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INTERNAL EXPONENTIAL STABILIZATION FOR NAVIER-STOKES
EQUATIONS BY MEANS OF FINITE-DIMENSIONAL DISTRIBUTED CONTROLS

VIOREL BARBU, SERGIO S. RODRIGUES, ARMEN SHIRIKYAN

ABSTRACT. We consider the Navier—Stokes system in a bounded domain with a smooth boundary.
Given a sufficiently regular global solution, we construct a finite-dimensional feedback control that is
supported by a given open set and stabilizes the linearized equation. The proof of this fact is based
on a truncated observability inequality, the regularizing property for the linearized equation, and some
standard techniques of the optimal control theory. We then show that the control constructed for the
linear problem stabilizes locally also the full Navier—Stokes system.
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1. INTRODUCTION

Let © C R? be a connected bounded domain located locally on one side of its smooth boundary
I' = 09). We consider the controlled Navier—Stokes system in {2:

(1) ou+ {(u-Viu—vAu+Vp=h+¢, V-u=0,
(2) ul. = 0.

Here u = (uy,us2,us) and p are unknown velocity field and pressure of the fluid, v > 0 is the viscosity,
(u - V) stands for the differential operator w301 + w202 + u3z0s, h is a fixed function, and ¢ is a control
taking values in the space £ of square-integrable functions in {2 whose support in x is contained in a
given open subset w C Q. The problem of exact controllability for (fl[), (B)) was in the focus of attention of
many researchers starting from the early nineties, and it is now rather well understood. Namely, it was
proved that, given a time 7" > 0 and a smooth solution @ of (m), (E) with ¢ = 0, for any initial function wug
sufficiently close to 4(0) one can find a control ¢ : [0, 7] — & such that the solution of problem ([l), ()
supplemented with the initial condition

3) u(0,z) = uo(x)
is defined on [0, 7] and satisfies the relation u(T) = @(T). We refer the reader to [f, L, [T, [2, [L3, [ for
the exact statements and the proofs of these results.

Even though the property of exact controllability is quite satisfactory from the mathematical point

of view, many problems arising in applications require that the control in question be feedback, because
1
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closed-loop controls are usually more stable under perturbations (e.g., see the introduction to Part 3
in [ﬂ]) This question has found a positive answer in the context of stabilization theory. It was intensively
studied for the case in which the target solution @ is stationary (in particular, the external force is
independent of time). A typical result in such a situation claims that, given a smooth stationary state @
of the Navier—Stokes system and a constant A > 0, one can construct a continuous linear operator
K : L? — & with finite-dimensional range such that the solution of problem ([l) — [{) with ¢ = K (u—1)
and a function wug sufficiently close to 4 is defined for all ¢ > 0 and converges to 4 at least with the
rate e~ . We refer the reader to the papers [E, E, E, E, @, ] for boundary stabilization and to [ﬁ, ,
for stabilization by a distributed control.

The aim of this paper is to establish a similar result in the case when the target solution 4 depends
on time. Namely, we will prove the following theorem, whose exact formulation is given in Section .

ess sup‘@;{@jﬁ(t,zﬂ <R forj=0,1, o <1,
(t,z)eQ
where Q@ = Ry x Q and R > 0 is a constant. Then for any A > 0 and any open subset w C €) there is
an integer M = M(R,\,w) > 1, an M-dimensional space £ C C§°(w,R3), and a family of continuous
linear operators Kg(t) : L>(Q,R3) — &, t > 0, such that the following assertions hold.
(a) The function t — Kg(t) is continuous in the weak operator topology, and its operator norm is
bounded by a constant depending only on R, A\, and w.
(b) For any divergence free function ug € H}(Q,R3) that is sufficiently close to @(0) in the H'-norm
problem ([l) — (B) with ¢ = Ka(t)(u — a(t)) has a unique global strong solution (u,p), which
satisfies the inequality

lu(t) — a(t)| g < Ce Mug — a(0)|gr, t>0.

Main Theorem. Let (ii,) be a global smooth solution for problem ([ll), (E) with ¢ =0 such that

Note that this theorem remains true for the two-dimensional Navier—Stokes system, and in this case,
it suffices to assume that the initial function ug is close to @(0) in the L?-norm. Without going into
details, we now describe the main ideas of the proof. We emphasize that the methods developed in the
above-mentioned works do not apply to the non-stationary case, because they use essentially the spectral
properties of the linearized operator and, hence, the fact that the coefficients of the linearized equation
do not depend on time.

Well known methods based on the contraction mapping principle enables one to prove that a control
stabilizing the linearized equation locally stabilizes also the nonlinear equation. Therefore, it suffices to
consider the following problem obtained by linearizing ([l]), (P) around :

(4) Qv+ (a-Vyv+ (v-Vya—vAv+Vp=¢, V-v=0, v|,=0.

Let us assume that, for a sufficiently large integer N, we have constructed a continuous linear operator
¢+ L*(Q,R3) — L2((0,1);€) such that, for any initial function vo, the solution of ({) with ¢ = ((vo)
issued from vy satisfies the relation IIyv(1) = 0, where ITy stands for the orthogonal projection in L?
onto the subspace spanned by the first N eigenfunctions of the Stokes operator in 2. In this case, using
the Poincaré inequality and regularizing property of the resolving operator for (E), we get

[o(1)] 2 = [(I - Oy )o(1)] 2 < Cray?|o(1)]

(5) < Cran*(Jvol 2 + 1C(v0) | L2 (0ayie)) < Cs an?[vol 12,

where {a;} denotes the increasing sequence of the eigenvalues for the Stokes operator and C;, i = 1,2, 3,
are some constants not depending on N. The fact that C3 is independent of N is a crucial property,
and its proof is based on a truncated observability inequality (see Section E in Appendix). It follows
from () that, if N is sufficiently large, then |v(1)|,> < e uvo|z>. Iterating this procedure, we get
an exponentially decaying solution. Once an exponential stabilization of the linearized problem (E) is
obtained, the existence of an exponentially stabilizing feedback control can be proved with the help of
the dynamic programming principle. We refer the reader to Section E for an accurate presentation of
the results on the linearized equation.

