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ON THE BOLTZMANN-GRAD LIMIT
FOR THE TWO DIMENSIONAL PERIODIC LORENTZ GAS

EMANUELE CAGLIOTI AND FRANCOIS GOLSE

ABSTRACT. The two-dimensional, periodic Lorentz gas, is the dynamical sys-
tem corresponding with the free motion of a point particle in a planar system of
fixed circular obstacles centered at the vertices of a square lattice in the Euclid-
ian plane. Assuming elastic collisions between the particle and the obstacles,
we consider this dynamical system in the Boltzmann-Grad limit, i.e. assuming
that the obstacle radius r» and the reciprocal mean free path are asymptoti-
cally equivalent small quantities, and that the particle’s distribution function
is slowly varying in the space variable. While it is known that the particle’s
distribution function in that limit cannot be governed by a linear Boltzmann
equation [F.Golse, Ann. Fac. Sci. Toulouse 17 (2008), 735-749], we propose a
limiting theory involving an extended phase space larger than the usual phase
space of a classical point particle in which the limiting particle’s distribution
function evolves under an integro-differential equation somewhat analogous to
a linear Boltzmann equation. The particle’s distribution function in the classi-
cal phase space is obtained by averaging out the additional variables involved
in the extended phase space. We derive explicit formulas for the coefficients
appearing in that integro-differential equation, and study its basic dynamical
properties — especially, we establish an analogue of Boltzmann’s H theorem,
provide a complete description of the equilibrium distribution functions and
investigate the convergence to these equilibrium distribution functions in the
long time limit. This article provides in particular complete proofs of the re-
sults announced in [E. Caglioti, F. Golse, C.R. Acad. Sci. Sér. I Math. 346
(2008) 477-482].

1. THE LORENTZ GAS

The Lorentz gas is the dynamical system corresponding with the free motion of a
single point particle in a system of fixed spherical obstacles, assuming that collisions
between the particle and any of the obstacles are elastic. This simple mechanical
model was proposed in 1905 by H.A. Lorentz E} to describe the motion of electrons
in a metal — see also the work of P. Drude [L(]

Henceforth, we assume that the space dimension is 2 and restrict our attention
to the case of a periodic system of obstacles. Specifically, the obstacles are disks
of radius 7 centered at each point of Z2. Hence the domain left free for particle
motion is

(1.1) Z, = {x € R?|dist(x, Z%) > r}, where 0 < r < 1.

Throughout this paper, we assume that the particle moves at speed 1. Its tra-
jectory starting from x € Z, with velocity w € S! at time t = 0 is denoted by
t— (X, Q) (t;2,w) € R? x S1. One has

(1.2) { ‘é:gg i E)),T(t)’ whenever X,.(t) € Z,,
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while
X (t+0) =X, (t—0),
(13) {Qr<t+0> — RIX, (1], (t —0).

and R[X,(¢)] is the specular reflection on

whenever X,.(t) € 0Z,.

In the system above, we denote "=
0Z, at the point X,.(t) = X,.(t +£0).

Next we introduce the Boltzmann-Grad limit. This limit assumes that r < 1
and that the initial position x and direction w of the particle are jointly distributed
in Z, x St under some density of the form f™(rx,w) — i.e. slowly varying in z.
Given this initial data, we define

(14)  folt,z,w) = f(r X, (~t/r;z,w), Q. (—t/r;z,w))  whenever x € Z,.

dt’

In this paper, we are concerned with the limit of f, as r — 07 in some sense to be
explained below. In the 2-dimensional setting considered here, this is precisely the
Boltzmann-Grad limit.

In the case of a random (Poisson), instead of periodic, configuration of obstacles,
Gallavotti [[L1] proved that the expectation of f,. converges to the solution of the
Lorentz kinetic equation

(Or+w-Va)f(t, z,w) :/Sl(f(t,z,wa(w~n)n)ff(t,:c,w))(w~n)+dn,
:fzn,

t=0

(1.5)
f

for all t > 0 and (z,w) € R? x S!. Gallavotti’s remarkable result was later gener-
alized and improved in [@, E]

In the case of a periodic distribution of obstacles, the Boltzmann-Grad limit of
the Lorentz gas cannot be described by the Lorentz kinetic equation ([L.f). Nor can
it be described by any linear Boltzmann equation with regular scattering kernel:
see [, [[4) for a proof of this fact, based on estimates on the distribution of free
path lengths to be found in [[f] and [[(F].

In a recent note [E], we have proposed a kinetic equation for the limit of f,. as
r — 0%. The striking new feature in our theory for the Boltzmann-Grad limit of
the periodic Lorentz gas is an extended single-particle phase-space (see also ])
where the limiting equation is posed.

Shortly after our announcements [E, ﬂ] appeared, two preprints by J. Marklof
and A. Strombergsson [@, E] confirmed an hypothesis which plays a fundamental
role in our theory, and extended our results in all space dimensions higher than 2.

The present paper provides first a complete proof of the main result in our note
[. In fact the method sketched in our announcement [ is different from the one
used in [@], and could perhaps be useful for future investigations on the periodic
Lorentz gas in 2 space dimensions.

Moreover, we establish some fundamental qualitative features of the equation
governing the Boltzmann-Grad limit of the periodic Lorentz gas in 2 space dimen-
sions — including an analogue of the classical Boltzmann H Theorem, a description
of the equilibrium states, and of the long time limit for that limit equation.

We have split the presentation of our main results in the two following sec-
tions. Section 2 introduces our kinetic theory in an extended phase space for the
Boltzmann-Grad limit of the periodic Lorentz gas in space dimension 2. Section 3
is devoted to the fundamental dynamical properties of the integro-differential equa-
tion describing this Boltzmann-Grad limit — specifically, we present an analogue
of Boltzmann’s H Theorem, describe the class of equilibrium distribution functions,
and investigate the long time limit of the distribution functions in extended phase
space that are solution of that integro-differential equation.
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FicURE 1. The impact parameter h corresponding with a collision
with incoming direction w or equivalently with outgoing direction

wl

2. MAIN REsuLTS I: THE BOLTZMANN-GRAD LIMIT

Let (z,w) € Z, x S, and define 0 < tg < t; < ... to be the sequence of collision
times on the billiard trajectory in Z, starting from z with velocity w. In other
words,

(2.1) {tj|jeN} ={te R’ | X, (t;x,w) € 0Z,}.
Define further
(2:2) (5, w5) = (Xo(tj + 0;2,w), Q. (t; + O;2,w)), j>0.

Denote by n, the inward unit normal to Z, at the point x € 0Z,., and consider
(2:3) 't = {(z,w) €02, x S'| £ w-n, >0},
- = {(r,w) € 0Z, x S*|w-ny =0}.

Obviously, (zj,w;) € T';) UT? for each j > 0.

2.1. The Transfer Map. As a first step in finding the Boltzmann-Grad limit of
the periodic Lorentz gas, we seek a mapping from I';y UTY to itself whose iterates
transform (zo,wp) into the sequence (z;,w;) defined in (P.2).

For (z,w) € (Z, x SYYUTF UTY, let 7,.(z,w) be the exit time defined as

(2.4) Tr(z,w) =nf{t > 0|z +tw € 0Z,}.
Also, for (z,w) € T}t UTY, define the impact parameter h,(z,w) by
(2.5) he(z,w) = sin(w, ny) .

Denote by (T, UTY)/Z? the quotient of T';” UTY under the action of Z? by
translations on the x variable. Obviously, the map

(2.6) (T UTY)/Z? 5 (v,w) = (hy(2,w),w) € [-1,1] x S

coordinatizes (I';7 UTY)/Z?, and we henceforth denote by Y, its inverse. For r €
10, 1[, we define the transfer map

T, : [-1,1] x 8" = R x [-1,1]
by
(2.7) T (h,w) = 2rr-(Y.(F,w)), he (Xr, ) (70 (Vi (W w)) £ 0; Y, (R, w))) .
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FIGURE 2. The transfer map

Up to translations by a vector of Z2, the transfer map T} is essentially the sought
transformation, since one has

(2.8) Ty (he(zj,wji),w;) = 2r7(z,w;), hr(zj41,w;5)), for each j >0,
and
(2.9) wjt1 = R[m — 2arcsin(hy(z;41,wj))|w;, for each j > 0.
The notation
(2.10) RI[f] designates the rotation of an angle 6.
Notice that, by definition,
he (241, w5) = he (241, wj41) -

The theorem below giving the limiting behavior of the map T} as r — 07 was
announced in [ff.

Theorem 2.1. For each ® € C.(R% x [-1,1]) and each h' € [-1,1]

1 1/4 dr o pl
(2.11) —/ O(T.(h,w))— %/ / ®(S,h)P(S, h|h')dSdh
|Inel /. r 0 -1

a.e. inw € S as € — 0%, where the transition probability P(S, h|h')dSdh is given
by the formula

(2.12)
3
N _ — 1=
P(S W) = - ((Sn) A (1=8)+ (S~ |1 =S,

+((S =S AL+ 357 — (35 + 550 V1),

+((S =S AT—(3S+ 35OV (1-sm), ),
with the notation

C:%|h+h/|7 77:%|h’7h’/|5
and
a AN'b=inf(a,b), aVb=sup(a,b).

The formula (R.12) implies the following properties of the function P.
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Corollary 2.2 (Properties of the transition probability P(S,h|h').). The function
(S, h,h') — P(S,h|h") is piecewise continuous on Ry x [—1,1] x [-1,1].
1) It satisfies the symmetries
(2.13)
P(S,h|h") = P(S,W|h) = P(S,—h|—1h') for a.e. h,h' € [-1,1] and S >0,

as well as the identities
00 1
/ / P(S,h|h")dSdh =1,  for each h' € [1,1],
(2.14) 0
/ / P(S,h|h")dSdh' =1,  for each h € [1,1].
0o J-a1

2) For each (S,h,h') € Ryx] —1,1[x] — 1,1] such that |h'| < h, the transition
probability P(S,h|h') is given by the simplified formula

1 2
n _ 3 Z !
(2.15) P(S,h|h) = 2, <1/\h_h, <S (1+h)>+> .
3) The transition probability P(S,h|h') satisfies the bounds

6
(2.16) 0< P(S,hlh) < Y L ez
for a.e. h,h' €] —1,1] such that |h'| < h and all S > 4. Moreover, one has

(2.17) / / (S, h|h")dhdh' < 53 , S>4.

In other words, the theorem above says that, for each h’ € [—1,1], the family
of maps w — T.(h/,w) converges as 7 — 07 and in the sense of Young measures
to some probability measure P (S, h|h')dSdh that is moreover independent of w —
see [@], pp- 146-154 for a presentation of Young measures. As we shall see below,
the family T,.(h',w) is wildly oscillating in both ' and w as r — 0%, so that it is
natural to expect that T, converges in only the weakest imaginable sense — i.e. in
the sense of Young measures as above.

The above result with the explicit formula (P.19) was announced in [[f]. At the
same time, V.A. Bykovskii and A.V. Ustinovﬂ arrived independently at a formula
analogous to (R.12)-(R.1) in [f]. The existence of the limit (R.11)) for the peri-
odic Lorentz gas in any space dimension has been obtained by J. Marklof and A.
Strombergsson in [@], by a method completely different from the one used in the
work of V.A. Bykovskii and A.V. Ustinov or ours. However, their analysis does not
seem to lead to an explicit formula for P(s, k|h') such as (2.19)-(R.19).

In fact, J. Marklof and A. Strombergsson as well as V.A. Bykovskii and A.V.
Ustinov obtain the limit ) in the weak-* L°° topology as regards the variable
w, without the Cesaro average over r, whereas our result, being based on Birkhoff’s
ergodic theorem, involves the Cesaro average in the obstacle radius, but leads to a
pointwise limit a.e. in w.

In space dimension 2, [P(] extends the explicit formula (R.12)-(R.15) to the the
case of interactions more general than hard-sphere collisions given in term of their
scattering map.

Another object of potential interest when considering the Boltzmann-Grad limit
for the 2-dimensional periodic Lorentz gas is the probability of transition on im-
pact parameters corresponding with successive collisions, which is essentially the
Boltzmann-Grad limit of the billiard map in the sense of Young measures. Ob-
viously, the probability of observing an impact parameter in some infinitesimal

We are grateful to J. Marklof for informing us of their work in August 2009.



