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Shape derivatives of boundary integral operators in
electromagnetic scattering

M. Costabel !, F. Le Louér 2
L TRMAR, University of Rennes 1
2 POEMS, INRTA-ENSTA, Paris

Abstract

We develop the shape derivative analysis of solutions to the problem of scattering
of time-harmonic electromagnetic waves by a bounded penetrable obstacle. Since
boundary integral equations are a classical tool to solve electromagnetic scattering
problems, we study the shape differentiability properties of the standard electro-
magnetic boundary integral operators. To this end, we start with the Gateaux
differentiability analysis with respect to deformations of the obstacle of boundary
integral operators with pseudo-homogeneous kernels acting between Sobolev spaces.
The boundary integral operators of electromagnetism are typically bounded on the
space of tangential vector fields of mixed regularity TH 2 (divp, T'). Using Helmholtz
decomposition, we can base their analysis on the study of scalar integral operators
in standard Sobolev spaces, but we then have to study the Gateaux differentiability
of surface differential operators. We prove that the electromagnetic boundary in-
tegral operators are infinitely differentiable without loss of regularity and that the
solutions of the scattering problem are infinitely shape differentiable away from the
boundary of the obstacle, whereas their derivatives lose regularity on the boundary.
We also give a characterization of the first shape derivative as a solution of a new
electromagnetic scattering problem.

Keywords : Maxwell’s equations, boundary integral operators, surface differential
operators, shape derivatives, Helmholtz decomposition.
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Introduction

Consider the scattering of time-harmonic electromagnetic waves by a bounded obstacle
Q2 in R3 with a smooth and simply connected boundary I" filled with an homogeneous
dielectric material. This problem is described by the system of Maxwell’s equations,
valid in the sense of distributions, with two transmission conditions on the boundary or
the obstacle guaranteeing the continuity of the tangential components of the electric and
magnetic fields across the interface. The transmission problem is completed by the Silver-
Miiller radiation condition at infinity (see [RJ] and [R4]). Boundary integral equations are
an efficient method to solve such problems for low and high frequencies. The dielectric
scattering problem is usually reduced to a system of two boundary integral equations
for two unknown tangential vector fields on the interface (see [ and [4]). We refer to
@] and [[q] for methods developed by the authors to solve this problem using a single
boundary integral equation.

Optimal shape design with the modulus of the far field pattern of the dielectric
scattering problem as goal is of practical interest in some important fields of applied
mathematics, as for example telecommunication systems and radars. The utilization of
shape optimization methods requires the analysis of the dependency of the solution on
the shape of the dielectric scatterer. An explicit form of the shape derivatives is required
in view of their implementation in a shape optimization algorithms such as gradient
methods or Newton’s method.

In this paper, we present a complete analysis of the shape differentiability of the
solution of the dielectric scattering problem using an integral representation. Even if
numerous works exist on the calculus of shape variations [I4, 3, Bg, Bl, BJ], in the
framework of boundary integral equations the scientific literature is not extensive. How-
ever, one can cite the papers [R7]], [B9) and [P§], where R. Potthast has considered the
question, starting with his PhD thesis [B{], for the Helmholtz equation with Dirichlet or
Neumann boundary conditions and the perfect conductor problem, in spaces of continu-
ous and Holder continuous functions. Using the integral representation of the solution,
one is lead to study the Gateaux differentiability of boundary integral operators and
potential operators with weakly and strongly singular kernels.

The natural space of distributions (energy space) which occurs in the electromagnetic
potential theory is TH_%(divr7 I'), the set of tangential vector fields whose components
are in the Sobolev space H 2 (T") and whose surface divergence is in H 2 (I"). We face two
main difficulties: On one hand, to be able to construct shape derivatives of the solution —
which is given in terms of products of boundary integral operators and their inverses — it is
imperative to prove that the derivatives are bounded operators between the same spaces
as the boundary integral operators themselves. On the other hand, the very definition of
shape differentiability of operators defined on TH 2 (divp,T') poses non-trivial problems.
Our approach consists in using the Helmholtz decomposition of this Hilbert space. In this
way, we split the analysis in two main steps: First the Gateaux differentiability analysis
of scalar boundary integral operators and potential operators with pseudo-homogeneous
kernels, and second the study of derivatives with respect to smooth deformations of the
obstacle of surface differential operators in the classical Sobolev spaces.



This work contains results from the thesis [21] where this analysis has been used to
develop a shape optimization algorithm of dielectric lenses in order to obtain a prescribed
radiation pattern.

The paper is organized as follows:

In section [l we define the scattering problem of time-harmonic electromagnetic waves
at a dielectric interface and the appropriate spaces. In section f| we recall some results
about trace mappings and boundary integral operators in electromagnetism, following the
notation of [f, B4]. We then give an integral representation of the solution following [f].
In section fJ, we introduce the notion of shape derivative and its connection to Gateaux
derivatives. We also recall elementary results about differentiability in Fréchet spaces.

The section [ is dedicated to the Gateaux differentiability analysis of a class of bound-
ary integral operators with respect to deformations of the boundary. We generalize the
results proved in [27, RJ] for the standard acoustic boundary integral operators, to the
class of integral operators with pseudo-homogenous kernels. We also give higher order
Gateaux derivatives of coefficient functions such as the Jacobian of the change of variables
associated with the deformation, or the components of the unit normal vector. These
results are new and allow us to obtain explicit forms of the derivatives of the integral
operators.

