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Abstract

In this paper, we prove some weak limit theorems for the Fourier estimator of multivariate
volatility proposed by Malliavin and Mancino ( [12], [13]). We first give a central limit theorem
for the estimator of the integrated volatility assuming that we observe the whole path of the Ito
process. Then we study the case of discrete time observations possibly non synchronous. In this
framework we prove that the asymptotic variance of the estimator depends on the limit behavior
of the ratio N/n where N is the number of Fourier coefficients and n the number of observations.
We point out some optimal choices of N with respect to n to minimize this asymptotic variance.

MSC 2010. Primary: 62G20, Secondary: 60F05, 60HO5.
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1 Introduction

A large literature is devoted to the computation of the volatility or the integrated volatility of financial
asset returns. In practice, one observes discrete time realizations of some asset prices which time
evolution is given by a multivariate It6 process X. In this typical framework of high frequency data,
volatility can be estimated through parametric or non parametric methods. Many of these methods
rely on the quadratic variation formula ([8], [3], [1]). Subsequently, modifications of the quadratic
variation method have been introduced in order to cope with specific difficulties arising with financial

data. Presence of jumps in data leads to the use of bi-power variation instead of the quadratic
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variation ([4], [2]), microstructure noises are handled with pre-averaged variation or related methods
([18], [10], [17]). In the case of estimation of cross-volatility for assets observed at non synchronous
instants, some alternative methods were introduced by Hayashi and Yoshida ([6], [7]). Indeed, in case
of non synchronous data, the standard quadratic variation method yield to a biased estimation of the
cross-volatility.

In [12], Malliavin and Mancino proposes an estimator of the volatility based on the computation of
N Fourier coefficients of an Itd process X and study some of its properties in [13]. A main advantage
of this method is that the estimator only relies on the Fourier coefficients of each components of X
computed individually. A proxy for these Fourier coefficients seems easily available to the statistician
and the method has direct applications in empirical studies ([15], [14]).

In this paper we focus on the asymptotic properties of the Fourier estimator and give new results.
We first assume that we observe continuously the process X on a fixed time interval and we prove a
central limit theorem for the estimator of the integrated volatility as N goes to infinity with the rate
of convergence /N, where N denotes the highest Fourier frequency used in the estimation method.
The asymptotic variance is half the so called 'quarticity’ which is the asymptotic variance when the
volatility is estimated by a discrete sampling with step 1/N. Although the case of exact observation of
the path is unfeasible in practice, this result serves as a benchmark for the case of discrete observations.

Then we give asymptotic results in the case of discrete time observations. In a first step we
assume that the observations of X are synchronous and we note n the number of observations. In
this situation, we show that the estimator of the integrated volatility is consistent as N and n go
to infinity. In particular, this extend the result of [13] where the restriction that N/n goes to zero
was imposed. Turning to the central limit theorem the situation is drastically different and the limit
behavior of N/n is crucial. Indeed assuming that N/n goes to zero we are essentially in the previously
studied situation of continuous time observations. Now if we assume that N/n converges to a > 0, we
obtain a central limit theorem with rate of convergence \/n but the asymptotic variance depends on
the parameter a. In particular we prove that there are some optimal choices of N with respect to n
to minimize the asymptotic variance.

In a second step, we investigate the case of non synchronous data. Although the Fourier coefficients
involved in the estimation method are computed individually for each components, results are rather
different with the situation of synchronous sampling and much more surprising. We first show that the

estimator may be biased, when the highest frequency used matches the number of data collected. We



explicitly compute this bias in a general framework, and prove a central limit theorem associated to
this convergence. To illustrate the situation we consider the specific example of an alternate sampling
scheme (n equidistant data alternatively collected on different components of X). We establish that
if N/n goes to zero the estimator of the integrated volatility is consistent. This is not surprising since
the effect of non synchronous data disappears under this assumption. Now if N/n tends to a > 0
the estimator is not consistent. We are able to correct the explicit bias. Then, we find an explicit
expression for the variance of the estimator. Moreover, numerical simulations shows that the corrected
estimator performs well on simulated data.

The paper is organized as follows. Section 2 is devoted to the asymptotic results assuming that X
is observed continuously. Section 3 contains the case of discrete synchronous observations. Finally in

section 4 we consider non synchronous data.

2 Weak convergence in case of continuous time observations

Throughout this paper, we consider a complete probability space (€2, F,P) which is the canonical
space of a d-dimensional Brownian motion on the time interval [0, 27]. We denote by F = (Fi)o<t<2r
the usual augmentation of the natural filtration of W and we denote by L2(]0,27]) the space of real

measurable adapted processes X = (X (t))o<t<2r such that E fo% | X (t)|?dt < +00. We assume that we

observe a J-dimensional continuous time process X (t) = (X!(t),..., X7(t)) solution of the equations
- . d -
dX’(t) = (t)dt + Z ol (t)dW" (t), (1)
r=1

where & € L2([0,27]) and /" € L2([0,27]) for 1 < j < J and 1 < r < d. In the following, we note
o7* the transpose of the vector 0/ and more generally A* the transpose of a matrix A. We define the

volatility process as
d

g’ (t) = Zaj’r(t)aj/’r(t) = (Uj*ajl)(t) (2)

r=1

for 1 < 7,5/ < J. Our aim is to study the asymptotic properties of the Fourier transform estimator
of ¥ proposed by Malliavin and Mancino [12]. We denote by (cx(297"))rez the Fourier coefficients of

-,
>J7, we have :

- 1 [2"
cu() = - / e~k (1)t (3)
2 0
Moreover for any measurable bounded function h, we note c;(hdX”) the Fourier coefficient
4 1 [2r . 4
ck(hdX7) = / e Fh(t)d X (t). (4)
2T 0

3



With these notations we construct the estimator

i gl 27 : -/
J5J _
IY (W) = 557 l§<Nc_l(dX])cl(thJ ). (5)

We remark that for hy(t) = e, Fg\’,jl(hk) is a consistent estimator of ¢ (%77 (see [12]). In fact

applying Ito’s formula to the product of stochastic integrals c_;(dX j)cl(thj/) we have :

1

T o

. 2m - .
%7 (h) /0 h(t)X77 (t)dt + Ry (2),

B 0= o ([ [ st —iax@meax’ o)+ [[([ axs -t @)ae) . ©)

where dy denotes the normalized Dirichlet kernel

1 i 1 sin((2N 4+ 1)u/2)
(W) = 5873 kz = N sin(u/2) (™)

In this section, we study the weak convergence of the process (RgV’J / (t))te0,2r) normalized by V'N.
More precisely we prove that v/ N Rg\,] / converges stably in law. We refer to Jacod [9] for the definition
of the stable convergence in law. In order to prove this result we need some regularity assumptions
on the coefficients b and o. In particular we assume that ¢ admits a Malliavin derivative. We denote
by D the derivative operator and we refer the reader to Nualart [16] for the basic theory of Malliavin
calculus. We make the following hypotheses.