6 E. CAGLIOTI AND F. GOLSE

interval dh around h for a particle whose previous collision occured with an impact
parameter i’ is

TI(h|h) = /OOO P(S, h|h')dS .

‘EXPLICIT FORMULA FOR II(h|h")

For |W'| < h < 1, one has

1 1+h
2.18 (k0 = 5 1
(2.18) (hjp') = 7w
Besides, the transition probability II(h|h’) satisfies the symmetries inherited from
P(S,h|l):

(2.19) I(k|h") =1 (A'|h) =T (=h| - k') for ae. h,h € [-1,1].

2.2. 3-obstacle configurations. Before analyzing the dynamics of the Lorentz
gas in the Boltzmann-Grad limit, let us describe the key ideas used in our proof of
Theorem @

We begin with an observation which greatly reduces the complexity of billiard
dynamics for a periodic system of obstacles centered at the vertices of the lattice
Z?, in the small obstacle radius limit. This observation is another form of a famous
statement about rotations of an irrational angle on the unit circle, known as “the
three-length (or three-gap) theorem”, conjectured by Steinhaus and proved by V.T.
Sé6s B — see also [R4].

Let w € S! with components w!,w? independent over Q. Particle trajectories
leaving, say, the surface of the obstacle centered at the origin in the direction w will
next collide with one of at most three, and generically three other obstacles. More
precisely,

Lemma 2.3 (Blank-Krikorian [, Caglioti-Golse [f]). Let 0 < r < 1, andw € S!
such that 0 < w? < w! and w?/wt ¢ Q. Then, there exists (q,p) and (q,p) in Z>
such that
0<g<q, gp—gqp=o¢€{£l}
satisfying the following property:
{z+ 7 (z,w)w||z| =7 and - w > 0}
C 0D((g,p),r) UOD((q,p),r) UOD((¢ + q,p + D), 1),
where D(xq,r) designates the disk of radius r centered at xg.

The lemma above is one of the key argument in our analysis.

To go further, we need a convenient set of parameters in order to handle all these
3-obstacle configurations as the direction w runs through S*.

The sets

{z+twllz|=7r, z-w>0, 2+ 7(z,w)w € 0D((q,p),r), t € R}
and
{z+twllz|=7r, z-w>0, 2+ 7(z,w)w € 0D((q,p),r), t € R}

are closed strips, whose widths are denoted respectively by a and b. The following
quantities are somewhat easier to handle:

2 _ Ira 1 1
(2.20) Q- 2rq 0= rq aw B bw

wt’

wl’ 2r ' 2r

and we shall henceforth denote them by

(2.21) Qw,r), Qw,r), Alw,r), B(w,r), together with o(w,r)
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Qle Qe Qle

FicURE 3. Example of a 3-obstacle configurations, and the pa-
rameters A, B, Q and @Q’. Here ¢ = 2r/w;.

whenever we need to keep track of the dependence of these quantities upon the
direction w and obstacle radius r — we recall that

o(w,r) =qp—pq € {£1}.

Lemma 2.4. Let 0 <7 < 1, andw € S be such that 0 < w? < w' and w?/w! ¢ Q.

27
Then, one has
r), Alw,r)+Blw,r) <1,

0< A(w,r), B(w,
(222 {o < Qr) < Q1)

and
Q(wa 7’)(1 - A(wv T)) + Q(wv T)(l - B(wv T)) =1.
This last equality entails the bound

1

< 2 — A(w,r) — B(w,r) =

Therefore, each possible 3-obstacle configuration corresponding with the di-
rection w and the obstacle radius r is completely determined by the parameters
(A4,B,Q,0)(w,r) € [0,1]3 x {£1}.

The proof of Theorem @ is based on the two following ingredients.

The first is an asymptotic, explicit formula for the transfer map 7. in terms of
the parameters A, B, Q, o defined above.

(2.23) 0< Qw,r)

Proposition 2.5. Let 0 < r < %, and w € S' such that 0 < w? < w' and

w?/w' ¢ Q. Then, for each h' € [~1,1] and each r €]0, 1[, one has

TT(h/a W) = TA(w,T),B(w,T),Q(w,T),a'(w,r)(h/) + (O(TQ)a 0) )

in the limit as r — 0%. In the formula above, the map Ta p.q,- is defined for each
(A, B,Q,0) €10,1]3 x {&1} in the following manner:

TaBQoh)=(Q N —20(1—A)) if oh/ € [1 —2A,1],
(2.24)  Tapooh)=(Q h +20(1—B)) if oh/ € [-1,—1+ 2B],
Ta,B,0oM)=(Q +Q,h+20(A— B)) otherwise.
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For w = (cosf,sin ) with arbitrary 6 € R, the map b’ — T,.(h',w) is computed
using Proposition E by using the symmetries in the periodic configuration of
obstacles as follows. Set 6§ = 6 —m% with m = [2(0+ Z)] and let & = (cos 6, sin 6).
Then

(2.25) T,(h',w) = (s,h), where (s,sign(tanf)h) = T} (sign(tan 6)r', ).

The second ingredient in our proof of Theorem @ is an explicit formula for the
limit of w — (4, B,Q,0)(w,r) as 7 — 0T in the sense of Young measures on the
first octant S}r of S

Proposition 2.6. Let F' be any bounded and piecewise continuous function defined
on the compact K = [0,1]> x {&1}.Then

1 1/4 dr
—_— F(A(w,T),B(w,T),Q(W,T),U(CU,T))_
(2.26) el / '

—>/ F(A,B,Q,0)du(A, B,Q,0)
K

a.e. inw € S}r as € — 0%, where u is the probability measure on K given by
(2.27)

dAdBdQ

6
dp(A, B,Q,0)= —loca<ilocs<i-alocge, oy =7 =4 (Oo=1 + 0o=-1).

This result is perhaps more transparent when stated in terms of the new param-
eters A, B’ = %, @, o instead of the original A, B, @, 0: an elementary change of
variables in the integral on the right hand side of (£.26) shows that

| F4.8.Q.0)du(A.B.Q.0)
K
- / F(A, (1 - B, Q,0)d (A, B', Qo).
K

where

dp' (A, B',Q,0)

:§10<A<110<B/<110<Q< )dAdB’dQ((Sg:l +05=—1).

1
1+(1—-A)(1—-B’

In other words, the new parameters A, B’, ) and o are uniformly distributed over
the maximal domain compatible with the bounds (-29) and (.29).

The first part of Theorem @ follows from combining the two propositions above;
in particular, for each b’ € [—1, 1], the transition probability P(S, h|h')dSdh is ob-
tained as the image of the probability measure u in () under the transformation
(A,B,Q,0) — Tapag.h).

2.3. The Limiting Dynamics. With the parametrization of all 3-obstacle config-
urations given above, we return to the problem of describing the Boltzmann-Grad
limit of the Lorentz gas dynamics.

Let (z,w) € Z, x S!, and let the sequence of collision times (¢;);>0, collision
points (z;);>0 and post-collision velocities (w;);>o be defined as in (ﬁ) and (.9).
The particle trajectory starting from z in the direction w at time ¢t = 0 is obviously
completely defined by these sequences.

As suggested above, the sequences (¢;);>0, (2;);>0 and (w;);>0 can be recon-
structed with the transfer map, as follows.



BOLTZMANN-GRAD LIMIT FOR PERIODIC LORENTZ GAS 9

Set

to = 7r(z,w),

xo=x+ 7 (2, 0w,

ho = hy(20,w),

wo = R[m — 2arcsin(ho)|w

(2.28)

We then define the sequences (¢;);>0, (2;);>0 inductively, in the following manner:
(2sj41, hjp1) = Tr(hy, wj)
1
tit1 =1+ —Sj+1,
(2.29) "
Tjtl = Tj + 28541005
wjt1 = R[m — 2arcsin(hj41)|w; ,

for each j > 0.
If the sequence of 3-obstacle configuration parameters

b} = ((A4, B,Q,0)(w;,7))j>0

converges (in some sense to be explained below) as r — 0 to a sequence of in-
dependent random variables (b;);>o with values in K, then the dynamics of the
periodic Lorentz gas in the Boltzmann-Grad limit can be described in terms of the
discrete time Markov process defined as

(Sj+1, Hjp1) = T, (H;), j=0.
The asymptotic independence assumption above can be formulated more pre-
cisely as follows. For each j > 0, we denote 2,411 = R*x S! x Ry x [—1,1] x K",

We assume the existence of a probability measure Py on R4 X [—1,1] such that, for
each 7 >0 and ¥ € C(Z,41)

lim Uz, w,r7(£,w), he(%2,w0), by, . . ., by, )drdw

r b
r—0t J,.z xSt

(H)
= / U(z,w, T, h,bg, ..., by)dedwdPy (7, h)du(bg) .. .du(by,),
Zn+1

where 1 is the measure defined in (R.27).
Assuming (H), the Boltzmann-Grad limit of the periodic Lorentz gas dynamics
is described by the theorem below.

Theorem 2.7. Assume (H), and let f™ be any continuous, compactly supported
probability density on R? x S'. Denoting by R[0] the rotation of an angle 0, let
F = F(t,z,w,s,h) be the solution of
(2.30)

1

(O +w-Vy—05)F(t,z,w,s,h) = / 2P(2s,h|h')F (t,z, R[O(h)]w,0,R")dR",

-1
00 1
F(0,z,w,s,h) = fm(z,w)/ / P(r,h|R))dl dr ,
2s —

where (x,w, s, h) runs through R? x St x R* x , and O(h) = m — 2arcsin(h).
Then the family (fr)o<r<l defined in (ﬁ) satzsﬁes

(2.31) fr —>/ / o8, h)dsdh in L (Ry x R? x SY) weak-*

as T — 07T,
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Let us conclude this presentation of our main results with a few remarks.

We have not verified the proof of assumption (H), which remained a conjecture
at the time when the note [ﬂ] was submitted to the Comptes-Rendus of the French
Academy of Sciences. A more recent preprint by J. Marklof and A. Strombergsson
[[d) establishes some analogue of (H), and therefore Theorem P.7, without unverified
assumptions.

The main novelty in this description of the Boltzmann-Grad limit of the periodic
Lorentz gas is the fact that it involves a Markov process in the extended phase space
R? x S! x Ry x [-1,1]. In addition to the space and velocity variables z and w
that are usual in the classical kinetic theory of gases, this extended phase space
involves two extra variables: i.e. s, the (scaled) time to the next collision and h,
the impact parameter at that next collision, as additional coordinates describing
the state of the moving point particle. To the best of our knowledge, the idea of
using this extended phase space (and particularly the additional variables s and h)
appeared for the first time in our announcements [E, ﬂ]

3. MaAIN REsuLTS II: DYNAMICAL PROPERTIES OF THE LIMITING EQUATION

The present section establishes some fundamental mathematical properties of
equation (R.3()). For simplicity, we henceforth restrict our attention to the case
where the space variable z varies in the flat 2-torus T? = R?/Z2.

3.1. Equilibrium states. As is well-known, in the kinetic theory of gases, the
equilibrium states are the uniform Maxwellian distributions. They are characterized
as the only distribution functions that are independent of the space variable and
for which the collision integral vanishes identically.
In equation (), the analogue of the Boltzmann collision integral is the quan-
tity
1
/ 2P(25, b)Y F(t, 2, RIO(H Ve, 0, 1 )dh' + 03 F (¢, 7w, 5, ) .
-1
On the other hand, the variables (s, h) play in equation () the same role as the
velocity variable in classical kinetic theory.
Therefore, the equilibrium distributions analogous to Maxwellians in the kinetic
theory of gases are the nonnegative measurable functions F' = F(s, h) such that

1
—0,F(s,h) :/ 2P(2s, h|W)F(0,h)dh', s>0, —1<h<1.
1

Theorem 3.1. Define

“+o0 1
E(s,h) ::/2 /1P(T,h|h’)dh’d7.