The last section contains the main results of this paper: the shape differentiability
properties of the solution of the dielectric scattering problem. We begin by discussing the
difficulties of defining the shape dependency of operators defined on the shape-dependent
space TH*%(divr7 I'), and we present an altervative using the Helmholtz decomposition
(see [1]) on the boundary of smooth domains. We then analyze the differentiability of
a family of surface differential operators. Again we prove their infinite Gateaux differen-
tiability and give an explicit expression of their derivatives. These results are new and
important for the numerical implementation of the shape derivatives. Using the chain
rule, we deduce the infinite shape differentiability of the solution of the scattering prob-
lem away from the boundary and an expression of the shape derivatives. More precisely,
we prove that the boundary integral operators are infinitely Gateaux differentiable with-
out loss of regularity, whereas previous results allowed such a loss [2g], and we prove that
the shape derivatives of the potentials are smooth far from the boundary but they lose
regularity in the neighborhood of the boundary.

These new results generalize existing results: In the acoustic case, using the vari-
ational formulation, a characterization of the first Gateaux derivative was given by A.
Kirsch in [P0 for the Dirichlet problem and then for a transmission problem by F. Hettlich
in [, [l6]. R. Potthast used the integral equation method to obtain a characterisation
of the first shape derivative of the solution of the perfect conductor scattering problem.

We end the paper by formulating a characterization of the first shape derivative as
the solution of a new electromagnetic scattering problem. We show that both by directly
deriving the boundary values and by using the integral representation of the solution, we
obtain the same characterization.



1 The dielectric scattering problem

Let © denote a bounded domain in R? and let ¢ denote the exterior domain R3\Q. In
this paper, we will assume that the boundary I' of €2 is a smooth and simply connected
closed surface, so that €2 is diffeomorphic to a ball. Let n denote the outer unit normal
vector on the boundary I'.

In Q (resp. Q°) the electric permittivity ¢; (resp. €.) and the magnetic permeability
i (resp. pe) are positive constants. The frequency w is the same in  and in Q¢. The
interior wave number k; and the exterior wave number k. are complex constants of non
negative imaginary part.

Notation: For a domain G C R? we denote by H*(G) the usual L?-based Sobolev
space of order s € R, and by Hﬁ)c(a) the space of functions whose restrictions to any
bounded subdomain B of G belong to H*(B). Spaces of vector functions will be denoted
by boldface letters, thus

H'(G) = (H'(G))*.

If D is a differential operator, we write:

H5(D,Q) = {ueH*(Q):Due HQ)}
Hioe(D, Q%) = {u € Hj,,(Q°) : Du € Hj(2°)}

The space H*(D, Q) is endowed with the natural graph norm. When s = 0, this defines
in particular the Hilbert spaces H(curl, Q) and H(curl curl, Q). We denote the L? scalar
product on I by (-, )p.

The time-harmonic Maxwell’s sytem can be reduced to second order equations for the
electric field only. The time-harmonic dielectric scattering problem is then formulated as
follows.

The dielectric scattering problem : Given an incident ﬁeld_Emc € Hy.(curl, R?)
that satisfies curl curl E"™* — k2E™ = 0 in a neighborhood of €2, we seek two fields
E' € H(curl, Q) and E® € Hj,.(curl, Q°) satisfying the time-harmonic Maxwell equations

curlcurl E' — k?E'° =0 in 9, 1.1)

curlcurl E* — k2E° =0 in Q°,
the two transmission conditions,
n x E' = n x (E® 4 E™®) onT (1.3)
iy (n x curl EY) = p-'n x curl(E® + E™¢) on I’

and the Silver-Miiller radiation condition:

lim |z||curl E’(x) x L ikcE*(2)| = 0. (1.5)

|z| =400 ‘.%"
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The interior and exterior magnetic fields are then given by H* = ——E" and H® =
Wt
1

1W[le
values of the exterior wave number [, 1, P4].
An important quantity, which is of interest in many shape optimization problems, is

the far field pattern of the electric solution, defined on the unit sphere of R?, by

E°. It is well known that this problem admit a unique solution for any positive real

E>(

=
N~—
|
=)
.
a

2 Boundary integral operators and main properties

2.1 Traces and tangential differential calculus

We use surface differential operators and traces. More details can be found in [§, 4.

For a vector function v € (¢*(R?))? with k,q € N*, we note [Vv] the matrix whose
the i-th column is the gradient of the i-th component of v and we set [Dv] = 7 [Vv]. The
tangential gradient of any scalar function u € €*(T') is defined by

Vru = Vi — (Vi - n) n, (2.1)
and the tangential vector curl by
curlpu = Vi X n, (2.2)

where @ is an extension of u to the whole space R3. For a vector function u € (€*(I"))3,
we note [Vru| the matrix whose the i-th column is the tangential gradient of the i-th
component of u and we set [Dru] = ©[Vru].

We define the surface divergence of any vectorial function u € (¢*(I"))3 by

divpu = divayr — ([Voyr]n - n), (2.3)
and the surface scalar curl curlr, u, by
curlru = n - (curlu))

where @ is an extension of u to the whole space R3. These definitions do not depend on
the extension.

Definition 2.1 For a vector function v € (€¢*°(Q2))® and a scalar function v € €>°(12)
we define the traces :

YU = v,
ypV = (n X V). (Dirichlet) and

YN,V =k (n x curl V). (Neumann).



We introduce the Hilbert spaces H*(I") = ~ <Hs+% (Q)> ,and TH*(T") = 4p <HS+% (Q))
For s > 0, the traces
v : H*T2(Q) — H3(T),
vp : H T2 (Q) — THY(I)

are then continuous. The dual of H*(T") and TH*(T) with respect to the L? (or L?) scalar
product is denoted by H~*(I") and TH™*(I"), respectively.