H1. For 1 <j<Jand 1 <r <d we assume that Vp > 1 :

E( sup [V(1)[") < 400, E( sup |o7"(t)[P) < +o0.
t€[0,27] t€[0,27]
H2. We assume that almost surely the function ¢ — () is continuous on [0, 27].
H3. We assume that Vp > 1 ¢ € D'? and that for 1 <j<Jand 1<r<d
E( sup |Dso?"(t)|P) < +oo0.
s,t€10,27]

This hypothesis is satisfied in particular for a diffusion process with regular coefficients.

Theorem 1 Under H1, H2 and H3, the process \/NRg\}j/ converges stably in law to R% with

R (1) = = [ (o)l 10709 (5) (0707 )(5) + (07707 2 (3)V (5),
2y Jo

where W is a brownian motion independent of W.



Before proving Theorem 1, we recall some useful properties of the Dirichlet kernel dy.

Lemma 1 Let dy the normalized Dirichlet kernel defined by (7), then the following properties are
satisfied.

7’) f |dN |2du = 2]\2[11;

ii) Vp > 1, there exists a constant Cp such that f |dn (w)|Pdu <

i) Y0 < & < 2m, imy_— 4o N [y |dn(u)[?du = 7.

2N+1 ;

The proof of this Lemma is straightforward and we omit it.

Proof of Theorem 1.

First step. We first observe that the hypothesis H1 implies that for p > 1

R (0) = MY (0)+ 3/ (0) + op( <), 0
with
M0 =5 | t < | ants- u)af‘*<u>dw<u>) h(s)a?"* (5)dW (s), ©)
N (1) = ;ﬂ / t < /0 T (s —u)h(u)aj’*(u)dvv(u)) o7 (5)dW (s). (10)
Since X7 and X7 are solutions of equation (1), we can decompose R% (t) as follows :
R (#) = MY () + ME (8) + IR (8) + T (1) + IR (8) + T (1) + TR () + T (), (11)
with
0 / < / dn (s — u) )du) h(s)07™ (s)dW (s), (12)
(1) = ;ﬁ /O ( /0 dn (s — w)o? (u )dW(u)) h(s)b (s)ds, (13)
(1) = % /0 t ( /0 T (s — u)bj(u)du> h(s)b (5)ds. (14)

The other terms are similar and we don’t give them explicitly. We have from H1

t s 2
EIL(t)? = (2;)2 /0 E(( /0 dN(s—u)bj(u)du> h(s)Q(aﬂ"*aﬂ")(s)> ds,

2m 1
2 -
e[ lav(la? < ¢
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where C' is a constant whose value may change from a line to another and p > 1. The last inequality

is a consequence of Holder’s inequality and property ii) of Lemma 1. We bound EI3;(#)? on the same

way. It remains to prove that NEI%(t)? tends to zero as N goes to infinity in order to obtain (8).

This is a little bit more technical. To simplify the notation, we introduce the process

Yits) = /0 Tt — w)o* (u)dW (u).

From Burkholder-Davis-Gundy inequality and H1, it is easy to check that :

t
C
Esup [Yn(t, s 41/4<C/ dy (t — u)|Pdu)V/? < —,
(SSI?’N( < (O\N( )|"du) S TN

With this notation we have
IZ(t)?=C Yv (s, 8)h(s)07 (s)Yn (s, " Yh(s )b (s )dsds'.
(0,¢]2
By symmetry, it is enough to prove that

NE Yiv (s, s)h(s)b7 (s)Yn(s', s V(s (s)1g<odsds’ — 0.
[0,4)2

Let € > 0, for s —e < s’ < s we have using H1 and (17)

NE Y (s, $)h(s) (s)Yn (s, s )h(s)b
0,42

(") 1s_c<cs<sdsds’ < Ce.
Now if s’ < s — &, we observe that
Jooup Y (s, 9)h()6 (s)Ynr (', 8" )A(s )b (') 1y <s—cdisds’ = IR + IR,

with

-/

= [ V(s s — b (8)Yn(s' o (D () 1y <yedsds

-/

(0,£]?
B2 = [ (] s = wa @dW )b ()Y 5 () Lo
[0,t]2 Js—e

From Cauchy-Schwarz inequality, H1 and (17)

t
NEI' < Oy /N/ 3, (v)dv

(16)

and from lemma 1, the right hand side term of the inequality goes to zero with N if ¢ < 27. At last

we observe by conditioning on Fs_. that

-/

Er%? —E /[0 X / _ (5 — )07 (w)dW () h(s) (b7 () — b (5 — &)Yy (s V()7 ()1 s



and consequently

t
NEI? < C(E/ b7 (s) — b (s — )| ds) /2.
0

Finally letting € go to zero we obtain the announced result.

Now to study the weak convergence of v N R%,jl we just have to study the limit behavior of
the martingale \/N(M]jvjl + ]\;[]{}j/). By symetry this can be reduced to the martingale \/NM}Gj/.
Following Jacod [9] and Jacod-Protter [11] we just have to determine the limit in probability of
<mMg¢j’(t),wr<t)> for 1 <r<dand <JNM}¢j'(t),¢NMf;;j’(t)>, vt € [0,2n).

Second step. We prove that for all r € {1,...,d}, <\/NM}VJ/ (1), W’”(t)> tends to zero in L?(Q)
as N goes to infinity. Using the notation (16) we can write

E <<\/NM;;j'(t),WT(t)>2) - 4—]:2

From H3, using the duality for stochastic integrals, we have

E (YK[(S, S)Y]{[(S/’ S/)O'j/’T(S)O'j/»T(S/)) h(S)h(S/)deS/
(0,4

E (Y]{,(s, )Y (s, s')aa"qs)gﬂ"ar(s')) =E </0 dy (s — w)o? (u) Dy (Y3 (s, s’)ga"m(s)aa",r(s'))du) :
and consequently
E (Y]{,(s, )Y (s, s')aj/’r(s)aj/’r(s’)) = Ex(s,s) + EX(s,s) + EX (s, 5),
with

Ex(s,s') = E((oj’"“<s>a“<s'> /0 s dN<s—u>dN<s'—u)l{u<s/}<af*of’><u>du>,

Ei(s,s) = E(aﬂ"*(s)o—f“?"(s') / (s — ) (u)( / S dN<s’v)Duwj*(v))dW(v»du),

Bi(s,5) = E (Yi«s', ) [ ants- u>aﬂ'*(u)Duwﬂ"*(s)af’f<s’>>du) .