1) Then
E(O,h)=1, -l1<h<l1

d
+00 1 “+o0o 1 1
/ /E(s,h)dhds:/ // 1SP(S, h|h')dhdh'dS = 1.
0 -1 0 -1J-1

2) Let F = F(s,h) be a bounded, nonnegative measurable function on Ry x [—1,1]
such that s — F(s,h) is continuous on Ry for a.e. h € [—1,1] and

an

1
— 0,F(s,h) = / 2P(2s, h|W)F(0,h)dl', s>0, -1 <h<1,
1

lim F(s,h)=0.

s——+o0
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Then there exists C' > 0 such that
F(s,h)=CE(s,h), s>0, -1<h<1.

3) Defind]
o H@w) € (Z,n]0,1]%) x S| 217 (2, w) > t}|
p(t) = fim, (Z, N[0, 1]%) x S1]

Then

1

/ E(s,h)dh = —2p'(2s), s>0,

—1

and

1
1
/ E(s,h)dh ~ —— as s = +o0.
—1 s

Notice that the class of physically admissible initial data for our limiting equation
(R.3() consists of densities of the form

F™(x,w,s,h) = f"™(x,w)E(s,h)

— see Theorem E In other words, physically admissible initial data are “local
equilibrium densities”, i.e. equilibrium densities in (s, h) modulated in the variables
(z,w).

Before going further, we need some basic facts about the evolution semigroup
defined by the Cauchy problem () The existence and uniqueness of a solution
of the Cauchy problem (R.3() presents little difficulty. It is written in the form

F(ta'a'a'):KtFina tZOa

where (K¢):>0 is a strongly continuous linear contraction semigroup on the Banach
space L'(T? x S x Ry x [—1,1]). It satisfies in particular the following properties:
1) if Fi* > 0 a.e. on T2 xS x R4 x [—1, 1], then, for each t > 0, one has K;F" > 0
a.e. on T? x S! x Ry x [-1,1];
2) for each ¢ > 0, one has K;F = E;
3) if F'" < CE (resp. F™™ > CE) a.e. on T? x S! x R, x [—1, 1] for some constant
C, then, for each t > 0, one has K;F'" < CE (resp. K{F"™ > CE) a.e. on
T? x St x Ry x [-1,1];

) for each F™" € LY(T? x S' x Ry x [—1,1]) and each t > 0, one has

//// K, F"dxdwdsdh = //// F"dxdwdsdh ;
T2xS'xR4 x[—1,1] T2xS'xR4 x[—1,1]

5) if F'" € C(T? x S x Ry x [—1,1]) is continuously differentiable with respect to
x and s, i.e. V,F™ and 9, F™™ € C(T? x St x Ry x [~1,1]), then, for each ¢t > 0,
one has K, F'", 0; K, F'™", V,K;F" and 0, K; F'" € C(T? x S! x Ry x [-1,1]), and
the function (t,7,w, s, h) — K F™(z,w,s,h) is a classical solution of the equation
([£:3d) on R% x T2 x S! x R% x [~1,1].

All these properties follow from straightforward semigroup arguments once (2.3()
is established. Otherwise, the semigroup (K;):>o is constructed together with the
underlying Markov process in section 6 of [@] — see in particular Propositions 6.2
and 6.3, formula (6.16) and Theorem 6.4 there.

2The existence of this limit, and an explicit formula for p are obtained in [E}
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3.2. Instability of modulated equilibrium states. A well-known feature of the
kinetic theory for monatomic gases is that generically, local equilibrium distribution
functions — i.e. distribution functions that are Maxwellian in the velocity variable
and whose pressure, bulk velocity and temperature may depend on the time and
space variables — are solutions of the Boltzmann equation if and only if they are
uniform equilibrium distribution functions — i.e. independent of the time and
space variables. In other words, the class of local Maxwellian states is generically
unstable under the dynamics of the Boltzmann equation. An obvious consequence
of this observation is that rarefied gas flows are generically too complex to be
described by only the macroscopic fields used in classical gas dynamics — i.e. by
local Maxwellian distribution functions parametrized by a pressure, temperature
and velocity field.

Equation () governing the Boltzmann-Grad limit of the periodic Lorentz gas
satisfies the following, analogous property.

Theorem 3.2. Let F' be a solution of @) of the form
F(t,z,w,s,h) = f(t,z,w)E(s,h), with f € C' (I xT? xS,
where I is any interval of R4 with nonempty interior. Then f is a constant.

Thus, the complexity of the equation ) posed in the extended phase space
T? x S! x R4 x [—1, 1] cannot be reduced by postulating that the solution is a local
equilibrium, whose additional variables s and h can be averaged out.

As in the case of the classical kinetic theory of gases, this observation is important
in the discussion of the long time limit of solutions of (R-30).

3.3. H Theorem and a priori estimates. In this section, we propose a formal
derivation of a class of a priori estimates that includes an analogue of Boltzmann’s
H Theorem in the kinetic theory of gases.

Let h be a convex C! function defined on R ; consider the relative entropy

Hw(fE|E) :=
/// (h(f) —h(1) =h'(1)(f - 1)) (t,z,w, s, h)E(s, h)dxdwdsdh .
T2xS'xRy x[—1,1]

The most classical instance of such a relative entropy corresponds with the choice
h(z) = zln z: in that case h(1) = 0 while h/(1) = 1, so that

H,..(fE|E) = /// (flnf—h+1)(t,z,w,s, h)E(s, h)dedwdsdh .
T2xS!xR4 x[—1,1]

Theorem 3.3. Let F = F(t,x,w,s,h) in CL(Ry x T? x S x Ry x [—1,1]) such
that

0< F(t,z,w,s,h) <CE(s,h), (t,z,w,s,h) € Ry xT? xS xRy x [-1,1],

and

1

(Or+w-Vy—05)F(t,z,w,s,h) = / 2P(2s,h|h")F (t,z, R[O(h)|w,0,h")dR
1

with the notations of Theorem [2.}. Then Hyu(F|E) € C*(R4) and

%Hh(F|E) + /T Du(F/E)(t,2)dz =0,
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where the entropy dissipation rate Dy is given by the formula

x) =

//// 2P(2s, h|h') (h(f(t,z,R[@(h/)]w,O,h/))—h(f(t,:c,w,s,h))
SIxR4 x[—1,1]x[-1,1]
W (f(ta,w, s, h) (F(t @, RO(W)w,0,k') — f(t,z,w, s, h)) )dwdsdhdh’.

Integrating the equality above over [0, ], one has

t
Ha(FIE)(t) + / / Du(F/E)(r,2)dedr = Ha(F|E)(0)
0 JT2
for each ¢t > 0. Since h is convex, one has
Hy(F|E) > 0 and Dy(F/E) >0,

and the equality above entails the a priori estimates
0 < Ho(F|E)(t) < Hu(F|E)(0),

/ = Du(F/E)(t, z)dzdt < Hy(F|E)(0).
0 T2

That Hyn(F|E) is a nonincreasing function of time is a general property of Markov
processes; see for instance Yosida [2q] on p. 392.

3.4. Long time limit. As an application of the analogue of Boltzmann’s H The-

orem presented in the previous section, we investigate the asymptotic behavior of
solutions of (2.3(]) in the limit as ¢ — +oo.

Theorem 3.4. Let f" = f"(z,w) € L>(T? x S') satisfy f(z,w) > 0 a.e. in
(x,w) € T? x St. Let F be the solution of the Cauchy problem ). Then

F(ta ERERE) )ACE
in L°(T? x S x Ry x [—1,1]) weak-*, with

// iz, w)drdw .
T2 xS?t

3.5. Speed of approach to equilibrium. The convergence to equilibrium in the
long time limit established in the previous section may seem rather unsatisfying.
Indeed, in most cases, solutions of linear kinetic models converge to equilibrium in
a strong L? topology, and often satisfy some exponential decay estimate.

While the convergence result in Theorem @ might conceivably be improved, the
following result rules out the possibility of a return to equilibrium at exponential
speed in the strong L? sense.

Theorem 3.5. There does not exist any function ® = ®(t) satisfying
d(t) =o(t™%?) ast— +oo

such that, for each f™ € L?(T? x S'), the solution F of the Cauchy problem (@)
satisfies the bound

(3 1) HF(t’ ERERE ) - <fin>E||L2(T2><Sl><R+><[—1,1])
' < (I)(t)HF(Oa'a'a'a')||L2(T2><Sl><R+><[fl,1])

for each t > 0, with the notation

=[] olewods

for each ¢ € L1 (T? x S1).
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By the same argument as in the proof of Theorem @, one can establish a similar
result for initial data in LP(T? x S'), with the L? norm replaced with the L” norm
in (B.1]), for all p €]1, 00[; in that case ®(t) = o(t~(2P~D/P) is excluded.

The case p = 2 discussed in the theorem excludes the possibility of a spectral
gap for the generator of the semigroup K; associated with equation () — that
is to say, for the unbounded operator A on L?(T? x S! x Ry x [—1,1]) defined by
1

Af(@,w,8,1) = (- Vo — 02) (2,0, 5,h) / 2P (2, ) f (2, RIO(K )]0, 0, 1)l
1

with domain

D(A) = {f € LA (T?xS' xRy x[-1,1]) | (w-V4—08s)f € L*(T?xS* xRy x[-1,1])}.

4. AN ERGODIC THEOREM WITH CONTINUED FRACTIONS

4.1. Continued fractions. Let o € (0,1) \ Q; its continued fraction expansion is
denoted

1
(4.1) a = [0;a1,az,as,...] =

a1 +
as +

1
0,3+...

Consider the Gauss map
1 1
(4.2) T:(O,l)\QS:c»—)E[5}6(0,1)6(0,1)\(2.
The positive integers a1, as,as, ... are expressed in terms of « as
1 1
4.3 == d ap=|——|, n>1.
(4.3) ay [a] , and a [T"la} n>
The action of T' on « is most easily read on its continued fraction expansion:
(4.4) T10;a1,a2,as,...] = [0;a2,as,a4,...].
We further define two sequences of integers (pn)n>0 and (gn)n>0 by the following
induction procedure:
Pntl = GnPp +Pn-1, po=1, p1=0,
(4.5)
Qn+1 = anqn + Gn—1, qgo =0, q=1.

The sequence of rationals (£*),>1 converges to a as n — oo. Rather than the usual
>
distance [£2 — «f, it is more convenient to consider
n

(46) dp = |Qna - pn' = (_1)n_1(Qna _pn) , n=>0.
Obviously
(47) dn+1 = —apdy +dp—1, do=1, dy =a.

We shall use the notation

an(@), pn(@), qu(a), dn(a)

whenever we need to keep track of the dependence of those quantities upon a. For
each o € (0,1) \ Q, one has the relation a,(T«) = an4+1(a), which follows from
(-4) and implies in turn that ad,(Ta) = dn+1(a), for each integer n > 0, by ([£7).
Therefore,

n—1
(4.8) dp(a) = H TFa, n>0.
k=0
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While a,,(«) and d,(a) are easily expressed in terms of the sequence (T*a)i>¢, the

analogous expression for g, () is somewhat more involved. With ([.g) and (f.7),
one proves by induction that

(4.9) 02(@)dns1(0) + qus1(@)dn(@) = 1, 1> 0.
Hence

A1 () dn (o)
dp(@)dp—1 (@)
so that, by a straightforward induction

QnJrl(O‘)dn (a) =1- Qn(O‘)dn*l(O‘) )

—jnt1(@)dn(a)

(4.10) nt1(a)dn (@) = Z(fl)n djs1(a)d;(a) ’

Jj=0

n>0.

Replacing (dk(a))o<k<n+1 by its expression (f.§) leads to an expression of gn+1(c)
in terms of T*a for 0 < k < n.

4.2. The ergodic theorem. We recall that the Borel probability measure dG(x) =
== -££ on (0, 1) is invariant under the Gauss map 7', and that T is ergodic for the

measure dG(z) (see for instance [[[f]), and even strongly mixing (see [R1].)
For each o € (0,1) \ Q and € € (0, 1], define

(4.11) N(a,e) =inf{n > 0|d,(a) < €}.