The surface differential operators defined here above can be extended to the Sobolev
spaces: The tangential gradient and the tangential vector curl are linear and continuous
from HTHT) to TH*(T), the surface divergence and the surface scalar curl are linear
and continuous from TH**(T) to H*(T).

Definition 2.2 We define the Hilbert space
1 1 1
TH= 2 (divy,T) = {j e TH™3 (D), divrj € H*a(r)}
endowed with the norm

r T | divr 'HH*%(F '

||'||TH*%(div r =1l p-1
Fv) TH 2( )

Lemma 2.3 The operators yp and yn are linear and continuous from €°°(2,R3) to
TLXI) and they can be extended to continuous linear operators from H(curl,Q) and

H(curl, Q) N H(curl curl, Q), respectively, to TH*%(din, r).

For u € Hyyc(curl,Q¢) and v € Hjoc(curl curl, Q°)) we define 74 u and v§v in the
same way and the same mapping properties hold true.

Recall that we assume that the boundary I' is smooth and topologically trivial. For
a proof of the following result, we refer to [, §, B4

Lemma 2.4 Lett € R. The Laplace-Beltrami operator
Ar = divr Vr = — curlp curly (2.4)
is linear and continuous from H'T2(T) to H'(T).

It is an isomorphism from H'T2(T')/R to the space H!(T') defined by

we HY(T) <= wueHY() and/u:O.
r

This result is due to the surjectivity of the operators divp and curlp from THY(T) to

We note the following equalities:
curlp Vi = 0 and divp curlp =0 (2.5)

divp(n X j) = —curlpj and curlp(n X j) = divpj (2.6)



2.2 Pseudo-homogeneous kernels

In this paper we are concerned with boundary integral operators of the form :

Kru(x) = vp. /1‘ k(y,x —y)u(y)do(y), x € T (2.7)

where the integral is assumed to exist in the sense of a Cauchy principal value and
the kernel k is weakly singular, regular with respect to the variable y € I' and quasi-
homogeneous with respect to the variable 2 = & —y € R3. We recall the regularity
properties of these operators on the Sobolev spaces H*(I'), s € R available also for their
adjoints operators:

Kt (u)(z) = vp. /1‘ k(x,y — x)u(y)do(y), = € T. (2.8)

We use the class of weakly singular kernel introduced by Nedelec (4] p. 176). More

details can be found in [[J, {3, [9, B2, B3, B4

Definition 2.5 The homogeneous kernel k(y, z) defined on T x (R*\{0}) is said of class
—m with m > 0 if

olel olBl
sup sup |=——=—=
yERd |z]=1 aya azﬁ

k(y,z)| < Cqp, for all multi-index o and B,

——=k(y,z) is homogeneous of degree — 2 with respect to the variable z
z

for all |B| = m and D]'k(y, z) is odd with respect to the variable z.

Definition 2.6 The kernel k € € (I x (R*\{0})) is pseudo-homogeneous of class —m
for an integer m such that m > 0, if for all integer s the kernel k admit the following
asymptotic expansion when z tends to 0:

N-1
k(y,2) = km(,2) + D kmii (0, 2) + kman (v, 2), (2.9)
j=1
where for j =0,1,...,N — 1 the function kpy; is homogeneous of class —(m + j) and N
is chosen such that ka,,+n is s times differentiables.

For the proof of the following theorem, we refer to [24].

Theorem 2.7 Let k be a pseudo-homogeneous kernel of class —m. The associated op-
erator Kr given by (R.7) is linear and continuous from H*(T') to H**™(T) for all s € R.

We have similar results for the adjoint operators Kf.

The following theorem is established in [L3].



Theorem 2.8 Let k be a pseudo-homogeneous kernel of class —m. The potential oper-
ator P defined by

Pu)(z) = / K(y.2 - y)u(y)do(y), = € RAT (2.10)

is continuous from HS_%(F) to HST™(Q) U HZT™(Q6) for all positive real number s.

2.3 The electromagnetic boundary integral operators

We use some well known results about electromagnetic potentials. Details can be found

in [ 8. B, B B9

Let k be a complex number such that Im(x) > 0 and let
etklz—yl
G(k, |z —y|) = m
be the fundamental solution of the Helmholtz equation

Au+ k*u=0.

The single layer potential 1), is given by :

($x) () = /F G |z — y)u(y)do(y) =€ RAT,
and its trace by
Veu(z) = /F Gk [z — y)u(y)do(y) z €T,

The fundamental solution is pseudo-homogeneous of class —1 (see [[I§, R4]). As conse-
quence we have the following result :

Lemma 2.9 Let s € R. The operators

NI

Ve H72(T) — HEF(R?)
V. :H*"3(T)— H* 2(T)

are conlinuous.

We define the electric potential ¥ g, generated by j € TH 2 (divp,T') by
Vg, j = ktuj+ K~ Vip divr j

This can be written as W, j := x~! curl curl,j because of the Helmholtz equation and
the identity curlcurl = —A + Vdiv (cf []).
We define the magnetic potential W, generated by m € THfé(divr7 I') by

Yy, m = curly,m.

We denote the identity operator by I.



Lemma 2.10 The potentials Vg, et Uy are continuous from TH 2 (divp,T') to Hioe(curl, R3).
Forje THfé(din,F) we have

(curlcurl —£*T)¥ g j = 0 and (curl curl —x?I)¥y; m = 0 in R3\T
and Vg, _j and Uy m satisfy the Silver-Mduller condition.