In conclusion, let us mention that the approach described above works equally well in the case when
the control acts via the boundary. This situation will be addressed in a subsequent publication.

The paper is organized as follows. In Section E, we introduce the functional spaces arising in the
theory of the Navier—Stokes equations and recall some well-known facts. Section B is devoted to studying
the linearized problem. In Section E, we establish the main result of the paper on local exponential
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stabilization of the full Navier—Stokes system. The Appendix gathers some auxiliary results used in the
main text.

Notation. We write N and R for the sets of non-negative integers and real numbers, respectively, and
we define Ng = N\ {0} and R} = (0, +00). The partial time derivative dyu of a function wu(t,z) will be
denoted by u;.

For Banach spaces X, Y and an interval I C R, we denote

W(I, X,Y):={f € L*(I, X) | fre L*(I,Y)},
where the derivative f; = % is taken in the sense of vectorial distributions. This space is endowed with
the natural norm "
(flwa, x.v) == (F1320, x) + [ fili2 0 v)

Note that if X =Y, then we obtain the Sobolev space W12(I, X).

For a given space Z of functions f = f(¢) defined on an interval of R and a constant A > 0, we define

ENZ):={fecz]| PDfc 7}

This space is endowed with the norm

flerz) = (IF1% + 11 f13)
Given a Banach space X, we denote by X’ its dual and by (-, -)x/ x the duality between X’ and X.

1/2

Clas,...,a,] denotes a function of non-negative variables a; that increases in each of its arguments.

Ci,t=1,2,..., stand for unessential positive constants.

2. PRELIMINARIES

2.1. Functional spaces and reduction to an evolution equation. In what follows, we will confine
ourselves to the 3D case, although all the results remain valid for the 2D Navier—Stokes equations.

Let © C R? be a connected bounded domain located locally on one side of its smooth boundary
' = 09Q. It is natural to study the incompressible Navier—Stokes system as an evolutionary equation in
the subspace H of divergence free vector fields tangent to the boundary:

H:={ucIl*(TQ)| V-u=0inQ,u-n=0onT}
Here L2(T) = (L?(2))? is the space of square integrable vector fields in Q, V - u := d1u; + daus + d3u3

is the divergence of the vector field u and n is the normal vector to the boundary I'. We will also need
the spaces of vector fields on 2:

Vi={uc H(TQ)| V-u=0in Qu=00onT}, U:=H*(TQ)NV.
Note that U coincides with the natural domain D(L) of the Stokes operator L = —vIIA, where II is the
orthogonal projection in L?(T2) onto H. The spaces H, V and U are endowed with the scalar products
(u, v)m = (u, U)LQ(TQ)a (u, v)v = (Lu, v)vrv, (u, v)p(L) = (Lu, LU)LQ(TQ)a

respectively, and we denote by |- |y, |-|v and |-|p(z) the corresponding norms. Finally, we introduce the
space W := WhHe(R,, WLo(TQ)), where W1°(TQ) is the Sobolev space of vector fields in £ whose
components and their first derivatives are essentially bounded.

It is well known that problem (ﬂ), (E) is equivalent to the following evolutionary equation in H:
(6) ut + Lu + Bu =TI(h + (),
where Bu : V — V' is defined by Bu := B(u, u) with

3
<B(ua ’U), w>V’,V = Z / uzazu]wjdz
Q

i,j=1

In the following, we will deal also with linear equations obtained from (E) after replacing B by one of
the operators B(¢) and B*(4), where & € W is a fixed function, B(4)v = B(v, @) + B(4,v), and B*(4)
stands for the formal adjoint of B(@) with respect to the scalar product on H. Namely, let us consider
the problem

(7) r4+Lr+Br=f tely=(0,1),

(8) T(O) =To,

where B = B(a) or B*(a).
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Lemma 2.1. For any ug € H and f € L*(Iy, V'), problem (ﬂ), (E) has a unique solution v €
W (I, V, V"), which satisfies the inequality

9) "%, ) +/1 Ir[3 dt + ’ |re|$ dt < 6[|a|m(f0,Wl,m(m»HToﬁ{ + 12 v
0 0

Moreover, if f € L?(Iy, H), then we have the inclusions \/tv € C(Iy, V), Vtv € L?(Iy, U) and the
estimate

(10) Vit gy vy [ (VA0 48 < Tl g e 00 + )
0

Finally, if ro € V and f € L*(Io, H), then r € W (I, U, H) and
(11) "2, v +/1 ") dt+/j I7el7r At < Cllaf, ey e ey (101 + 1 2220,1))-
0 0

The proof of this lemma is based on a well known argument, and we will not present it here.

2.2. Setting of the problem. Let us fix a function h € L?(R,, H) and suppose that & € L2(Ry, V)NW
solves the Navier—Stokes system

U+ Lu+ Bu=h, t>D0.
Given a function ug € H and a sub-domain w C 2, our goal is to find a finite-dimensional subspace
€ C L*(Tw) = (L*(w))? and a control ¢ € L (R4, £) such that the solution of the problem

loc
(12) ug + Lu+ Bu=h+TI¢, u(0) = ug
is defined for all ¢ > 0 and converges exponentially to 4, i.e.,
lu(t) —a(t)| g < ke ™" for t >0,
where k1 and ko are non-negative constants; in this case, we say that u converges ko-exponentially to .

Let us write L2(TQ) as a direct sum L?(TQ) = H®H*, where H* denotes the orthogonal complement
of H in L*(T). For each positive integer N, we now define N-dimensional spaces Exy C L?(T€)) and
Fy C H as follows. Let {¢; | i € Ng} be an orthonormal basis in L*(T2) formed by the eigenfunctions
of the Dirichlet Laplacian and let 0 < 51 < 83 < ... be the corresponding eigenvalues. Furthermore, let
{ei | i € No} be the orthonormal basis in H formed by the eigenfunctions of the Stokes operator and let
0 < a; <as < ... be the corresponding eigenvalues. For each N € Ny, we introduce the N-dimensional
subspaces

En :=span{¢; | i < N} C L*(TS), Fn :=span{e;|i<N}CH
and denote by Py : L?>(TQ) — Ey and Hy : L?(TS2) — Fy the corresponding orthogonal projections.
We will show that the required control space can be chosen in the form £y = xEas, where y € C§°(Q)
is a given function not identically equal to zero, and the integer M is sufficiently large. In particular,
xEy C C§°(Tw) for any sub-domain w C £ containing supp(x).