Lemma 4.1. For a.e. a € (0,1), one has
1
N(o,e) ~2221n = e —0F.
€

See [[] (where it is stated as Lemma 3.1) for a proof.
We further define

dn (a)

)
€

(4.12) On(ay€) = n>0

3

for each av € (0,1) \ Q and € € (0,1].

Theorem 4.2. For m > 0, let f be a bounded measurable function on (R.)™;
then there exists L, (f) € R independent of a such that

1
d
M/ f((SN(a,E)(OC)a6N(a,e)—1(0(),...’5N(a1€)7m(a))?€ S Lo(f)

n

and
. 1 de
1n(1/77) / (71)N(a76)f(5N(a,6)(04>; . ,5N(a,€)_m(oz>>? -0
n

for a.e. a €(0,1) asn — 0F.
Proof. The proof of the first limit is as in [H], and we just sketch it. Write

! de
/ f((SN(Ot,E) (Oé), 5N(a,e)—1(a>a cee 75N(oz,e)—m(a>>_
n

€

N(a,e)—1 dn_1(a) de

= Z /d f((SN(a,e) (Oé), 6N(a,e)fl(a)a s a(SN(a,e)fm(a))_
=1

(@) €

N(a,e)—1 () de
/ 6N(o¢,6) (Oé), 5N(a,e)—1(a>a B 5N(oz,e)—’m(a>>_
n

€
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Whenever d,,(«) < € < dp_1(a), one has N(a,€) = n so that

1
de
/ F O (@), Byt (@)s - Oy ey @) 2
n

€

ST de
- z:: / (a) F@n(@);0n-1(@), -, nm(@)) == + OC1).

Substituting p = ( ) §
one has, for n > m > 1

in each integral on the right hand side of the identity above,

dn-1(a) de
/d F5u(0), 601 (@), -5 m(a)) %

n(o‘) €

T (S ————
dn(0)/dnr(a)” \ Tm7ra’ UL Thmm R ) p
=Fh1(T" ™),

with the notation
1
P p dp
F’m— = ) [ m N
@) /Tm*lozf (p Im=la [Tz Tka) p

1 ! d
m /77 f((SN(a,e) (Oé), 6N(a,e)fl(a)a oo 76N(a,e)7m(a))_€

Thus

€
N(a,m)—1

~ In( 1/77 ; B (T HO(@)

We deduce from Birkhoff’s ergodic theorem and Lemma EI that

N(a,n)—1

(4.13) Z Fr 1 (T"™a) — Lo (f) == 1{332/0 Frp_1(x)dG(x)

for a.e. @ € (0,1) as 5 — 07, which establishes the first statement in the Theorem.

The proof of the second statement is fairly similar. We start from the identity

1 e de
/ (71)N( ’ )f((SN(Ot,E) (Oé), 5N(a,e)—1(a)a v 75N(oz,e)—m(a))?
n
N(a,n)—1 dn—1() de
= Y (0 [T @) bua(a) B (@) 4 OQ)
n=1 dn(a)
N(a,m)—1
= ) (—)Ep (T )+ 0(1).
Writing
N(a,m)—1
> ()" (T™a)
_ 3 (Fre1 (T ™a) — Fppy (THH170)) 4+ 0(1)

m/2<k< (N (am)—1)/2
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we deduce from Birkhoff’s ergodic theorem (applied to T2 instead of T') and Lemma
EI that, for a.e. a € (0,1) and in the limit as n — 07,

1
m Z (Fm_l(TQk—ma) . Fm_l(T2k+1—ma))
n m/2<k<(N(a,n)—1)/2

- %/0 (Fm-1(x) = Fip—1(Tx)) dG(x) =0

since the measure dG is invariant under 7.
This entails the second statement in the theorem. O

4.3. Application to 3-obstacle configurations. Consider w € S! such that
0 < wy <wy and wa/wy ¢ Q, and let r € (0, 3).

The parameters (A(w,r), B(w,r), Q(w,r),0(w,r)) defining the 3-obstacle config-
uration associated with the direction w and the obstacle radius r are expressed in
terms of the continued fraction expansion of ws/wy in the following manner.

Proposition 4.3. For each w € S such that 0 < ws < w1 and we/w; ¢ Q, and
each r € (0,1) one has

dN(oz,e)(a)

€
d «,€)— —d a,€e)— d «,€
B(w,r)=1- N(a9-1(@) —|€ N(e.01 ()] N0 ()
€ AN (a,e)(@) €

Alw,r) =1—

Q(wa T) = €dN(a,e)
o, 1) = (1)

where

By the definition of N(a,€), one has
0<A(w,r), Bw,r), Qw,r) <1.
This is Proposition 2.2 on p. 205 in [[f]; see also Blank-Krikorian [} on p. 726.

Our main result in this section is

Theorem 4.4. Let K = [0,1]3 x {£1}. For each F € C(K), there exists L(F) € R
such that
L [ P, B, @, e £
—_ F(A(w,r), Bw,7),Q(w,r),0(w,r))— — L(F
In(1/n) 0 r
for a.e. w € St such that 0 < wy < wy, n the limit as n — 0F.

Proof. First, observe that
F(A,B,Q,0) =F1(A,B,Q)+0F_(A,B,Q)
with
Fi(A,B,Q) =
By Proposition @, one has

(F(A,B,Q,+1)iF(A,B,Q,*l)) .

1
2

Fy(Alw,r), Blw,r), Q(w,))

1~ N@e-le) 5N(a’€)_1(a>} N (are) (@)

= F:I: (1 - 5N(oz,€) (Oé), 1- 5N(a76)_1(a) B 6N( )(Oé)
1

d L,E)— « L€ « .
O (ae—1(a) @ @)l )>
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For each m > 0, we define

fm,i((SNa oo 56N—m—1) =

1—6n-— 1 al SNON—
N N71j:(N_m)+ g9 —1

Observe that
aTa < 1 for each v € (0,1)\ Q,

so that, whenever n > m + 1,

- n—jdn(a)dn—l(a) dn(a)dy—1(cr)
I e s e Py e

< H Tra . TF 1o < 27m—1

k=n—m-—1

Likewise, whenever n > m+ 1 and n > [+ 1,
(4.14)

n n—j dn (Oé)dn—l (Oé) n n—j dn (Oé)dn_l (CY) ~ min(lm
2 e 2, T | <

j=n—m

Since dn(a,e—1(@) > 1 by definition of N(a;, €), one has
(4.15)
|fm,i(5N(a,e) (Oé), oo a(SN(a,e)fmfl(a)) - fl,i((sN(a,e) (Oé), oo a(SN(a,e)flfl(a)”

< pi (27 min(m,l)) ,

where p1 is a modulus of continuity for F on the compact [0, 1]3.
The inequality ({.14)) implies that
(4.16)

_ 1 e dr
’111(1/477)/77 Fe(A(w,r), Blw,r), Q(w,r))—

1 /1/2W1f s (@) 5 ( ))de < pa(2-m )
ln(1/477) 2n/en m,+(ON(a,e) Q)5+ -+, ON(a,e)—m—1{Q = P+

upon setting o = wo/wy. Moreover, by Theorem @, for each 1, > 0

1 M de
In(n./n) fm 4 (0N (a0 (@), - 0N (a,0)—m—1(0)) — = L1 (fim,+)

' 1 7 .
m /77 O'(CY, G)fmv—((sN(a,e) (CY), cee ,6N(a,e)7m71(04))? -0

a.e. in a € (0,1) as 7 — 0T, and the inequality ([.1J) implies that

|1 (fim+) — Lisa (fr )] < pa@7mm0mDy 0 1 m > 0.

In other words, (Lu+41(fm,+))m>0 is a Cauchy sequence. Therefore, there exists
L € R such that

(418) Lm+1(fm,+) — L asn — 0.



BOLTZMANN-GRAD LIMIT FOR PERIODIC LORENTZ GAS

Putting together ([.1d), ([.17) and (f.18), we first obtain
Liny1(fm,+) — 2p(2_m_1>

H dr
<n—>0+ hl 1/477 /77 F+ ) B(W,T),Q(w,r))7
1/4 dr
<77%0+ ln 1/477 /77 FJF ) B(W,T),Q(w,r))7
< Lopy1(fomg) +2p(27™ 1Y),
and
—2p(27™
v dr
= nlféi In 1/477 / F(A(w, 1), Bw,1), Qw, 1) =
1/4 0
= na0+ In( 1/477 /77 —(A(w, ), B(WaT>aQ(WaT))7
<2p(27™m ).
Letting m — oo in the above inequalities, we finally obtain that
1 1/4F dr
Tn(1/47) H(A(w, ), Blw,m), Q(w,r)— = L
1 v dr
m/ﬂ o(w,r)F_(A(w,7), B(w,7), Q(w’r))T 0

a.e. in w € S with 0 < wy <w; asn — 0F.

Amplification of Theorem Q The proof given above shows that
L(F) = L(F})
for each F' € C(K).
5. COMPUTATION OF THE ASYMPTOTIC DISTRIBUTION

OF 3-OBSTACLE CONFIGURATIONS
A PROOF OF PROPOSITION P.§

Having established the existence of the limit £(F') in Theorem @, we seek an

explicit formula for it.

It would be most impractical to first compute Ly, 4+1(fm,+) — with the notation
of the proof of Theorem @ — by its definition in formula (), and then to pass

to the limit as m — oco.

We shall instead use a different method based on Farey fractions and the asymp-

totic theory of Kloosterman’s sums as in [}].

5.1. 3-obstacle configurations and Farey fractions. For each integer Q > 1,

consider the set of Farey fractions of order < Q:

Fo={2[1<p<q<Q, ged(pg) =1}

’

Ify= % <v' = ’qi, are two consecutive elements of Fg, then

q+q¢ >Q, andpq—pd =1.
For each interval I C [0,1], we denote

Fo(l)=INnFg.

19
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The following lemma provides a (partial) dictionary between Farey and continued
fractions.

Lemma 5.1. For each O <e <1, set @=1[1/e]. Let 0 < a < 1 be irrational,

and let v = 5 and v = & be the two consecutive Farey fractions in Fg such that
v <a<~'. Then
(i) if & <. then

4N (a,e) (Oé) =gq and dN(oz,e) (Oé) =qa—p;

(ii) if 5 < a <

PEe then
q
dN(a,e€) (CY) = min(qa ql)
while
dn(ao)(@) =qa—p if ¢ < ,and dy(a,o() =p" —da if ¢ <q;

(iii) if P < o < I, then

dN(a,e€) (Oé) = ql and dN(a,e) (a) = pl - qla .
Sketch of the proof. According to Dirichlet’s lemma, for each integer Q > 1, there

exists an integer ¢ such that 1 < ¢ < @ and dist(do, Z) < Q+1 If Z—:: € Fgis
different from % and 2 £, then q cannot be equal to ¢”. For if a < p—, b ::, then
' —q"a > (p”q’ p’q”) = > Q+1 Thus ¢ is one of the two mtegers g and

q'. In the case()p —qa>6> Q ) so that ¢ # ¢', hence § = q. Likewise, in the
case (iii) g« — p > € > W so that ¢ = ¢’. In the case (ii), one has

1
(1—qe) = ?(qp'—pq’—qe) <qu—p<e
since ¢ < Q < 1. Likewise 0 < p’ — ¢’ < ¢, so that ¢ is the smaller of ¢ and ¢/. [

In fact, the parameters (A(w,r), B(w,r), Q(w,r)) can be computed in terms of
Farey fractions, by a slight amplification of the proposition above. We recall that,
for each w € S! such that 0 < wy < w; and wo /wy is irrational, one has

w 2r
Q(w,T) = €qn(a,e (), with a = “2 ande= .
w1 w1
Under the same conditions on w, we define
d w 2r
D(w,r) := “N(ene) , again with a = 22 and e = = ,
€ w1 w1

and Q'(w, ) in the following manner.
Let Q = [1/€] with e = 22, and let v = % and 7/ = % be the two consecutive

wi’?