We define the electric and the magnetic far field operators for j € TH (divp,T") and an
element Z of the unit sphere S? of R? by

7.0 = nx ([ e iin ) <2

VS j(@) = in @ x < /F e —— (y)> | (2.11)

These operators are bounded from TH_%(divr7 ') to T(€°°(S?))3.
We can now define the main boundary integral operators:

Cr =0 +75}1 g, = — L + 7%V,
M, =Y+ 00, = —3{w +75}VE,.

These are bounded operators in THfé(din, I'). We have

Crifz) = — / n(z) x (G(r, |z — yi(y))do(y) + / curlf (G (s, |z — o)) divri(y))do(y)
= (—k nx Vij+ £ teulr Vi divrj) (z)
and
M, j(z) = - / n(x) x curl® (G(s, [z — y))i(y))do(y)
I
= (Df@j - B:‘@j)(x)7
with

Bi(z) = /F VG, 7 — o)) (i(y) - n(x)) do(y),
Dej(r) = / (V2G| — y) - n(2)) i(v)do(y).

The kernel of D,; is pseudo-homogeneous of class —1 and the operator M, has the same
1
regularity as D, on TH™ 2 (divp,I"), that is compact.

We describe briefly the boundary integral equation method developped by the autors
[] to solve the dielectric scattering problem.

Boundary integral equation method : This is based on the Stratton-Chu for-
mula, the jump relations of the electromagnetic potentials and the Calderén projector’s

formula (see [f, R4]).



We need a variant of the operator C, defined for j € TH_%(din, I') by :
ng = n x Vyj+ curlp Vdivpj.

The operator Cjj is bounded in TH_%(din,I’). We use the following ansatz on the
integral representation of the exterior electric field E®:

E* = — g, j—in¥y,, Cojin R3\Q (2.12)

7 is a positive real number and j € THz (divp,T'). Thanks to the transmission conditions
we have the integral representation of the interior field

1 A .

E1 =~ (Vs O B+ Nef) = (g, (5B + Lo in @ (213)
where p = Rifte and

elbi

1 \
Le = C,., —in (51 - M,.ie> o

1 .
N, = (51 - M,@e> +inCp, Cp .

We apply the exterior Dirichlet trace to the righthandside (B-1J). The density j then
solves the following boundary integral equation:

1 1 . A
Sj=p (—51 + M,.@i> Lej+ Ci, Nej=—p (—51 + M,.@i> YpE"™ + Cy; v, E"™ sur I

The operator S is linear, bounded and invertible on THfé(divF, I).

If we are concerned with the far field pattern E> of the solution, it suffices to re-
place the potential operators Wp, —and Wy, by the far field operators W3 —and W7
respectively. ’ ’

The solution E(Q) = (E¥(Q2),E*(Q)) and the far field pattern E>() consists of ap-
plications defined by integrals on the boundary I" and if the incident field is a fixed data,
these quantities depend on the scatterrer {2 only.

3 Some remarks on shape derivatives

We want to study the dependance of any functionals F' with respect to the shape of the
dielectric scatterer €2. The Q-dependance is highly nonlinear. The standard differential
calculus tools need the framework of topological vector spaces which are locally convex at
least [BJ], framework we do not dispose in the case of shape functionals. An interesting
approach consists in representing the variations of the domain €2 by elements of a function
space. We consider variations generated by transformations of the form

x = x+r(x)

10



of any points z in the space R?, where r is a vectorial function defined (at least) in the
neiborhood of 2. This transformation deforms the domain €2 in a domain €2, of boundary
I';.. The functions r are assumed to be a small enough elements of a Fréchet space X in
order that (I+ r) is an isomorphism from I to

L,=I+rT={z,=x+r(x);zecl}.

Since we consider smooth surfaces, in the remaining of this paper, the space X will be

the Fréchet space 62°(R? R?) = (] €F(R3,R?) undowed with the set of non decreasing
keN
seminorms (|| - ||x)keny where €F(R? R?) with k € N is the space of k-times continuously

differentiable functions whose the derivatives are bounded and

r(p)(x)‘ .

||7||x = sup sup
0<p<k zeR3

For € small enough we set
—_\3
B® = {r € (=), du(0,7) < e},

where d, is the metric induced by the seminorms.
We introduce the application

r € BX w— Fa(r) = F(,).

We define the shape derivative of the functional F' trough the deformation € — €, as
the Gateaux derivative of the application Fgq in the direction £ € X. We write:

0
DF0:E]= 57 Falte)

3.1 Gateaux differentiability: elementary results

Fréchet spaces are locally convex, metrisable and complete topological vector spaces on
which we can extend any elementary results available on Banach spaces. We recall some
of them. We refer to the Schwarz’s book [BJ] for more details.

Let X and Y be Fréchet spaces and let U be a subset of X.

Definition 3.1 (Gdteaur semi-derivatives) The application f : U — Y is said to
have Gateauxr semiderivative at rog € U in the direction & € X if the following limit exists
and is finite

—Tf[ro;ﬂ = lim == tzof(ro + t€).

11



Definition 3.2 (Gdteaux differentiability) The application f : U — Y is said to be
Gateauz differentiable at ro € U if it has Gateauzr semiderivatives in all direction & € X
and if the map

0
SGXHa—f[To;S] ey
T
1s linear and continuous.

We say that f is continuously (or €’!-) Gateaux differentiable if it is Gateaux differentiable
at all rg € U and the application

%f C(re;8) €U X X %f[ro;f] ey

is continuous.