This leads to the decomposition

N

=2 (EX(s,8) 4+ E%(s,8') + Ex(s,8))h(s)h(s')dsds'. (18)
[0,2]2

E<\/NM}'VJ'(t),WT(t)>2

Using successively H1 and Fubini’s theorem, we obtain for the first term

N

— EX(s,s)h(s)h(s)dsds'| < CN/ /dN(s—u)dN(s’—u)]l{u<5/}dsds/,
47 (0,42 [0,t]2 JO

- C’N/Ot(/ut|dN(s—u)|d5/ut|dN(s’—u)|ds’)du,
c

2
2
CN(/O A (5)lds)? < <.

IN

7



Choosing p € (0,1), we deduce that the first term in (18) goes to zero. For the second term, we have

from H1, H3 and Cauchy-Schwarz inequality

B2 (s,8)| < / (s — w)|[Eo?*(u) / "y (s — ) D07 (0)AW (1)o7 ()07 7 ()| du,

/

S S C
/ 2 1/2
¢ [ lants = wldn( | (s —o)Pan? < Lo

IN

this yields
N

471'2 [0,t]2

FE2(s,s")h(s)h(s)dsds'| < N2’

We proceed similarly for the third term and this achieves the proof of the second step.

Third step. We prove in this section that V¢ € [0, 27] the following convergence holds in proba-

bility
. . 1 o o
h]{[n<\/ﬁMJJ\}J (t), VNMY (t)> = 8/ (c7*67)(s) (07 a7 )(s)h(s)>ds. (19)
T Jo
With the preceding notation we have
y > N [t /
(VM (0, VNI () = 5 [ V(59207 0 ) ()h(s)ds

From Ito’s formula we have

Yi(s,s)? = /0 ’ B (s — u) (07 09) (u)du + 2 /0 ) Y3 (s, u)dn (s — uw)o?™ (u)dW (u),

and consequently

(VM (), VNME (1)) = Th(t) + TR (1),

with
T4 = g | (] s = wle e wdn(o" o7 ) 6 h(s s, 20
) = oy K /Osyfv(s,u)dN(s—u)af*(u)dW(u))(aj’*aj’)(s)h(s)st. (21)

a) We first prove that T%(t) tends to zero in L?(£)). We denote by Z]j\,(t, s):
Z3(t,5) = /O Vit w)dy (t — u)o?* (w)dW (u) (22)

and we use the notation :

=/

o’ (s,s’)4 = (O‘j *Uj/)(s)(o'j *gJ )(s').

We proceed as in the second step, we have :

N2

BT30)° =

/[0 2 h2(3)h2(sl)E <ng(8, S)Z]jv(sl7 3/)(O’jl*O'j/)<S>(Uj/*0j,)(3/)> dsds’.

8



Now from the duality formula
E (Z]j\[(sa S)ng(sl, Sl)aj/(s, s’)4> = Fy(s,s)+ Fi(s,s) + F3(s,s),

with

Fi(s,s) = E(o7(s,5)" / Y&(s,mdN(s—u)(af*oJ')(u)va'(sxu)dN<s’—u)l{ugs,}du),
0
i

5, 5/} /0 Y3 (s, u)dn (s — ol ( /0 T dn(s — U)DU(Y}V'(S',v)aﬂ‘*(v))dW(v))du> ,

(
F¥(s,s) = E <0j
F¥(s,s') = E <ij\,(3', s') /OS Y]{,(s,u)d]v(s —w)o?* Dy (o7 (s, 3’)4)du) .

From H1 and (17) we get :
(EZ}(s,8)%)/2 < C/N.

Combining Cauchy-Schwarz inequality with the preceding inequality, this gives :

N2 s
ywy /[O ]2h2(s)h2(s’)F}Vdsds’ < CN /[ . / |dn (s — u)dn (s — u)|1{<sydudsds’,
,t 0,t 0

= on [[([ (s~ wlasa,

and finally from Hoélder ’s inequality and Lemma 1 ii) we obtain for p > 1 :

N2
47t

2 2/ N\l /
/[o,t]2 h*(s)h*(s")Fydsds < N1

Turning to F' ]{’, we have

8 Joap P2(8)B3(s)) FRdsds' < CN? [ o [3 dn (s — w)[E|Z4 (5", 8")YE (5, )09 Dy (07 (s, ') )| dudsds',

4t

but

E(Z, (s, 52 < —

E|Z% (s, 8" )Y (s,u)a?* D o s, s < _—
[Zn (s, )Yy (s,u)0”" Dy(o? (s,5)7)] < SN

Sl

consequently for any p > 1

N2 2 20\ 3 ! ¢
47[_4/[07)5}2]’& (S)h (S )FNdeS S m

We bound the last term on a similar way observing that

Du(Yi (s, 0)07" (v)) = YR(s,0)Dul0? (v)) + du(s’ = u)o? (u)L{u<yyo?" (v)
+/ dn(s' — 0Dy (07 (V') dWya?*(v).
0



Finally we conclude that E(T%(¢))? tends to zero as N goes to infinity.
b) Now we determine the limit in probability of T (t) given by (20). For 0 < t < 27, one can

easily check from the continuity assumption H2 and from Lemma 1 iii) that almost surely Vs <t :

li]{/nN/Os d%(s —u)(67*07) (u)du = li]{/nN/OS d%(u) (0707 (s — u)du = g(aj*aj)(s).

We deduce then from the dominated convergence Theorem that V¢ < 27

lij{fnT]{, = 8177/0 (67*a7)(s) (0707 ) (s)h?(s)ds.

At last by a continuity argument the preceding result holds for ¢ € [0, 27].
Fourth step. We turn back to the decomposition of Rg\’,jl(t) given in (8). We deduce from the
second step that <\/]V(M}7V‘7/ () + Mi}jl (1)), WT(t)> tends to zero, Vr € {1,...,d}. And from the third

step we can prove that

. .y 1 t o g o,
lim (VNN (). VNN (1)) = £ / B2 (s)((0707)(5) (o707 ) (5) + (o707 )2 (5))ds,
T Jo
where N]]\'}j/ (t) = M]]\",j/ (t) + M]{}j/ (t). This achieves the proof of Theorem 1. o

The estimator of the volatility studied in this section is constructed from the observation of X (¢) on
the time interval [0, 27r]. However in practice we observe X (¢) at discrete time (tx) and so we propose

in the next section an estimator of 377 based on discrete time observations.

