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ABSTRACT

This paper deals with the sensitivity analysis of 3-RPR planar parallel manipulators (PPMs). First, the sen-

sitivity coefficients of the pose of the manipulator moving platform to variations in the geometric parameters and

in the actuated variables are expressed algebraically. Moreover, two aggregate sensitivity indices are determined,

one related to the orientation of the manipulator moving platform and another one related to its position. Then, a

methodology is proposed to compare 3-RPR PPMs with regard to their dexterity, workspace size and sensitivity.

Finally, the sensitivity of a 3-RPR PPM is analyzed in detail and four 3-RPR PPMs are compared as illustrative

examples.

NOMENCLATURE

ai Distance between pointsO andAi

ρi Distance between pointsAi andCi

ci Distance between pointsCi andP

αi Angle between vectors~Oxand ~OAi

βi Angle between vectors~C1C2 and ~PCi

θi Angle between vectors~Oxand ~AiCi
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δai Variation inai

δαi Variation inαi

δρi Variation inρi

δci Variation inci

δβi Variation inβi

‖.‖2 The Euclidean norm

hi Unit vector ~OAi/‖ ~OAi‖2

ui Unit vector ~AiCi/‖ ~AiCi‖2

ki Unit vector ~CiP/‖ ~CiP‖2

Fb Base frame

F p Moving platform frame

P Geometric center of the moving platform

px, py Cartesian coordinates ofP expressed inFb

φ Orientation of the moving platform

δaix Position error of pointAi along ~Ox

δaiy Position error of pointAi along ~Oy

δciX Position error of pointCi along ~PX

δciY Position error of pointCi along ~PY

νp Local sensitivity index of the position of the moving platform to variations in the geometric parameters

νφ Local sensitivity index of the orientation of the moving platform to variations in the geometric parameters

1 INTRODUCTION

Variations in the geometric parameters of PKMs can be eithercompensated or amplified. For that reason, it is important

to analyze the sensitivity of the mechanism performance to variations in its geometric parameters. For instance, Wang et

al. [1] studied the effect of manufacturing tolerances on the accuracy of a Stewart platform. Kim et al. [2] used a forward

error bound analysis to find the error bound of the end-effector of a Stewart platform when the error bounds of the joints

are given, and an inverse error bound analysis to determine those of the joints for the given error bound of the end-effector.

Kim and Tsai [3] studied the effect of misalignment of linearactuators of a 3-Degree of Freedom (DOF) translational
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parallel manipulator on the motion of its moving platform. Caro et al. [4] developed a tolerance synthesis method for

mechanisms based on a robust design approach. Caro et al. [5]proposed two indices to evaluate the sensitivity of the end-

effector pose (position + orientation) of Orthoglide 3-axis, a 3-DOF translational PKM, to variations in its design parameters.

Besides, they noticed that the better the dexterity, the higher the accuracy of the manipulator. However, Yu et al. [6] claimed

that the accuracy of a 3-DOF Planar Parallel Manipulator (PPM) is not necessarily related to its dexterity. Meng et al. [7]

proposed a method to analyze the accuracy of parallel manipulators with joint clearance and obtained a standard convex

optimization problem to evaluate the maximal pose error in aprescribed workspace.

This paper deals with the sensitivity analysis of 3-DOF Planar Parallel Manipulators (PPMs) to variations in their geomet-

ric parameters and actuated joints. Without loss of generality, we focus on the sensitivity analysis of the 3-RPR manipulator

within the framework of this paper. The singularities of this manipulator were analyzed in [9, 10]. Here, we introduce a

methodology to derive the sensitivity coefficients of the moving platform pose to variations in the geometric parameters in

algebraic form. The underlying methodology can also be applied to derive the sensitivity coefficients of other PPMs suchas

3-RPR, 3-RRR, 3-RRR and 3-PRR PPMs.

First, the architecture of the manipulator is described. Then, the sensitivity coefficients of the moving platform pose

to variations in the geometric parameters and in the prismatic actuated variables are expressed algebraically. Moreover,

two aggregate sensitivity indices are determined, one related to the orientation of the manipulator moving platform and

another one related to its position. Then, a methodology is proposed to compare 3-RPR PPMs with regard to their dexterity,

workspace size and sensitivity. Finally, the sensitivity of an arbitrary 3-RPR PPM is analyzed in detail and four 3-RPR PPMs

are compared as illustrative examples.

2 MANIPULATOR ARCHITECTURE

Here and throughout this paper,R, P andP denote revolute, prismatic and actuated prismatic joints,respectively. Fig-

ure 1 illustrates the architecture of the manipulator understudy. It is composed of a base and a moving platform (MP)

connected by means of three legs. PointsA1, A2 andA3, (C1, C2 andC3, respectively) lie at the corners of a triangle, of which

point O (point P, resp.) is the circumcenter. Each leg is composed of aR, aP and aR joint in sequence. The threeP joints

are actuated. Accordingly, the manipulator is named 3-RPR manipulator.