Let us note that, seeking a solution of ([L}) in the form w = 4 + v, we obtain the following equivalent
problem for v:

(13) ve+ Lv+ Bv+B(a)v =TI¢, v(0) = vy,

where vg = up — u(0). It is clear that it suffices to consider the problem of exponential stabilization to
zero for solutions of ([L3). Thus, in what follows, we will study problem ([L3).

3. MAIN RESULT FOR LINEARIZED SYSTEM

In this section, we study the linearized problem. The result established here will be used later for the
full nonlinear system.
Let us fix a function 4 € LE (R4, V)NW. In what follows, it will be convenient to write the control ¢

entering ([[J) in the form ¢ = y Py, where 7 takes its values in L2(TQ) and y € C3(f) is a nonzero
function not identically equal to zero. Thus, we study the problem

(14) vy + Lv + B(a)v = I(xPumn),
(15) v(0) = o,

where vy € H. We refer the reader to [[L5, [[9] for precise definitions of the concept of a solution for ([L4)
(and all other Navier—Stokes type PDE’s).
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3.1. Existence of a stabilizing control.

Theorem 3.1. For each vo € H and X\ > 0, there is an integer M = C|y ||,y = 1 and a control
7% (vo) € L2(Ry., Enr) such that the solution v of system (I4), (L3) satisfies the inequality

(16) ()|} < Klvolfre™, >0,

where Kk = 6[)\1‘71|W] > 0 is a constant not depending on vo. Moreover, the mapping vy — e(:\/Q)tnﬂ’/\(vo)
is linear and continuous from H to L*(R.y, Epr) for all 0 < A<\ Finally, if vg € V, then

(17) ()} < Rlvolte™, >0,

where & = C| |a|,y] > 0 does not depend on vy.

To prove this theorem, we will need two auxiliary lemmas. For each 7 > 0, consider equation (@) on
the time interval I, = (7,7 + 1) and supplement it with the initial condition

(18) ’U(T) = wo.

Let us denote by S -(wo, 17) the operator that takes the pair (wp, 1) to the solution of (4), {g). 1t
is well known that the operator Sj, is continuous from H to C(I,, H) N L3(I., V) and from V to
C(IL;, V)N L*(I., U). We will write Sy -(wo, n)(t) for the value of the solution at time ¢.

Lemma 3.2. For each N € N there is an integer M = 6[>\,m|w] > 1 such that, for every wy € H and
an appropriate control n € L*(I,, Ey) we have

Iy S,z (wo, n)(1+1) = 0.
Moreover, there is a constant Cy depending only on |G|y (but not on N and 7) such that
(19) |77|%2(I,.,EM) < Cx|w0|%1-
Proof. Let us fix € > 0 and consider the following minimization problem.

Problem 3.3. Given M, N € N and wyg € H, find the minimum of the quadratic functional

1
Je(v, n) == |77|%2(IT,L2(TQ)) + Z|HN511,M,T(1U07 (T + )%
on the set of functions (v, n) € W(I., V, V') x L2(I., L3(T)) that satisfy (4) and (Lg).

Theorem @ implies immediately that problem has a unique minimizer (@, 7.), which linearly
depends on wg € H. We now derive some estimates for the norm of the optimal control 7¢.

To this end, the general theory of linear-quadratic optimal control problems is applicable. We use
here a version of the Karush—-Kuhn—Tucker theorem (see theorem @) Let us define the affine mapping

F:W(I,, V, V') x L*(I,, L*(TQ)) — H x L*(I,, V'),
(v, m) = (v(0) — wo, vy + Lo + B(G)v — IL(xPun))

and note that its derivative is surjective. Hence, by the Karush-Kuhn—Tucker theorem, there is a
Lagrange multiplier (u¢, ¢¢) € H x L?(I,, V) such thatH

Je/(ﬁﬁa ﬁe) - (ue’ qe) ° F/(/De’ 776) =0.
It follows that, for all (z, &) € W (I, V, V') x L*(I,, L*(T)), we have

2
(20) ;(HNz’)e(T +1), z2(r+ 1)y + (2(7), p) + / (z + Lz + B(4)z, ¢°)v+,v dt = 0,
I

(21) 2/ (7% &) r2(roy dt + / (—II(xPmE), ¢°)vr v dt = 0.
I .

Relation (@) implies that ¢¢ is the solution of the problem

(22) q; — L¢° —B*(a)¢° =0, tel,,

(23) (T +1) = =2 MINT (T + 1).

Furthermore, it follows from (R1]) that

(24) 2ije = Par(xq°)-

IThe space H x L2 (I, V) is regarded as the dual of H x L?(I,, V'), and the sign o stands for the composition of two
linear operators.
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Combining ([i4), [£9), and (P4), we derive

d € € € € €
_(QaU)H:(QtaU)H+(ant)H

dt
= (Lq¢° + B*(a)q%, o)y + (¢, —Lv° — B(@)0° + (xPm7)) 1

€ —€ 1 €
= (¢% UxPui))m = 5 |Prr(xq )12(70)-
Integrating in time over the interval I;, we obtain
[ 1P oy e = 200" + 1) 6%+ D) = (7). (7))

Recalling now (RJ), we see that 2(¢°(7 + 1), 7°(7 + 1))z = —€|q°(7 4 1)|% and therefore
(25) /1 | Par (xq) L2y At + ela (7 + DIE = —2(¢°(7), 7°(7) -

We now use the truncated observability inequality @) to estimate the right-hand side of (@) For every
a > 0, we have

/1 | Prr(Xq°) T2 (7 At + el (7 + D)7 < alg®(m)[3 + a7 o (1)

= OéDx/ | Prxa“ |22 oy dt + o7 o (1) [5;-
I,
Setting a = (2D,) !, we obtain

(26) / | Par(x6) 2acrey dt -+ 2elg(r + D3, < 4D, Juol2.