Remark 3.3 Let us come to shape functionals. In calculus of shape variation, we usually
consider the Gateauz derivative inr = 0 only. This is due to the result : If Fq is Gateaux
differentiable on B then for all € € X we have

0 1 0 1

a—fﬂ[ro;ﬂ =DF(Qy;§o(I+10)"") = =Fa, [0:§ o (I+10) .

r or

Definition 3.4 (higher order derivatives) Let m € N. We say that f is (m+1)-times
continuously (or €™t'-) Gateaux differentiable if it is €™-Gateauz differentiable and

m

o)
rGUHm—m &1,y &ml

is continuously Gateauz differentiable for all m-uple (&1,...,&y,) € X™. Then for all
ro € U the application

am—i—l
€1y Empn) € XM g1 o€t Ema] €Y

is (m + 1)-linear, symetric and continuous. We say that f is €°°-Gateaux differentiable
if it is € -Gateauz differentiable for all m € N.

We use the notation

om om
ar—mf[TO,f] = (%—m{tzof(ro + t§). (3.1)

If it is ¥™-Gateaux differentiable we have

orm

1<y <--<ip<m

om 1 & om
o 10,615 &m] = m;(—l)m_p > o+ + &) (32)

To determine higher order Gateaux derivatives it is more easy to use this equality.

The chain and product rules and the Taylor expansion with integral remainder are still
available for ¢-Gateaux differentiable maps (B3] p. 30). We use the following lemma
to study the Gateaux differentiability of any applications mapping r on the inverse of an
element in a unitary topological algebra.

12



Lemma 3.5 Let X be a Fréchet space and Y be a unitary Fréchet algebra. Let U be an
open set of X. Assume that the application f: U — Y is Gateaux differentiable at rg € U
and that f(r) is invertible in Y for all v € U and that the application g : r — f(r)~!
is continuous at ro. Then g is Gateaux differentiable at ro and its first derivative in the
direction £ € X is

0 4 0 _
Ef[ro,ﬂ:—f(m) 1O§f[7‘0,§]0f(7“0) L (3.3)
Moreover if f is €™ -Gateaux differentiable then g is too.

PROOF. Let £ € X and ¢ > 0 small enough such that (ro +t£) € U, on a:

g(ro+t€) —g(ro) = f(ro)~ o f(ro) o fro+1&)~" — f(ro) =" o f(ro +1t&) o fro +1&)~"
= f(ro)~ o (f(ro) — f(ro+t&)) o fro +t&)~"

= f(ro) =" o (f(ro) — f(ro +t€)) o f(ro)~!
+f(ro)~t o (f(ro) — flro+1t€)) o (f(ro+t&)~" — f(ro)~").

Since g is continuous in rg, we have %gr(l] (f(ro I f(ro)_l) = 0 and since f is
Gateaux differentiable in rg we have
-14 _ o -1 o
fim L0000 (o) = J{ro £ 86)) o J(ro)™ _ _ (f(ro)) "o 510, &l o (f(ro))~*.

t—0 t

As a consequence

i SO0 2900 ()71 0 2. e, g0 (o)

t—0 t

4 Gateaux differentiability of pseudo-homogeneous kernels

Let x, denote an element of I', and let n, be the outer unit normal vector to I',. When
r = 0 we write ng = n. We note again do the area element on I',.

In this section we want to study the Gateaux differentiability of the application map-
ping r € B to the integral operator Kr, defined for a function u, € H*(T';) by:

Kr,ur(z,) = Vp-/ kr(yr, e — yr)ur (yr)do(yr), zr € T (4.1)

Iy

and of the application mapping r € B to the potential operator P, defined for a function
u, € H(T,) by:

Prur(z) = / kr(yrs  — yr)ur (yr)do(yr), = € K, (4.2)

T

13



where k, € €°° (FT X (R3\{0})) is a pseudo-homogeneous kernel of class —m with m € N.

We want to differentiate applications of the form r — Fq(r) where the domain of
definition of Fq(r) varies with r. How do we do? A first idea, quite classical (see
B3, B3, B9)), is that instead of studying the application

r € B® — Fo(r) € €%(T))
we consider the application
r € B® — Fo(r)o (I+7) € €F(T).

An example is 7 — n,. This point of view can be extended to Sobolev spaces H*(T'),
s € R. From now we use the transformation 7,, which maps a function u, defined on T,
to the function u, o (I + r) defined on I'. For all r € B>, this transformation 7, admit
an inverse. We have

() () = up(x + r(z)) and (7, u)(2,) = u(z).
Then, instead of studying the application
r € B® — Kr, € £ (H*(T,), H*"™(T,))

we consider the conjugate application

T

r € B® — 7,Kr, 7! € % (H¥T), HS"™(I)) .

In the framework of boundary integral equations, this approach is sufficient to obtain the
shape differentability of any solution to scalar boundary value problems [, RJ].
Using the change of variable x — x, = x 4 r(x), we have for u € H*(T'):

oy () () = / By + 1), + r(2) — y — r(9)u(y) Jo (9)do(y), = € T

where J, is the jacobian (the determinant of the Jacobian matrix) of the change of variable
mapping z € I' to x + r(z) € I',. The differentiablility analysis of these operators begins
with the jacobian one. We have

Jr = Jacp(I +r) = [|wy|| with w, = com(I + Drp)ng = det(I + D7“|F)T(I + Dryp) " 'n,

and the normal vector n, is given by

nT:T_1 o .
"\l

The first derivative at » = 0 of these applications are well known [@, @] Here we present
one method to obtain higher order derivative.

14



Lemma 4.1 The application J mapping r € B to the jacobian J, € €°(I',R) is €
Gateaux differentiable and its first derivative at ry is defined for £ € Cﬁboo(]Rg,Rg) by:

g—i[ro, &) = Jro (Trg divFT0 7';)1)5.