Fb andF p are the base and the moving platform frames of the manipulator. In the scope of this paper,Fb andF p are

supposed to be orthogonal.Fb is defined with the orthogonal dihedron( ~Ox, ~Oy), point O being its center and~Ox parallel to
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segmentA1A2. Likewise,F p is defined with the orthogonal dihedron( ~PX, ~PY), pointC being its center and~PX parallel to

segmentC1C2.

The manipulator MP pose, i.e., its position and its orientation, is determined by means of the Cartesian coordinates

vectorp = [px, py]
T of operation pointP expressed in frameFb and angleφ, namely, the angle between framesFb andF p.

Finally, the passive joints do not have any stop.

O

i
j

u1

h1

α1
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A2

A3

θ1

θ2

θ3
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C3

β1

P

x
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X
Y

Fp

Fb

Figure 1. 3-RPR manipulator

3 SENSITIVITY INDICES

In this section, we first derive the sensitivity coefficientsof the pose of the 3-RPR manipulator MP to variations in

the prismatic actuated joints as well as in the coordinates of Ai andCi, i = 1,2,3, the latter being either Polar or Cartesian

coordinates. From the foregoing sensitivity coefficients,we propose sensitivity indices associated with the variations in the

coordinates ofAi , Ci and inρi , i = 1,2,3, and two aggregate sensitivity indices, one related to theposition of the MP of the

manipulator and another one related to its orientation.
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3.1 Sensitivity Coefficients

From the closed-loop kinematic chainsO−Ai −Ci −P−O, i = 1, . . . ,3 depicted in Fig. 1, the position vectorp of point

P can be expressed inFb as follows:

p =







px

py






= ai +(ci −ai)+ (p− ci) , i = 1, . . . ,3 (1)

ai andci being the position vectors of pointsAi andCi expressed inFb. Equation (1) can also be written as

p = aihi +ρiui +ciki (2)

with

hi =







cosαi

sinαi






, ui =







cosθi

sinθi






, ki =







cos(φ+βi +π)

sin(φ+βi +π)







whereai is the distance between pointsO andAi, ρi is the distance between pointsAi andCi, ci is the distance between points

Ci andP, hi is the unit vector~OAi/‖ ~OAi‖2, ui is the unit vector ~AiCi/‖ ~AiCi‖2 andki is the unit vector~CiP/‖ ~CiP‖2.

Upon differentiation of Eq.(2), we obtain:

δp = δai hi +ai δαi Ehi +δρi ui +ρi δθi Eui

+δci ki +ci (δφ+δβi) Eki (3)
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with matrix E defined as

E =







0 −1

1 0






(4)

δp andδφ being the position and orientation errors of the MP. Likewise,δai , δαi , δρi , δci andδβi denote the variations inai ,

αi , ρi, ci andβi , respectively.

The idle variationδθi is eliminated by dot-multiplying Eq.(3) byρiuT
i , thus obtaining

ρi uT
i δp = ρi δai uT

i hi +ρi ai δαi uT
i Ehi +ρi δρi

+ρi δci uT
i ki +ρi ci (δφ+δβi)uT

i Eki (5)

Equation (5) can now be cast in vector form, namely,

A







δφ

δp






= Ha













δa1

δa2

δa3













+Hα













δα1

δα2

δα3













+B













δρ1

δρ2

δρ3













+

Hc













δc1

δc2

δc3













+Hβ













δβ1

δβ2

δβ3













(6)

with

A =













m1 ρ1uT
1

m2 ρ2uT
2

m3 ρ3uT
3













, B =













ρ1 0 0

0 ρ2 0

0 0 ρ3













(7a)
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Ha = diag

[

ρ1uT
1 h1 ρ2uT

2 h2 ρ3uT
3 h3

]

(7b)

Hα = diag

[

ρ1a1uT
1 Eh1 ρ2a2uT

2 Eh2 ρ3a3uT
3 Eh3

]

(7c)

Hc = diag

[

ρ1uT
1 k1 ρ2uT

2 k2 ρ3uT
3 k3

]

(7d)

Hβ = diag

[

ρ1c1uT
1 Ek1 ρ2c2uT

2 Ek2 ρ3c3uT
3 Ek3

]

(7e)

and

mi =−ρi ci uT
i Eki , i = 1, . . . ,3 (8)

Let us notice thatA andB are the direct and the inverse Jacobian matrices of the manipulator, respectively. Assuming

that A is non singular, i.e., the manipulator does not meet any TypeII singularity [11], we obtain upon multiplication of

