifold are given in ([D
57], IV.D).

4.1. Closed meromorphic differential forms.
4.1.1. Let w = ¢ be a d-closed meromorphic differential p-form on a small enough open neighborhood U of

the origin 0 of C". From section 2.1, we get w = > wy with  wy = Zl’iljcl’j vZ‘,L for every j =1,...,n.
- or
We have
ik
G Tag (21, -, 2n)
= - _ ,
HoIbk (21, By 2n)

where a and b are holomorphic. Then dw = > dwy, and dwy, is the quotient of a holomorphic form by a
product of /b (z1,..., 25, ..., 2,) and Pt (see [D 57], IV,D.1).
As at the end of section 2.2, using the local coordinates

(Zlv sy B—15 Pky ZjH1y ey Z’n)a
we have
Tk
(4.1) we = AL A o dipk +5 01" Bil,
p=1



where the coefficients are meromorphic.
Let R; be the ring of meromorphic forms on U whose coeflicients are quotients of holomorphic forms

9 px ik
0z, and 7b,;.
Lemma 4.1 ([ D 57], Lemme 4.10). Assume that dw, € R;. Then

on U by products of powers of

W =j py ' dipr N af + ﬁf + dR?

with

’l“k-fl
Rf = Z jeffjp;” and daf =djpr N ka; —l—C;?jpk,
v=1
where a?,ﬁj’?, jel’f, ka;-, C; € R; and are independent of dz;.
4.1.2. Let ¢ be of type (n —p,n —1). Then

= Z(pj,with pj = Zwlh“,,l%pdzll AoooNdz, N NdZG AL

@
Proposition 4.2. Let w = — be a d-closed meromorphic p-form on U. Given a coordinate system on U,

f

and with notations of section 2.1, there exists a current Sffl’l such that d"S;|;\z = 0, suppS; =Y and,
for every k, j, a d-closed meromorphic (p — 1)-form Af on Yy, with polar set Z such that

n

. 0
Resll(#) = Y (270 Y Vv, AS +d'5;) (5 L)
j=1 k J

When the coordinate system is changed, the first term of the parenthesis is modified by addition of
2mi Y, d'Vpy, B, [F}] where FF is a meromorphic (p — 2)-form on Yy with polar set Z.

Here 21y 51 >, Vv, B, Af(j) will be called the reduced residue of w.
Proof. Apply the proof of (*) (section 2) to the meromorphic form of Lemma 4.1.

We shall use the expression of Res[w](¢) of section 2.2, for w closed.
For k and j fixed, we consider

Jij = lim lim wi(@;).
0=0€201B5125,| ;o] =e

Then Res[w](p) = Y _ Ji;.
k,j

lim lim dRY A @; = (—1)P lim lim RY AN dyp;.
5050 Jipy 156 pnl=e 0 5050 Jipy 156 pnl=e T
Let SJ’»C be the current defined by

S¥(1;) = — lim lim R¥ A ;.
T 00 g s = 0
By Lemme 4.1. R;? is independent of dz;.
Let ¢; = dz; A1 + &, where & is independent of dz;, then n/ = 52 La);.
After change of coordinates:

. . 8-pk -1 .
4.2 SH(4;) = — lim lim (J—) RE A djpi A1
42 () ==y g 1By126, 500 l=c © 0% T
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au—l( e /\n]( ka) 1)
= (—1)P2mi 1) 1( 0 )
7TZ‘SI*IB)Z/YMB |>5 v ) -1 j

9ipy”

We have S;(v;) ZSk

lim lim ktdpr A a + Bk = 2mi lim af |
d—0e—0 |Bj‘267|jpk‘_€ 5—0 |B]‘2(5

The last alinea is proved as in ([D 57], IV.D.4). O

Corollary 4.3. The current S; is obtained by application of holomorphic differential operators to currents
principal values of meromorphic forms supported by the irreducible components of Y.

— o _; k- E_ k
v, = 2mprk,BjAj, with Aj = a; |y,

Proof. The corollary follows from the above expression for .S; and the computations in section 2. W |
We remark that d’ itself is a holomorphic differential operator.

4.2. Particular cases.

4.2.1. The case p = 1. With the notations of Proposition 4.2, the forms A* are of degree 0 and are
d-closed, hence constant and unique: the reduced residue is a divisor with complex coefficients.

4.2.2. With the hypotheses and the notations of section 2.1, if all the multiplicities rj are equal to 1, the
reduced residue is uniquely determined and the current S = 0.

4.3. Comparison with the expression of Res|w] in section 2, when w is d-closed.
The reduced residue is equal to

zmz[zvpyk, (af”f) Jk](a%uam)]

j=1

It is well defined if all the poles of w are simple.

