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GLOBAL EXISTENCE FOR A STRONGLY COUPLED
REACTION-DIFFUSION SYSTEMS WITH
NONLINEARITIES OF EXPONENTIAL GROWTH

BELGACEM REBIAI AND SAID BENACHOUR

ABSTRACT. The aim of this study is to construct the invariant
regions in which we can establish the global existence of classical
solutions for reaction-diffusion systems with a general full matrix
of diffusion coefficients. Our techniques are based on invariant
regions and Lyapunov functional methods. The nonlinear reaction
term has been supposed to be of exponential growth.

1. Introduction

In this work, we are interested in global existence of classical solu-
tions to the following reaction-diffusion system

(1.1) % —anAu — apAv = f(u,v) in (0,+00) x Q,
(1.2) % — agn Au — anAv = g(u,v) in (0,+00) x €,
with the initial conditions:
(1.3) u(0,z) = up(x), v(0,2)=uvo(x) in £,
and the homogeneous boundary conditions:
ou ov
(1.4) au—i—(l—a)% =0, 0w+(1—a)$ =0 on (0,400)x082,

where € is an open bounded domain of class C! in R”, a% denotes
the outward normal derivative on 952, « is a function of class C' on
0 such that 0 < o < 1 and the diffusion terms a,j, 7,7 = 1,2 are
supposed to be positive constants such that

(a1p + ag1)? < dayiags,
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which reflects the parabolicity of the system and implies at the same
time that the matrix of diffusion

ailz aig
A=
A1 Q22

is positive definite. The eigenvalues A\; and Ay (A} < Ay) of A are
positive.
If we put

a=min{aj1,an}t and a@=max{ay,axn}
then, the positivity of the diffusion terms implies that

A <a<a< .

We also put
1 o= {(rns)eR*: por <s<qr},
1 1
Yy = {(T’,S)Eth —sgrg—s},
H2 H1
where
az a2
1.5 =—>0> = —
( ) i ap — A1 2 an — A
We suppose:
(A1) f and g are continuously differentiable on ¥; U 3,
(A2) (1Y (f(r,5),9(r,s)) €5 and i f(r, pir) = g(r, pir)

for all (r,s) €y, 1,5 =1,2(j #1),

(A3) g(r,s) = i f(r,s) < (=1)%(s — uyr)(g(r, s) — pif(r, 5))
for all (r,s) € Xy, 1,5 =1,2 (j #1),
where 1 is a nonnegative continuously differentiable function on [0, +00)
such that there exists a constant § > 1 satisfying ligl nPYp(n) = ¢
n—+00
where £ is a nonnegative constant,
(A4) g(r,8) = pf(r,s) < Cp((=1)'(s — puir) )"
forall (r,s) € Xy, 1,5 =1,2(j #1),

where C' > 0, > 0, (3 is the same as in (A3) and ¢ is any nonnega-
tive continuously differentiable function on [0, +00) such that ¢(0) = 0.

B

The initial data are assumed to be in > where > = 3; or ¥ = 3.
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The present investigation is a continuation of results obtained in [24].
In this study, we will treat the case of a general full matrix of diffusion
coefficients and prove that if f and g satisfying (A1)-(A4), then ¥ is an
invariant region for problem (1.1)-(1.4). Once the invariant regions are
constructed, we demonstrate that for any initial data in ¥ satisfying

81\
afBln( — \y)?’
problem (1.1)-(1.4) is equivalent to a problem for which the global exis-

tence follows from the technique based on Lyapunov functional method
(sce, e.g., [3], [8], [14], [16], [18], [21] and [24]).