Eq.(6) byA−1:







δφ

δp






= Ja













δa1

δa2

δa3













+Jα













δα1

δα2

δα3













+J













δρ1

δρ2

δρ3













+

Jc













δc1

δc2

δc3













+Jβ













δβ1

δβ2

δβ3













(9)

with

J = A−1B (10a)

Ja = A−1Ha (10b)

Jα = A−1Hα (10c)
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Jc = A−1Hc (10d)

Jβ = A−1Hβ (10e)

and

A−1 =
1

det(A)







v1 v2 v3

v1 v2 v3






(11a)

vi = ρ jρk(u j ×uk)
Tk (11b)

vi = E(mjρkuk−mkρ ju j) (11c)

det(A) =
3

∑
i=1

mivi (11d)

k = i× j (11e)

j = (i+1) modulo 3;k= (i+2) modulo 3; i = 1,2,3. J is the kinematic Jacobian matrix of the manipulator whereasJa, Jα,

Jc andJβ are namedsensitivity Jacobian matricesof the pose of the MP to variations inai , αi , ci andβi, respectively. Indeed,

the terms ofJa, Jα, Jc andJβ are the sensitivity coefficients of the position and the orientation of the moving platform of the

manipulator to variations in the Polar coordinates of points Ai andCi. Likewise,J contains the sensitivity coefficients of the

manipulator MP pose to variations in the prismatic actuatedjoints. It is noteworthy that all these sensitivity coefficients are

expressed algebraically.

Let δaix and δaiy denote the position errors of pointsAi, i = 1,2,3, along ~Ox and ~Oy, namely, the variations in the

Cartesian coordinates of pointsAi . Likewise, letδciX andδciY denote the position errors of pointsCi along ~PX and ~PY,

namely, the variations in the Cartesian coordinates of pointsCi.

From Fig. 1,







δaix

δaiy






=







cosαi −ai sinαi

sinαi ai cosαi













δai

δαi






(12a)
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





δciX

δciY






=







cosβi −ci sinβi

sinβi ci cosβi













δci

δβi






(12b)

Accordingly, from Eq.(9) and Eqs.(12a)-(b), we obtain the following relation between the pose error of the MP and variations

in the Cartesian coordinates of pointsAi andCi:







δφ

δp






= JA

































δa1x

δa1y

δa2x

δa2y

δa3x

δa3y

































+J













δρ1

δρ2

δρ3













+JC

































δc1X

δc1Y

δc2X

δc2Y

δc3X

δc3Y

































(13)

JA andJC being namedsensitivity Jacobian matricesof the pose of the MP to variations in the Cartesian coordinates of points

Ai andCi, respectively. Indeed, the terms ofJA andJC are the sensitivity coefficients of the pose of the MP to variations in

the Cartesian coordinates of pointsAi andCi .

In order to better highlight the sensitivity coefficients, let us write the 3×6 matricesJA andJC and the 3×3 matrixJ as

follows:

JA =

[

JA1 JA2 JA3

]

(14a)

JC =

[

JC1 JC2 JC3

]

(14b)

J =

[

j1 j2 j3

]

(14c)
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the 3×2 matricesJAi andJCi and the three dimensional vectorsji being expressed as:

JAi =







jAiφ

JAi p






, i = 1,2,3 (15a)

JCi =







jCiφ

JCi p






, i = 1,2,3 (15b)

ji =







j iφ

jip






, i = 1,2,3 (15c)

with

jAiφ =
1

det(A)

[

vi qi vi r i

]

(16a)

jCi φ =
1

det(A)

[

vi si vi ti

]

(16b)

j iφ =
ρi vi

det(A)
(16c)

JAi p =
1

det(A)







qivT
i i r ivT

i i

qivT
i j r ivT

i j






(16d)

JCi p =
1

det(A)







sivT
i i tivT

i i

sivT
i j tivT

i j






(16e)

jip =
1

det(A)







ρivT
i i

ρivT
i j






(16f)

qi , r i , si andti taking the form:

qi = ρiuT
i i (17a)

r i = ρiuT
i j (17b)
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si = ρiuT
i ki cosβi −ρiuT

i Eki sinβi (17c)

ti = ρiuT
i ki sinβi +ρiuT

i Eki cosβi (17d)

jAiφ, jCi φ and j iφ contain the sensitivity coefficients of the orientation of the MP of the manipulator to variations in the

Cartesian coordinates of pointsAi, Ci and in prismatic actuated variables, respectively. Similarly, JAi p, JCi p andjip contain

the sensitivity coefficients related to the position of the MP.