3 Weak convergence in case of discrete time observations

We assume in this section that we observe the process X () solution of (1) at time ¢, = % for
k=0,...,n. The case of non synchronous data will be treated in the next section. We denote by ¢,

the function :

2 2 2 1
:Lk ifﬁ§t<m. (23)

t
en(t) n n n

Our estimators are now based on the discrete Fourier coeflicients

27 )
P (hpdX7) = % /O e~ ken®p, (£)d X (t), (24)

where hy,(t) = h(en(t)). With these notations we define the discrete time estimators

- 2w

Nalh) = 557 D aldX?)ef (hndX7). (25)

llI<N

10



Our aim is to study the asymptotic properties of these estimators as n and N go to infinity.

We first remark that for h = 1, FfVJ ;1(1) is an estimator of the integrated volatility 5- 027r 303" (t)dt.
Moreover we can check that limy F?V];(l) is the discretized quadratic covariation of the process
(X7, Xj/) and consequently a central limit theorem holds as n goes to infinity with the classical rate

of convergence /n (see Genon-Catalot and Jacod [5]). In fact if we note AX,J; = X (tps1) — X7 (ty),

we have
. . 1= ! 2k
CAXNGAX) = gD AN AKX,
k=0 k=0
1 n—l1 ) ) 1 n-l 2(k
o 7 7’ J J
— RZAX]CAX]C + 42 > el ZAX IAXT,.
k=0 k£k'=0
This gives
-, 1 A P R, 2(k — K ; i’
B0 = o S axiaxy + L 5 a2 axgaxy
k=0 k£k'=0

Assuming that n is fixed and letting N go to infinity, we have limy dN(w) =0, for k # k' and
consequently

lim I’ﬁn Z AXJA (26)

N—oo
which is the expected result.
In this section we assume that N and n go to infinity simultaneously and that N/n tends to
a € Ry. The case a = 0 has been studied essentially in the preceding section. In this case the process
(X (t)) is observed continously. In the case a = +oo the estimator '} J % n corresponds to the discretized
quadratic covariation of the process (X (t)) as we remark above.
Before stating our main result we give some useful properties of the discretized normalized Dirichlet

kernel.

Lemma 2 Let ¢, defined by (23) and dy the normalized Dirichlet kernel then we have, assuming
that N/n —a >0 :
i) Vp > 1, 3C, 4 such that f |dn (pn(u)Pdu < Cpqo/N;
i) Y0 < e < 7, imnn—oo N[5 [dn(on(u))|Pdu = 27a(n(2a) 4 1), with
2. sin?(ark) 1
n(a) = Z W =55r(a)(1—r(a), r(a)=a—]ld,

2a?
k=1

where [x] denotes the integer part of = ;

11



i) V0 < e <, Imp oo Nf;r/n ldn (pn(w))|?du = 27an(2a) ;
w) V0 < e,n < m, Impy 500 fow_" |dn (pn(u))[?du = 0.

We remark that the function n(a) = 0 if @ € N*. Moreover an(2a) tends to 1/4 as a goes to zero and

then ii) is coherent with Lemma 1 iii).

Proof We omit the proofs of i) and iv) which are straightforward.
ii) Let 0 < e < 7. We note ky(e) = np,(e)/2m. We have
kn(e)—1

2 2km €
/\dN o (u))[Pdu = = § d ( >+/ ()d%v(sonw))du-
$nl€

n

Obviously th,an;n(g) d%;(n(u))du = 0, so we just have to determine thnzk"(a d?v(%T”)

But
Fon () — 1d ka i sin® (2N + Dkr/n) |
k=0 k=1 2N +1)2 Sinz(knr/n) {k<kn(e)}-
We have
lim 1 sin?((2N + Dkr/n)  sin®(2ark)

Nn (2N +1)2 sin? (km /n)  (2amk)?
and since ky(e)m/n < e/2 < w/2, using sinx > 2z /7 for v < 7/2,

1 sin?((2N + 1)kn/n) < C
(2N 4+ 1)2 sin?(km /n) {k<kn(e)} = (2ak)?’

We conclude then from the dominated convergence Theorem that

. 2km . sin?(2ark)
. 2 4Ry sSmizami)
%\1{{2 Z di( n ) 1+Z (2ark)? ’
k=0 k=1
and if we note
. sin?(ark
pa) = 3 S lerh)

2 b
— (ark)

we obtain
&
%mN/ ldn (¢n(u))|*du = 2wa(n(2a) + 1).
N 0

To achieve the proof of ii), it remains to explicit n(a).

Defining f(z) = z(1 — z) on [0, 1], we have the Fourier Development
1 cos(2mkx)
6 - Z m2k2 ’

k>1

12



we deduce then that

Z Cos(li;ﬂm) _ Z cos(27rk]£;t — [a])) _ 772(% —r(a)(1 —r(a)),
k>1 k>1

with r(a) = a — [a]. Turning back to n(a), we obtain

2. 1 — cos(2ark
n(a) = Z(Qagw(gkg)),

To prove iii), we just observe that
2 /n
N/ dn(pn(u))du = dy(0)27N/n — 2ma,
0

since dy(0) = 1. ¢

We can now state the main result of this section. In the following, we note dy (s, u) = dn(pn(s) —

©n(u)). From Ito’s formula we have the decomposition

1
o

, 2 . .
5 (h) / ha(0)S9(t)dt + RYY, (2), 27)

with

L[ j 7 e % j
R%n(t)z%( /0 ( /0 AN (s, w)dX? (u))hy(s)dX7 (s)ds + /0 ( /O Ay (s, u)hy(w)dX (u))dX (s)(ds)).
28

Theorem 2 Let h a continuous bounded function with bounded derivative. We assume that N and n
tend to infinity and that lim N/n = a > 0 then under H1, H2 and H3
i) the process v/ NRg\’,j;L converges stably in law to R with

g a(2n(2a) + 1) V2o s o7*03)(s) (a7 *a") (s aI*a3)2(s)dW (s
()= (D) Loyl a0 a0 + (o) )i (s),

where W is a brownian motion independent of W and n(a) is defined in Lemma 2 ;

ii) \/H(ngj;l(h) — = 027r h(t)S97' (t)dt) converges stably in law to R (27)/\/a.

Recalling that n(a) = 0 for a € N*, we deduce from ii) that the optimal asymptotic variance is obtain

for 2a € N* and is equal to
1 2

2r |, IO (7)) 07 )s) + (o707 (s)) s

13



In particular given n the number of observations, the choice of N = n/2 Fourier coefficients to estimate
the integrated volatility is optimal and in this case, the variance is the same one as for the quadratic
variation estimator. Remark that the choice N = n/2 was used in earlier empirical work [15] since it

corresponds to the natural choice of the Nyquist frequency of the signal.