Farey fractions in Fo such that v < a < v'. Then

(i) if £ <a < E7=5, we set

Q' (w,r) ==eq';

e\ - p/ —€
(ii) if &7

Q' (w,r) == emax(q, q');
(iii) if ’%‘6 <a< g—j, we set
Q(w,r) == eq.
With these definitions, the 3-obstacle configuration parameters are easily expressed
in terms of Farey fractions, as follows.
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Proposition 5.2. Let 0 <r < % and w € St be such that 0 < wy < wy and wa Jwy
1s irrational. Then

Alw,r) =1— D(w,r),

while Do)
w, T
B(w,r) = blw,r) — [D(w,r)] D(w,r),
with
b, ) = Qw,r) =1+ Q' (w,r)D(w,r) -
Qw,r)
Sketch of the proof. We follow the discussion in Propositions 1 and 2 of [E] Con-

sider the case % <a< p/qTE, and set d = gqo —p > 0 and d = p' — ¢da > 0.

According to Proposition 1 of [H], eB(w,r) = € — (pr — qra), with the notation
pr =p' +kp et g = ¢ + kq for k € N* chosen so that

p +kp—e —a p+(k—1)p—ce
q +kq ¢+ (k—1)q
In other words, k is chosen so that d' — kd < e < d — (k— 1)d, where d = gao — p
and d’ = p’ — ¢’a. That is to say,

el

r_ U
d —kd d d [b}D

and

B=1- =1-—+h-=b—

€

with b = 1—%. Since ¢p' —pq’ = 1, one has d' = (1 —q'd)/q, so that b = %.

The other cases are treated similarly. O

5.2. Asymptotic distribution of (Q,Q’, D). As a first step in computing L(F'),
we establish the following

Lemma 5.3. Let f € C([0,1]3) and J = [a—,a1] C (0,1). Then

dw
/ f(Qw, dewr), Q' (w, Fewr), D(w, éewl))lwz/cmefy
1

V[ FQQDNGQ.D)
0,1
as € — 0%, where X is the probability measure on [0,1]3 given by
d\Q.,Q", D) =
2 dQdQ'dD
72 <1°<Q7Q/<11Q+Q’>110<D<E—9 + 1Q<Q/115—9<D<1) Q

The proof of this lemma is based on the arguments involving Kloosterman’s sums
to be found in [ﬂ]

Proof. For 0 < e <1, set @ = [1/¢]. Observe that
1
1 Q( ) 2€w1) < 1

1 1 1
’Q(w’zewl) o ARttt e sy R mro B
1 "w, X 1
}Q ewl)——Q( Lew) SQ+1Q(w656w1)SQ+1,

since Q(w, ewl) < eQ and Q' (w, ewl) < €Q while
1

|D(w, Sewr) — €QD(w, 2ewr)| < e 3

—Q'<e§
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since D(w, $ew;) < 1.

Since f is continuous on the compact set [0, 1]°, it is uniformly continuous; let p
be a modulus of continuity for f. Then

QU hewn), Q' (w, Aewor ), Dlw, Lewor)) ™
5.

wi
1 1,
/S#f <@Q( aéewl)

dw
GQQ (w, ewl) €eQD(w, ewl))

(5.1)

2
Wi

<3p(1/Q) =0
as e — 0T,

Henceforth, we seek to prove that

(5.2) /Sl / <$Q(w’ 3€w1),

+

, d
5/ hen), @D, ewn) I
=1 [ 5@@. DD

as € — 0. Without loss of generality, by an obvious density argument we restrict
our attention to the case where the test function f is of the form

f(@Q,Q, D) =g(Q.Q)(D),
with g € C([0,1]?) and h € C([0,1]). Then

1
L o (e den. 5

d
ewl ) h EQD Gwl)) ]-wz/unef -

2
Wi

B !
c (L) wew o
p/a€Fa(J)” ¢
(5.3) e /
+ pri 1q<qf9(%,q§)h(Q(qa p))d
p/e€Fa(J)” ¢

/

DY / Lycas (5 5 ) QW ~
p/q€Fo(J)

gl -0 (

p p‘ P p‘
su — ==+ sup - ==
p/acFo(N 1T A p/geFo(NIT 4
=I+11+1I1+1V+0(1/9Q)
where % < p—: i

are consecutive elements of Fg. Notice that the O term above is the
contribution of the endpoints of J not being elements of Fg
Define

H(z) = / h(y)dy, foreach z€R.
0



BOLTZMANN-GRAD LIMIT FOR PERIODIC LORENTZ GAS

Thus
1—¢€q
= % a(g5) e ()
p/qefg(J) Qe 1
1—eq
(q— 5) art (oY)
p/qefQ(J) Qe 1
qa q 1 1—6q
= 5 ten(gg) o (mea-n (o))
p/qefg(f) Q) q
¢ q\ 1 1*6(1’
mg(—v—) (e - (1))
p/qefg(f) Qe 4
One has
1-— 1-—
‘H (Q ,6‘1) H(Qﬂ)‘ < b=l |= -
q q q
q 1
< ||h||L= Q= —;
=Ml 3a 5y
likewise
<) n (o) ot
H - H —— =) <||h||pxQ— —=———,
‘ (Q q 2 q < Il QqQ(QH)
while
1
[H(1) = H(eQ)| < |||zl — eQ| = [hl|z~e |~ — Q’ < ||h[[L=e.
Hence
"\ 1 1—¢q/Q
5 (e () o
PlaeT o) Q Q) Qq q/Q
with
1
IRi| < llglloeellblie Y —==—-
p/a€Fa(J) ¢QQ+1)

Applying Lemmas 1 and 2 in [J] shows that

> (68) e ()

p/q€Fo(J)

dQdQ’
—|J] - ,,2//01)2 (Q,Q"H < Q/Q) 101051 QQQ as Q@ — 00,

while

dQdQ’
RA| S Nl Al -1 / / loro X9 _ 61/0),
0,1)2 Q'

so that

G 1ol f] s (g

dQdQ’

) 1Q+Q’>1 0 as Q@ — 0.

23
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By a similar argument, one shows that

o1t [ @@ () 1asa 2
0,1)2

(5.5) 111 — || - ?62 //( ) 9(Q,Q" (H(l) —H (16_2—9)) lo<glgig>1 ngQ’ )
0,1)2

6 / _ 1-Q’ / L dQdQ’
IV = |J]- 5 //(011)29(62 ,Q) (H(l) H( % )) 1o <@lo+q =1+,
as Q — oo.
Substituting the limits (5.4)-(5.5) in (5.3) shows that
1 1 dw
/S1+ g (QQ(LU, %ewl)’ 5@’(% %ewl)) h (eQD(w, %ewl)) 1‘”2/‘”16']F

1

— 7] 3 / / / 9(Q, Q)(D)1g1qs11y. p1-g 19440
(0,1)3 Q7

+1J|- 3 /// 9(Q, QD)oo lgrgsiliza_ 29040
(0,1)? <

as € — 0, which establishes (f.9).
On account of (f.1]), this proves the convergence announced in Lemma .3 O

5.3. Asymptotic distribution of (4, B,Q). Next we compute the image the
probability measure A under the map (Q, @', D) — (A, B, Q) defined in Proposition
@. In other words:

Lemma 5.4. Let g € C([0,1]3). Then
dw
/ g(A(w’ %ewl)aB(wa %6&]1),@(&), %6&]1))?
Sh 1
— 9(A, B,Q)dv(A, B,Q)
[0,1]?
as € — 0T, where v is the probability measure on [0,1]> given by

12 dAdBdQ
dv(A, B,Q)= FIO<A<110<B<17A10<Q< . -4
Proof. We first compute the image ®, A of the probability measure A under the map

®:[0,1]*> = [0,1] x R x [0,1]

(Q, QD) (A,b,Q) = (1— D, LLIL )
The Jacobian of ® is

1-Q'D
0 o 1
D 1-A
detV®(Q,Q', D)= | 0 Lo ===
-1 £ 0
A straightforward computation shows that
dP. (A, b,Q) =

dAdbdQ
%10<A7Q<111—%<b<1—8 (1A—g<b<o + 1b>01b>27A7%) ~—1 -
This expression can be put in the form

dAdbdQ

(5.6) d®. (A, b,Q) = B1ocager(loen, (a,0) + Lers@@) 7171
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where

AM(A,Q)=(A~-5.(1-5)A0)
Ao(A,Q) = (2= A—2)v0,(1—2))
The probability measure v is the image of ®,A under the map
¥ :[0,1] x R x [0,1] — [0,1]?
(4,6,Q) = (4,B,Q) = (A, b~ [25)(1 - 4),Q)

In other words,

dAdbd
dv(A,B,Q) = %10<A,Q<110<B<17AfAQ
(5.7) Y (LB +n(l = A) + 1y, a.0)(B+n(1 — 4)))
nez
dAdbd
= BM(A, B,Q)loca,g<1lo<B<1-4 = AQ
where
(5.8) M(A,B,Q) =#{n€Z|B+n(l-A) € M(A,Q)},

+#{neZ|B+n(l—A)eA(A4,Q)}.
Whenever u,v ¢ Z, one has
#{m e Z|m e (u,v)} = ([v] — [u])+.
Hence, for a.e. A,Q € [0,1]
#{neZ|B+n(l-—A) e A(4Q)}

_ [(1_/1{@3)20_3} - {A—lfli(i—B]

— since
(1-A/QN-B A-A/Q-B _(1-A)A(MA/Q-4) _
1-A 1-A 1-A =
For a.e. A,Q €[0,1],if Q< A

{(1A/Q)/\OB} - [AA/QB}

0.

1-A 1-A
[1-4/Q-B A—A/Q-B
e N e

SESTEL NS TS I

Likewise, for a.e. A,Q € [0,1]
#{neZ|B+n(l—A)cA(4,Q)}
. ({1/1/@3] - {(2A1/Q)VOBD
1-A 1-A
— observe that, whenever @ < A, onehas2—A—-1/Q <2—-A—1/A <0, so that
1-4/Q-B (2-A-1/Q)V0-B _ 1-A4/Q <0
1-A 1-A 1-A4 -7
while, if Q > A,

1-A4/Q—-B (2—A—-1/Q)V0—B

1-A 1-A

(1-A/QNA-1)(1-1/Q) >0
1-A =
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Therefore
#{neZ|B+n(l—A)eA(4Q)}
+#{neZ|B+n(l—A) € A(AQ)}

(1—A/Q /\0 B] [A 1/1/94-3}

=1g<a+ 1Q>A< [

+[1—A/Q B] —1/Q )V O— BD

=1g<a+ 1Q>A< +1

[ *1/62 ) VO - BD

R )

Now, if Q < 51+

1—A/Q /\0 B]

[(2 _A_11/¢2vo_3] _ [I—BA}

while Q@ > Aif Q > 5 A since A+ 1/A > 2, so that
(A,B,Q): #{ne€Z|B+n(l-A4)eM(A4Q)}
+#{neZ|B+n(l—A) (A Q)}

1+1Q>21A<[1_BA} B {2A1_1{4QB]>.