Accordingly, the designer of such a planar parallel manipulator can easily identify the most influential geometric vari-

ations to the pose of its MP and synthesize proper dimensional tolerances from the previous sensitivity coefficients. Some

sensitivity indices related to the geometric errors of the moving and base platforms as well as to prismatic actuated joints

errors are introduced thereafter.

3.2 Sensitivity Indices to Variations in the Cartesian Coor dinates of Ai , Ci and in ρi

From Eqs.(16a)-(c) (Eqs.(16d)-(f), resp.), it turns out that the maximum sensitivity of the orientation (position, resp.)

of the manipulator MP to variations in the Cartesian coordinates of pointsAi, Ci and inρi is equal to the norm ofjAiφ, jCiφ

and j iφ (JAi p, JAi p andjip, resp.). Accordingly, letνφAi , νφCi andνφρi (νpAi , νpρi andνpCi , resp.) be the sensitivity indices of

the orientation (position, resp.) of the moving platform tovariations in the Cartesian coordinates of pointsAi , Ci and inρi,

respectively:

νφAi = ‖jAiφ‖2 (18a)

νφCi = ‖jCi φ‖2 (18b)

νφρi = | j iφ| (18c)

νpAi = ‖JAi p‖2 (18d)

νpCi = ‖JCi p‖2 (18e)

νpρi = ‖jip‖2 (18f)

with ‖ ·‖2 denoting the spectral norm, i.e., the 2-norm. As a reminder,the spectral norm of a matrix is equal to its maximum

singular value.
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3.3 Two Aggregate Sensitivity Indices

The pose errors of the manipulator MP depend on variations inthe geometric parameters as well as on the manipulator

configuration. In order to analyze the influence of the manipulator configuration on those errors, let us first formulate some

indices to assess the aggregate sensitivity of the MP pose tovariations in the geometric parameters for a given manipulator

configuration. To this end, let Eq.(13) be expressed as:







δφ

δp






= Js

[

δai δρi δci

]T

(19)

with

Js =

[

JA J JC

]

(20)

and

δai =

[

δa1x δa1y δa2x δa2y δa3x δa3y

]

(21a)

δρi =

[

δρ1 δρ2 δρ3

]

(21b)

δci =

[

δc1X δc1Y δc2X δc2Y δc3X δc3Y

]

(21c)

The 3×15 matrixJs can be written as follows:

Js =







jsφ

Jsp






(22)
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with

jsφ =

[

jA1φ jA2φ jA3φ j1φ j2φ j3φ jC1φ jC2φ jC3φ

]

(23a)

Jsp =

[

JA1p JA2p JA3p j1p j2p j3p JC1p JC2p JC3p

]

(23b)

From Eq.(23a), we can define an aggregate sensitivity indexνφ of the orientation of the MP of the manipulator to

variations in its geometric parameters and prismatic actuated joints, namely,

νφ =
‖jsφ‖2

nv
(24)

nv being the number of variations that are considered. Here,nv is equal to 15.

Likewise, from Eq.(23b), an aggregate sensitivity indexνp of the position of the MP of the manipulator to variations in

its geometric parameters and prismatic actuated joints canbe defined as follows:

νp =
‖Jsp‖2

nv
(25)

For any given manipulator configuration, the lowerνφ, the lower the overall sensitivity of the orientation its MPto

variations in the geometric parameters. Similarly, the lower νp, the lower the overall sensitivity of the MP position to

variations in the geometric parameters. As a matter of fact,νφ (νp, resp.) characterizes the intrinsic sensitivity of the MP

orientation (position, resp.) to any variation in the geometric parameters.

Let us notice thatνp as well as the sensitivity coefficients related to the MP position defined in Sections 3.1 and 3.2 are

frame dependent, whereasνφ and the sensitivity coefficients related to the MP orientation are not.

Finally, let us notice thatνφqi indices,qi = {Ai ,ρi ,Ci}, defined in Eqs.(18a)-(c), as well asνφ are expressed in [rad/L],

whereasνpqi indices defined in Eqs.(18d)-(f), as well asνp are dimensionless, [L] being the unit of length.
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4 COMPARISON METHODOLOGY

In this section we define a methodology to compare planar parallel manipulators with regard to their dexterity, workspace

size and sensitivity. This methodology is organized into four steps:

1. normalization of the geometric parameters;

2. determination of the manipulator regular dexterous workspace (RDW);

3. evaluation of the sensitivity of the MP orientation to variations in the geometric parameters throughout the RDW by

means ofνφ defined in Eq. (24);

4. evaluation of the sensitivity of the MP position to variations in the geometric parameters throughout the RDW by means

of νp defined in Eq. (25).

The radii of the circumscribed circles of the base and movingplatforms of the manipulators are normalized as explained in

Section 4.1. The manipulator RDW is obtained by means of an optimization problem introduced in Section 4.2.