ProOOF. We just have to prove the ¥*°-Gateaux differentiability of W : r — w,. We
do the proof for hypersurfaces I' of R", n € N, n > 2. We use local coordinate system.
Assume that I' is parametrised by an atlas (O;, ¢;)1<i<p then I'; can be parametrised by
the atlas (O;, (I4 1) o ¢i)1<i<p. For any x € I, let us note e;(z), ea(z), ..., e,—1(z) the
vector basis of the tangent plane to I' at x. The vector basis of the tangent plane to I,
at x + r(x) are given by

ei(r,z) =[(I4 Dr)(x)]ej(z) fori=1,...,n—1.

Thus, we have w,(z) = = . Since the applications r — e;(r,x), fori =1,...,n—1

A eita)
1=
are ¢°°-Gateaux differentiable, the application W is too. Now want to compute the

derivatives using the formula (B.9). Let £ € ¢°(R™,R") and ¢ small enough. We have
at ro € B

n—1
orm VST gpm |, n—1
r ‘t 0 ‘/_\1 el(x)

To simplify this expression one have to note that

[DE(z)]ei(z) = [DE()][(T+ Dro)(x)] (T 4 Dro)(z)]ei(x)
= [DE(x)][D(L + o)~ (x 4 ro(2))][(I + Dro)(z)]ei(x)
= [(7ro D1 E ()] €s(ro, ) = [(7ry D, 7rg € ()] €5 (ro, ).

NB: given a (n X n) matrix A we have

n—1 n—1
Z s X ey X Aej X ejy1 X - = (Trace(A)I — T A) /\ €.
1=1 1=1

15



Thus we have with A = [r,,,Dr, 7.1¢] and By =1, By (A) = Trace(A)l — TA

( W(TO) = Jr (Tronro)’
aa—I:/[TO’ 5] = JTO ((Tro diVFro 7—7:)1)5 * TrgNrg — [(Tro VFTQ Tr_ol)g]ﬂ’o nTo)
= [Bi(A)E]W (ro),
oW
#)\ Folre €l = [Bu(AEW(ro)
m ) —1)! .
= 2(—1)”1%[Bl(AZ)Bm_i(A)S]W(TO) form=1,...,n—1,
8;3/ [ro,&] = 0 for all m > n.
It follows that
oJ 1 ow ow
E[To,ﬁ] = WW[TO,Q - W(ro) = W[To,ﬁ] oMy = Jrg (T dive,, 7,0 0)E.

Thanks to (#) we deduce easily the Gateaux differentiability of r +— 7,.n,.

Lemma 4.2 The application N mapping r € B® to .n, = n. o (I+71) € €<(I,R?) is
¢ Gateaux-differentiable and its first derivative at ro is defined for & € €;° (R3,R3) by:

ON

Crra,€] = = [ Vi, 7] N ().

PrROOF. This results from the precedent proof and we have

ON 1 ow 1 ( ow

5 [ro: €l = mﬁ[mﬂ NI [ro,&] - WO“O)) W (ro)

19144 ow
= JE)I <W[TO=§] - <W[7n07§] ' (TTonT0)>> TroPNrg

= — [TTOVFTOT;)%] TroMrg-

To obtain higher order shape derivatives of these applications one can use the equalities

(#) and

|70 | 1,
()4 o"N.-N
orm

As for exemple we have at r = 0 in the direction £ € €2°(R3, R3):

[ro,&] = 0 forallm > 1.

oJ ON
E[O,g] = diV[‘f and W[Oag] = _[Vfg]n,
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0?J

52
Notice that Trace([Vr&2][Vréi]) = Trace([Vré&1][Vréa)),
O°N

o

[0,&1,&2] = — Trace([Vr&e][Vréi]) + divr & - dive & + ([Vréi]n - [Vréan) .

[0,&1,&] = [Vr&][Vr&in + [Vr&][Vréen — ([Vréin - [Vrésn) n.

For n > 3 it needs too long calculations to simplify the expression of the derivatives and

we only obtain the quadratic expression. In the last section we give a

second method to

obtain higher order derivatives using the Gateaux derivatives of the surface differential

operators.

Remark 4.3 We do not need more than the first derivative of the deformations . As a
consequence for hypersurfaces of class €%+, it suffice to consider deformations of class
E*t1 to conserve the reqularity of the jacobian and of the normal vector by differentiation.

The following theorem establish sufficient conditions for the Gateaux differentiabil-
ity of the boundary integral operators described here above and that we obtain their

derivatives by deriving their kernels.

Theorem 4.4 Let k € N. We set (I' xI')* = {(z,y) e I' xT'; x # y}.

1) For all fized (x,y) € (I' x I')* the function

f: B® o C
roe ky+r),e+r@) —y—ry)h(y)

is €Ft1-Gateaux differentiable.

2) The functions (y,z —y) — f(ro)(y,x —y) and

0
(y,r—y) — %f[ro,&,---,&a](y,w —v)

are pseudo-homogeneous of class —m for all ro € B, for all o = 1,
all &1,. .., &1 € GO (R, RY).
Then the application

B — Z(H(I), H*"™(I'))

r — 7.Kr, Tr_l

is €*-Gateaur differentiable and

k

Assume that

...,k +1 and for

a—k{T’C 7 o€ 5]U($)=/8—f[7“ 3 &kl(y, © — y)u(y)do(y)
3rk rINT Ty 0,61 ---5SQk F@rk‘ 0,61y - -+ SkJ\Y, ) ) Y).
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PROOF. We use the linearity of the integral and Taylor expansion with integral remain-
der. We do the proof k£ = 1 only. Let g € B, £ € €°°(R",R™) and ¢ small enough such
that ro + t£ € B>. We have

_ = 9f a2 *f
f(T0+75§, z, y) f(?”(], y,x y) - tar [TO’ 5](y? x y)+t (1 >‘) or2 [T0+)‘t£ 5] (ya r— y)d>‘
0

We have to verify that each terms in the equality here above is a kernel of an operator

mapping H*(T') onto H¥T™(T"). The two first terms in the left hand side are kernels of
2

class —m and by hypothesis —2[0,5] is also a kernel of class —m. It remains to prove
r

that the operator with kernel
xyH/ (1= N2 o + e, €)(2.)

acts from H*(T') to H*T™(T"). Since %[To + A€, €] is pseudo-homogeneous of class —m
r

for all A € [0,1], it suffice to use Lebesgue’s theorem in order to invert the integration
with respect to the variable A and the integration with respect to y on T'.

