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Abstract

We derive fully computable a posteriori error estimates for vertex-centered finite volume-type
discretizations of transient convection—diffusion-reaction equations. Our estimates enable actual
control of the error measured either in the energy norm or in the energy norm augmented by a
dual norm of the skew-symmetric part of the differential operator. Lower bounds, global-in-space
but local-in-time, are also derived. These lower bounds are fully robust with respect to convection
or reaction dominance and the final simulation time in the augmented norm setting. On the basis
of the derived estimates, we propose an adaptive algorithm which enables to automatically achieve
a user-given relative precision. Moreover, this algorithm leads to optimal efficiency as it balances
the time and space error contributions. As an example, we apply our estimates to the combined
finite volume—finite element scheme, including such features as use of mass lumping for the time
evolution or reaction terms, of upwind weighting for the convection term, and discretization on
nonmatching meshes possibly containing nonconvex and non-star-shaped elements. Numerical
experiments illustrate the theoretical developments.
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1 Introduction

We consider in this paper the time-dependent convection—diffusion-reaction problem

ug— V- (SVu) + V- (uv) +ru=f in Qx (0,7, (1.1a)
u(-,0) = up in €, (1.1b)
u=20 on 09 x (0,7), (1.1c)

where S is in general an inhomogeneous and anisotropic (nonconstant full-matrix) diffusion—
dispersion tensor, v is a (dominating) velocity field, r is a reaction function, f is a source term,
ug prescribes the initial condition, 2 € R?, d = 2,3, is a polygonal (polyhedral for d = 3) domain
(open, bounded, and connected set), and (0,7") is a time interval. Our purpose is to derive a pos-
teriori error estimates for conforming locally conservative discretizations of problem (1.1a)—(1.1c).
A particular attention will be payed to the combined finite volume-finite element scheme [13] on
nonmatching grids.

One of the first works on a posteriori error estimates for finite element discretizations of steady
convection—diffusion-reaction problems are those of Angermann [2] and of Eriksson and John-
son [9]. In these works, the overestimation factor depends unfavorably on the ratio between
convection and diffusion. Estimates with semi-robust lower bounds in the energy norm and esti-
mates with robust lower bounds in the energy norm augmented by the dual norm of the material
derivative were then derived by Verfiirth respectively in [23] and [26]. The robustness result has
been extended to the unsteady case in [25]. Recently, attention has also been paid to vertex-
centered finite volume methods. Let us mention, in the steady convection—diffusion-reaction case
and energy norm setting, Lazarov and Tomov [17], Carstensen et al. [7], Nicaise [18], [30], and Ju et
al. [16]. Fewer results are known in the unsteady case. L'-norm estimates for nonlinear problems
are derived by Ohlberger [19], whereas the energy norm setting has been pursued in, e.g., Felcman
and Kubera [15] or Amaziane et al. [1]. Typically, the estimate only gives the error upper bound
up to an undetermined constant, so that the actual error control is not possible.

The present paper aims at enriching the known results for vertex-centered finite volume-type
methods in several directions. Firstly, we derive fully and easily computable estimates, not fea-
turing any undetermined constants. We achieve this by introducing H(div, 2)-conforming locally
conservative diffusive and convective flux reconstructions, following [29, 31, 10, 11]. Consequently,
the estimates allow for actual error control in unsteady convection—diffusion—reaction problems.
Secondly, we propose a space-time adaptive algorithm which equilibrates properly the time and
space contributions in the sense that they are in actual balance, not weighted by any undeter-
mined quantities. Moreover, this algorithm is proposed to guarantee a user-given relative precision
in the simulation. Thirdly, following [25], we also prove a lower error bound. Fourthly, our results
are valid for a larger family of conforming locally conservative discretizations, in the framework
of the so-called combined finite volume—finite element method, cf. Feistauer et al. [14] and the
references therein. Consequently, the analysis includes such features as use of mass lumping for
the time evolution or reaction terms. Lastly, we also treat the case of very general nonmatch-
ing meshes possibly containing nonconvex and non-star-shaped elements; convergence analysis
of the combined finite volumefinite element method on such meshes (for degenerate parabolic
convection—diffusion-reaction problems) was carried out in [13].

The paper is organized as follows: in Section 2, the continuous problem is described. Sec-
tion 3 collects the notation of the discrete setting and introduces the combined finite volume-finite
element scheme. In Sections 4 and 5, the a posteriori error estimate and its efficiency is respec-
tively stated and proved. Finally, an adaptive algorithm is presented in Section 6 and numerical
experiments in Section 7.



2 The continuous setting

We state in this section our assumptions on the data and define a weak solution of problem (1.1a)—
(1.1c).
2.1 Assumptions on the data

Let the time interval (0,7] be split such that 0 = ¢ty < ... < ¢, < ... < ty = T and define
Tp = tn — tn—1, n € {1,...,N}. On each time interval (t,_1,t,], n € {1,..., N}, consider a
partition D} of €1 into closed polygons such that Q= DeDyp D and such that the intersection of
the interiors of two different polygons is empty. Denote the set of its sides (edges for d = 2 and
faces for d = 3) by F}'. Also set Qr := Q x (0,7). In the sequel, we will use the notation |R| for
the d’-dimensional Lebesgue measure of R C R?; at the same time |R| stands for the cardinality
of a set R.
We suppose that the data of problem (1.1a)—(1.1c) satisfy:

Assumption (A) (Data)

(A1) S;j € L™®(Qr), 1 <4,5 <d, is a symmetric, bounded, and uniformly positive definite tensor
such that for allm € {1,...,N} and for all D € D},

Cspu-u>S(x,thu-u>cgpu-u, Cgp>0,c5p>0 Yu € R?

for a.e. x € D and a.e. t € (tp—1,ty];

(A2) v € L*(Qr) such that V - v € L*(0,T; L>=(Q)) such that for alln € {1,...,N} and for all
DeDy,

v(x,t)| <Cyp, Cyp >0 for a.e. x € D and a.e. t € (tp_1,tn);

(A3) r € L™(Qr);
(A4) For alln € {1,...,N} and for all D € D},

IV v(x,t) +r(x,t) > Cyrps V V(X t) +7r(x,t) <CY, p,
T(X,t) < CZD, Cc’r’D Z 07 Cg,T,D Z 07 C;"fD Z 0
for a.e. x € D and a.e. t € (tp—1,ty];
(A5) f e L*Qr);
(A6) ug € L>(Q);
(A7) if ey, p =0, then C3, , =0.