-

In particular, the family of functions {Pys(x¢%) | € > 0} is bounded in L*(I, L*(T2)), and the family
of solutions {v¢| € > 0} for problem ([4), ([§) is bounded in L2(I,, V). It follows that the family
{v§ | € > 0} is bounded in L?(I, V'). Thus, we can find a sequence ¢, — 0% such that

1 .
N =oPulxe™) = n° in L*(I;, En),

o —~ ¥ in L*(I,, V),
ogr — ) in LI, V'),

where n° € L?(I,., Epr) and v° € W(I,,V,V’) are some functions. A standard limiting argument shows
that v° is a solution of problem ([L4)), (L) with 1 = #°. Furthermore, it follows from (24) and (2J) that

€2 eD
[Tnoe (T + 1)|§1 = Z|q€(7'+ 1)|§1 < Tx|w0|§{ —0 as e€—0.

This convergence implies that IIyv°(7 + 1) = 0. It remains to establish inequality ([L9).
To this end, note that, in view of (E), we have

|n0|%2(17-7 E]M) S 4Dx|w0|?‘1'

Combining this with the property of continuity of the resolving operator for (@), (B) (see lemma ),
we arrive at the required estimate. The proof of the lemma is complete. (I

In view of lemma @, it makes sense to consider the following minimization problem.

Problem 3.4. Given integers M, N > 1 and a function wg € H, find the minimum of the quadratic
functional

J(n) = 1nlt2r,, 12 (ray)
on the set of functions (v,n) € W(I;, V, V') x L%(I,, Ey) satisfying equations (14), (L) and the
condition Uyv(r +1) =0.

Lemma 3.5. For any N € N there is an integer M = 6[)\1‘71|W] > 1 such that for any wy € H
problem has a unique minimizer (047, 7%7) € W (I, V, V') x L*(I,, Exr). Moreover, the mapping
wo = (07, 7T is linear and continuous in the corresponding spaces, and there is a constant Cy
depending only on |i|yw (but not on N and 7) such that

(27) |77ﬂ’7|%(H, L2(1,, Ear)) < Ox-
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Proof. Let us fix N € N and choose an integer M as in lemma E We set
WN(L, V, V') :i={ve W(I,, V, V') | Tiyv(r +1) =0}

and define X as the space of functions (v,7) € Wy (I, V, V') x L2(I,, Ey;) that satisfy equation ([14).
In view of lemma B.4 and the linearity of ([[4), X is a nontrivial Banach space, and the operator
A: X — H taking (v,7) to v(0) is surjective. Thus, by theorem .4, problem B.4 has a unique minimizer
(t%7, 7%7), which linearly depends on wq. Inequality (27) follows immediately from ([L9), because the
norm of %7 (wp) in the space L?(I,, Ey) is necessarily smaller than the norm of the control function 7
constructed in lemma B.3. d

Proof of theorem @ The main idea of the proof was outlined in the introduction: we use the operator
%7 constructed in lemma @ with N > 1 to define an exponentially stabilizing control n%* consecutively
on the intervals I, = (n,n + 1), n > 0. Namely, let us fix an initial function vy € H and an integer
N =N(\) >1, and setﬂ
A (t) = 7%%vg)(t) for te Io.
Assuming that %* is constructed on the interval (0,n) and denoting by v(¢) the corresponding solution
on [0,n], we define
M t) = 7" (v(n))(t) for t € I,.
By construction, % is an Ejs-valued function square integrable on every bounded interval. Moreover,
the linearity of %7 implies that n™* linearly depends on vg. We claim that, if N € N is sufficiently
large, then the solution v of system (), () with n = n%* goes A-exponentially to 0 as t — +o0.
Indeed, it follows from ([L() that

D)5 = 1Sa.0(vo, 7)) (DI} < Cliapw] (|U0|%1 + 3|X|%ao(sz)|77ﬁ’0(vo)|%2(10,EM)) :
Since IIyv(1) = 0, we obtain
an o < [0 < Taar (0] + 30w o7 (00) By )
Using the continuity of the operator 7% (see lemma B.5) and setting Cy = CX|X|%°°(Q)’ we derive
l(DfF < ay' v < oy (Cf

Taking N so large that ay > e*(C[4),,] + 3C%), we obtain

jalw) * 3C)[vol®.

(DI < e Mool
We may repeat the above argument on every the interval I,, and conclude that, applying the control
7% (v(n)) with ay > e*(Cjq)) + 3C%), we have

[o(n + 1) < e AMo(n)[.
By induction, we see that the solution v of problem ), (@) with n = n®* satisfies the inequality
(28) lo(n) [} < e ool
On the other hand, in view of (@), we have
027, 1y < Cliabw 0@ + x| 7 17" (0()) 221, ) < (Cliaw) + Clo(m)|F-
Combining this with (fl), we see that
o®)[F < (Capw) + Cr)e Muoll < A (Clragw) + Cr)e ool

where [t] is the largest integer not exceeding ¢. Thus, v satisfies inequality ([L6).
:\/2)tnﬂ,)\

We now prove the continuity of the map vy +— el in the corresponding spaces. It follows

from (27) and (P§) that, for any A < A, we have

ety = DN ) (s, ) < Cx DTV ()|
neN neN
(29) < CLeM Y T eIl < Cyalvoldr
neN
It remains to prove inequality ([17). In view of ([L(]), we have

VE= 0z, vy < Caw) ([0 + 33T @O oy, 22y ) < @) +3C) ()3

2Recall that the operator %7 depends on N.
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Combining this with (R§), we see that
lo(n + 1) < Cilon)|F < Cre™ ol
In view of ), for n > 1 we derive
|U|20(fn,v) < Cllapmilv(m)[F + 3Ix1 7 o [1"" W) T2(1,, 2oy < Coe = Vlyg|3,

whence it follows that
o)} < Cze™M|wo|3, for t>1.
Using again inequality (@), we conclude that (E) holds. The proof of the theorem is complete. O

3.2. Feedback control. In this section, we show that exponentially stabilizing control constructed in
theorem B.1] can be chosen in a feedback form. Namely, let us fix a nonzero function x € C3(f2) and
denote by £ys the vector space spanned by the functions x¢;, 7 =1,..., M. We will prove the following
theorem.