4.1 Geometric Parameters Normalization

Let R1 andR2 be the radii of the base and moving platforms of the PPM. In order to come up with finite values,R1 and

R2 are normalized. In the same vein, the dimensions of two degree-of-freedom manipulators were normalized in [12,13,14].

For that matter, letNf be a normalizing factor:

Nf = (R1+R2)/2 (26)

and

rm = Rm/Nf , m= 1,2 (27)

Therefore,

r1+ r2 = 2 (28)
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From eqs.(27) and (28), we can notice that:

r1 ∈ [0,2] , r2 ∈ [0,2] (29)

As the former two-dimensional infinite space correspondingto geometric parametersR1 andR2 is reduced to a one-dimensional

finite space defined with Eq.(28), the workspace analysis of the3-RPR manipulator under study is easier. Moreover, once

the geometric parameters of two PPMs are normalized, the size of their RDW can be compared.

4.2 Regular Dexterous Workspace

Assessing the kinetostatic peformance of parallel manipulators is not an easy task for 6-DOF parallel manipulators [15],

but for planar manipulators it is easier as their singularities have a simple geometric interpretation [16,17].

The regular dexterous workspace of a manipulator (RDW) is a regular-shaped part of its workspace with good and

homogeneous kinetostatic performance [18]. The shape of the RDW is up to the designer. It may be a cube, a parallelepiped,

a cylinder or another regular shape. A reasonable choice is ashape that “fits well” the one of the singular surfaces. A cylinder

suits well for planar manipulators.

In the scope of this study, the RDW of the PPM is supposed to be acylinder of φ-axis with a good kinetostatic per-

formance, i.e., the inverse condition numberκ−1
F (Jn) of the normalized Jacobian matrixJn of the manipulator based on the

Frobenius norm is higher than a prescribed value,κF(·) denoting the condition number of a matrix based on the Frobenius

norm. Letκ−1
F (Jn) be higher than 0.1.

The normalized Jacobian matrixJn is used as the terms of the kinematic Jacobian matrixJ are not homogeneous. In this

case, its condition number is meaningless as its singular values cannot be arranged in order due to their different nature. Jn is

obtained fromJ by means of a characteristic length in [16]. For the particular case of planar 3-dof parallel manipulators, the

use of the characteristic length to calculate the conditionnumber makes sense as it has a geometric meaning as shown in [17].

Indeed, the characteristic length was calculated such that, at the isotropic configuration, the manipulators is the furthest from

its singular configurations, which are those where linesAiCi intersect,i = 1, . . . ,3. Here “furthest” does not relate to a

distance (there is no metric inR2×SO(2)), but to angles between lines as explained in [17]. A geometric interpretation of

the characteristic length was reported in [19].
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The RDW is obtained by solving the following optimization problem:

Pb

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

min
x

1/R

s.t. ∆φ ≥ π/6

κ−1
F (Jn)≥ 0.1

Rbeing the radius of the cylinder and∆φ the orientation range of the MP within the RDW. Here,∆φ is supposed to be equal

to π/6. This optimization problem has five decision variables, namely,

x =

[

R Ix Iy φmin φmax

]

Ix and Iy being the Cartesian coordinates of the cylinder center,φmin and φmax being the lower and upper bounds of∆φ,

respectively. Besides, the global minimum of this optimization problem is found by means of a Tabu search Hooke and

Jeeves algorithm [20]. Consequently, the RDW of the manipulator is completely defined by means of the decision variables

associated with this global minimum. Finally, Eqs. (24) and(25) are used to evaluate the overall sensitivity of the MP

orientation and position to variations in the geometric parameters of the manipulator throughout the RDW.

5 ILLUSTRATIVE EXAMPLES

This section aims at illustrating the sensitivity coefficients, indices and comparison methodology introduced in Sec-

tions 3.1, 3.2, 3.3 and 4, respectively. For that purpose, the sensitivity of an arbitrary 3-RPR PPM is first analyzed in detail.

Then, the sensitivity of four 3-RPR PPMs are compared.