{>0when X =3%; 1=1,2,

(1.6) [|1iuo — volloo <

In [12] J. I. Kanel and M. Kirane proved the global existence of
solutions for a strongly coupled reaction-diffusion system with homo-
geneous Neumann boundary conditions and

g(u,v) = —f(u,v) =uv™, m >0 is an odd integer,
under the conditions

o 0<azp—an <au,

o O<apKl,

n+1
’chp’

o |agp —an+ a2 —an| <

where

agzs — a1 — \/(age — an1)? + 4ajzas

< -1
2a12

M=

and C), is the same constant used in Theorem 1 of [20]. Later they
improved their results in [13] where they obtained the global existence
under the following assumptions

® ay < ap + Aoy,
ajrasn(arr + ag — a)

it a1 < age < an + a,
a11a2 + ag1(a11 + as — ags)

® a2 <ég =

|1 .
® (12 < min {§(a11 + a21>,€0} if oo < Q11,
and
o |F()| <Cr(1+4|v*), vF()>0 forall veR,

where C'r > 0, € is any constant such that 0 < e < 1 and
g(u7 U) = —f(U,U) = UF(U)
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On the same direction, S. Kouachi [17] has proved the global exis-
tence of solutions for two-component reaction-diffusion systems with a
general full matrix of diffusion coefficients, nonhomogeneous boundary
conditions and polynomial growth conditions on the nonlinear terms
and he obtained in [16] the global existence of solutions for the same
system with homogeneous Neumann boundary conditions and

g(u,v) = pF(u,v), f(u,v) =—0F(u,v), p>0, o>0,
where
° F(u,U)SC’ea”B, C>0,a>0, 0<3<1, when —u2>£,
o

° F(u,v)SCea“ﬁ, C>0,a>0,0< <1, when —p2<£,
o

under these conditions
—8X Aot (p + opi2)
anpiz(p 4 opr) (A — A9)?’
8/\1)\2,[112()0 + U/Ll)
anpiy(p 4 opz) (A — A2)?’

o Jlup — Havolleo < when —— po > g,

o |Jup — o)l < when —u2<§,

where p; and s are the same as in (1.5).

Many chemical and biological operations are described by reaction
diffusion systems with a full matrix of diffusion coefficients. The com-
ponents u (¢, z) and v (¢, z) can be represent either chemical concentra-
tions or biological population densities (see, e.g., E. L. Cussler [5] and

[6])-

We note that the resolution of the problem (1.1)-(1.4) is quite more
difficult. As a consequence of the blow-up examples found in [23], we
can prove that there is blow-up of the solutions in finite time for such
full systems even though the initial data are regular, the solutions are
positive and the nonlinear terms are negative, a structure that ensured
the global existence in the diagonal case.

Our goal is to understand how the results of the diagonal case extend
to the nondiagonal situation without any additional assumption on the
diffusion coefficients in the case of possiblity of growth faster than ex-
ponential for the reaction terms. For this purpose, we construct the
invariant regions in which we can demonstrate that for any initial data
in this regions satisfying (1.6), problem (1.1)-(1.4) is equivalent to a
problem for which the global existence follows from the same Lyapunov
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functional used in [24] when the reactive terms satisfies (A1)-(A4).

Throughout this work, we denote by || - ||,, p € [1,+00) the norm
in LP(2) and || - ||e the norm in C(Q) or L>(Q).

2. Local existence and invariant regions

The study of local existence and uniqueness of solutions (u,v) of
(1.1)-(1.4) follows from the basic existence theory for parabolic semi-
linear equations (see, e.g., [2], [9], [11] and [22]). As a consequence, for
any initial data in C'(Q) or L>=(£2) there exists a T* € (0, 4+-00] such that
(1.1)-(1.4) has a unique classical solution on [0,7*) x €. Furthermore,
it 7" < 400, then

lim (Ju(®) oo + 0(#) ) = +o0.

Therefore, if there exists a positive constant C' such that
[u(®)lloc + lv(t)loc < € forall t€[0,T7),
then, T* = +o0.

Since the initial conditions are in 3, then under the assumptions
(A1)-(A2), the next proposition says that the classical solution of
(1.1)-(1.4) on [0,7™) x 2 remains in ¥ for all ¢ in [0, 7).

Proposition 2.1. Suppose that the assumptions (A1)-(A2) are satis-
fied. Then for any (ug,vo) in X the classical solution (u,v) of problem
(1.1)-(1.4) on [0,T%) x Q remains in X for all t in [0,T*).