Theorem 3.6. For any u € W and A > 0 there is an integer M = 6[,\7|ﬂ‘w] € N, a family of continuous
operators Kg‘(t) : H — &y, and a constant k = 6[A7Iﬂ\w] such that the following properties hold.

(i) The function t — K;\(t) s continuous in the weak operator topology, and its operator morm is
bounded by k.
(ii) For any s > 0 and vy € H, the solution of the problem

(30) vy + Lv + B(0)v = TIK2 (t)v,
(31) v(s) = vy

exists on the time interval (s,4+00) and satisfies the inequality

(32) A o(t)| 7 + /t AT (Jo(n)[3 + o (T3 )dr < kloolfy,  t >,
Moreover, if vg € V, then )

(33) A ()] + /t AT (Ju(m)Bpy + o) [3)dr < klwoly, ¢ > s,

To prove this theorem, we will need two auxiliary lemmas. Recall that, given a constant A > 0 and a
space Z of functions f(¢) on an interval I C R, the space E*(Z) was defined in the Introduction. Let us
consider the following problem.

Problem 3.7. Given s >0, A>0, M € N and wg € H, find the minimum of the functional
M) = [l nlfarn) o
s, +00

on the set of functions (v,n) € EXNW([s, +00), V, V') x EX(L2([s, +00), L*(T))) that satisfy equa-
tion ([L4) and the initial condition

(34) v(s) = wo.

The following lemma establishes the existence of an optimal solution and gives a formula for the
optimal cost.

Lemma 3.8. For any « € W and A\ > 0 there is an integer M = 6[A,Iﬂ|w] > 1 such that problem @
has a unique minimizer (v, n%). Moreover, there is a continuous operator QZ’A : H — H such that

(35) M (03, 13) = (Q3 wo, wo),

(36) Q3 e < O™,

where C' = 6[)\1‘71|W] > 0 is a constant. Finally, Q;A continuously depends on s in the weak operator
topology.

Proof. Let X be the space of functions (v,n) € E*(W([s, +00), V, V') x EX(L?([s, +o0), L*(T)))
that satisfy ([[4), (B4) and endow it with the norm M2 (v, n)'/2. Tt is straightforward to see that X
is a Hilbert space. Moreover, using theorem @ with a constant A > A and the initial point moved

to s, we can construct an integer M = C[X lafw] > 1 such that, for any wy € H and an appropriate

control n € EMN(L2([s, 00), Ear)), we have

oI < me X wolty,  [n()[E,, < Cre™ ™ |wold,
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where v stands for the solution of ([14), (84). Combining this with lemma .1, we conclude that
o Moo, ) = /< +00) ol + InfEecrey) dt < Ops 3o japwi Twolis-

It follows that X is nonempty, and the mapping A : X — H taking (v,n) to v(0) is surjective. Thus,
by theorem p.9, Problem B.7 has a unique minimizer (v, n*) = (v*(wo), 7 (wo)), which linearly depends
on wy.

We now prove (B) and (Bd). It follows from (B7) that the mapping
(a, b) — ( )6”((“2(6), v (0)v + (05 (a), 03 (b)) r2(re)) dt
s, 400

is a continuous bilinear form on H which is bounded by Coe*® on the unit ball. Therefore, the optimal
cost can be written as @), where QZ’A is a bounded self-adjoint operator in H whose norm satisfies (B6]).

It remains to establish the continuity of QZ’)‘ in the weak operator topology. It is easy to see that the

optimal cost M2 (v}, n¥) continuously depends on s. It follows that

(QZ’/\w,w) — (QZ“’)‘w,w) as s — sq,

where w € H is an arbitrary function. This convergence immediately implies the required assertion. [

We now consider another minimization problem closely related to problem B.] with s = 0.

Problem 3.9. Given A > 0 and vo € H, find the minimum of the functional
N = [l + i) e+ (@300), o1s)

on the set of functions (v, n) € W ([0, s], V, V') x L?((0, s), L>(TQ)) that satisfy ([4), ([[5), where M is
the integer constructed in lemma }3.4.

Theorem @ implies that problem @ has a unique minimizer (v?, n?), which is a linear function
of vg € H. The following lemma is the dynamic programming principle for Problem @ with s = 0.

Lemma 3.10. Under the hypotheses of lemma[3.3, the restriction of (v,ng) to the interval (0,s) coin-
cides with (v3, n%) and the restriction of (v, ng) to the interval (s,+00) coincides with (v¥, n¥)(vo(s)).

Proof. We will confine ourselves to the proof of the first assertion, because the second one is obvious.
Let us define the function

e [OR 0 o 1e (0.,
0. )0 {(v:,n:><v;<s>><t> for € (s, +00).

Then we have
Mg (=5, 05) = N2 (v2, ).

S S

On the other hand, the definition of (v?, n?) implies that

N2 (02, 12) < N2 (05, 16)l0,)) < Mg (w5, m5),
whence it follows that
Mg (25, 05) < Mg (v5, m5)-

The uniqueness of minimizer for problem @ with s = 0 implies that (2§, 05) = (v, n5), and the required
assertion follows. O

Proof of theorem @ Step 1. Tt is straightforward to see that @ satisfies the hypotheses of the Karush—
Kuhn—Tucker theorem E, in which

X =w([0,s],V,V") x L*((0, s), L*(TQ)), Y= H x L*((0, s), V),

J =N}, and F : X — Y is the affine operator taking (v,n) to (v(0) — wo,v¢ + Lv + B(@)v — II(xPyn)).
Hence, there is a Lagrange multiplier (us, ¢5) € H x L%((0, s), V) such that

(N2 (02, m2) = (s, gs) © F' (3, 1) = 0.
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It follows that, for all z € W ([0, s], V, V') and & € L?((0, s), L*(T)), we have

(38) 2/5 eM(ve, 2)y dt +2(Q5 3 (s), 2(s) + (2(0), ps)u + /S<Zt + Lz + B(1)2, gs)v+,vdt =0,
0 0

(39) 2/ eM(n2, &) r2iro dt +/ (—=TI(xPn€), qs)vr,v dt = 0.