5.1 Sensitivity Analysis of a general 3-RPR PPM

Let us study the 3-RPR PPM with the following geometric parameters:

a1 = a2 = a3 = R1 = 0.60 (30a)

c1 = c2 = c3 = R2 = 0.25 (30b)
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{α1,α2,α3} = {−2.50, −0.60, 2.30} (30c)

{β1,β2,β3} = {−2.90, −0.25, 0.75} (30d)

αi andβi , i = 1,2,3, being expressed in [rad] andR1 andR2 in [m]. Figure 2 illustrates the corresponding manipulator,

the radii of the circumscribed circles of its base and movingplatforms being different. In this figure, the MP orientation φ

is equal to−π/8 and the Cartesian coordinates of its geometric centerP expressed inFb arep = [−0.3,−0.1]T . Figure 3

A1

A2

A3

C1

C2

C3

O
Pφ
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y
[m
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-0.4
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0.3

0.4

0.5

Figure 2. The 3-RPR manipulator under study with φ =−π/8, p = [−0.3,−0.1]T , R1 = 0.6 m and R2 = 0.25m

illustrates the singularity locus of the3-RPR PPM within a region of the workspace delimited withx∈ [−2,2], y∈ [−2,2]

andφ ∈ [−2,2]. They correspond to configurations in which the stiffness ofthe mechanism is locally lost, which occurs

when matrixA is singular, i.e., det(A) = 0, [21].

Let us assume that the prismatic joints of the manipulator donot have any stop. Figure 4 depicts a section of the

workspace of the3-RPR PPM under study for a given orientation of its moving platform, i.e., φ = −π/8. This section,

calledW s, is an ellipse and is delimited with the singularity locus shown in Fig. 3.

Figures 5(a)-(b) illustrate the percentage ofW s, in which the orientation-sensitivity indices related to variations in the

coordinates ofAi, Ci and inρi, defined with Eqs. (18a)-(c), are smaller than 3 rad/m and 6 rad/m, respectively. The three

bars above indicesνφqi , i = 1,2,3, are associated with the sensitivity of the MP orientationφ to variations inq1, q2 andq3,

17



-2
-1

0
1

2 -2 -1
0

1
2

-2

-1

0

1

2

x [m]
y [m]

φ
[r

ad
]

Figure 3. Singularity locus of the 3-RPR PPM within a region of the workspace delimited with x∈ [−2,2], y∈ [−2,2] and φ ∈ [−2,2]
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Figure 4. Section of the workspace of the 3-RPR PPM delimited with the Type-II singularities for a given orientation φ, i.e., φ =−π/8
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Figure 5. The percentage ofW s, in which: (a) νφqi < 3 rad/m; (b) νφqi < 6 rad/m, qi = {Ai ,ρi ,Ci}, i = 1,2,3

respectively. For the first set of three bars,qi stands forAi. For the second set of three bars,qi stands forρi . For the third set

of three bars,qi stands forCi, i = 1,2,3. It is apparent that the higher the bar, the smaller the sensitivity of the MP orientation

to variations in the corresponding geometric parameter or variable. For instance, from Fig. 5(a),νφA1 is smaller than 3 rad/m

in 49.3% ofW s, νφρ2 is smaller than 3 rad/m in 42.4% ofW s andνφC3 is smaller than 3 rad/m in 48.9% ofW s.
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Figure 6. The percentage ofW s, in which: (a) νpqi < 1.5; (b) νpqi < 3, qi = {Ai,ρi ,Ci}, i = 1,2,3
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Figures 6(a)-(b) illustrate the percentage ofW s, in which the position-sensitivity indices to variations in the coordinates

of Ai, Ci and inρi, defined with Eqs. (18d)-(f), are smaller than 1.5 and 3, respectively. The three bars above indicesνpqi ,

i = 1,2,3, are associated with the sensitivity of the MP position to variations inq1, q2 andq3, respectively. For the first set

of three bars,qi stands forAi. For the second set of three bars,qi stands forρi. For the third set of three bars,qi stands for

Ci , i = 1,2,3. The higher the bar, the smaller the sensitivity of the MP position to variations in the corresponding geometric

parameter or variable. For instance, from Fig. 6(a),νpA1 is smaller than 1.5 in 61.2% ofW s, νpρ2 is smaller than 1.5 in 40.6%

of W s andνpC3 is smaller than 1.5 in 71.1% ofW s.

From Figs. 5(a)-(b), we can notice thatνφAi , νφρi andνφCi are similar. Likewise, from Fig. 6(a)-(b),νpAi , νpρi andνpCi

are similar. As a matter of fact,νφAi andνφCi (νpAi andνpCi , resp.) is the sensitivity of the MP orientation (position)to the

most penalizing variation of the corresponding point. Accordingly, the most penalizing variations of pointsAi andCi are

along legAiCi , i = 1,2,3.

For the MP orientation depicted in Fig. 2, we can notice from Figs. 5(a)-(b) that the MP orientation is more sensitive

to variations in the geometric parameters of the second leg of the manipulator than to variations in its other geometric

parameters as the bars associated with the second leg are smaller than the bars associated with the other legs. Likewise,from

Figs. 6(a)-(b), the MP position is more sensitive to variations in the geometric parameters of second leg of the manipulator

than to variations in its other geometric parameters as the bars associated with the second leg are smaller than the bars

associated with the other legs.