Proof of Proposition 2.1. One starts with the case where ¥ = 3.
Multiplying equations (1.1) one time through by u; and subtracting
(1.2) and another time by —pus and adding (1.2), then if we put

e 2= [u—v and 29 = —pou+ov forall (u,v) € Xy,

o i=—uf+g and Fo=—pusf+g forall (u,v)e€ Xy,

we get
8z1 .

(2.1) e MAzy = —Fi(z1,22) in (0,4 o0) x Q,
822 .

(22) E — )\gAZQ = FQ(Zl, 2’2) m (O,+ OO) x €.

with the initial conditions:

(2.3) z(0,7) = 2)(z), i=1,2, in Q,
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and the homogeneous boundary conditions:

(2.4) az + (1 — a)?zi =0, i=1,2 on (0,4+00) x 09,
v

Since A\; and ), are the eigenvalues of the matrix A’, (1.1)-(1.4) is
equivalent to (2.1)-(2.4). Then to prove that ¥; is an invariant region
for system (1.1)-(1.2) it is sufficient to prove that the region

(2.5) {(z).29) eR*: 20 >0, i=12}=][0,400)

is invariant for system (2.1)-(2.2).

Since, from (A2), we have F3(0, z3) = 0 for all zo > 0 and Fy(z, 22) > 0
for all (z1,22) € [0, +00)?, then we obtain z(t,z) > 0, i = 1,2 for all
(t,x) € [0,T%) x €, thanks to the invariant regions method (see [25]).
As a consequence, ¥ is an invariant region for (1.1)-(1.2).

For the case ¥ = ¥, the same reasoning with
e z=—pmu+v and 2z =—pu+uv forall (u,v) € X,
e Fi=—wuf+g and Fr=psf—g forall (u,v)€ X,

implies the invariance of [0, +00)?, and then of %,. O

3. Global existence

Since A; and A, are the eigenvalues of the matrix A?, then to prove
global existence of solutions for problem (1.1)-(1.4) we need to prove
it for problem (2.1)-(2.4).

Since we can use the same way to treat the two cases relating to
Y =3 or X = Yy, we only deal with the first case.

Since, from (A2), we have F; > 0, then z; satisfies the maximum
principle, i.e.,

IOl < 12000 forall ¢ [0,77).
Based on that, the problem of global existence reduces to establish the
uniform boundedness of z; in [0, 7*). By LP-regularity theory for par-

abolic operator (see, e.g., [19]) it follows that it is sufficient to derive a
uniform estimate of || F5(21, 22)[, on [0,7%) for some p > Z.

The main result is stated in the following key proposition.

Proposition 3.1. Suppose that the assumptions (A1)-(A4) and the
restriction (1.6) are fulfilled. For every classical solution (z1,z2) of
(2.1)-(2.4) on [0,T*) x 8, let the function

L:t— / [521 + (M — Zl)*veap(zfrl)ﬁ (z, t)d,
Q
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where o, 3, v, 0, p and M are positive constants such that

27y ZONPY
T and v = m
Then there exists 6 > 0 and p > 5 such that

(31) B21, | <M <

(3.2) L is nonincreasing on [0,T7).
Before proving this proposition we first need the following lemma.

Lemma 3.2. Let (z1,2) be a solution of (2.1)-(2.4) on [0,T*) x €,
then under the assumptions (A1)-(A4), we have

(3.3) /QFl(zl(:E,t),ZQ(x,t))darg —%/ﬂzl(a:,t)dx

and there exists 1 > 0 and p > 5 such that

(3.4)

/ [ozpﬁM(ZQ + 1) Fy(21, 29) — YFi (21, 22)] P22’ g <& / Fi(21, z9)dz,
Q Q

where o, B, v and M are positive constants satisfying (3.1).