Remark 1 Let us stress that the case a = 0 is excluded in theorem 2, and that the variance of the
limit variable R (2m)/\/a explodes as a — 0. Actually it could be shown that for a =0, \/NR?VJ;(t)
converges to the limit term given in theorem 1. Thus, in this situation the effect of sampling disappears
and the behaviour is analogous to the case of a continuous observation. However the rate of convergence
V'N s slow compared to the number of observations v/n. Hence, from the statistical point of view, this

situation is not satisfactory.

Proof ii) is a straightforward consequence of i) since from (27) we have

. 1

. 2 o 1 o,
LR (h) /0 ()27 (t)dt + Op(=) + Ry, (2m).

i) We proceed as in the proof of Theorem 1.
First and second steps. As previously, from H1 and Lemma 2 i), iv), we have the decomposition:
1

RRZ(8) = MR (0) + M3, (0) + op () (29)

with

/ / s, u)aj*(u)dW(u)> ()09 (5)dW (5), (30)
0 0

/0 dNyn(s,u)hn(u)aj/*(u)dW(u)> o7 (5)dW (s). (31)

Moreover from H1 and H3, <\/N(vaj;b(t) + M}Vj;(t)), W’”(t)> tends to zero in probability for 1 <
r<d,Vtel0?2n].

Third step. We prove in this section that V¢ € [0, 27| the following convergence holds in proba-

bility
i (VR 0, VR, ) = "D (o a0 o ontsds. (32)
We note
Y (t,s) = /0 ) AN (t, )™ (w)dW (u). (33)
(34)

14



We have
-, . N [t Ty it
<\/NM]]\}fn(t), \/NMJJ\}Jn(t)> = 4772/0 Y]{,m(s, $)2 (07 %07 ) (s)hn(5)?ds,

and from Ito’s formula

(VNME 0, VN M (1)) = Th () + T3, (1),

with
Thalt) = 1z [ (] dhnlsu)7 o) @)du) o o)), (3)
Tj%’n(t) = 2—]7\:2 ; (/OsY]{[’TL(S,U)dN’n(S,u)g'j*(U)dW(u))(o’j/*o'j/)(s)hn(s)zds. (36)

a) Following the proof of Theorem 1, one can easily see that T, (t) tends to zero in L%(12).
b) We just have to determine the limit in probability of T]{,m(t) given by (35). For 0 <t < 27 and

s <t we have

/0 C By (s u) (0o ) wdu = V() + VEa(s),

with

Viato) = | S( )07 (37)
wn(s

Son(s) . i
V2.(s) = /0 By (5, 0) (0707 ) (u) . (38)

It is easy to check that (since Dy (0) = 1)

s

Vi o (s) = / (0707 (w)dv,
2

and consequently, assuming H?2

lim N /0 t Vo (8)(07% 07 ) (s)h(5)2ds = am /0 t(aj*aj)(s)(aj/*oj/)(s)h(s)st.

Now we set v = ¢, (s) + 27/n —u in VZ  (s) and we obtain for 0 < e < 7 :

NVin(s) = N :/ A3 (9u(0)) (07" 07)(on(s) + 21 /n — v)dv (39)

n(8)+27/n o
o /SD d3 (¢n(0))(07*07) (pn(s) + 21 /n — v)dv. (40)

From Lemma 2 iv), the second term tends to zero and from iii) we conclude that almost surely, Vs < ¢
lij{[n NV]\Q,JZ(S) = 2an(2a)m(c7*a?)(s).

15



Finally, we obtain V0 <t < 27 :

2n(2 ISV e
lim T4 () = a(n(a)—i—)/ (o767 (s) (07" a7\ (s)h(s)2ds,
Nmn ’ 47 0
and we end the proof as in section 2. o

4 non synchronous data

4.1 General case

In this section we consider the case of non-synchronous data. To lighten the notations, we assume
that X = (X!, X?) is two-dimensional and respectively denote by (tllg)kzo,...,M}L and (tz)k:()’m,M% the
instants when the data are collected for X! and X?2. There is no need that the number of data is the

same for each component. For simplicity assume t[l) = tg = 0 and define for j = 1,2 and ¢ € [0, 27]:
h,(t) = sup{ty | t; <t}.

The estimator is based on the discrete Fourier coefficients:

1 2m ‘ 1 2m )
XY = o [T emAOax e, qreiax?) - o [T et O maxie @y

where h2(t) = h(¢?(t)). We shall focus on the covolatility estimator
2
TN (R) = oo S M dX )2 (h2dX?). (42)

2N +1 i<n

However, it is clear that by taking X2 = X! with 2 (t) = L (), results for the covolatility estimator
imply results for the volatility estimator of any components.

As suggested by the previous section, one need to calibrate the cut-off frequency N = N,, with the
sampling steps in order to get some result.

To maintain shorter notation, we define for s, u € [0, 27]:

A\ (5,u) = dy (@h(s) — £ (w), withi,j € {1,2} (43)

We make the following assumptions.

n—0o0
— 0.

AlForj=1,2sup,_ 1y, ’tfcﬂ -t

A2 The sequence of function ¢ — djlvi ,(t,t) weakly converges to some integrable function (t) :

for any continuous function f

21

/ T (o fod = [ o
0 0
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Proposition 1 Let h a continuous bounded function. Assume H1, H2, A1 and A2, then we have:

1 2

P}\}im(h)%% i A (E)h(E) S 2 (8)dt.

Proof From Ito’s formula we obtain a decomposition analogous to (27)-(28) in the case of non-

synchronous data:

1 27
M) = o /0 a2 (L ORE (OS2 (1) dt + RY2, (2r), (44)

1

1,2

(/ K [ a2 saxt@meaxte) + [ K [ ax)ix o))

where we have used the notation (43). Remark that contrarily to the synchronous case, the kernels
dﬁvjn are non symmetric here.
Using the continuity of the functions h and X2, the assumptions A1-A2 easily imply that the
. . . 2
first term in the right hand side of (44) converges almost surely to 5= [ y(t)h(t)SV2(t)dt.
It remains to check that R]l\}2n(27r) converges to zero in L2 norm. Since X is solution of (1) we can

find for le\,i ,,(2m) a decomposition analogous to (11) and check that the two leading terms now are

M]{,fn(%r) and M}V’fn(%') with:

M0 =5 [ ([ s aw ) o0 (am ) ()
My? (t) = % /0 ( /O s dy . (u, s)hg(u)g2*<u)dW(u)> o (5)dW (s). (46)

We finish the proof by showing that these terms converge to zero. Using assumption H1 with the

Burkholder-Davis—Gundy inequality we get

27 s
E [(M;jm(zw))ﬂ < /0 /0 A7 (u, s)2duds, (47)

for some constant c.