In order to have an idea of the sensitivity of the MP pose of themanipulator to variations in its geometric parameters and

prismatic actuated joints, Figs. 7(a)-(b) illustrate the isocontours ofνφ andνp, defined with Eqs. (24) and (25), throughout

W s. We can notice that the closerP to the geometric center ofW s, the smaller the sensitivity of the MP pose to variations in

the geometric parameters and prismatic actuated joints.

Figures 8(a)-(b) illustrate the distribution ofνφ andνp throughoutW s. For instance, Fig. 8(b) shows thatνφ is lower than

0.4 rad/m in 24.7% ofW s. Likewise, Fig. 8(a) shows thatνp is lower than 0.2 in 32.8% ofW s.

Let us assume that the variations in the geometric parameters and prismatic actuated joints follow a normal distribution

and their tolerance range is equal to 50µm, namely,

∆qi = 3σqi = 50µm, qi = {Ai ,ρi,Ci} , i = 1,2,3 (31)
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Figure 7. νφ and νp isocontours throughoutW s
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Figure 8. Distribution of νφ and νp throughoutW s

∆qi andσqi being the tolerance range and the standard deviation of entity qi , qi = {Ai ,ρi ,Ci}, i = 1,2,3, respectively. Let|δφ|
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Figure 9. Distribution of the (a) orientation and (b) positioning errors of the MP for a given pose of the latter: φ = π/8 and p = [0.25,0.4]

and‖δp‖2 be the absolute value of the orientation error and the 2-normof the positioning error of the MP of the manipulator,

respectively. Figures 9(a)-(b) illustrate their distribution evaluated by means of Eq.(19) for the MP pose depicted inFig. 2
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and the tolerance ranges specified in Eq.(31). Let|δφ|mean be the average of the absolute orientation error of the MP and

‖δp‖2meanthe 2-norm of its positioning error. From Figs. 9(a)-(b),|δφ|mean is equal to 623µrad/m and‖δp‖2mean is equal to

232µm. Figures 10(a)-(b) show the isocontours of|δφ|meanand‖δp‖2meanthroughoutW s. Those isocontours are similar to

νφ andνp isocontours illustrated in Figs. 7(a)-(b). It means thatνφ andνp are relevant sensitivity indices of the MP pose to

variations in the geometric parameters and in actuated variables.

5.2 Comparison of Two Non-Degenerate and Two Degenerate 3-RPR PPMs

In order to highlight the comparison methodology proposed in Section 4, the sensitivity of two degenerate and two non-

degenerate 3-RPR PPMs is analyzed. Degenerate manipulators have a simpler direct kinematic characteristic polynomial

and simpler singularity conditions. Whether they are globally more or less sensitive to geometric errors than their non-

degenerate counterparts is a question of interest for the designer. First, the two degeneracy features are recalled. Then, the

architectures of the four manipulators under study are illustrated. Finally, those four manipulators are compared based on

the size of their regular dexterous workspace and the sensitivity of their MP pose to variations.

5.2.1 Degeneracy Conditions The forward kinematic problem of a parallel manipulator often leads to complex

equations and non analytic solutions, even when considering 3-DOF PPMs [22]. For those manipulators, Hunt showed

that the forward kinematics admits at most six solutions [23] and some authors proved that their forward kinematics can

be reduced to the solution of a sixth-degree characteristicpolynomial [24, 25]. The decreasing conditions of the degree of

the latter were investigated in [26], [27] and [28]. Here, wefocus on the sensitivity analysis of two classes of degenerate

manipulators. The first class includes all 3-RPR manipulators with similar base and moving platforms [27]. As far as the

degenerate manipulators of the second class are concerned,their moving platform is obtained from their base platform by

means of a reflection [28]. For manipulators of the first class, the forward kinematics is reduced to the solution of two

quadratics in cascade. For manipulators of the second class, the forward kinematics degenerates is reduced to the solution of

a cubic and a quadratic in sequence.

5.2.2 Manipulators Under Study Figures 11(a)-(d) illustrate the four manipulators under study, before geometric

parameters normalization, namedM1, M2, M3 andM4, respectively.M1 andM2 are non-degenerate whereasM3 andM4

are degenerate. In Fig. 11(a), it is apparent that the base and moving platforms ofM1 are equilateral. From Fig. 11(b), the

base and moving platforms ofM2 are identical but in a different geometric configuration foran orientationφ = 0. M3 and
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Figure 10. (a) |δφ|meanand (b) ‖δp‖2meanisocontours throughoutW s
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M4 illustrate two degeneracy cases. It is noteworthy that the base and moving platforms ofM2, M3 andM4 have the same

circumscribed circle, its radius being equal to 1. As far asM1 is concerned, the circumscribed circle of its moving platform

is two times smaller than the one of the base platform. With the geometric parameters normalization introduce in Section