2.2 Continuous problem

Let X := L*(0,T; H}(Q)), X' = L*(0,T; H (), and Z := {v € X; v, € X'}. Let v € Z. We
define B(v) € X’ by

(B(v), ) = (v, p) + (SVv, Vi) + (V- (vv), ) + (10, ) (2.1)

for all p € H}(Q) and a.e. t € (0,T). Here (-,-) stands for the duality pairing between H ()
and HE(Q) and (-,-) for the L?(Q) scalar product. We will also use (-,-)g for the L?(R) scalar



product on R C Q and (-,-)g for the L?(R) scalar product on R C R%~!. We say that a function
u is a weak solution of problem (1.1a)~(1.1c) if u € Z, u(-,0) = ug in H~(Q), and u satisfies the
equality

(B(u),¢) = (f,¢) (2.2)

for a.e. t € (0,7) and for all p € H}().
For v € X, we introduce the space-time energy norm

T
ol = /0 lfo(- B2 dt,

(2.3)
1 2 1 2
[[oll[* == [|S2Vo||” + [|[(3V - v +7)20|7,
where || - || denotes the L?(£2) norm.
Assumption (A) then implies
2 2 g 2
oG DI+ ollx < /O (B(v),v)dt + 5llv(-,0)[F  VveZ (2.4)
Under Assumptions (A), there in particular exists a unique solution of (2.2).
Define, for v € Z,
ba(v) =V - (vv) — (V- V), (2.5)
and, for all ¢ € H}(Q) and a.e. t € (0,T), Bs(v),Ba(v) € X' by
(Bs(v), @) = (SVv, V) + ((3V - v +1)v,90), 26)

(Ba(v), ) := (ba(v), ¢).

We will in the sequel also need a space Y, inspired by that of [25]: ¥V := {v € X; Qw+ba(v) € X'}
that we equip with its graph norm

[0l = l[ollx + (100 + ba(o)lI5- (2.7)
Recall that .
0w + ba (V)| x = sup / (Opv + ba (v), ) (t) dt.
weX; [lollx=10
We will also localize the || - ||x and || - ||y norms on (¢,—1,t,], n € {1,..., N}, as follows:
2 e 2
ol ey = [ oGO
tn—1
01 s ) = 0t )+ 1000+ 0A ()R 1y -

3 The combined finite volume—finite element method

We define in this section admissible grids and the combined finite volume—finite element scheme.
This section can be skipped if the reader is only interested in a posteriori error estimates for
conforming locally conservative methods and not in the details of the present scheme.
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Figure 1: Primal nonmatching grid D} (dashed) and dual triangular grid 7" (solid) with D, E €
DY, Vp, Ve € V'™, Ve e V'™ op p = 0D NOE € F;'™, and op p € F;"

3.1 Grids

We call the grid D} introduced in Section 2.1 a primal grid of €). In particular we admit non-
matching grids, i.e., the case where there exist two different polygons D, E € D} such that their
intersection is not an empty set but it is not a common vertex, edge, or face of D and E. We
also allow for nonconvex elements and elements which are not star-shaped. An example of an
admissible primal grid is given in Figure 1 by the dashed line. We suppose that there exists a
family of points Vg’int such that there is one point Vp in the interior of D associated with each
D e Dy. For D € Dy, we denote by Fp the set of subsets o of D such that there exists £ € D}
such that ¢ = op g := 0D NOFE has a positive (d — 1)-dimensional Lebesgue measure. If there is a
part of 9D with a positive (d — 1)-dimensional Lebesgue measure lying on the boundary, then Fp
contains in addition a union of ¢ = op g C 9D N 52 covering D N I and such that each op g
has a positive (d — 1)-dimensional Lebesgue measure and contains exactly one point Vg € VZ’eXt

defined below. We remark that 0D =) op,k, that op g is not necessarily a (whole) side
n,int

of D, and that op g not necessarily lies in a hyperplane of R?, see Figure 1. We denote by F
the union of all op g = 0D NIE for some D, E € D}, and by ]:Z’eXt the union of all o C 0.
A dual grid of Q is a partition 7, of € into closed simplices which satisfies the following

UD7EE.7:D

properties: (i) The set of points V;Z’int is contained in the set of vertices of 7,", denoted by V}'; (ii)
The vertices from V"™ := V' \ V"™ lie on the boundary of ; (iii) 7," is conforming, i.e. the
intersection of two different simplices is either an empty set or their common vertex, edge, or face;
iv) Q@ =U ket K. This definition is not unique: we have a choice in connecting the different

points Vp € V;Z’int and also a choice in the definition of the vertices on the boundary. The general

intention is to find a triangulation such that the transmissibilities S}, p defined below by (3.4)
were non-negative, since this implies the discrete maximum principle, see Remark 3.2 below. We
do not impose any particular simultaneous requirement on D}’ and 7," except of the assumption
that the intersection of the sides of D} and 7, has a zero (d — 2)-dimensional Lebesgue measure
(in practice, the sides of D} and 7, can intersect but not coincide). An example of a dual grid to
a primal nonmatching grid is given in Figure 1 by the solid line. For K € 7", we denote by hg
the diameter of K. For a vertex Vp € V;Z’int, we denote by M(Vp) the set of all vertices Vg € V}!
such that there exists an edge of the dual grid 7," between Vp and V.



3.2 The combined scheme

The combined finite volume—finite element scheme is obtained by the discretization of the diffusion
term of (1.1a) by means of the piecewise linear conforming finite element method on 7", the
discretization of the other terms of (1.1a) by means of the cell-centered finite volume method on
Dy, and using an implicit finite difference time stepping.

For the ease of notation, let us denote by Vg the boundary vertices, even if there are no
corresponding E € D}, and let us set u}, = 0 for all n € {1,...,N} and all Vi € V,?’eXt (this
corresponds to the discretization of the homogeneous Dirichlet boundary condition). The scheme
then reads: find the values u},, n € {1,..., N}, D € D}, such that

uh — gt -
L——L=IDI= 3 Spplwp—up)+ 3 (V' m ey s W+ rhuplDl = [BID
n VeeM(Vp) op,EEFD

Vne{l,...,N}, VD € Dj.