(Lo et o

Hs+m(T)
1 2f
= |[a-n ([ S+ xe o) o
0 Hs+m(T)
o2
< sacon | (f G0+ 36 e mio)|
<

Cllul| s (ry-
We then have

(/fro—i—t&wy /f?“o,my ())
= [ L e gputiraot) + t/r</0 1= 0T o+ e €l DA uly)do(u).

We pass to the limit in ¢ = 0 and we obtain the first Gateaux derivative. For higher

0
order derivative it suffice to write the proof with Wf[ro,&, ..., &k| instead of f. The
r

linearity, the symetry and the continuity of the first derivative is deduced from the kernel
one. |

Now we will consider some particular classes of pseudo-homogeneous kernels.

Corollary 4.5 Assume that the kernels k, are of the form

kr(yraxr - yr) = G(xr - yr)
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where G is pseudo-homogeneous kernel which do not depend on r. Then the application

B — L (H(I), H*"™(I'))

r +— 7.Kr, 7'7,_1

is €°°-Gateaux differentiable and the kernel of the first derivative at r = 0 is defined for
£ € 6;°(R%,R%) by

H{G(+r(x) —y—ry)}
or

[0,¢] = (£(x) = &(y)) - V?G(z —y) + Gz — y) divr £(y).
ProoFr. For all fixed (z,y) € (I' x I')*, consider the application

[:U= f(ro,y) =G +r(x) —y—r(y)J(y) €C.

We have to prove that r — f(r) is >°-Gateaux differentiable and that each derivative
define a pseudo-homogeneous kernel of class —m.
>Step 1:

First of all we prove that for (z,y) € (I' x I')* fixed the application r — f(r,z,y) is
infinitely Gateaux differentiable on BX. By lemma [[.] the application r — J,(y) is
infinitely Gateaux differentiable on BX°, the application r — = + r(z) is also infinitely
Gateaux differentiable on B> and the kernel G is of class > on R3\{0}. Being composed
of applications infinitely Gateaux differentiable, the application r — f(r, x,y) is too and
using Leibniz formula we have :

ak

oEdlron - &l(z,y) =

) . " J,(y)

> X 5 GE @) =y =)} [0 oy Eot)] e [0 Eotar - Eath)

QZOUES:

where S,:' denote the non decreasing permutations of {1,...,k} and

o o

5 (G@r —yo)}roir, . o] = DIGa+ro(2)—y—r0(y); &1(2) =&1(y), . Lal) ~Ealy)].
>Step 2:

We then prove that each derivative define a new pseudo-homogeneous kernel of class —m
that is to say that for all k£ € N and for all k-uple (&1,...,&) the application

ak
(Cﬂ,y) = Wf[’r()aéla s ,gk](xay)

k—a
is pseudo-homogeneous of class —m. Since aT_J[ro, €1y &k—a) € €°(T',R) we have
r

to prove that

(67

(,9) = o AC () —y — 1))} &1, ol
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defines a pseudo-homogeneous kernel of class —m. By definition, G(z) admit the following
asymptotic expansion when z tends to zero:

N—-1
G(2) = Gm(2) + Y Gmij(2) + Gmyn(h, 2)
j=1

where G,4; is homogeneous of class —(m + j) for j = 0,...,N — 1 and Gpqn is of
arbitrary regularity. Using Taylor formula we obtain the following result :

Proposition 4.6 Let G,,(2) be an homogeneous kernel of class —m and any deforma-
tions & = (&1,...,&) € G°(R3,R3). The function

(x,y) = DGz +ro(x) —y —ro(y); &1(x) = &1(y), - -, Lal@) — Ealy)]
is pseudo-homogeneous of class —m.
The application mapping (&1, ...,&.) € 6,° (R3,R3) to the integral operator of kernel
*{G(z +r(x) —y—ry)}

orm

is clearly linear and continuous for all o € B&°.

(10, &1, -+, &k

Example 4.7 (Single layer kernel) We note V,!' the integral operator defined for u, €
H(T) by
V/:ur(x) = . G(K’ |xr - yr|)ur(yr)d0(yr)'
The application
Bs — Z(H(I),H**Y(T))
T TTV,:Tr_l

is €°°-Gateauz differentiable and its first derivative at » = 0 in the direction & €
E2°(R3,R3) is

or.vrrt

0, gu(o) = [ Koo~ )ul)do(y) (4.3

where in R? we have
K (x,y) =G(k, |z — yl|) <(§(m) _\fc(y—))y\ (@-y) <in P i y!) + divp f(y)> .

Example 4.8 (Double layer kernel) We note D). the integral operator defined for
u, € H*(I',) by

Dl (z) = / 0 (2r) - V3G, |2y — o )ur (g )do (g, ).