If A<Q<1and0<B<1—A one has

—-1-A)<2-A-1/Q—-B<(1-4)
so that )
-B
— | =-1
)=
2—-A—-1/Q - B] .
= f2—-A-B>1
e U >1/Q.
2—-A-1/Q - B] .
=-1 f2—-A-B<1 .
[ 1-4 | . <1Q
Therefore
—-B 2—-A-1/Q-B
M(A, B = 1 —
(5.9) (4.5.Q) A([lA] [ 1-A D
=1-1g, 1 1o a-p>1/0 = 1o
and this establishes the formula for v in the lemma. O

5.4. Computation of L£(F). With the help of Lemma @, we finally compute
L(F).

Proof of Proposition 2.4. Let F € C(K), and set
F+(AaB7Q) = % (F(AaBaQ7+1) +F(AaBaQ7_1)) 3
obviously F € C([0,1]3).
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ByLemma@
1 - dw \ de
_ Fi(A(w, bewr), B(w, 3 2)) 7 |
Sz Fi(A,B,Q)dv(A, B,Q)
(0,1

as n — 0T, for each 1, > 0.
On the other hand, by Fubini’s theorem

In(n./n 1

-,

1 1= dw \ de
/ F, (A(w, %ewl), B(w, %ewl), Qw, %ewl))—Q —
) n S}F w €

1 7 ey
(m/n Fu(A(e fen). Bl Jen), Qe heon) 5 ) &

w1« /2 . y
:/sl (m/ P F+(A(w,7"),B(w,r),Q(w,r))%) i_%

By Theorem @, the inner integral on the right hand side of the equality above
converges a.e. in w € St to £(Fy). By dominated convergence, we therefore
conclude that

1
+

L(Fy) = /H Fi(A, B,Q)dv(A, B,Q).
Finally, according to the amplification of Theorem Q
L(F)= /[0 ” Fy (A, B,Q)dv(A, B,Q)
or, in other words,
L(F) = / F(A,B,Q,0)du(A, B,Q,0)
[0,1]3x {£1}

where

d/j/(AaBaQaU) = %dV(A’BaQ) ® (6U:+1 + 60:—1) :

6. THE TRANSITION PROBABILITY: A PROOF OF THEOREM m

6.1. Computation of P(S,h|h'). We first establish that the image of the proba-
bility v defined in Lemma @ under the map

0,13 (A4,B,Q) — Tapo+1(h) € Ry x [-1,1]

is of the form Py (S, h|h')dSdh, with a probability density P, which we compute
in the present section. Let f € C.(R4+ x [—1,1]); the identity

/ F(S, )Py (S, hlI)dSdh = / F(T 5041 (W))dv(A, B,Q)
Ry x[—1,1]

[0,1]*
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defining P, (S, h|h') is recast as
/ F(S,h)P(S,hlh")dSdh
R+><[71,1]

- /[ ] F@, 1 =201 = Alizacw<1dv(4, B, Q)
0,1]3

+/[O s f (%,h/ —+ 2(1 — B)) 1*1<h,<*1+23dV(A,B,Q)

1—

Jr/[ " f (17Q(BA—A)7h/ +2(A- B)) 1 1 9Ben<1-24dv(A, B, Q)
0,1
=I+II+1II.

In I, we first integrate in B, since the argument of f does not involve B. Ob-
serving that 0V (2— A — %) < B < 1— A, we have to distinguish two cases, namely

0<Q<ﬁandﬁ<Q<1,whichleadst0

I = % //f(Q,h/72(17A))1(1—h’)/2<A<1 (10<Q<271A +Q%1;—QA)1271A<Q<1) deA

In the right-hand side of the equality above, we set S = Q and h = b/ —2(1 — A),
to find

-5
=% //f(s, M1 1chen<i (10<5<m + —;g,t,_,j)lﬁdd) dSdh.
With the notation n = |k — A|, we see that I can be put in the form
dSdh
_ 6 — P
=z //f(S, h)1_1<hen <1 (57710<S<ﬁ +(1 S)1m<s<1) S

dSdh
=5 //f(S, P)1_1<h<n<1lo<s<i(Sn) A (1 — S)S—n :

As for II, given A, we first make the substitution
1-Q(1-B
(8.1) = (S92 0 4201 - B))

whose Jacobian is

o(S,h) |8 0] 20-B) h-W
9Q,B) | % -2 1-4 1-A4°

Hence

1
= dSdh
H=w (//f(S, h)lmwllh')m<5<ﬁ1,4<hTh’<1m> a4

71-2
0
1
dSdh
12 -
F//f(s’h) </0 Yo a<S<ia 1A<hT’”<1dA> |h =]

The inner integral is recast as

_,dA

1
1 1 1 1 —n!
/0 TarmoRn <S<ima TAG

1
= 1S>01—1<h’<h<1/ Lici/sca<i-1/s+(n—n) /21 g cnw dA
0
=1ss0l1<w<n<ils<i(l+ % - %)4—
Flosolotcncncilssi(B5E + L — 1),

= 1s>01—1<h'<h<1(h%w - |% — 1)+,
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dSdh

so that, eventually, we find
1
1 gy, ==
D3

- g//f(s, h)1ssol_tcn<nct (P52 — |3
deh

—//f (S,h)1s>0l-1cn<n<1(Sn—[1—S))+

Now for III. Here we make the substitution
1-Q(A-B
(19U 4 2(4 -~ B))

(Sah):
whose Jacobian is
o(S,h) |-4=8 0| 24-B) h-N
9Q,B) | % -2 1-4  1-A°

This Jacobian vanishes for A = B; therefore, we further decompose
I =111 + 111,

with the notations
(A B)) 1 142B<w<1-24la<pdv(A, B,Q),

I1r :/ 7 (298 0 42
0,112

111, :/ 7 (298 0 42
0,112

We begin with I11;. With the substitution above, one has

1
L =4 (//f(S, h)loa_1<(h—nryj2<alhr<i—241_1424<h

(A - B)) 1_142B<h/<i—241asBdV(A, B, Q)

1i/a-a)<s<1/0—A+(h—n)/a)1- 1<h<h’<1‘h dn )dA

1
= %/ f(S, h)(/ Lo 1<h-nyj2<al<i—24l_1424<n
0

11/(1—A)<S<1/(1—A+(h—h/)/4)dA>11<h<h/<1h 7]

The inner integral is
1
/ Loa—1<(h—-n)/2<aln<i—241-142a<nli/(1-A)<S<1/(1—At(h—h)/4)dA
1dA

1
/0 1A<%+i(h—h’)1A<%(1—h’)1A<%(1+h) 1- 44 (h—h')<A<1-
(h—"h")) A l(1 )N l(1 +h)A (1= %)

-G+
—(1=3+3(h—-n)V0)y
=((g =g+ W= 30 =m)ANA=5) = 15— 30 =h)])VO)s
)=aVb+e, (a+c)A(b+c) = anb+e,

Alternately, using the relations (a+c)V (b+c)
=a+ b, we find that

(—a)A(=b)=—(aVb)and aVb+aAbd
<<§fi|h+h’|fahuh)m(kg)f(v%ﬁ(h’ M)V 0),

= (=3 = 3lh+ MDA GG =h) = 5)+1=F(h' =h) = (1 - 3(M' = h))V 5 + 5
( —h)Ag—(5+3lh+H) V(5 — 30 =)+

(e
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so that

1
I = %/ f(S, h)(/ oA 1<(h—n)j2<alp<i—241-1424<n
0

11/(1—A)<5<1/(1—A+(h—h’)/4)dA> 1 ichat<iip
= / FUS, M) ichan<a ((S 1S(h' —h)) A1
dSdh
_ 1 r_ S 1 ’
ESU =)V (3 +38Ih+ i) g

With the notation ¢ = %|h + h'|, we recast this last expression as

dSdh
IHl:%//f(S, M1 icnan<t ((S—3SMA1—=(1—=38n)V(55+55()) . Sy

The computation of 1115 is fairly similar. Starting with the same substitution
as for 111, we obtain

1
I =4 (/ J(S M) loa_1c(h—n)j2<aln<i—241-1124<n
0
L1/ At(h—h)ja)<s<1/(1—a)1- 1<h’<h<1‘h h,>dA

1
= %/ f(S, h)(/ oa—i<(h—nyj2<aln<i-241-1424<n
0

dSdh
L1 /(1— At (h—h')ja)<S<1/(1— A)dA>1 1<h/<h<17|h 2k

The inner integral is recast as

Loa—i<(h—ny2<alnr<i—2al 1424<nli/(1—Aq(h—n')/4)<S<1/(1—A)dA

S~

1
- /0 lé(hfh’)<A1A<%+%(h7h’)1A<%(17h’)1A<%(1+h)117%<A<17%+%(h7h’)d‘4

1
= 1 1 11 1 1 1,1 dA
/0 5 (h—h)<ATA<G = |h+th/|+7(h—h") " 1-g<A<1l—G+7(h—h’)

— (G =4+ R+ 3= W) A= F+ 3= 1) = (L= $) v 3(h = )y

As in the case of I11,, we have

(3= 3h 41+ 5= W) A Q=+ 5= ) = (1= )V 5(h— 1))
=+ 50 =h)+ (=3 =3+ M)A (=5) (1= 5) V3(h =)y
=3 =M) =G +ih+ W)V

— (=) =3 =)+ (= F) A F(h =)
= (&~ $(h = 1) = G+ 4R+ RNV () + (1= ) A §(h— 1)

i )= (3
=((1—g(h=M))A(z+3(h =)= (5+3lh+H)V(5))+
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so that

1
I, =4 <//f(5, P)loa—1<(h—n')j2<alnr<i—241_1412a<n
0

Li/—at(h—n)/ay<s<1/a-ayl-1<n<n<i %) dA

= % //f(Sa h)171<h’<h<1 ((S — iS(h — h/)) A (1 + iS(h - h/))
dSdh
_ (1 1 / _aovah
(LS +1Sh+h |)V1)+S|h—h’|

In other words
6 1 1 1 1 dSdh
IIIQ:F f(S, h)1—1<h<h’<1 ((S_QSU)A(1+§S77)_(§S+§SC)\/1)+ S—n .

Summing up the contributions I, I, I11; and 1115, we find that

6
P.(S,hlh) = 7r2—S771—1<h<h’<110<S<1(S77) AL =S)

6
—1 1w 1 Sn—11-S8
+7r2S77 1<h/<h<1 S>0( n | |)+

6
T gy t-1<han<ilsso ((S—3SmAL—(1—5Sn)V(55+35¢)) ,

6

Observe that
Loso(Sn—[1—S)s =1

1+n

<S<ﬁ(577 —[1-9]).
On the other hand, if

(S—3Sn)A1—(1-3Sn)V(55+35¢) >0
then (S—3Sn) — (1—35n) > 0 so that S > 1; likewise 1—(35+35¢) > 0 so that
S < 2. Hence

Lsso ((S—3SmAL=(1=38n)V(35+3550))

= Lics<a ((S—35MA1—(1-5Sn)V(35+355¢)), -

By the same token

(S—3Sn)A(1+35n)—(35+35¢)v1 >0
implies that (S—%Sn) —12>0, so that S > 1, and hence

Lss0 ((S=3SmA(L+355m) ~ (35 +350) V1),

= 1s>1 ((S—3S)A(L+557) —(55+55¢0) V1), .

Finally

6
P, (S,hlh) = 7_‘_2—577171<h<h/<110<5<1(577) A1 =9)

6
+ gy i enal g csrtg (111 - )

6
+ 7T2—S,77171<h<h/<111<s<2 ((S*%S?’])/\l*(l7%5’7])\/(%5’4’%;9())_’_

6
+ 7T2—8,77171<h/<h<115>1 ((S*%SU)/\(lﬁL%Sn)*(%SJF%SC)\H)_,_ :
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By formula ,
TAvBaqu(ih’/) = (Lv 7h) — TA,B,QHr(h’/) = (La h)

so that
P(S,h|n") = 5 (Py(S, h|h') + Py (S, —=h| = 1)) ,

thereby leading to formula ()
6.2. Proof of the simplified formula (B.15). Assume that h > |1/| so that
n=1(h—n) h=(C+n)
=
(=5(h+h) h=(¢—n)
and denote
1 1 1 1
L=S5-355), M=355+355¢, N=3597.
Whenever S > 1, the reader will easily check that (B.19) can be written as
2ENP(S,R) = (1+N = L)+ (LA(L+N)=MV1)4 +(LA1=MV(1-N))y
Since L > M, the expression above can be reduced after checking the three cases
L<1,1<L<1+NandL>1+N. One finds that
1+N—-L)++(LANAQ+N)—-MV1); =Q+N-MV(LAL)4
Then
2ENP(S,hA) =1+ N~ L)y + (LA(L+N) = MV1),
F(LAL=MV(1-N)),
I4+N-MV(LAL))++(LA1-MV(1—-N)),

0 ifM>1+N,
= 1+N-M #f1-N<M<1+N,
2N if M <1-—N.

Since
M+N=1S(1+h)

M- N = %S(lJrh’)
the formulas above can be recast as

0 if $S(1+n)>1
ENP(S,hR) = 1-L1S(1+h) if1S(1+h)<1<iS(1+h),
1S(h— 1) if 1 <1S(1+n),

which holds whenever S > 1.
On the other hand, if S < 1, the last two terms on the right hand side of ()
vanish identically so that
2ENP(S,hW) = 2N)A (1= 8) + (2N — (1 = 8))4 = 2N = LS(h — 1').
Putting together these last two formulas leads to (R.15).
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6.3. Proof of Corollary E As for the other statements in Corollary , observe
that the symmetries (@) and the fact that P is piecewise continuous on R x
[—1,1] x [1,1] follow from (R.13). The first identity in (p.14) follows from the fact
that, by definition, (s,h) — P(s,h|h’) is a probability density, while the second
identity there follows from the first and the symmetry P(s, h|h') = P(s, h'|h).