4.1 the sum of their radius being is equal to 2.
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Figure 11. The four 3-RPR manipulators under study with φ = 0 and p = [1,1.5]T : (a)-(b) non-degenerate manipulators, (c)-(d) degenerate

manipulators
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5.2.3 Regular Dexterous Workspace In order to compare the sensitivity of the foregoing manipulators, we first

define their RDW as defined in subsection 4.2. Then, the sensitivity of M1, M2, M3 andM4 can be evaluated throughout

their RDW and compared. Figures 12(a)-(d) illustrate the workspace window equal tox= [−2.5;2.5], y= [−2.5;2.5] and

φ = [−π;π], the singularity surfaces and the maximal RDW ofM1, M2, M3 andM4. Their radii are given in Table 1 and

compared in Fig. 13. We can notice thatM4 has the largest RDW, whereasM2 has the smallest one.

R1 R2 R3 R4

1.18 0.64 0.92 1.43

Table 1. RDW radius of M1, M2, M3 and M4

5.2.4 νφ and νp Isocontours In this section, the sensitivity ofM1, M2, M3 andM4 is evaluated within their RDW for

a matter of comparison based on aggregate sensitivity indicesνφ andνp defined with Eqs.(24) and (25), respectively.

Figures 14(a)-(d) (Figures 15(a)-(d), resp.) illustrate the isocontours of the maximum value ofνφ (νp, resp.) for a given

orientationφ of the MP throughout the RDW ofM1, M2, M3 andM4, respectively. It is apparent thatM4 has the least sensitive

orientation of its MP whereasM1 has the least sensitive position of its MP to variations in geometric parameters. On the

contrary,M1 has the most sensitive position of its MP andM4 has the most sensitive orientation of its MP to variations in

geometric parameters.

Figures 16(a)-(b) show the distributions ofνφ andνp throughout the RDW ofM1, M2, M3 andM4. From Fig. 16(a),νφ

is smaller than 0.3 in 78.4% (93.7%, 90.3% and 98.3%, resp.) ofM1 (M2, M3 andM4, resp.) RDW. From Fig. 16(b),νp is

smaller than 0.2 in 79.9% (48.8%, 78.4% and 18.7%, resp.) ofM1 (M2, M3 andM4, resp.) RDW.

Finally, Table 2 gives an overall classification ofM1, M2, M3 andM4 with regard to their RDW size and the sensitivity of

their MP orientation and position to variations in their geometric parameters. We can notice that the degenerate manipulator

M4 is globally the most interesting, i.e., it has the most robust design. The sensitivity analysis of these four manipulators

has been carried out with other RDWs, i.e., with different upper bounds of∆φ and κ−1
F (Jn) in the optimization problem

formulated in Section 4.2. The results are reported in [29] and it turns out that the overall classification shown in Table2 is

unchanged.
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Figure 12. Maximal Regular Dextrous Workspace of: (a) M1; (b) M2; (c) M3 and (d) M4
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Figure 13. RDW radius of M1, M2, M3 and M4

M1 M2 M3 M4

RDW 2 4 3 1

νφ 4 3 2 1

νp 1 3 2 4

Ranking 2 4 2 1

Table 2. Classification of M1, M2, M3 and M4 w.r.t νφ, νp and their RDW size

6 CONCLUSIONS

This paper dealt with the sensitivity analysis of 3-RPR planar parallel manipulators (PPMs). First, the sensitivity

coefficients of the pose of the manipulator moving platform to variations in the geometric parameters and in the actuated

variables were expressed algebraically. Moreover, two aggregate sensitivity indices were determined, one related tothe

orientation of the moving platform of the manipulator and another one related to its position. Then, a methodology was

proposed to compare 3-RPR PPMs with regard to their dexterity, workspace size and sensitivity. The sensitivity of a 3-

RPR PPM was analyzed in detail and four 3-RPR PPMs were compared as illustrative examples. The sensitivity indices

νφ andνp introduced in the paper should help the designer of 3-R PR PPMs at their conceptual design stage. The actuated

joint limits were not considered in this study, but have to beused for the determination of the manipulator size. As a

matter of fact, they can be calculated knowing the location and the size of the maximal RDW. In order to deal with this
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Figure 14. νφ isocontours of (a) M1, (b) M2, (c) M3 and (d) M4

problem, the RDW can be plotted in the joint space and its smallest enveloping parallelepiped be determined. Later on,

the methodology proposed in this paper will be used to compare the sensitivity of PPMs of different architectures and/or

dimensions to variations in their geometric parameters.
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