0 0
In particular, from (Bg) we may conclude that
(40) (¢s)e — Lgs — B*(0)gs = e)‘tLv;(t).
Since gs,vs € L*((0,5), V), we see that dyqs € L((0,s), V"), and therefore g; € W ([0, s], V, V'), whence
it follows that ¢, € C([0, s], H). Using again (Bg), we derive
(41) gs(s) = —2Q5 3 (s).
On the other hand, relation (BJ) implies that

1

(12) = 5 Palxan).

In particular, ®(t) is a continuous function of ¢ with range in Ey;. Combining (1) and (1)), we derive

° —As A e
Mg (S) = —¢€ )\éP]\/IXQSﬁ Vs (S)
Recalling lemma and using the fact that s is arbitrary, we conclude that 7 is a continuous function
of time with range in Fj; and that

n(t) = —e MNPy (XQtA”\vS (t)) forall t>0.

Thus, the optimal trajectory v for problem @ with s = 0 solves the system
(43) ve + Lv + B(@, v) + B(v, @) = (K v), te€R,,
(44) ’U(O) = o,
where we set
K3(t) = —e MxPuxQy™.

It is clear that K i‘(t) is a linear continuous operator from H to &y;. Moreover, it continuously depends
on t in the weak operator topology, because so does the family Qi)‘ Finally, it follows from ) that
the norm of K2(¢) is bounded by a constant depending only on A and |i|yy. We have thus constructed
a feedback control K2(t) such that Mg\(v,n) < Clvg|?, where v denotes the solution of (Bd), (1)
with s = 0. Moreover, the explicit formula for K7 and the definition of Qfl’)‘ imply that if v is the
solution of problem (B0), B1)), then M (v,n) < Cluvg|?, where n(t) = K (t)v(t).

Step 2. We now prove inequalities (BJ) and (B3) for solutions of problem (Bd), (B1). Let us fix vy € H

and denote by v the solution of (B0), (BI). Tt is straightforward to see that the function z(t) = e*/?*u(t)
satisfies the equation

A
(45) 2zt + Lz +B(a)z = §z+K$‘(t)z.

Taking the scalar product of (@) with 22 and using the uniform boundedness of the family K2 (t), we
derive

(46) %IZ(UI% + 2020} = Al=()]F + 2(K3(t)z, 2) — 2(B(2)2(2), 2()) i < Cpjapw |20

Integrating this inequality over the interval (s, t) with ¢ > s, recalling the definition of z and using

lemmas @ and , we obtain

Mult)fy +2 [

6)‘T|’U(T)|%/ dr < e)‘s|v0|§{ +C / 6/\T|’U(T)|%{ dr
(s, 1)

(s,)

< e)‘s|v0|%{ + C1 / 6/\T|’U(7')|%{ dr
(s, +00)

(47) < eMuol3 + Ca(Q5 00, vo) < Cae vl
Furthermore, it follows from ([i3) that

Mu(t)}r < CaeM (B
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Combining this with (f7), we arrive at
Mult)y+2 [ (ol + o)) dr < Coc ol
(s, 1)
This is equivalent to (BJ).

We now assume that vg € V. Taking the scalar product of (@) with 2Lz, and using the Schwarz
inequality and the uniform boundedness of the family K2 (t), we derive

d .
12O +2020)[Br) = Az, L2)u + 2(K3(t)2, Lz) — 2(B(i)2(t), Lz(1))u
< [Lali + CO Jalw) 20
Integrating this inequality over the interval (s, t) and using (B2), we obtain

(43) Mool + [

(s, t

e”\T|U(T)|2D(L) dr < Cg/( )e”\T|U(T)|%, dr < Cre™|uol%.
s,t
Furthermore, relation ([ij) implies that

Mu(t)[f < CreMo(t)[Br).

Combining this with (), we arrive at (B3). O

4. STABILIZATION OF THE NONLINEAR PROBLEM

4.1. Main result. Let us consider the nonlinear problem
(49) vi + Lv + Bu+B(a)v = K} (t)v, t€Ry;
(50) v(0) = vo,

where the operator K;\ (t) is constructed in theorem @ Given a constant A > 0, we denote by Z* the
space of functions z € C(Ry, V)N LE (R4, U) such that

loc

1/2
|z| zx := sup <e)‘t|z(t)|%, +/ e/\T|z(T)|2D(L) dT) < 0.
t>0 (t,t+1)

The following theorem is the main result of this paper.

Theorem 4.1. Let & € W be an arbitrary function, let A > 0, and let M = a[ww)\] be the integer
constructed in theorem . Then are positive constants ¥ and € depending only on |G|y and X\ such that
for |voly < € the solution v of system (&), (B0) is well defined for all t > 0 and satisfies the inequality

(51) lu(t))3 < 9e M|wl3  fort > 0.

Proof. We will use the contraction mapping principle. We fix a constant ¢ > 0 and a function vg € V'
and introduce the following subset of Z*:

2y ={2€ 2*| 2(0) = vo, |23 < Yol }-
We define a mapping = : Z3 — C(R4, V)N L2,
the problem
(52) b+ Lb+B(a)b = Kb — Ba, tcRy,
(53) b(0) = vg.

Suppose we have shown the following proposition.

(R, U) that takes a function a € Z* to the solution of

Proposition 4.2. Under the hypotheses of theorem @, there exists ¥ > 0 such that for any v € (0, 1)
and an appropriate constant € = €, > 0 the mapping = takes the set Zg‘ into itself and satisfies the
inequality

(54) |Z(a1) — Z(a2)|z» < ylar — az|zx  for all a1, as € 2,
provided that |vo|ly < e.

Thus, if |vg|y is sufficiently small, then the contraction mapping principle implies that there is a
unique fixed point v € Zg‘ for Z. It follows from the definition of = and Zs that v is a solution of
problem (%), (%) and satisfies the required inequality (EI) Furthermore, standard methods show that
problem (1Y), (b(]) has at most one solution in the space C(Ry,V) N L% (R4, U). Hence, to complete

the proof of the theorem, it suffices to establish the above proposition. O
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4.2. Proof of proposition @ Step 1. We first derive an estimate for solutions of the equation

(55) 2+ Lz +B(2)z = K2z + f(t),

where f € L (R4, H). Namely, we will show that

(56)  sup (6”|Z(t)l?/ +/ 6AS|Z(S)|%<L>dS> =G (IZ(O)I%/ + Sup/ 62A5|f(8)|§1d8>,
t>0 (t,t41) t>0 J(t,t+1)

where C = 6“&‘%,\] is a constant. Indeed, let U (s, t) be the operator that takes vg € H to v(t), where v
stands for the solution of (B(), (BI]). By the Duhamel formula, we can write z as

(57) z(t) =U(0, t)z(0) +/ U(s, t)f(s)ds.