The value uY, for D € D} is given by u}, := (ug,1)p/|D| and it corresponds to the discretization
of the initial condition. When ’DZ_I and D} (and 771”_1 and 7,") coincide, ﬂ’])_l = u%_l, the
approximate value from the previous time step. In the opposite case, we define ﬂ%ﬁl by the value
of u}! ! (cf. its definition (3.8) below) at the point Vp corresponding to D € DJ. Let

L[t

(x) = = f(x,t)dt xeQ,ne{l,...,N},
n n—1
L[t

r(x) = = r(x,t)dt  xeQ,ne{l,...,N},
n n—1
L[t

vi(x) = = vix,t)dt xeQ,ne{l,...,N},
n n—1

where n is the unit normal vector of 0D, outward to D. In the above definition, we have also set

n1
mo= (J;D”) ne{l,... N}, DeDp (3.2)
m1
- % nell,...,N}, DeDl. (3.3)
We next define .
1 n
S"(x) = — S(x,t)dt xe,ne{l,...,N}L
Tn tn—1

The elements S}, 5, Vp € V;Z’int, Vg € Vi, of the finite element diffusion matrix are then given by

bei=— Y (SiViy,, Vv, )k nefl,..., N} (3.4)
KeTp

Here 1y, is the finite element basis function associated with Vp € V}': the function linear on each
K € 7T,", equal to 1 at Vp, and equal to zero at all other Vi € V;’. There are two basic choices for
the space-time discrete diffusion—dispersion tensor Sj: Firstly, we may set

1
i = m(sn,l)K ne{l,...,N}, K €T (3.5)



Note that since Vy,,, Vipy, are constant on all K € 7,", the above definition is equivalent to
directly putting S} = S™ in (3.4). An alternative choice is to define S} by

—1
i = (%([S”]_l,l);{> ne{l,....N}, K e T;". (3.6)

In fact, the members S,  for Vi € VZ’eXt do not occur in the definition of the scheme (3.1), but

it shows convenient to define them. Finally, we define the value u', ;, used for the evaluation of
the convective flux across op g € 7', n € {1,...,N}, D € D}, by

_ { u% + aT[l),E(u%‘ - uT[l)) if <Vn -, 1>JD,E >0 (3 7)

.
YDET A wh o g —u) i (von 1),y , <0
Here af, ;; is the coefficient of the amount of upstream weighting which is defined by

max{min{SBE, %KVTL - n, 1>0'D,E‘}’ 0}

|<Vn -1, 1>0'D,E|

if (v'-n,1)s,, #0and opp € ]-',:L’int

. ,ext
o 1= orif op p € F;'" and (v -n,1)5, , >0
0 if (v-n,1),,,=0orifoppe€ f;’eXt
and (v -n,1),, , <0
The values u7, define, for each n € {1,..., N}, the usual piecewise linear (on 7,") finite element
approximation uy by
up = Z upyy, - (3.8)

DeDy

By the approximate solution of problem (1.1a)—(1.1c) by means of the combined finite volume—finite
element scheme (3.1), we understand a function uy , such that

upr(tn) ==uf  ne{0,...,N},

3.9
up, (X, ) is linear on [t,—1,t,], n € {1,..., N}, for all x € . (39)

Remark 3.1 (Convergence). The convergence of up -, when the meshes Dy, T, do not change
with time, towards the weak solution of problem (1.1a)—(1.1c) given by (2.2) has been proved (for
a more general nonlinear degenerate case) in [13].

Remark 3.2 (Discrete maximum principle). If S, 5 > 0 for alln € {1,...,N}, D € Dy, and
Ve € M(Vp) and under suitable conditions on the data, the discrete mazimum principle for the
combined scheme holds, see [13, Theorem 4.11].

Remark 3.3 (Arithmetic versus harmonic averaging). We remark that the choice (3.5) for S}
corresponds to the arithmetic average of the diffusion—dispersion tensor S in space, whereas the
choice (3.6) corresponds to the harmonic one.

Remark 3.4 (Relation to the vertex-centered finite volume method). Let the meshes T, be given
first and let the meshes Dj be constructed using the face, edge, and element barycentres. Then the
combined finite volume—finite element scheme (3.1) is equivalent to the classical vertex-centered
finite volume method (cf., e.g., [19] and the references therein), where mass lumping has been used
in the time evolution and reaction terms. This follows easily using [3, Lemma 3] for the diffusion
term. Hence, all the results of the present paper apply to the vertex-centered finite volume method
as a particular case.



4 A posteriori error estimate and its efficiency

We summarize in this section our a posteriori estimate on the error between the weak solution
and the approximate solution uj, » and its efficiency.

4.1 Some useful inequalities

Let D C R? be a polygon. The Poincaré inequality states that
le = ¢pllh < CephbIVelh Vo € HY(D), (4.1)

where ¢p is the mean of ¢ over D given by ¢p := (p,1)p/|D| and where hp is the diameter of
D. The constant Cp p can be evaluated as 1/7% if D is convex, cf. [20, 4], and only depends on
the geometry of D if D is nonconvex, cf. [12, Lemma 10.4].

Let D C R be a polygon such that |0Q N dD| # 0. Then the Friedrichs inequality states that

lell3 < Cr.p.oahh||Velh Vo € H'(D) such that ¢ =0 on QN dD. (4.2)

As long as 02 is such that there exists a vector b € R? such that for almost all x € D, the first
intersection of By and 0D lies in 0f), where By is the straight semi-line defined by the origin x
and the vector b, Cr paa = 1, cf. [28, Remark 5.8]. To evaluate Cp p g in the general case is
more complicated but it still can be done, cf. [28, Remark 5.9] or [6, Section 3]. As a particular
case, when D = ), the Friedrichs inequality reads

lell® < Ceng | Vel Vo € Hy(Q), (4.3)

and Cp = 1.
Finally, for a simplex K C R%, the trace inequality states that

lelly < Corolhi' el + lellxllVelx) Vo € HY(K). (4.4)

It follows from [22, Lemma 3.12] that the constant C; g , can be evaluated as |o|hx /|K]|.

4.2 Diffusive and convective flux reconstructions

Let D} and 7,* be the primal and dual meshes as introduced in Section 3.1. For n € {2,..., N},
let Sﬁfl’" be an additional tertial simplicial mesh, a conforming refinement of all D}, DI, 7,71,
and 7%, and for n = 1, let 82’1 be a simplicial conforming refinement of both D}l and 7;3 An
example of the three types of meshes Dy, 7,", and Sﬁfl’" is given in Figure 2 below. We denote
by Sp the partition of D € D} by the elements of S;Zil’", by K € Sﬁfl’" a generic element of
82_1’”, by Gk its sides, and by GI2* its sides not contained in 9. By Gp, we denote all the sides
of the partition Sp for a given D, except those included in the boundary 9€2. We will also use the
obvious notation and S}?_l’”’eXt.