Assume u # s are fixed, then by A1, for large enough n, we have |}, (u) — ©2(s)| > |u—s| /2 > 0.
Using that the Dirichlet kernel dy uniformly converges to zero on compact subsets of (0, 27) we deduce
that d}\fin (u,s) =% 0. Since d}\}in(u, s) is bounded by the constant 1, the dominated convergence
theorem implies that the right hand side of (47) converges to zero. We treat M]{,fn (27) on the same

way and the proposition is shown. o
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Remark 2 Let us stress that the conditions A1-A2 for convergence of the estimator are rather weak.
The condition A2 relates the choice of the frequency Ny with the sampling scheme. In most situations,
by choosing 1/N,, converging slowly to zero, it seems possible to get that d}\}i,n(t’ t) converges pointwise
to 1. In this case the estimator is consistent for the co-volatility.

If N,, is chosen too large, a bias may appear when d}\}i,n(t’ t) converges to a function not everywhere
equal to one. We shall see that the weak convergence of d}\}im(t,t) is the natural assumption in this

circumstance.

The following assumptions are needed to obtain a central limit theorem related to proposition 1.
A3 Vp>1, 3Cp, Vn > 1, Vi € {0,1}, supccp 27 fow |dn,, (¢4 (s) — o) [P ds < Cp/n.
A4 There exists three integrable functions y12 12, 4¢ defined on [0, 27] such that, for any con-

tinuous function g : [0, 27]? — R the following convergences hold for all ¢ € [0, 27),

/ / Nn, (u, 5)%g(u, s)duds —>/ u)g(u, u)du,
/ / Nn,n (u, 5)%g(u, s)duds m/ A2 (w) g(u, u)du,
/ / $)d%L (u, 8)9(u, )duds 2= / Vg (u, u)du.

In the statement of the assumption A4, we exclude the convergence in the case t = 2m, as it will be
convenient in the example given below. However under the assumption A3, the condition A4 is clearly

equivalent if we include ¢ = 27 in the statement.

Theorem 3 Let h a continuous bounded function. Assume HI-H3, A1, A3-A4, then the sequence of

random variables
1 2
vn (r}f n(h) = - / dy? n(t,t)hi(t)zm(t)dt)
mny 7'[' 0 nsy
converges stably in law to a variable with the representation,

QL (O] (YR2(E) + A2 (O))SVL () Z22(1) + 29°(8) (Z12(1))2dWs.
™ Jo

Proof From (44) the theorem amount to show the convergence of \/n RN n(27m) as n — co. We
proceed as in the proof of theorem 1.

First and second steps. Again we use the decomposition, R]l\,in(t) = M}an(t) + M}an(t) +
I}\,mn(t) + IJQ\,mn(t) + I]?{,mn(t) + fjl\,nn(t) + jJQ\fmn(t) + .f]?{,mn(t), where the main terms M}V’:n(t) and
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M ]lvfn(t) are explicitly given in (45)—(46) and the remainder terms are analogous to (12)—(14). We
need to show that these remainder terms are negligible versus 1/y/n. For instance, by a computation

analogous to (15) we find for any p > 1:

2
C
[(an <C/ </ d}fn (u, s)du) ds < T

where we have used the assumption A3. This gives the result for I}Vn’n. We omit the details for the
other terms.
For the second step, using assumption A3, we show as in theorem 1 that <\/ﬁM]1V’3n(t), W”"(t)>
<ﬁM;jm(t), Wr(t)> tend to zero in L2(Q) for all r € {1,...,d}.
Third step. Here, we prove that the following three convergence properties hold in probability:
1 ¢
42

= = n—oo ]- t ~
lim<\/ﬁM}V’3’n(t),\/ﬁM1’f’n(t)> = /0 A12(s)h(s)2E1 (5) 222 (s)ds,

n

vH2()h(s)?B1 ()52 (s)ds,

—

tim (VMY (0, VAMEZ (1)) "=

n

1 t

lim (VAM? (0, VI, (1)) 22— | (h()°E () ds.

For the first property, we follow the proof of the part 3 in theorem 2 and easily get,
(VAMAE (0, VM2 (0) = 1 / R 9 )2 9 5 s + 0 1),

Now the convergence of <\/ﬁM ]1\[3 o), v/nM ]1\,3 n(t)> follows from assumptions A1, A4 and the conti-

nuity of h, £5!, 322, The two other properties are shown in a similar way. o

4.2 An example

We give in this section an example of a two dimensional process (X!(t), X2(t)) observed non syn-
chronously. We assume that (X'(¢)) is observed at time ¢} = 2km/n for k = 0,...,n, and thus
oL (t) = 2km/n if 2km /n <t < 2(k+1)7/n. The process (X?(t)) is observed at time t2 = 27k /n+7/n,
for k=0,...,n— 1, yielding to ¢2(t) = 2kn/n + 7/n, for 2kw/n+n/n <t <2(k+1)7/n+7/n. We
also assume that we observe X?2(0) and X?2(27). This situation of alternate sampling is studied in [7]
too. Although being a particular case of non synchronous observation, its main advantage is that all
computation are explicitly tractable here. Our aim is to estimate the covolatility Zi 2 = (oM 0?) (1)
and we consider the Fourier estimator FJIVQn(h) defined by the equations (41)—(42) of the previous

section. We first establish that the estimator F}fn(h) is not consistent but we have an explicit bias.
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Theorem 4 Let h be a continuous function then, under H1-H2, F}fn(h) converges in probability to

1 2

h(t)Zb2(t)dt

sin(a)
2m Jo am

as N and n go to infinity and N/n goes to a € R.

If @ = 0, which means that the number of observations n goes faster to infinity than the number of
Fourier coefficients IV, the effect of non synchronous data disappear and we have a consistent estimator
of the integrated volatility - 027r h(t)X12(t)dt. If a € N¥, I‘}fn(h) goes to zero and the estimation

method seems useless. Finally if a ¢ N, a consistent estimator is given by Si&%ﬂf}fn(h).