Proof of Lemma 3.2. It suffices to integrate the both sides of (2.1)
satisfied by z; on €, to obtain (3.3).
Now, from (3.1), we get § < aﬁ%, so we can choose p such that

5 <P < g5m;- According to the assumption (A3), we have

[apﬁM(ZQ + ]_)ﬁ—lF2(Z17 ZQ) — 7F1(21, 22)} 604p(22+1)f5

< [OépﬁM(Zz + 17 (22) — ’Y] eap(zﬁl)ﬁFl(Zl, Z).
Since apBlM < v and (n + 1)°~14)(n) goes to £ as n — +oo, there
exists 19 > 0 such that for all n > 7y, we obtain
[apBM (n+ 1)~ "4 (n) — 7] eV Fy (&, m) < 0.

On the other hand, if n is in the compact interval [0,7], then the
continuous function

n—s [apBM(n + 1) (n) — 5] eorortD)”
is bounded. So that (3.4) immediately follows. ]

Proof of Proposition 3.1. Differentiating L(t) with respect to t and
using the Green formula, one obtains

d d
: —L(t)=0— 1
(3.5) pn (t) 5dt i 2 (x, t)dx + 1+ J,
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where

0 0
I = / {)\yya—zl + XoapfB(M — z1) (22 + 1)ﬁ’1ﬁ
o0 v

ov

(M — 21)77’16“1’(22“)[3613

— /Q [)\17(1 + V21 )? + apBy(Ar + Ao) (M — 21) (2 + 1PV Vi,

+ heapB(M — 20)? (B — 1+ apBze + 1)P) (2 + 1)7 2V 2] (M — z;) 7220 g,
where ds denotes the (n — 1)-dimensional surface element and
J = / [apB(M — 21)(22 + P Fy (21, 2) — VF (21, 22)] (M—zl)’v’leap(zz’“)ﬁdx.
We nosz?v take advantage of (2.4) and 5 > 1, to obtain that

I< —/ Q(Vz1, Vo) (M — 2) 7 2=+ gy
where '
Q(V2,Vz) = My(1+9)|Val? + apBy(A + X)) (M — 21) (2 + 1PV 2, V2,
+Xa (apB(M — 21) (22 + 1)) |V

is a quadratic form with respect to Vz; and Vz,. The discriminant of
@ is given by

D= Y (Ofpﬁ(M — Zl)(ZQ -+ 1)B_1>2 [’7()\1 — )\2)2 — 4)\1)\2] .
From conditions (3.1) we have Q(Vz1, Vz2) > 0 and consequently

(3.6) I<o.

Concerning the term J, since 0 < z; < [|2)]|c < M, we observe that

J < (M—||z(1)|]oo)_7_1/ [apﬁM(ZQ + 1) Fy (21, 29) — YF1 (21, zz)} P2 H? go
Q

Thanks to (3.4), we get d; > 0 such that

J < 8(M — [|2oe) " / F (21, 22)d.
Q

Let § = 61(M — ||2)]|oo) ™! and using (3.3), we obtain

(3.7) J < 5—/zlxt

From (3.5)-(3.7), we conclude that
d

dt
This concludes the proof of Proposition 3.1. 0

—L(t) <0.
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We can now establish the main result of this article.

Theorem 3.3. Under the assumptions (A1)-(A4), the classical solu-
tions of (1.1)-(1.4) with initial data in 3, satisfying (1.6) are global
and uniformly bounded on [0, +00) X 2.

Proof of Theorem 3.3. Let p be the same as in Proposition 3.1.
Since M~ < (M — &)™ for all € € [0, ||29]|o], it follows that

IFaen )l = [ 1Fsten, ) < MEPLG)
Q

where
K= max ¢(§).

0<£<129 |00

By Proposition 3.1, we deduce
| Fo (21, 22)|Ib < MYKPL(0).

Consequently, Fy(2(t,.), 22(t, .)) is uniformly bounded in LP(£2) for all
t € [0,T%) with p > 5. Using the regularity results for solutions of par-

abolic equations in [19], we conclude that the solutions of the problem
(1.1)-(1.4) are uniformly bounded on [0, +00) x €. O

Remark 3.4. When ¢ is a nonnegative constant, we can replace the
restriction (1.6) by

8A1 A2
aﬁn()\l — )\2)2
and we observe that if ¢ = 0, then the initial conditions in 3 are given
arbitrarily.

when X =2%;, 1=1,2,

| pivo — volloo <
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