Let X, denote the space of scalar functions continuous in space and piecewise linear on the

—1 . . . . . . . . .
meshes S;Z "™ and piecewise linear and continuous in time. A function vy, € X}, is, as in (3.9),

n—1,n,int
Sh

uniquely prescribed by the functions v}! defined on the meshes 82_1’”, the values of v at the

times t,, n € {1,..., N}, and by the function 02 defined on 82’1, the values of v, at the time
0. Typically, the values v}y, D € D}, n € {1,...,N}, define through (3.8)—(3.9) the function

up,r € Xp,. Let 'V}, denote the space of vector functions belonging to the Raviart-Thomas-Nédélec

n

spaces of lowest order (cf. [5]) on the meshes 82_1’ in space and piecewise constant in time. A



function w;, € Vj, is uniquely prescribed by the functions u}’ defined on the meshes S,T;*l’", the
values of u, on the time intervals (¢,—1,t,], n € {1,..., N}. Recall that the distinctive feature is
that the normal component of the functions uy, is continuous ([5]); the values u} -n|o| = (uj -n, 1),
on the sides o of the meshes S}?*l’n, n € {1,..., N}, represent the degrees of freedom in the space
V. Following [29, 31, 11], our a posteriori error estimates rely on the concept of the diffusive flux
reconstruction 0y, € Vy; following [10], we also introduce a convective flux reconstruction wy € Vy,.

In order to obtain the upper bounds of Section 4.3 below, we merely suppose that there exist
values u7, and ﬂ%ﬁl and functions 0y, w;, € V}, such that

uy + !
n .

Vne{l,...,N},VD e Dy.

Here 7}, and f}, are given by (3.2)—(3.3). Relation (4.5) is a local conservation property: the term
(u? + @y )| D| /7, represents the time accumulation in the volume D, (8% - n,1)sp the diffusive
flux over 0D, (w}' - n,1)sp the convective flux over 0D, and r}up|D| and fj|D|, respectively,
the reaction and sources accumulation in the volume D. Finally, the term ¢},|D| represents a
quadrature error when the local conservation is not satisfied exactly for the given scheme. A vast
class of locally conservative methods enters the framework of (4.5). In particular, the combined
finite volume-finite element scheme (3.1) can be written in the form (4.5) with

05 -n,1), := —(S;Vuy, -n, 1), o C0dD,D e Dy (4.6)

and
(Wi, D)oy, = (V" 0, 1)), o UD op,e € Fp,D € Dy; (4.7)

here, by the notation o, we mean a side of Gx for some K € Sp which is such that ¢ C 9D. As
the diffusive fluxes (6, - n, 1), given by (4.6) do not necessarily coincide completely with those
stemming from the combined scheme (3.1), we use the additional factor ¢7|D| to fix the balance.
In numerical experiments in Section 7 below, the values ¢},|D| were negligible. Equations (4.6)
and (4.7) do not prescribe 6}, and wy, uniquely; they are sufficient, altogether with (4.12) below, for
the present theoretical analysis. Practically, there exist several possibilities for fixing the remaining
degrees of freedom of 6}, and wy,, following [31].

4.3 A posteriori error estimate

In this section, we suppose that u, . € X, and 6y, wy, € Vj, are arbitrary but such that (4.5)
holds. A particular example is the combined finite volume-finite element scheme (3.1) with the
construction (4.6)—(4.7). Let n € {1,..., N} and D € Dp. We set

1
mip = min{ CZ php(ch p) 72, (c4,p) 7}
and define the residual estimator ng p by

n -—n—1
Up —Up n

-V .05y =V - -wy —rpup —ap|| - (4.8)
D

Ib =

n . n
R,D *= Mp

Tn

The diffusive and convective flux estimator nf\cp p is given by

nber,p(t) = |82 Vun, +S726) — S~ 2wy, v+ Sf%WZHD(t)- (4.9)



Let K € S,T;*l’". We then define the cutoff factors

1
mh = min{C§7F7KhK(c§7K)’

=
[N

()™

!

~ . 3 -1 .- . _1 _
mi = mm{(CP,F,K + Chp ) (B ) b (i) ™+ 5( k) 2 (B k)

NI

3

where Cp p e == Cp i for K € 8§~ ""™ and Cp p i := Cp i 9 for K € S, We will need
below also the diffusive flux estimator njg p

Mow,p(t) = { > <m%HV - (SVup- +65) | x

KeSp

1
2

2
+ () Y (Ct,K,a)éH(Svuh,T"f'aZ)'nHJ) } (1)

oegint
Lastly, set
" = min{ G ha(ch ) 3. (¢),.0) ¥ )
Then the data oscillation—quadrature estimator nfyoq p is given by

n _
up —Up

oqo(t) = m"Hf B et ~run g+ i + q;:sH (0. (4.10)

Tn D

We finally denote

tn % % 2
(n0m)? ::/t ({ > (ﬁﬁ,D+UBCF,D(t))2} +{ 2 (nBOQ’D(t))2} > "

DeDY DeDy
t : 2
(77(2)’”)2 ::/ ({ Z (nﬁ,D)Q} +{ Z (U%F,D(t))z}
tn-1 \ UDeDy DeDy

- sup (V- (uprv—wp), ) + { > (nBOQ,D(t))Q} ) dt

PEH (Q); lllelll=1 DeDy

and
N = min{n(l)’",n(z)’"}, (4.11a)
N 3
n ::{Z(nny} _ (4.11b)
n=1

Remark 4.1 (Data oscillation—quadrature estimators). In a posteriori estimates for finite ele-
ment, vertez-centered finite volume, or mized finite element methods, cf. [25, 11], data oscillation
estimators of the form m"||f — fi|| appear. The other terms of the present estimators njoq p
are related to the non-variational general nature of (4.5) (or of (3.1)). They clearly represent
a numerical quadrature error, which is illustrated below on numerical experiments. If the vertex-
centered finite volume method, cf., e.g. [31], was used instead of (4.5), then Nboq,p would reduce
to the usual data oscillation estimator m"||f — f3|].
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Remark 4.2 (Estimators M and 77(2)’”). The estimator n™M™ is fully computable and is based
on the constant-free estimator (4.9). The estimator 77(1)’" 18, however, not robust with respect to
the convection dominance, as noted in [8, 27]. Using the estimator N3 on the contrary, robust
lower bound will be proven below following [25]. The estimator n(Q)’" is, howewver, not computable.
Its computable upper bound (still ensuring robustness) can be established following [25, Section 8],
for the price of a solution of an auxiliary stationary reaction—diffusion problem on each time step.
Such an approach is not pursued here in view of its complexity.

Using the above definitions, we will prove in Section 5.1 below the following a posteriori error
estimate:

Theorem 4.3 (Energy norm a posteriori error estimate). Let u be the weak solution of prob-
lem (1.1a) ~(1.1c) given by (2.2) and let up » € Xy, and 0y, wy, € Vy, be arbitrary but such that (4.5)
holds. Then

= wn ) (D2 + = une % < 0+ Il — uns (- 0) 12

Theorem 4.4 (Augmented norm a posteriori error estimate). Let the assumptions of Theorem 4.3
hold. Then

3II(u = up, ) (DI + Ml = upr |5 < 50% + 3lluo — unr (-, 0)]1%.