Proof Using the proposition 1 we just determine the limit of fozﬂ d}\’,zn(t, t)f(t)dt for any continuous

function f. One can easily see that

2(k+1)w/n 19 T 2k /n+7/n T 2(k+1)7/n
[ e owa = a5 [ e anE [ s,
2km/n n Jokr/n n Jokr/n+n/n

and consequently

T 2w

) [ .

nJo

/ K dy>, (8,0 F(t)dt = diy(
0

sin(am)

We conclude the proof observing that dy (%) converges to ——

Remark 3 We could treat, in the same way, more general non synchronous sampling. Indeed if X!

is sampled at times t}, = 2km/n and X?* at times t3 = (2k + s)7/n, where s in any fived shift in )0, 1(,

sin(27(1 — s)a) sin(2msa)

1— g2

27(1 — s)a +(1-9)
central limit theorem is not explicit except if s = 1/2.

we can show that the bias factor becomes s . However the associated

2msa

We study now the rate of convergence of the estimator F}\}Qn(h) and give some explicit limit.

Theorem 5 We assume that H1, H2 and H3 hold true, that h is a function with a bounded derivative,
and that N and n go to infinity such that N/n = a + o(1/y/n) as n — oo, with a > 0. Then
\/ﬁ(F}VQn(h) — o 027r h(t)El’Q(t)dt%) converges stably in law to
1
V2m

where W is a brownian motion independent of W and where v1 and ~o are defined by

2T ~
/0 [A(s)|V/71(a) (00 1)(5)(0%*02)(5) +2(a) (a1 02)2(s)dW (s),

() = 2n(1(a) ~ n(2a)) (13)
a(a) = m(n(@) ~ 1(2)) + T (1 1y (r(@)) — T2 (r(a)). (49)
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Remark that for a € N we have v1(a) = v2(a) = 0 and the estimator F}fn(h) converges (to zero) faster
than the rate /n.

Proof We will use Theorem 3. First, observe that

% 7 dy? (8, 2 () SV (t)dt = dN(%)% /02” B2 ()52 (1),
consequently,
1 2m » ) . 2 o . 2 bln(wa) 1
3 | aeorosHon - o [T oS Eoai - o) 50)
as soon as
dN(E) _ sin(ma) _ o(i%

Ta vn

which is equivalent to the condition given in the statement of the theorem: N/n —a = 0(%).

3

Now, the following lemma with theorem 3 and (50) give the result. o

Lemma 3 Let g a continuous bounded function on R? and assume that N and n go to infinity with
N/n — a > 0 then we have Vt € [0, 27| :

i) lim]\znnf(;t N d}\fn(s u)?g(s,u)duds = 1 (a fo s, 8)ds,

ii) thnnfo fo Nn (s,u)%g(s,u)duds = v1(a fo s, 8)ds,

ii1) th,nnfO IN Nm(s,u)d?\’,}n(s,u)g(s,u)duds = v2(a fo g(s,s)ds

where 1 and o are defined in Theorem 5.

P
w) Vp > 1,Vj € {0, 1}, sup.e(o 2 fo dn (gh(t) — c)‘ dt < Cp/n.

Proof i) Let s € [0,t], we have
nfo Nn (s,u)?g(s,u)du = nf (s,u)?g(s,u)du +n [ n(®) d12 - (s,u)?g(s,u)du
= VN,n( ) + VN,n(S)'

Now if u € [pL(s),s], |pk(s) — ¢2(s)| = 7/n and then d 2 n(s,u) = dn(m/n). This gives

S

Vi o(3) = ndy (/n)? / o(s,u)du,

o3 (s)
and finall
’ I tvl (s)d sin?(ar) /t (5, 5)d
im s)ds = T ———> s, 5)ds.
N fg o (am)? )y AN
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To compute the limit of V]\Znn(s), we make the change of variable v = ¢l (s) +27/n —u. One can easily
check that 2 (u + 2kn/n) = 2 (u) + 2k7/n and that p2(—u) = —2(u) — 27 /n, du a.e., if |u| > 7/n.
This leads to
) pn(s)t2m/n .
Vi) =n | B3 (0))g(s, oA (s) + 2m/n — v)do.

w/n

Now since ¢l (s) + 27/n <t < 27, we have for all € > 0 :

(s)+27/n
limn / B/ (92(0))g (s, () + 2m/n — v)dv = 0,

But we can establish for 0 < e < w

' € B sin?(ar)
[ ol = (200(0) = ntze)) — S 1)
it yields that ,
i V20 (5) = 7 (200(0) = n(20) ~ 525 ) gs.),

and finally

tim [ (Vi) + VEa(s)ds = 2mn(@) = 1(20) [ g(s.5)ds =n(a) [ gl s)as.

It remains to establish (51) to finish the proof of i). Let ¢2(¢) = (2k. + 1)7/n. We have

e oy (e)—m/n
fimn [ (e w)do = lim @ (2 (0) o, (52)
N 27 /n Non Jor/n
but
e)—7/n n 7 (k n
n [T B (G )de = n S L O B (93 (o)) dv

= nr/n Y pt (A3 ((2k — V) /n) + &3 ((2k + 1)7/n)) .

By dominated convergence, we have

— sin?(ar(2k — 1)) sin?(an(2k + 1))
%{2 2 (d% ((2k — 1) /n) + da((2k + 1)7/n)) kz < (an(@k —1))? + (ar (3 T 1) )

sin? (amk)

Now recalling that n(a) =, artyz We deduce

sin?(am(2k — 1)) B
kzzl (am(2k — 1)) n(a) —n(2a),

and consequently (51) is proved.
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We prove ii) on the same way by introducing the decomposition

nfo Nn s,u)?g(s,u)du = an (s) Nn (s,u)?g(s, u)du—i—nfon s)d21 (s,u)%g(s,u)du
= VN,n( )+ VN,n(s)'

As previously it is easy to see that

t 202 t
lm [ VL (s)ds = #2297 / ds.
i [ Vs = x2S [ (e s)ds

To compute the limit of V]\2,7n(s), we set v = p2(s) + 7/n — u. We observe that ¢ (u + 2k7/n) =
ok (u) + 2k /n and that ¢! (—u) = —¢L(u) — 27/n, du a.e. This gives
) pa(s)tr/n )
Vi) = [ )+ nmglo, o) + /m e

We conclude as in i) remarking that for 0 <e <7

. sin?(ar
fimn [ d?v<so£<v>+ﬂ/“>d“=”(2“7(‘”‘”(2@”‘ (m(r)?))'

N /n
We turn now to iii). We have
nfos d}\}?n(s,u)d?\}l(s,u)g(s,u)du = nf 1(5 d}vn(s w) A’,( u)g(s,u)du
n [+ i (s, u)dy (s, wg (s, u)du,
= Vynu(s) + Vi ().