5. Generalization of a theorem of Picard. Structure of residue currents of closed meromorphic
forms.

5.1. The theorem of Picard [P 01] characterizes the divisor with complex coefficients associated to a d-
closed differential form, of degree 1 of the third kind, on a complex projective algebraic surface; this result
has been generalized by S. Lefschetz (1924): ”the divisor has to be homologous to 0”, then by A. Weil (1947).
Locally, one of its assertions is a particular case of the theorem of Dickenstein-Sessa ([DS 85], Theorem 7.1):
Analytic cycles are locally residual currents (see section 5.5), with a variant by D. Boudiaf ([B 92], Ch.1,
sect.3).

5.2. Main results.

Theorem 5.1. Let X be a complex manifold which is compact Kdhler or Stein, and Y be a complex
hypersurface of X, then Y = U,Y, is a locally finite union of irreducible hypersurfaces. Let Z = Sing
Y, and let A, be a d-closed meromorphic (p — 1)-form on 'Y, with polar set Y, N Z such that the current
t=2miY, Vpy, A, is d-closed.

Then the following two conditions are equivalent:

(2) t is the residue current of a d-closed meromorphic p-form on X having Y as polar set with multiplicity
one.

(i) t = dv on X, where v is a current, i.e., is cohomologous to 0 on X.

Proof. From section 4 locally, and a sheaf cohomology machinery globally; detailed proof will be given later
for the more general theorem 5.5. ad

For p =1, the A, are complex constants, then ¢ is the divisor with complex coefficients 27i )"  A,Y,,.

Corollary 5.1.1. Under the hypotheses of Theorem 5.1, every residue current of a closed meromorphic
p-form appears as a divisor, homologous to 0, whose coefficients are principal values of meromorphic (p—1)-
forms on the irreducible components of the support of the divisor and conversely.
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Let qu‘?g(X ) be the vector space of locally rectifiable currents of bidimension (g,q) on the complex
manifold X and
Rloc@( ) — Rf;?g Rz (D(X)

9,49

Theorem 5.2. Let T € Rffgc(X), dI'=0. Then T is a holomorphic q-chain with complex coefficients.

This is the structure theorem of holomorphic chains of Harvey-Shiffman-Alexander for complex coeffi-
cients; thanks to it, divisors will be translated into rectifiable currents.

Theorem 5.3. Let X be a Stein manifold or a compact Kdahler manifold. Then the following conditions are
equivalent:

(i) T is the residue current of a d-closed meromorphic 1-form on X having supp T as polar set with
multiplicity 1;

(i) T € RS, _(X), T =dV.

In the same way, we can reformulate the Theorem 5.1 with rectifiable currents:

Theorem 5.4. Let X be a Stein manifold or a compact Kdahler manifold. Then the following conditions are
equivalent:

(i) T =3, a,T,, with T, € R°T, (X)), d-closed, and a, the principal value of a d-closed meromor-
phic (p — 1)-form on supp T, such that T = dV;

(i) T is the residue current of a d-closed meromorphic p-form on X having U/T; as polar set with
multiplicity 1.
5.3. Remark. The global Theorem 5.1 gives also local results since any open ball centered at 0 in C™ is a
Stein manifold.

5.4. Generalization.

5.4.1. With the notations of section 4.1, what has been done with the current 27i ZU Vpy, A, is also possible
in the general case. The current S is defined as follows: let ¢ = > 4;, then S(¢)) = 3", >, SE(1hy).
From (4.2), we have:

re p—1

9]
(5.3) wj = 2mi Z Z A Vka Vk z] (8 Ll/’j)
pu=11=0 &
where 7 is a meromorphic form on Y}, with polar set contained in Y, N {B; = 0}, and where A? . s a

holomorphlc differential operator in the neighborhood of Yj. In the global case, for Y = U, Y, locally finite,
we take k = v, the sum ) S} being locally finite.

Then we will get generalizations of the results in sections 5.2 and 5.3 completing the programme of
section 1.3.

Lemma 5.1. Let mP be the sheaf of closed meromorphic differential forms. Let mP be the image by Vp of
mP in the sheaf of germs of currents on X. Then, for X Stein or compact Kdihler manifold, we have the
commutative diagram

HO(X,mP) — HY(X,mP) — H°(X,mP/EP) — H'(X, EP)
Res | 4
HO(X,d"mP) — HPYY(X,C)
(from [D 57], IV.D.7)

5.4.2. The residue current of a d-closed meromorphic p-form is globally written ¢t = 27i )" Vpy, A, + d'S,
where S =" Zj S, with dt = 0, from the local Proposition 4.2.