(0,9)
Combining this with (BJ), we derive

()7 = 2|U(0, )2(0)[F + 2</(0 ) U (s, 8)f(s)|m ds>

2
(58) = 2ke M|2(0)|% + 2re ™ (/ eND3|£(5)| i ds) .
(

0,t)
Now note that, for any nonnegative function ¢(¢) and any A > 0, we have

sup/ e /2s¢(s)ds < / e /2s¢(s)ds = Z/ ePA/2s¢(s) ds
(0,1)

£>0 (0, +50) = J-1.m)

[eS) 1/2
<Y (/2R (/ le(s))? ds)

2
<32k ( /

k=1 (

k—1,k)
1/2
< Cy <sup/ e c(s)|? ds> .
>0 J (¢, t+1)
Substituting this inequality with ¢(t) = | f(¢)|n into (F§), we derive

(59) sup(eM|z(t)[7) < 2K<IZ(0)I?I +C3 Sup/( )e”SIf(S)I?H dS)
t,t+1

t>0 t>0

1/2
e e(s)|? ds>

On the other hand, it is easy to see that the analogue of lemma @ is true for equation (@) In particular,
for any s > 0 we have the estimates

(60) (t - $)[U(s. D)zl < Cs (|zo|%1 n /( |
s,t

U720l < Ca ol + [

(s;t)

If(T)I?da),

(61) Uts. 20l + [ If(T)I?da>,
(s,54+1)

where s <t < s+ 1, and Cs > 0 does not depend on s. Combining (59) with inequality (fd) in which
20 =U(0, 5)z(0) and t = s 4+ 1, we obtain

(s L 1P < Cs (|U<o, 9)2(O) + /( |
s,s+1

)

< Che ™ (|z<o>|?q +oup | e”TIf(T)I?da)-
(t,t+1)

>0

Using now (B1]), for s > 1 we derive

©) BR[O < G (OB [ )
(s,5+1) t>0 J (t,t+1)
On the other hand, it follows from (f1]) that
(63) swp [+ [t <Gl + [ ).
0<s<1 (0,1) 0,1

The required inequality (5d) follows immediately from (f2) and (d).
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Step 2. We now prove that = maps the set Z into itself. Inequality (@) with f(¢) = —Ba(t) implies
that

(64) @2 < <|vo|2V +sup [ e”ﬂBa(s)@Ids).
t>0 J(t,t+1)

Now note that [Ba|g < Csla|v|a|p(r), whence it follows that
sup/ e?*|Ba(s)|%ds < C? sup/ (e*lal}) (6A5|a|%(L))ds < C2lalsa.
>0 J (t,t41) >0 J(t,t41)

Substituting this into (@)7 we see that if a € Zg, then

(65) =(a)]zx < Cr(lvolv + lal%x) < C7 (1 +Flvolv) [volv-

Setting ¢ = 2C7 and choosing € > 0 so small that C7(1 + J¢) < ¥, we see that if |vg|y < €, then Z maps
the set Z7 into itself.

Step 8. It remains to prove that = satisfies inequality (@) Let us take two functions a1, as € 35‘ and
set @ = a1 — az and z = E(a1) — Z(az). Then the function z satisfies the initial condition z(0) = 0 and
equation (@) with f = Bags — Baj. Therefore, by inequality (E), we have

(66) |Z(ar) — E(a2)|22A < sup/ 62>‘S|Ba1 — Bagﬁids.
>0 J (¢,t+1)

Using a standard estimate for B(u,v) and the interpolation inequality |u|? . < Clulv|u|p(z), we derive
|Bay — Baz[j; = |B(ar,a) — B(a, a2)[%
< Cs(laa|z<laly + |alz<lazlv)®
< Cy(Jarlvlarlpwylaly + lalvlalpylazlv)-

It follows that

(67) /( . 62/\5|Ba1 — Bagﬁqu S Clo(|a1|22A + |a2|23A)|a|23A.
t,t+

Substituting (B7) into (Bf) and recalling the definition of 27, we obtain
=(a1) — E(a2)[Zx < 20C10lvolV |ar — az[Zs.

Choosing € > 0 so small that 20C19e? < 72, we see that if |vg|v < ¢, then (54) holds. This completes
the proof of the proposition.

5. APPENDIX

5.1. Karush—-Kuhn—Tucker theorem. Let X and )Y be Banach spaces and let J : X — R and
F: X — Y be two continuously differentiable functions. Consider the following minimization problem
with constraints:

(68) J(z) - min, F(z)=0.

We will say that € X is a local minimum for (5§) if F(z) = 0 and there is a neighborhood U 3 Z such
that J(z) < J(z) for any = € U such that F(z) = 0. A proof of the following theorem can be found

in [,

Theorem 5.1. Let Z € X be a local minimum for (5) and let the derivative F'(Z) : X — Y be a
surjective operator. There there is y* € Y* such that

(69) J'(z)+y* o F'(z) = 0.

5.2. Quadratic functionals with linear constraint. Let A and ) be normed vector spaces, let
J(x,y) be a bounded symmetric bilinear form on X that is weakly continuous with respect to each of its
arguments, and let A : X — ) be a continuous surjective linear operator. Given a vector y € ), consider
the minimization problem

(70) J(x) = min, Az =y,

where J(z) = J(z,x). We will say that z € X is a global minimum for (fQ) if Az =y and J(z) < J(z)
for z € X such that Az = y. The following result is rather standard in the optimal control theory.
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Theorem 5.2. Suppose that J(x) is nonnegative and vanishes only for x = 0, and the set {x € X :
J(x) < ¢} is weakly compact for any ¢ > 0. Then problem (@) has a unique global minimum T € X,
and the function L :Y — X taking y to T is linear.