4.4 Distinguishing the space and time error contributions

The estimate n()" of (4.11a) is fully computable and allows to control the overall error. There is,
however, no distinction between the space and time errors. Using the triangle inequality, we have,
as in [11], for the example of npcp p(1),

Mhorp(t) < [[$2 Vi +S726) — ST2ujv" + STawj | (1)
+ HS%Vuh,T — S%Vuz — S_%uh,Tv + S_%UZV”HD(t).
Note that whenever S is constant in time on (t,—1, t,,], the first of the above terms gets independent
of time; it clearly corresponds to the spatial part of the error. The second of the above terms then
corresponds to the temporal part of the error, so that we have the usual space-time contributions

division as in [21, 25]. Note as well that when both S and v are constant in time on (t,—1,%,], we
get, using the definition of uj ; by (3.9) as in [24, Equation (6.5)], the following easily computable

1
upper bound on {ftZ‘_l (17%01;’[)@))2 dt} 2:

1
2

{ / " (Bern®)’ dt} <2 [[(S™)EVUp + (87 E0) — (S™) upv + (8™) " Ewi|,

n—1

1
Tn '\ 2 1 - 1 _
+ (3N Ev g = up) - (8 v~ = )
We now proceed similarly for the other estimators, for general S and v. We obtain

7" < Ny + Mo

11



with

1
2
= {Tn > (i p) } {/ S HS%VUZ+S_%0}}—S_%u’ﬁv”+S_%wZHQD(t)dt}

DE'DZ tn—1 DED"
2
(t)dt
D

AL

N

()t + ————"— = r"up +rpup + qp

1 DED"

and

tn
Nirn *= {/ Z HS%Vuh,T — S%Vuz — Sféuhﬁv + Sféuhv"HD dt}
tn-1 pepn

{/ > _n)2Hfh—fB—Tuh,T+T”uZH2D(t)dt} .

tn—1 DeDn
Consequently, we have the following corollary:

Corollary 4.5 (Energy norm a posteriori error estimate distinguishing the space and time errors).
Let the assumptions of Theorem 4.3 hold. Then

N
1w = ) (D + lw = unr % Z (1 + 1iw)® + 11 (= up ) (-, 0) |2

4.5 Efficiency of the estimate

Henceforth, let a < b denote a < Cb for a generic positive constant C', not necessarily the same at
each occurrence, dependent on the shape regularity of the meshes S;Z_l’n and d but independent
of the space domain €2, final time 7', and the parameters S, v, r, f, and ug; C can only depend
on the local oscillation of these parameters. Similarly, the notation a ~ b will be employed
when simultaneously a < b and b < a. From now on, we also omit denoting explicitly by (¢) the
dependence of the estimators on the time. We will suppose below that the following approximation
property of the diffusive flux reconstruction 6y, is satisfied:
1

2
ISPVl + 07| < { S ho|[S) V- n]]ug} Wne{l,... N}L,VYDeDl  (412)
0c€Gp

Here [-] denotes the jump across a side. This property can be shown, in dependence on the
construction of 8} from Vuj, as in [31]. We also introduce some additional notation. Let fy,, 7, €
X}, and vy, € Vy, be space-time discrete approximations of the source term, of the reaction function,
and of the velocity field v, respectively. Let n € {1,...,N} and D € D}. We define the data
oscillation estimator npq p by

mo,p = mpllfp = filp +mpllug(ry —rp)lo

+ { > ((W&?VHV (S =S Vun % +mfk Y (S —Si)Vun,, - nll?) }

KeSp Jegi}r{lt
1
2
+ { > <(m?<)2HV (v = Viun )& +mEe > IV = vi)ung - nHi) }
KeSp UEQ}‘{“
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and the quadrature estimator n6.p by

n _ ,n—1 n _ n—1
My 1= ||t — FD Dy (g — ) — gy
Tn Tn D
1
2
+{ > <(m?<)2HV'(VZUZ—WZ)H%(JFWLK > H(VZUZ—WZ)'H\\g)} :
KeSp UEQ}‘{“

Finally, for the sake of simplicity, we make in this section an additional assumption that V-v = 0.
In this case, the augmented norm (2.7) is closely related to that of [25], so that we can use the
results of [25] for the lower bound proof. We then have the following theorem:

Theorem 4.6 (Efficiency of the a posteriori error estimators in the augmented norm). Let V-v = 0,
let u be the weak solution of problem (1.1a)—(1.1c) given by (2.2) and let up » € Xy, and Oy, wj, € Vi,

be arbitrary but such that (4.12) holds. Let n € {1,...,N}, let 82_1’” be shape-reqular, and let,
for all D € Dy, hp = hx for all K € Sp. Then

tn
") S Ml = wngr gy ) + /t > {boq,p)* + (1Bo.p)* + (n,p)*} dt
n=1 pepp

== =™ uns o)

5 Proof of the a posteriori error estimate and of its efficiency

We shall prove in this section the a posteriori error estimates stated in Theorems 4.3 and 4.4, as
well as their efficiency discussed in Theorem 4.6.

5.1 Proof of the a posteriori error estimate

Lemma 5.1 (Bound by the residual). There holds
T 2
1w = un ) (P + lu = unr % < ( sup / (B(u— un,zr), @) dt) + 1w = upr) (- )%
PeX, llpllx=1/0
Proof. Using the obvious relation
T T 1 T S ,

[ waas s By <5 s [BELeha) -l

0 peX, [lplx=1-/0 PeX, [lellx=1-/0
valid for any v € Z, the assertion follows from (2.4) and the fact that (v —uyp ) € Z. O

Let from now on, ¢ € X with ||p[[x = 1 be fixed. Then, on the time interval (¢,_1,,],
n € {1,..., N}, we have the following results.