Theorem 5.5. If X is a complex manifold which is compact Kahler, or Stein, and Y is a complex hyper-
surface of X, then' Y =U,Y, is a locally finite union of irreducible hypersurfaces. Let Z= SingY'; for every
v, let A, be a d-closed meromorphic (p — 1)-form on Y., and, in the notations of (5.3) with k = v, 7’” be
meromorphic (p — 2)-forms on'Y,, with polar set Y, N Z such that the current t =2wi) . Vpy, A, + ds,
with S=3%_,% 57, be d-closed.



Then the following two conditions are equivalent:

(i) t is the residue current of a d-closed meromorphic p-form on X having Y as polar set.

(i) t = dv on X, where v is a current, i.e. t is cohomologous to 0 on X.

Proof.

(i) = (i1): From Lemma 5.1, the cohomology class of a residue current is 0; it is the case of t.

(i1) = (i): t = dv on X; t of type (p,1) implies: ¢t = dv = d"v; v of type (p,0); the current v is closed
on X \'Y, therefore it a holomorphic p-form on X \ Y. Let m}. be the sheaf of closed meromorphic p-forms
with polar set Y; the Lemma 5.1 is valid for m{. instead of m?. At a point O € Y, Y is defined by Hp, =0
(omitting the index j); the rj being the integers in (5.3), then d(IIyp)*v) = HypFd"v = Hip,Ft = 0 from
Lemma 4.1; therefore ITjp;* v is a germ of holomorphic form at O and v extends a closed meromorphic form
G e H'(X,m}) on X.

We will show that ¢ is the residue current of G.

From Proposition 4.2,

Res[G] = d'Vp G =2mi y _Vpy, B, +d'T

where B, and T are of the same nature as A, and S.
Lemma 5.2. M =v— Vp G satisfies d'M = 0.
Proof. We have:

(5.4) d'M =27y Vpy, (A, — B,) +d(S—T)

Let O; be a non singuler point of Y'; there exists & such that: Oy € {;p, = 0}, (j = 1,...,n); in the
neighborhood of Oy, jp, can be used as local coordinate. We have: M = M; where M; is written with the
local coordinates (..., zj—1,;p;, Zj+1,--.); d'M = d"Mj; the support of d’M is Y, then, in the neighborhood
of O1, d"M; vanishes on the differential forms containing d;p, or d;p,. Then

(55) d,/Mj = ajp, N dﬂﬁk A N;

M; is of type (p,0), therefore without term in d;p, and in dz;, [ # j.

oM,
From (5.5), . =0, then

0z,
oM,

(5.6) i =i N g

d"M; is a differential form with distribution coefficients supported by Y}, therefore, outside Z, from the
structure theorem of distributions supported by a submanifold ([Sc 50], ch. III, théoreme XXXVII), and from

M
(5.6), the coefficients of d” M; being those of 3 —  then d” M; contains transversal derivatives with respect ; Py
3Pk

or ;p, of order at least equal to 7 + 1, what is incompatible with the initial expression (5.4) of d" M, except
if d’M; = 0 outside Z. From (5.4) the Vpy, (A, — B,) and (S —T) being defined as limits of integrals of forms
vanishing on Y'\ Z, we have: d’M =0on X. O

From Lemma 5.2, Res[G] = d"v = t. O

Corollary 5.5.1. Under the hypotheses of Theorem 5.5, the current S is a sum of currents obtained by
application of holomorphic differential operators to principal values of meromorphic forms on the irreducible
components Y, of Y.

Corollary 5.5.2. Under the hypotheses of Theorem 5.5, the residue current of a d-closed meromorphic
differential p-form is the sum, cohomologous to 0, of currents obtained by application of holomorphic dif-
ferential operators to currents Y, a,T,, with T, € Rﬁffqinfl(X), d-closed, and a, the principal value of a
meromorphic (p — 1)-form on supp T,,.



5.5. Remarks. The Theorems of the sections 5.2 and 5.4 and their Corollaries are valid for locally residue

currents in the terminology of [DS 85]. Results are also valid for any complex analytic manifold, using less
natural cohomology (cf [D 57], IV.D.7).

6. Remarks about residual currents [CH 78|, [DS 85].

In the classical definition and notations, we consider residual currents RP[u] = RPP°[u], where p is a
semi-meromorphic form ﬁ, and « a differential (p,0)-form. Then, RP[u] satisfies a formula analogous

to (*) of section 2.4. ([D 93] , section 8).

Locally, one of the assertions of the theorem of Picard is valid for any p, from the result of Dickenstein-
Sessa quoted in section 5.1. So generalizations of theorems in sections 5.2 to 5.4, for residual currents, seem
valid.
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