Proof. Ezistence. Let m > 0 be the infimum of J on A~(y) and let {z,,} C A=(y) be a sequence such
that J(z,) — m. Since the set {x € X' : J(z) < m + 1} is weakly compact, we can assume that {z,}
converges weakly to a vector T € X. Now note that

0< J(xn—Z)=J(xn) — 2J(xn,T) + J(T).
Combining this with the weak continuity of J, we see that
J(Z) < 1inr_1>inf J(xn) = m.
Thus, 7 is a global minimum for ([7{).

Uniqueness. Since the only point of X at which J vanishes is * = 0, a standard argument proves
that J is strictly convex, that is,

J(m;rmz) < %(J(xl) + J(m)) for all 1,22 € X,

and the equality holds if and only if 1 = 2. This immediately implies that the global minimum is
unique.

Linearity. Let y € Y and 2 € A~1(0). For all A > 0, we have A(Ly + \z) = y, and the definition of L
implies that J(Ly) < J(Ly £+ Az). It follows that 0 < AJ(z) = 2J(Ly, z) for all A > 0. Letting A go to
0, we see that

(71) J(Ly,z) =0 forall yeY, zc A(0).
For a, b€ )Y and o, 8 € R, let us set
k= aLa+ BLb — L(aa + Bb).

Then Ak = 0, and by ([1)), we have J(k) = J(k, k) = o (La, k) + BJ(Lb, k) — J(L(ca + Bb), k) = 0. It
follows that k& = 0, and therefore L is linear. O

5.3. Truncated observability inequality. We first recall a well-known observability inequality for
the linearized Navier-Stokes system. Let us fix a function @ € W, N L*(I,, V) with I, = (7, 7 + 1) and
W, = WHoo (L, WH(TQ)), and consider the problem

(72) gt — Lg—B*(4)g =0, tel,
(73) q(T + 1) =dq1,

where ¢1 € H. By Theorem 2.2 in [ (see also [f]), for any open subset w C § there is a constant C,,
such that

(74) ()% < Co / 1022 d,

Since supp x N # 0, the domain w, := {x € Q| |x(x)| > p} is nonempty for a sufficiently small p > 0.
It follows from ([/4) that

a(M)f < Coy | NalTe(ruy dt < Cop™ | Ixal72(70) dt-
I, x I,

Thus, setting D} = C, p~2, for any solution of system (@), (), we have the observability inequality

(75) la(n)[3 < D, / X122 ey .

The following proposition shows that if ¢; belongs to a finite-dimensional subspace of H, then the
function xq on the right-hand side of (@) can be replaced by Pps(xq) with a sufficiently large M.

Proposition 5.3. For any integer N > 1 there is M = E[NMWT] € N such that any solution q for
system (), (F3) with ¢ € Fy =Ny H satisfies the inequality

(76) ol < Dy [ 1Prr(x)agray
for a suitable constant D, depending only on x.

To prove the proposition, we need the following lemma.
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Lemma 5.4. For any solution q of system (@), @) with g1 € F, we have
2 = 2
(77) /1 IXal 1 (rqy dt < C/I IXa|72 (7o) dt,

where the constant C' = a[N,Iﬂ\w ] does not depend on the shape of the trajectory .

Proof. We argue by contradiction. Suppose there is a sequence (¢, ") € Fy x (L*(I;, V) NW,), with
(|@"]y, ) bounded, such that the solution ¢™ of the problem

(78) g — Lq" —B*(4")¢" =0, tel,,

(79) q"(r+1)=¢q}

satisfies the inequality

(80) /1 IXa" |2 (o dt > ”/I IXa" |72 (1) dt

Since the equations are linear, there is no loss of generality in assuming that |¢*| = 1. The boundedness

of (|a"™|yy,) implies that both (™) and (47) are bounded in L>(I,, W1>°(TQ)). After a change of time
variable s € Iy, t = 7+ 1 — s we may apply lemma P.1] and see that (|¢" |L2 I..D(1)) and (|ql‘|%2(17 )
are bounded.
What has been said implies that there is a subsequence of (¢}, ¢, 4™) (for which we preserve the same
notation), a unit vector ¢° € Fy, and functions ¢>° € W (I.,D(L), H) and 4> € W, such that
g — ¢ in Fu,
" = ¢ i LI, V),
atqn - atqoo in LQ(I‘F’ H)a
W — 4™ in L*(I., H),
alocar  —, §o%u™ in L™(I,, L®(Q)),
where j = 0,1 and |a| < 1. Combining this with the boundedness of the sequences (4") and (¢") in the
corresponding spaces, we can easily pass to the limit in (@), (@) and derive the equations

(81) @° — Lg™ —B*(0>®)¢> =0, tel,

(82) ¢=(r+1) = ¢

Furthermore, since the operator of multiplication by ¥ is continuous in L?(I,., H'(TS2)), we also have
(83) xq" — xq™ in L*(I;, H(TQ)).

Therefore, passing to the limit in inequality () as n — 0o, we conclude that

(84) /1 IXa™|72(rq dt = 0.

Applying now the observability inequality () to equation (BT]) considered on the interval (7 + 7,7 4 1)
with 0 < r < 1, we conclude that ¢>®(t) = 0 for 7 < t < 7+ 1. Since ¢ € C(I,,V), we obtain
¢ = ¢™(t + 1) = 0. This contradicts the fact that ¢f° € Fy is a unit vector. The contradiction
obtained proves that ([[q) holds. O

Proof of proposition @ We use lemma @ to derive

/1 x4z dt < / Pt (x0) s rey dt + / (1= Par)xal2acrey dt
< / |Par (x0) Byt + B / (1= Par)x) s ey
S/I |PM(XQ)|%2(TQ)dt+5X41/I xalF (7 dt

S/I |PM(XQ)|%2(TQ)dt+6;416[N,|ﬂ\w,]/I Ixal72(rq) dt-

Choosing the integer M so large that ﬁM Vi, ] < , we obtain

/1 Xa|72 (7o dt < 2/1 |Prs (x0)| 2 (ra) dt-



16

V. BARBU, S. S. RODRIGUES, A. SHIRIKYAN

Combining this with (), we arrive the required inequality ([7q). O
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