Lemma 5.2 (Equivalent form of the residual). There holds

(B(u —unz), ) = Tr(¥) + Tocr(p) + To(p)

13



with
n _ 7n—1

u u
Tr(p) = Y (fg—DTiD—V-ez—V-wz—r%u%—qg,so—soD> ,
DeDy " D

Tocr(p) == =(SVup,r + 60 —up v+ wy, Vo),
Tole) = 3 (£ 15— (unchi+
DeDy
where ¢p = (¢,1)p/|D|, D € D}'.
Proof. We first use the definition of the weak solution (2.2) and that of B (2.1) to infer that

<B(u - uh,T)v <P> - (f7 (P) - ((uhﬂ')tv (P) - (Svuh,fa VSO) - (v ’ (uhﬂ'v)v 90) - (ruh,ﬁ (P)
We then add and subtract (V -6}, ¢) and (V- w},¢) and use the Green theorem to see that
<B(’U, - uh,T)7 QO> = (f7 QO) - ((uh,T)t7 ()O) - (V : 0%7 ()O) - (V : WZ, QO)
— (SVuy  + 05 — up v+ wp, Vo) — (rup -, @)
= Tr () + Iocr(p) + Tq(e),
where Tj; () is as Tr(p) with, however, the second argument replaced by . Finally, it suffices to

multiply (4.5) by ¢p, to use therein the Green theorem for the terms involving 8} and w}, and
add it to Tj;(p) for each D € D} to arrive at the assertion of the lemma. O

ut — ﬂn—l
D
LDy +rhub + qh, @) ,

Tn D

Lemma 5.3 (Residual estimate). There holds

Tr(p) < > mpllello-
DeDy

Proof. The assertion follows immediately from an application of the Cauchy—Schwarz inequality,
the Poincaré inequality (4.1), and the definition (2.3) of the energy norm ||| -|||, cf. [30, Lemmas 4.3
and 7.1]. ]

Lemma 5.4 (Diffusive and convective flux estimates). There holds

Tocr(e) < Y nbernllelln, (5.1a)
DeDy
1
2
2
Tocr(p) < { > (1be.n) } llelll + sup (V- (unv —wp), ¥)|[ll]- (5.1b)
DeDy YeH(Q); [llvlll=1

Proof. Estimate (5.1a) follows easily by the Cauchy—Schwarz inequality and (2.3). The first part
of estimate (5.1b), bounding the term —(SVuy, - + 6}, V), is established as in [8, proof of Theo-
rem 4.4]. Two following simple modifications are necessary: firstly, the Friedrichs inequality (4.2)
has to be used for K € S "™ instead of the Poincaré inequality (4.1) in [8, proof of Theo-
rem 4.4]; consequently, only a sum over o € QiKnt, and not a sum over o € G, appears in the
definition of 7 . Secondly, the scaling by S has to be added, leading to the factors cg ;- in the

definition of m and m’. Finally, by the Green theorem, we easily have

(v =Wy, Vo) = (V- (uprv = Wj), 0) < sup (V- (uprv = wi), 9)|[|l]|
$eHG (Q); [llvlll=1
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Lemma 5.5 (Data oscillation—quadrature estimate). There holds

To(e) < { > (nBOQ,D)2} el

DeDy

Proof. Denote by vp the argument in the left part of (-,-)p in Tq(y). Then, on the one hand,

_l
2) < > loollnliello < D7 (¢hrp)2llonlipllells < (¢5,.0) 2{ > HvDHD} sl

DeDy DeDy DeDy

by the Cauchy—Schwarz inequality and definition (2.3) of the energy norm. On the other hand,

S{ > HvDII%} lell < CZhalc 5{ > IIUDIID} ¢l

DeD} DeDy

by the Cauchy—Schwarz inequality, the Friedrichs inequality (4.3), and definition (2.3) of the energy
norm. ]

Proof of Theorem 4.3. Let ¢ € X, ||¢|lx =1, be fixed. Lemmas 5.2-5.5 and the Cauchy—Schwarz
inequality imply

1 1
3 3
(B(u — up,r), ) dt < ({ > (nﬁ,D+nBCF,D)2} +{ > (UBOQ,D)Q} )lll@lll,
DeDy DeDy
using the bound (5.1a) on Tpcr(p). Similarly, using the bound (5.1b) on Tphcr(yp), we arrive at

(B(u —up7),p)dt S({ Z (nﬁ,D)z} + { Z (ngF,D)z}

DeDy DeDy

NI

+ sup (V- (up v —wp), ) + { Z (UBOQ,D)z}

PEH (); [Ilvlll=1 DeD}

) llllll-
Another use of the Cauchy—Schwarz inequality gives

/O (B(u —up,r), ) dt < Z(mm{n W ”}{/ H\wH\th} ) <nllellx =n  (52)

and using Lemma 5.1 concludes the proof. O

Proof of Theorem J.4. Let us first bound the term |9 (u—up - )+ba (u—up ;) || % Following [10, 11],
using definitions (2.1) and (2.6), estimate (5.2), and the Cauchy—Schwarz inequality, we readily
have

T
sup / (Or(u — unr) + bt — wnr)s ) (8) dt
peX; [lpllx=1

sup / (B = wnr), 0) — (Bs(u— up1), @)} (E) dt

PeX; |lpllx=1

<+ flu—upqx
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Consequently, using Theorem 4.3,
19: (w = up,r) +ba(w = up )3 < 4”4 20| (u = wpp) (5 012 = 2 (w = w7 ) (T

The assertion of the theorem follows from definition (2.7) of the augmented norm. O

5.2 Proof of the efficiency of the estimate
Letne{l,...,N} and K € SZ_L” be fixed. Denote by

u? — u !
e = ] g1~ 9 (S V- (vhu) |
n K
1 _1
Mk = (mi)2 ()% Y [[SEVup - n],
oegint

respectively, the usual element and face residual estimators, cf. [25]. In order to prove Theorem 4.6,
we show in the following lemmas that our a posteriori error estimate represents a lower bound for
the residual a posteriori error estimate of [25, Lemma 7.1]. Consequently, we will be able to
establish the lower bound by estimate (7.2) of this reference.

Let n € {1,...,N} and D € D} be fixed. We then have the following results:

Lemma 5.6 (Upper bound on ng ). There holds

1 1
2 2
R,D S { Z (Wﬁ,K)Q} + { Z (n?,K)z} + nbo,p + 10,0

KeSp KeSp

Proof. The triangle inequality yields

ult — !
Mo < mpl|fi — " - b V- (SEVup) = V- (Viug) =gl +mbl S5~ fillp
n D
n _un—l un _ﬂnfl
+mip|| St — PP (ufy — up) — g
Tn Tn D

+mipllup(ry = D)o +mplIV - (SpVug + 03)[[p + mpl|V - (viup, — wi)|[p-

The fact that S;Vuy + 6} is a piecewise polynomial in D, the inverse inequality, the fact that
hp =~ hg for all K € Sp, and the approximation property (4.12) lead to

2
IV (SiVuy + 0D < hp' ISEVuy + 63D < hfpl{ Y hollISivuy - n]]Hi} :

0c€Gp

From here, we easily get

2
mp||V - (SpVuy + 605)p S{ > (n?,K)Q} :

KeSp

1
using the previous arguments and the bound mijh, > < (mf) 2 (<8, K)fi (equivalent to the obvious