If S >4 and h,h' €] — 1,1] satisfy |h’| < h, the simplified formula (R.15) implies
that

6
!
P(S,hln') < m11+h'<% :
On the other hand, 1+ /' < 2 and S > 4 imply that A’ < —1, so that h > |r/| > 3;

therefore h — h’ > 1 and the inequality above entails (2.14).
Starting from (R.14), observe that, because of the symmetries (R.19),

1 1
//P(s,h|h’)dhdh’:4// P(s, h|W)dhdh
—1J-1 0< |/ |<h<1
48

24 //
<= 1,y 2dhdh = —o
7T2S 0<|h/|<h<1 <35 7T253

which is (2.17).

7. PROOF OF THEOREM

The existence of the integral defining F follows from the positivity of P(s, h|h’)
and the second identity in (2.14).

That E(0,h) =1 for |h| <1 follows from the formula defining E and the second
identity in (R.14): this establishes the first part of statement 1).

The definition of E and first formula in statement 1) shows that

1 1
—8SE(s,h):/ 2P(23,h|h’)dh’:/ 2P(25, W)V E(O, W)dh', s> 0, [h| <1.
1 1

Using again the positivity of P(s, h|h’) and the second identity in (R.14)) shows that,
for each h € [—1,1], the function (s,h’) — P(s,h|h’) belongs to L' (R4 x [—1,1]).
Therefore E(s,h) — 0 for each h € [—1,1] as s — +oo. Thus each function
F = F(s,h) of the form F(s,h) = CE(s,h) satisfies both conditions in statement
2).

Conversely, let F' = F(s, h) satisfy the conditions in statement 2), and let ®(h) :=
F(0,h) for a.e. h € [—1,1]. Integrating both sides of the differential equation
satisfied by F'in s € Ry yields

1

(7.1) B(h) = / T(R|R) D (R )dh

-1
since F'(s,h) vanishes as s — +o00, with

TI(h|h) = /OOO P(S, h|h)dS .

Multiplying each side of the identity (f7.1) by ®(h), and integrating in i € [~1, 1],
we see that

(7.2) /_11@(h)2dh/_11 /_11H(h|h’)<1)(h)<1)(h’)dhdh'.

Observe that, by (P.19)
I(k'|h) =TI(h|h"), for a.e. h,h' € [-1,1],
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and

1 1
/ H(h|h’)dh’:/ (K |h)dh =1, forae he[-1,1],

-1 -1

in view of (P.14).

Therefore

/11 O(h)2dh = /11 (/11 H(h|h’)dh’) O(h)2dh = /11 </11 H(h|h’)dh> &(h')2dh

so that (f.3) becomes
0= /1 (h)2dh — /1 /1 T(R|R)® (h)D (' )dhdh'

-1 —-1J-1

:/11/11H(h|h’)%(<1>(h) 2)dhdh' — // (b)Y (R)® (W) dhdh'

Since TI(h|h') > 0 a.e. in h,h’ € [—1,1] as can be seen from the explicit formula
(), this last equality implies that

®(h)=C ae. inhe[-1,1],
for some nonnegative constant C'. Therefore

1
—05F(s,h) = C/ 2P(2s,h|h")dh’, and lim F(s,h) =0 ae. in he[-1,1],

1 s—+400

so that

00 1
= C’/ / P(r,h|W)dh'dr = CE(s, h),
2s —1

which proves the uniqueness part of statement 2).
Now for statement 3); by definition of P(s, h|h'), for each t >0

/ E(s,h)dh = / / / P(t, h|h)dtdhdh'
2s
dr

1/4
j— 1 / /_
N el—1>%1+ |ln<—t|/E [1 Los +oo) x[-1.1)(Tr(H, w))dh r
1 1/4 1 dr

= lim —— 1 2r7. (Y. (R dh' —
dim e [ e o (i)

1 1/4 9 dr
= 261351+ M/e vr({(z,w) € T /2% | 277 (z,w0) > 25}7
where v, is the probability measure on I';f /Z? that is proportional to w - nydzrdw.

Using formula (1.3) in [B], which is a straightforward consequence of variant of
Santald’s formula established in Lemma 3 of [E], we conclude that

1
/ E(s,h)dh = —2p'(25), s>0,
1

which is the first formula in statement 3). The second formula there is a consequence
of the expression of p(s) as a power series in 1/s given in formula (1.5) of [g.
Finally, we establish the second formula in statement 1). Indeed

/OOO /11 E(s, h)dhds = /OOO —9p/(28)ds = p(0) = 1,
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while the first equality in that formula follows from the identity defining E and
Fubini’s theorem.

8. PROOF OF THEOREM [3.3]

If F is a solution of (2.30), we set f = F/E, so that, observing that E(0,h') = 1
for b’ € [-1,1],

E(s,h)(Or +w -V — 0s)f(t,z,w, s, h) — f(t,z,w,s,h)0sE(s, h)
1
= [ 2P ity (e ROW, 0,1
-1

Since
1
0. E(s, h) —/ 2P(25, h|1)dN |
—1

the equation above can be put in the form

E(S, h)(@t +w- vx - as)f(tvwiv S5, h)
_ /1 2P(25, hlI) (F(t, 2, RIO(W), 0, 1) — F(t 2,0, 5, b)) dI’ .
-1

Next we multiply both sides of the equation above by h/(f) — h/(1): the left
hand side becomes

bW (f(t,z,w,s,h) —h (1))E(s,h)(0; +w -V — 0s) f(t,x,w,5,h)
= (044w Vy—0s) (E(s,h)(h(f(t,z,w,s,h)) —h(1) =0 (1) (f(t,z,w,s,h) —1)))

+0sE(s,h)(h(f(t,z,w,s,h)) —h(1) =W (1)(f(t,x,w,s,h) — 1)
= (at+w : szas) (E(Svh)(h(f(tvwivsvh» - h( ) (1)(f(t T,w,s h) ))
—/ 2P(2s,h|h")(h(f(t,z,w,s,h)) —h(1) —h'(1)(f(t,z,w,s,h) —1))dh'.

-1

)
)

Integrating in (w, s, h) transforms this expression into

at/SI/ / WS — 1))t 2w, 5, h)E(s, h)dhdsde

+ div, /S1 / / wh(f) —h(1) —h'Q)(f —1))(t x,w,s,h)E(s, h)dhdsdw
/sl/ —h'(1)(f -1))) (t,z,w,0, h)dhdw

7/51/0 /_1 /_1 2P(2s,h|h")(h(f)—h(1)—=h'(1)(f—1))(t,z,w, s, h)dh'dhdsdw .

Using the relation (R.14) simplifies this term into
Oy /sl/ / —h'(1)(f = 1)(t,z,w,s,h)E(s, h)dhdsdw
+ div, /S/ / wh(f) = h(1) — W) (f — V)t 2w, s, h)E(s, h)dhdsda

/S/ (D) f)(t, z,w,0,h")dh' dw

/S/ / / 2P(2s, h|h')(h(f) — W' (1) f)(t, z,w, s, h)dh dhdsdw .
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On the other hand, multiplying the right hand side by h'(f (¢, z,w, s, h)) —h’(1)
and integrating in (w, s, h) leads to

/Sl /OOO [1[12P(25,h|h’)(f(t,x,R[9(h’)]w,O,h’)—f(t,x,w,s,h))
x (W (f(t,z,w,s,h)) —h'(1))dh'dhdsdw

e8] 1 1
=[] [ 2ps s Rl o 0.1) = ft. 2.5, 1)
x W (f(t,x,w,s,h))dh'dhdsdw

o0 1 1
Jrh/(l)/ / / / 2P(2s, h|h) f(t, 2, w, s, h)dh'dhdsdw
stJo J-1J-1

1
—h’(l)//f(t,x,w,O,h’)dh'dw.
stJ-1

after substituting w for R[#(h/)]Jw in the last integral above.
Putting together the left- and right-hand sides, we arrive at the equality

at /s1 /0 /_l(h(f) o h(l) - hl(l)(f - 1))(15,:67(,07 S, h)E(S, h)dhdsdw
dive /sl /0 /_1 w(h(f) —h(1) =W Q)(f - 1)(t,2,w, s, h)E(s, h)dhdsdw
+/Sl /_1(h(f) — W' (1)f)(t,z,w,0,h")dh dw

_/31 /00" [1[12P(25ah|h')(h(f) — W (1) f)(t,2,w,s, h)dh' dhdsdw

o) 1
= [T e e ROk, 0.) ~ 15,0
x W (f(t,x,w,s,h))dh'dhdsdw

o0 1 1
Jrh/(l)/ / / / 2P(2s,h|h) f(t,x,w, s, h)dh'dhdsdw
stJo J-1J-1

1
fh/(l)/ / f(t,r,w,0,h")dh dw .
stJ—1

All the terms with a factor h/(1) in the integral part of the equality above compen-
sate, so that the equality above reduces to

o [ )b)WY 100G s
+dive /S /OOO /_11w<h(f) —h(1) — W (1)(f — 1))(t, z,w, s, h)E(s, h)dhdsdw
] 11 B(f)(t, 2,0,0, K )dh'duo

—/Sl /OOO /11 /11 2P(2s, bW )h(f)(t, z,w, s, h)dh dhdsdw

_/ /°° /1 /1 2P(25, BIW') (£ (£ 2, RIO(K)w, 0, B') — F(t, 7,0, 5, h)
st Jo —-1J-1
x W (f(t,z,w,s,h))dh'dhdsdw = 0.
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Using again the relation (2.14) and the substitution w +— R[A(R')]w, one has

1
/ / h(f)(t,z,w,0,h")dh dw
stJ-1

[e’e) 1 1
B hlh')h 1WVdh dhdsd
L[| 2pesinn.e.w.0.0)d andsd
o0 1 1
- /S /0 /—1 /_1 2P(2s, bW )h(f)(t, @, RIO(R")]w, 0, h')dh dhdsdu

so that the previous identity can be put in the form

O /Sl/o [1(h(f) —h(1) = h'(1)(f - 1))(t,7,w, s, h)E(s, h)dhdsdw
+ divg /S1 /o [1 wh(f)—h(1)-h'1)(f —1)(t, 2 w,s,h)E(s, h)dhdsdw

+ /S /Ooo [ 11 [ 11 2P(2s,hlh’)(h(f)(t,:c,R[O(h’)]w,O,h’) —h(f)(t,z,w,s,h)

— (f(t,x, RIO(W)]w, 0, k") — f(t,z,w, 5 h))W (f(t,z,w, s, h))dh’dhdsdw —0.

Integrating both sides of this identity in € T2, we finally obtain
d
d—Hh(fEIE) + [ Dun(f)(t,x)dz =0,
t 2

with Hy,(F|E) and Dy(f) defined as in the statement of Theorem B.3.