As in i) and ii)

t sin?(ar) [?
li Vi n(s)ds = ds.
;{2 0 N,n(s) S T (aﬁ)g /0 g(S,S) s

It remains to identify limy , Vi, (5). Let v = ¢, (s) 4 27/n — u, we have
2 (s)+2m/n 1 2 1 2 1
Vil =n [T (e o)+ 6h06) — oD (0ol oh(5) + 2m/m —
Now for 0 < & < 7 and ¢}, (¢) = 27k:/n,

ke

e [ dn(eh@) + 300 — b DN = 7l D v+ du()/m) (26— /)
) 7/n Nn k=1
+dn((2k + 1)7/n)), (53)

where 6, (s) = 1if 2kn/n+7/n < s < 2(k+ 1)n/n and §,,(s) = —1 otherwise. We deduce then that

! o sin((2k + )wa)  sin((2k — 1)mwa)\* [
fm | Vi n(s)ds = 2%( 2kt )ra | (2k—1Dra > /0 9(s,8)ds. (54)
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A tedious calculation gives

sin((2k + 1)ma) sin((2k — 1)7wa 1sin®(wa)  sin(27a
Z(( )ma) sin(( )ma)  1sin®(ma) (2ma)

(2k + 1)7TCL : (2]€ — 1)7TCL - 92 (71'&)2 + 87a2 (1]0,1/2[<T(a)) - 1]1/271[(7'(@))), (55)

E>1
and putting this together we obtain

sin?(7a)  sin(27a)

i [ Vi a(e)ds = 7 (0@ = nt2a)) = Z5 4 B g o) < 1yt

N,n 0
and finally
) t 9 sin(2ma)
tim | (V) + Vi (5))ds = m(nfa) —n(2a)) + =5 O af(r(@) = D (r(@)) = )
iv) This property easily follows by simple computations with the condition N/n — a > 0. o

4.3 Numerical results

We study the behaviour of the estimator on simulated data with a Monte Carlo method.

We first consider the framework of Section 3 and assume, for simplicity, that X; = B;. The data

are collected at the instants 127 /n with ¢ = 0,...,n — 1 and the estimator is Fjl\,ln = F}\},ln(h) given by
25) with h = 1. Hence, we are estimating the integrated volatility - 2n Sitds which is equal, here,
2 JO

to the constant 1. The figure 1 shows the mean value and the standard deviation of the estimator in
the case n = 100 and for values of N ranging from N = 20 to N = 1000. We made 10000 replications.
It is clear that the estimator has no bias whatever is the choice for N. According to theorem 2 the
optimal choices of N, for minimizing the variance, are such that 2a =~ 2N/n € N,. We see that if
N < n/2 =50, the standard deviation increases while N decreases. This is natural since the variance
in theorem 2 ii) explodes as a — 0, actually we know that when N is too small (a ~ 0) the right rate
of estimation is 1/v/N (see remark 1). The choice N = 50 corresponds to a = 1/2 and is optimal,
moreover, on the figure 1 the standard deviation seems almost constant for N > n/2 = 50. In graph
2 we plot the variance of the estimator multiplied by n for N = 50 to N = 1000. We, now, clearly see
that 2N/n € N, give minimal variances and the deviations are a bit higher otherwise. However, as
N/n becomes very large, the variance of the estimator tends to the optimality, which is natural since
the estimator becomes similar to the quadratic variation estimator (recall (26)).

We now consider the case of asynchronous data studied in section 4.2. We focus on the simple case,
X! = B, and X}? = B, for t € [0,2n], yielding to a constant integrated covolatility % 027r E; 2t = 1.

The process X! (respectively X?) is observed at the instants 2i7/n (vesp. (2i41)m/n). The estimator
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F]l\’,zn = F]l\’,2n(h) given in (41)—(42) with h = 1 is biased by theorem 4, thus we define a corrected

version:
. -1
Punbiased — Sln(ﬂ-N/n) F1,2
Nn 7N/n Ny

when sin(7N/n) # 0. If N/n — a > 0 and a ¢ N then, by theorem 4, F‘]l\}lﬁiased is a consistent estimator
of the covolatility. Moreover the theorem 5 with simple computations implies that, /n(

1) 2% N(0,v(a)) where

unbiased
I\N,n -

32 7 sin(2ma)

v(a) = 7)2 (T(a)l{r(a)e(o,l/Q]} +(1- r(a))l{r(a)e(l/Z,l)})+§W(1{7‘((1)6(0,1/2)}_1{r(a)€(1/2,1)})‘

"~ 4sin(ma
The variance of the estimator, v(a), is a 1-periodic function of a and it is easy to check that v(a) ~g—0

1/a, which reflects that /n is not the right rate of convergence for a = 0. As a — 1—, we readily

have v(a) ~ 1/(1 — a), which shows that the divergence of the factor Sm(ray is partially compensated
by the cancellation of 71 (a) and 2(a) for a = 1 (recall (48)—(49)). In figure 3, we plot the graph of
the function v for a €)0, 1(. Numerically, the variance is minimized for @ ~ 0.42 and a ~ 0.58 where
v(a) ~ 3.52. This is very close to the theoretical variance, 7/2, of the 'non synchronous covariance
estimator’ introduced by Hayachi and Yoshida [6] [7]. Contrarily to the synchronous case, the choice
a = 1/2 does not yield to the minimum variance, however v(1/2) = 372/8 ~ 3.70 remains close to the
optimal choice.

In figure 4 we show the empirical mean and standard deviation of the estimator for n = 100 and
with N ranging from 10 to 90. It is clear that the estimator is unbiased and the standard deviation
remains low on all this range of choice for N. In figure 5, we plot the variance multiplied by n for
N =10 to N =90. The graph shows a good concordance with the theoretical values shown in figure
3. On the whole, it appears that the estimator performs well for estimating the integrated co-volatility
and is not very sensitive to the choice of N € {30,...70}.

An other conclusion of this case study is that using the non-corrected version of the estimator (42)
would give poor results. Indeed, keeping the bias low would yield to a choice of the ratio N/n close
to zero, which in turn deteriorates the variance of estimation, since y/n is not any more the rate of

estimation for a = 0.
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Figure 1: Mean (solid line) and standard deviation (dashed line) of F}Vln
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Figure 2: Variance of Fjl\’,ln multiplied by n as a function of N.
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Figure 3: Plot of the function v
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as a function of N. Non

Figure 4: Mean (solid line) and standard deviation (dashed line) of F}l\}ﬁiased

synchronous case.
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Figure 5: Variance of F‘j\}lgiased multiplied by n as a function of N. Non synchronous case.
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