1
(m?()%hK2 (ch)% < 1) in each K € Sp. Combining the above results, the assertion follows. O
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Lemma 5.7 (Upper bound on njg ). There holds

1 1
3 e 2
DF,.D S { Z (Q?,K)Q} + { Z m(c§ i) 2 hi |SHV (unr — UZ)H%(} + B0, p-

KeSp KeSp

Proof. Let K € Sp. We have, separating the data oscillation, time evolution, and diffusive flux
approximation parts,

~n L 1 n
M|V - (SVunr + 0p)|k + (MF)2 D (Coko)?[[(SVupr + 67) - 1|,
JEQ}'(“
L n
SmE[V - (SVup, + 01k + (ME)2 Y |[(SVuns + 605) -1,
oegint
<mi(IV- (S =Sp)Vunrllx + IV - Sp¥V(un- — up)llx + IV - (SpVui + 05) k)
~ M l n n n n n n
+ (M2 Y (IS = SP)Vuns - nllo + [ISEV (unr — ufl) - nllo + [[(SEVup + 67) -1ly)
oegint
JONN n
SmElV - (8 = Sp)Vun -k + (ME)2 > (S —Si)Vusr -1,
oegint

1

1 1, -
+ (mg)2(c§ k)~ by (ISEV (unr — up)llx + IS5 Vuy + 05 k),
using the inverse inequalities
IV - anllx S hi'lanll,

_1
lan - nlle < hy?llanllx

for q, = SpV(up,r —up) and qp = SpVuj + 0} and the estimate
1

michi® + ()2 S (mi)? (] )"

following from [8, Proof of Theorem 5.1]. To conclude, it now suffices to use the Cauchy—Schwarz

inequality, approximation property (4.12), and the definitions of 7 ;- and 7 p- O

=

Let n € {1,...,N} and K € S; " be fixed. We then have:

Lemma 5.8 (Equivalent form of [/ [SV (up, — ull)||% dt). There holds

tn - B
/t ISHV (un,r — up) |5 At = 5 ISRV (uf; — ui; D%
n—1
Proof. Follows from the definition of uy, » by (3.9), cf. 24, Equation (6.5)]. O

Let n € {1,..., N} be fixed. We then have:

Lemma 5.9 (Upper bound on the convective time evolution term). There holds

2
tn
/ ( sup <v-<uh,Tv—wz>,so>> d<m s (V- (] — ) )
tn—1 \@eHL(Q); |llell|=1 PEH(Q); ||| ]l|=1
tn
+ / S {(o.p)? + (78, p)?} dt.

tn-1 pepy
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Proof. Let t € (t,—1,t,) and p € H}(2). Then, separating the data oscillation, time evolution,
and quadrature parts,

(V- (unrv =wp), ) = (V- (unr (v = Vi) ) + (V- ((unr = up) Vi), ) + (V- (upviy = Wh), )
= —(unr (v =v4), V) + (V- ((un,r = up)Vvi), ¢) = (uhviy = Wi, Vo)

Bounding the first and last terms of the above expression as in (5.1b) in Lemma 5.4 and integrating
the middle term in time as in Lemma 5.8, the assertion of the lemma follows. ]

Lemma 5.10 (Upper bound on (™)? using the usual residual estimators). There holds

0" < D7) S D D AR+ F ) + (k) THISEV (ufh — a7}

DeD} KeSp
]/ S {(Boa.)? + (o.p)? + (8, p)2} dt
n 1 DED"
b s (V- (W — af V), o).

PEH(Q); lllelll=1
Proof. Follows by combining the results of Lemmas 5.6-5.9.

Proof of Theorem /.6. Follows by combining Lemma 5.10 and [25, Lemma 7.1].

6 Adaptive algorithm

We present here an adaptive algorithm based on our a posteriori error estimates which is designed
to ensure that the relative energy error between the exact and approximate solutions will be below
a prescribed tolerance ¢, i.e., such that

N
SOy + ) _

6.1)
~ < (
2t lune o )

On a given time level t,,_1, we in particular choose the space mesh D}’ and time step 7,, such that

Huh,rHX(tn, t [wn, -l x tn—1,tn)
SPSE 2 1")7 ?mS&“ 2( 1n'

At the same time, using the fact that there are no unknown constants hidden in both ng, and
N, we intend to equilibrate the space and time errors. For practical implementation purposes,
we introduce the maximal refinement level parameters Ny, and Niy. Altogether with some other
parameters of the algorithm, they are listed in Table 1. We also denote by SpTmUnkn the total
number of space-time unknowns.

The actual algorithm is as follows:

e let an initial mesh Dg and an initial time step 7 be given

set up the initial conditions on D?L
set to=1t, =0, D! :Dg, andn=1
set EstSpPrev = 1, EstTmPrev =0
set LevTmRef = 0, SpTmUnkn = 0

set n =0

18



Parameter

Meaning

Ngp
Ntm

Ref

Deref

Comp
StepsSpDeref

StepsTmDeref

maximal level of space refinement

maximal level of time refinement

fraction of cells for the space mesh refinement

fraction of cells for the space mesh derefinement
parameter for comparison of 7, and 1y

number of steps after which the space mesh is derefined
number of steps after which the time mesh is derefined

Table 1: Different parameters of the adaptive algorithm and their meaning

while ¢, < T
e set Count =0

esett, =t,_1+71

set up the boundary conditions on Dj

e set 7y, = Crit =1, ItSpRef =1
e while 7y, > Crit, ItSpRef < Ny, + 1, and EstSpPrev > Comp - EstTmPrev when

ItSpRef # 1

e if TtSpRef > 1
e refine such cells D € D) where Npep = Ref - maxpepn ng o, and such that
their level of refinement is less than Ny,

e create a new mesh D}’ and interpolate the data onto this new mesh

M e

solve (3.1) on Dy with the time step 7, to get new up 7|, _, 1]

compute the space a posteriori error estimate g,

set EstSpPrev = i, /\/7,

compute the norm of the approximate solution |lup || x(t,_, ) and set Crit =
: ||uh,THX(tn71,tn)/2

set ItSpRef = ItSpRef 41

e compute the time a posteriori error estimate %,
e set EstTmPrev = n}}, /\/7,,
o if ' > Crit, LevTmRef < Ny, and EstTmPrev > Comp - EstSpPrev

e set t, =t,

e clse

— Tpy, Tn = Tn/3, and LevTmRef = LevTmRef + 1

2
o =1 + (1 +115)
e SpTmUnkn = SpTmUnkn + |D}|
e Count = Count + 1

e if Count is a multiple of StepsSpDeref

e derefine such cells D € Dy where 0, o, < Deref - maxgepy 1) 4,

e create a new mesh D} and interpolate the data onto this mesh

e if Count is a multiple of StepsTmDeref, set 7,, = 37, and LevTmRef = LevTmRef—1

e set DZH =D}, Th41 = Tp,and n =n+1
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7 Numerical experiments
As a model problem for numerical experiments, we consider (1.1a)—(1.1c) with