9. PROOF OF THEOREM
Inserting F(¢,7,w,s,h) = f(t,r,w)E(s,h) in (R.30)), one finds that
E(s,h)(0r + w- V) f(t,x,w) — f(t,z,w)0sE(s, h)
1
- / 2P(25, hW') £ (¢, 2, RIO(K )|w)dh’
-1
so that
E(s,h)(0r +w-Va)f(t, z,w)

- /1 2P(28, h|) (f(t, 2, RIO(W)|w) — F(t, 2,w)) db

since
1

0. E(s, h) = / 2P(2s, W), 550, B <1
-1
— see Theorem @

Integrating in h € [—1, 1] both sides of the penultimate equality, we obtain

/ E(s,h)dh(0t + w - V) f(t,z,w)

Since

N / / 2P (25, h|) (f(t,x, RIO(K )w) — f(t,2,w)) dI'.

as s — +oo

/ E(s,h)dh ~
-1
by Theorem @, while

w252

1 1 C/
P(S,hlh)dhdh' < ———
/71/71 ( ’ | ) o (1+S)3
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by (B.17), one has

1
| Bs.mdn@, + - V)t w) ~ 5@+ Vo) (tw), and

-1

‘/_1 /_1 2P(2s, h|h') (f(t, =, RO(R)w) — f(t,2,w))dh'dh

4C’
< m”f(t, ) Lee(T2x81) -

Hence
(8t +w- vI)f(tazaw) = 07 and

/_1 0 E(s, 1) (F(t 2, RIO(Ww) — F(t,2,w)) dl =0

Integrating the second equality in s > 0, and observing that E |S:0 = 1 while
E(s,h) — 0 uniformly in h € [-1,1] as s — 400, we see that

/OOO ( [ 11 D5 B (s, h') (f(t, 2, RIO(A)w) — f(t,2,w)) dh’> ds
= /_11 (/OOO 8SE(s,h’)ds) (f(t,z, R[O(W)]w) — f(t, x,w))ds

= /1 (f(t,z, RO()|w) — f(t,z,w))dh =0
—1
or, in other words
ft, z,w) / f(t,x, R[O(W)|w)dh' =: ¢(t,z) .

On the other hand, the first equation implies that
(at +w- VI)(b(t,.T) =0

so that

O =0,0=0, j=12.
Hence ¢ is a constant, which implies in turn that f(¢,z,w) = % is a
constant.

10. PrOOF OF THEOREM f3.4

Let fi" € L*(T? x S') be such that f"(z,w) > 0 a.e. in (r,w) € T2 x S,
and let F' be the solution of the Cauchy problem () Define Fy(t,z,w,s,h) =
J"(z,w)E(s, h) and set K;Fy = F; for j € N, where we recall that (K}):>o is the
evolution semigroup associated to the Cauchy problem ()

Step 1:
Assume first that V™ fin € L>°(T2 x S!) for all m > 0, so that F solves (2.30)
in the classical sense. Then, with h(z) = 122, one has

(Fus1|B)+ > (H(F|E) = H(Fj|E)) = H(Fy|E)
7=0

for each n > 0, and since
H(F;|E) — H(Fj11|E) = H(F;|E) — H(K\Fj|E) > 0
by Theorem @, one has
H(F;|E)— H(Fj11|E) > 0as j — +00.
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Now,

H(F}|E) — H(F;4,|E) = / D(K,F;/E)dxdt

T2
// // // P(2s,h|h")®;(t, x,w, s, h, h')?dhdh dsdwdzdt
T2 JS1 1,1]2

with the notation
K. Fj(z,w,s,h)
E(s;h)
for a.e. (t,z,w,s,h,h') €[0,1] x T2 x S x Ry x [-1,1]2%
In view of properties 1) and 3) of the evolution semigroup (K;);>o recalled in
section , one has

;(t,z,w,s,h,h') = — K Fj(z, R[O(h)]w,0,h")

K Fj(z,w,s,h) in
< W SN Moo (2 xs1)

for a.e. (z,w,s,h) € T?xS! xR x[—1,1] and each t > 0, so that, up to extraction
of a subsequence,
Fj;,/E—F/FE in L*(T? x 8' x Ry x [~1,1]) weak-*

as jr — 400, by the Banach-Alaoglu theorem. Besides, the estimate () implies

that
4C

= 1 +2s
so that, by the usual trace theorem for the advection operator d; +w -V, — 05 (see
for instance [§])

K Fj, (z, RIO(R)]w, 0, V') =K F(z, R[O(h)|w, 0, h')
in L*°([0,1] x T2 x S! x [~1,1]) weak-*. In particular
®;, —® in L([0,1] x T? x S' x Ry x [~1,1]?) weak-*

< (D4 w-Vy — 0K, F; 1 | Los (m2 x81)

with
KiF(xz,w,s,h)
E(s, h)

a.e. in [0,1] x T2 x 8! x Ry x [—1,1]%. By convexity and weak limit

/ / / / / / P(2s,h|h)®(t, z,w, s, h, h')?dh dhdsdwdzdt
T2 Jst

/ D(K:F/E)dudt < lim / D(K.F;, | E)dxdt = 0,
T2 T2

O(t, v, w,s,h,h) = F(x, R[O(h)]w,0,h)

so that
KiF(xz,w,s,h)
E(s,h)

a.e. on [0,1] x T? x S! x Ry x [—1,1]%. Averaging both sides of this identity in
h' € [-1,1] shows that

KiF(x,w,s,h)
E(s;h)

for a.e. [0,7] x T2 x S! x Ry x [-1,1], i.e
KtF(x,w,s,h) = f(t,z,w)E(s,h) .

O(t,r,w,s,h,h) = F(x, R[O(h)|w,0,n) =

/ K F(z, R[O(R)]w,0,h)dh" =: f(t,z,w)
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By Theorem B.3, one has f(t,z,w) = C a.e. in (¢, z,w) € [0,1] x T2 x S! for some
constant C > 0, so that
F(z,w,s,h) = CE(s,h) a.e. in (z,w,s,h) € T> x S x Ry x [-1,1].

Let us identify the constant C. Property 4) of the semigroup (K¢):>o recalled
in section E implies that

// / / (x,w, s, h)dhdsdxdw
T2 xSt
= // fm(x,w)dxdw/ / E(s, h)dhds :// "z, w)dedw .
T2xS8t 0 J-1 T2xSt

Since Fj, /JE—F/E in L>°(T? x S! x Ry x [-1,1]) weak-* as ji — +o00,

00 1
// fi"(x,w)dxdw:// / / F(z,w, s, h)dhdsdzdw
T2 xS! T2xst Jo  J-o1
00 1
:// / / CE(s,h)dhdsdzdw = 2nC'.
T2xSt Jo -1

Fj, JE—C = %//ﬁ . [z, w)drdw
X

in L>°(T? x St x Ry x [~1,1]) weak-*.
Since the sequence (Fj;/E) ;> is relatively compact in L>(T?xS' xR x [—1,1])
weak-* and by the uniqueness of the limit point as 5 — 400, we conclude that

Fj/EACZ%//T . (@, w)dadw
2>< 1

in L>°(T? x S! x Ry x [~1,1]) weak-* as j — 4o00. Thus, we have proved that
K;jFy—CE in L=(T? x S' x Ry x [-1,1]) weak-*

C=+ // (2, w)dadw
T JJT2xst
// / / Fo(z,w, s, h)dhdsdzdw ,
T2xS1!

whenever V7 £ € [>°(T? x S') for each m > 0, with f >0 a.e. on T? x S’
Step2:
The same holds true if 0 < fi* € L°°(T? x S!) without assuming that V7 fi" €
L*(T? x St) for each m > 1, by regularizing the initial data in the z-variable.
Indeed, if (¢)c>0 is a regularizing sequence in T? such that (.(—z) = ((z) for
each z € T2, one has

o) 1
// / / (Ki(Ce %2 Fo) — KiFo)(x,w, s, h)o(x,w, s, h)dhdsdxdw
T2xS! Jo -1

o] 1
- // / / Kt(Fo)(:E,w,s,h)(Ce *z Qb* Qb)(SC,w,S,h)dhdesch
T2xSt Jo 1

because K; commutes with translations in the variable x. Since

Hence

where

| KtFo/Ell oo (r2 x81 xRy x[=1,1]) = [ F0/Ell Lo (12 x81 xRy x[=1,1])
for all ¢ > 0, and
Cexz @ — ¢ — 0in L' (T? x 8! x Ry x [~1,1]),
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we conclude that
Ki(Ce %p Fo) — KiFyp—0 in L°(T? x S! x Ry x [—1,1])

as € — 07 uniformly in ¢ > 0. Since we have established in Step 1 that

K;(Ce %2 FO)A% // F(z, w)dedw
T2xS!?

in L>=(T? x S! x Ry x [—1,1]) weak-* for each ¢ > 0, we conclude by a double
limit argument that

K;(Fy)—CE with C = 5+ / / ™z, w)dedw
T2xS1

in L=(T? x 8* x Ry x [—1,1]) weak-* as j — +o0.
Summarizing, we have proved that

[e’s) 1
KjFo ik <// / / Fola,w, s, h)dhdsdzdw) E
T2xS! JO —1

in L=°(T? x S x Ry x [—1,1]) weak-* as j — +o00. Replacing Fy with K, F, for
each t € [0, 1] and noticing that

// / / K Fy(z,w, s, h)dhdsdzdw
T2xS?!

= // / / Fo(z,w, s, h)dhdsdxdw
T2xS1 Jo -1
we conclude that

0 1
KiFy—5- // / / Fy(2,w, s, h)dhdsdzdw | E
T T2xStJo -1

in L>°(T? x St x Ry x [~1,1]) weak-* as t — +o0.

11. PROOF OF THEOREM @

The argument used in the proof is reminiscent of the one used in [13, [L4].
Assume the existence of a profile ®(¢) such that the estimate (B.1)) holds. There-
fore, for each initial data f™ € L?(T? x S!), the solution

F(ta ERERE ) = Kt(fzn(v )E(a ))
of the Cauchy problem satisfies
[F(t, - ) reerexsixre x[-1,1]) < IUVE| p2 (e xst xRy x[—1,1])
+ (I)(t)HF(Oa ERERE) ')HLZ(TQXSIXRJFX[fl,I])
= (f™")V2r|| Bl 2w x[-1,1))
+ @™ L2(rexsyll Ell L2y x(—1,1)) -
Assume f >0 a.e. on T2 x St; then F' > 0 a.e. on Ry x T2 x St x Ry x [-1,1],
so that the right-hand side of the equation satisfied by F' is a.e. nonnegative on
Ry xT? xS xRy x [~1,1]. Thus F > G a.e. on Ry x T? x S x Ry x [—1,1],
where G is the solution of the Cauchy problem
(at +w- Vz - 85>G(t,$,w, 5 h) = 07
G(0,2,w,5,h) = f"(z,w)E(s, h) .
The Cauchy problem above can be solved by the method of characteristics, which
leads to the explicit formula

G(t7x7w757h> = fln(z - tw,w)E(s + tvh’) )



42 E. CAGLIOTI AND F. GOLSE

for a.e. (t,z,w,s,h) € Ry x T2 x S x Ry x [~1,1]. Thus

||F(ta ERERE) ')HLZ(TZXSIXRJFX[le])

> HG(ta RS ')||L2(T2><Sl><R+><[71,1])

oo pl 1/2
= [|f"[|L2(T2x81) (/ / E(S,h)thds)
t —1
00 1 2 1/2
> £ lL2(2xst) 75 (/t (/1E(s,h)dh) d5>

Therefore, if there exist a profile ®(¢) satisfying the estimate in the statement of
the theorem, one has

o) 1 2 1/2 mn
/ </ E(s,h)dh> ds < % +@(1) | V2| 2R x(-1,1))
¢ —1 [lf ]| 2 (2 xs1)

for each t > 0, and for each f™ € L?(T? x S!) s.t. fi" >0 a.e. on T? x S!.
Let p € C(R?) such that

pZOa supp(p)C(—i,i)Q,

pe(z) :=p (%)

for each € € (0,1). Define g, as the periodicized bump function

Pe(x) = Z pe(x + k).

keZ?

and set

Clearly
[BellLr(r2) = llpellLrmey = €llpllr w2y
[PellL2(r2) = llpellL2(r2) = €llpllL2(re) -

Choosing f"(x,w) := pe(z) in the inequality above leads to

o) 1 2 1/2
/ (/ E<s,h>dh) s s(e”p“ﬂww) VI Bl e, st
] 1 ol L2r2)

and, letting € — 07, we conclude that

o 1 2 1/2
</ (/ E(Sah)dh) dS) < V20 (1) Bl p2ry x[-1.1]) -
t —1

That ®(t) = o(t~3/?) as t — +oo is in contradiction with statement 3) in Theorem
@, which implies that

(/too (/_llE(S,h)dh>2ds>l/2Nﬁﬁ%

as t — —+o00, while statement 1) in the same theorem implies that

1122 m, x—1.1]) < //Esh Ohdhds—/ /Eshdhds—l
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