Q= (0,3) x (0,3),

10
S‘”(o 1)’

v = (v1,v2),

r =20,

f=0,
where v1 = 0.8 and v9 = 0.4 are two constant convective field components and v > 0 determines
the amount of diffusion. We will consider below the case v = 0.001 and v = 10. The initial
condition ug, as well as the Dirichlet boundary condition, are given by the exact solution

1 _50(95—900—1’1(i+t0))2+(y—yo—U2(t+io))2

— e 2000 (t+tg)+1
200w (t + to) + 1

u(z,y,t)

Here, 29 = 0.5 and yop = 1.35. Moreover, ty > 0, set to tyg = 0 unless otherwise specified, is an
additional parameter. Finally, we will test two cases with T'= 0.6 and T = 1.5, respectively.

We consider the scheme (3.1) on square meshes with possibly nonmatching refinements as indi-
cated in Figure 2. Diffusive and convective flux reconstructions 8y and wy, are defined respectively
by (4.6) and (4.7); the additional degrees of freedom are fixed following [31, Section 3.3.3] so that
the residual estimators (4.8) are equal to zero. We use the estimator n given by (4.11b) (we only
evaluate 17(1)7”) and present the results in the energy norm setting of Theorem 4.3. We do not
present the results of Theorem 4.4 for the augmented norm since this norm is not easily calculable.
We neglect the additional error from the inhomogeneous Dirichlet boundary condition.

The starting mesh is given by a uniform 10 x 10 space grid and a uniform division of the time
interval into 2 time steps when 7' = 0.6 and 5 time steps when 1" = 1.5. The meshes are refined
either uniformly or adaptively. In the first case, each square is always divided into nine subsquares,
and the time step is cut by three. In the second case, the adaptive algorithm proposed in Section 6
is employed. We set Ref = 0.5, Deref = (.15, Comp = 0.7, StepsSpDeref = 6, StepsTmDeref = 6.
We will be choosing different values of Ny, and Ny, (recall their definition in Table 1). As we
limit the maximal level of space and time refinements, we usually do not achieve the prescribed
tolerance ¢ in (6.1). We define the experimental order of convergence & by

€= log(en) — log(en—1)
%log [Vn_1| — %log Vv’

where ey is the error on the last space-time mesh, ex_1 is the error on the last but one space-time
mesh, and |Vy| and |Vx_1| denote the corresponding numbers of total space-time unknowns given
by SN Dy
Y 2 n=1 Dyl

We first consider v = 0.001 and 7" = 0.6. In this case, the problem is strongly convection-
dominated and the exact solution takes a form of a steep Gaussian peak moving through the
domain and only very slowly diffusing; the initial maximal value is 1, whereas the maximal value
at the end of the simulation is roughly 0.9. Figure 6 below shows some approximate solutions.
In Figure 3, we compare the actual error distribution and the one predicted by our a posteriori
error estimate. The result is presented on the final time, on an adaptively refined mesh with
Ngp = Nitm = 4. We can see that a correct form of the error distribution is predicted (circular
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with smaller error in the middle of the circle), whereas this is not the case for the localization—the
predicted error distribution is much more spread. We anticipate that this is caused by the fact
that the solution itself is rather diffused; increasing Ny, and Ny, shall improve this considerably.

1
In the left part of Figure 4, we compare the actual error (||(u—up ) (-, T)[*+||u—up -[|% ) 2 with

the estimate (1? + [luo — up (-, 0) Hz)% on uniformly/adaptively refined meshes. In the right part of
Figure 4, we present the corresponding effectivity indices, given as the ratios of the estimate over the
error. In the adaptive refinement strategy, we obtain the same precision for much fewer (roughly
12 times less for the last meshes) space-time unknowns than in the uniform one. Concerning
the experimental order of convergence, we have found ¢ = 0.64 and £ = 0.71 in the uniform
and adaptive cases, respectively. The effectivity indices depend on the local Péclet number and
improve as the mesh is refined (and the local Péclet number decreased), as expected for the energy
norm setting which is not robust with respect to convection dominance. We then in Figure 5
plot the same results for a 2.5 times longer final time 7' = 1.5. We find very similar results,
with in particular very similar effectivity indices. These thus seem to be rather independent of the
simulation duration. In the uniform and adaptive case, respectively, we find £ = 0.47 and £ = 0.54.

We next compare the uniform and adaptive refinement strategies visually, for » = 0.001 and
T = 0.6. Figure 6 shows the approximate solution at the final time obtained in the adaptive case
with Ngp = Nim = 2 (left) and Ny, = Ny = 4 (right). We can see that whereas in the first case,
the numerical diffusion is extremely strong (notice that it only applies in the streamline direction
by the definition of the local Péclet upstream weighting (3.7)), in the second one the approximate
solution starts to capture the exact one rather well. Figure 7 then compares the uniform refinement
strategy with the adaptive one. In its left part, the uniform refinement approximate solution at
the final time with Ny, = Ny = 3 is shown, whereas in its right part, we present its adaptive
refinement counterpart for Ny, = Ny = 4. The adaptive case gives clearly much better results,
and this for roughly the same total number of space-time unknowns.

We finally focus on the diffusion-dominant case v = 10 (we consider 7' = 1.5). In this case, the
adaptive refinement strategy does not lead to important improvements and hence we only present
results for the uniform refinement. In Figure 8, the effectivity index is excellent as very close
to the optimal value of one. This is probably caused by the fact that the exact solution almost
instantaneously diffuses from the maximal value of 1 to the final maximal value of order 107%.
Coincidentally, ¢ = 0.53 only. The solution presents much smoother behavior for the parameter
to = 0.5, in which case £ takes the almost optimal value 0.97. We illustrate this case in Figure 9.
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Figure 2: Nonmatching primal square mesh D}, the corresponding dual triangular mesh 7," (left),

and the corresponding tertial triangular mesh S}TZ—I’”
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Figure 3: Estimated (left) and actual (right) error distribution, adaptive refinement, v = 0.001,
T = 0.6, adaptively refined mesh with Ny, = Ny = 4
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Figure 6: Adaptive refinement approximate solutions for v = 0.001, 7' = 0.6, and Ny, = Ny = 2

(left) and Ngp = Ny = 4 (right)
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