Iy

The application
Bs — Z(H*(),H**Y(I))
r — 1.DiT!

is € Gateauz-differentiable .
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PrOOF. We have
G(K’ |xr _yr|) ( 1 >
n.(z,) - V*G(k, |z, — v Dur(yr) = np(zy) - (2p —yp)———— > [ ik — ——— ] .
(@) - G0, e = el (0) = ) - (e =) 2 P
We have to prove that
() (@) - (x4 7r(z) —y —r(y))
[z +r(z) —y—ry)P

is ¥ Gateaux differentiable and that the derivatives are pseudo-homogeneous of class
—1. To do so we use local coordinates as Potthast did in [PJ] and prove that

r € BX —

k n x) - (x re)—y—r
O (ron,) () ((;kH y=rW) e gl

behaves as |x — y|?> when 2 — y tends to zero. [ |

Each domain € is a countable union of compact subset of : Q@ = |J K),. Instead of
p=1
studying the application

r € BX® — Fo(r) € £ (H*(L,), H*T™ ()
we consider the application

r € BX® — Fo(r)r, b € £ (H¥(D), H*T™(K,)) .

We use this approach for potential operators. We have for u € H 37%(11)

Prry (u)(z) = /Fkr(y +ry),z—y—ry))uy)(y)do(y), v € Kp.

Theorem 4.9 Let s € R. Let G(z) be a pseudo-homogeneous kernel of class —(m + 1)
with m € N. Assume that for all r € B>, we have k,(y,,z — y,) = G(x — y,). Then the
application

Br — 2 (H7HD),6>(K,))

roo— PrTr_l

is infinitely Gateauz differentiable and

—1
ok Py, ke

ol o) = [ S (G =y = )5 )} oo Su(o)do)

Its first derivative at r = 0 in the direction & € Cﬁbw(R‘?,R?’) 1s the integral operator
denoted by P with the kernel

DG~y )} o € = —€) - VG —y) + Gl —y)diveely). (44

The 1opemtor PW) can be extended in a linear and continuous integral operator from
H*2(T) to H*tT™(Q) and H>™(Q).

loc
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PRroOOF. The kernel and its higher order derivatives are of class ¢ on K.

Since €2 is an increasing union of compact manifolds we can define a shape derivative on
the whole domain 2. Let us look at the first derivative : the term G(x —y) divr £(y) has
the same regularity than G(z — y) when = — y tends to zero wheareas £(y) - VG(z — y)
loose one order of regularity. As a consequence the kernel must be of class —m + 1 in
order that its first derivative acts from H*"2(I') to H*t™(Q) and H ™ (Q°). [

loc

Remark 4.10 We conclude that the boundary integral operators are smooth with respect
to the domain whereas the potential operators loose one order of regularity at each deriva-
tion. We point out that we do not need more than the first derivative of the deformations
& to compute the Gateaux derivatives of these integral operators.

Example 4.11 (Single layer potential) We denote by 1. the single layer potential
defined for u, € H*(T';) by

Yy () = g G(k, | — yr|)ur(yr)do(y.), x € Rg\FT.

The application
BX — Z.(HI),6*(K)p))
S S Y

is infinitely Gateaux differentiable. 1[ts first derivative at r = 0 can be extended in a linear
and continuous operator from H*"2(I") to H*(Q2) U HS (Q°).

loc

Since the potential operators are infinitely Gateaux differentiable far from the bound-
ary we have the following result by inverting the derivation with respect to r and the
passage to the limit |x| — oc.

Example 4.12 Let s € R. We denote by ¢ the far field operator associated to the
single layer potential defined for u, € H*(T';) by

T, (T) :/ efmi'yrur(yr)da(yr), % e S

T

The application
B — Z(H(T),¢>(5?))
r N 7R
is infinitely Gateauz differentiable and its first deriavtive at r = 0 is defined for u € H*(T")

by:
6\1’,30’7’7'7,_1

5 0.6ut@) = ([ dive ) it €)oo ).
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5 Shape differentiability of the solution

Let E™ be an incident electric field which is a fixed data. The aim of this section is
to study the shape differentiation properties of the application E mapping the bounded
scatterer Q to the solution E(Q) = (E'(),E*()) € Hy(curl,R3) to the dielectric
scattering problem by the obstacle Q lit by the incident field E**¢ established in section
fl. To do so we use the integral representation of the solution.

We set &% (r) = EY(Q,) and &%(r) = E*(Q2,.) and we denote U, Vi, GFF, € and
M. the potential operators and the boundary integral operators on I'; and v, vy, g
the 710\}: trace mappings on I'.. We have :

& (r) = E" + &5(r) (5.1)

with
£5) = (<, — iV, Ci7)J,  dans 0 = ROQ (62

where j, solves the integral equation
] 1 . ,
S, =—p <—§I + M,:Z) YpE™ = Cpn, E™

and
. 1
&' (r) = —;‘I’TEN.%C\}:S & r) — ﬁ/fﬁwgréawt(r) dans Q, (5.3)

Recall that the operator S" is composed of the operators Cy, , M , Cp et M and that
these last ones are defined on the space TH: (divy,,Ty).

5.1 Variations of Helmholtz decomposition

We have to turn out many difficulties. On one hand, to be able to construct shape
derivatives of the solution it is necessary to prove that the derivatives are defined on the
same spaces than the boundary integral operators themselves, that is TH: (divp,T) (if
we derive at » = 0). On the other hand, the very definition of the differentiability of

operators defined on THz (divp,I") raises non-trivial questions. The first one is : How
to derive applications defined on the variable space TH_%(diV[‘T,Fr)?

A first idea is to insert the identity 7, '7, = IH_ b between each operator in the
integral representation of the solution in order to consider integral operators on the fixed

boundary I' only and to study the differentiability of the applications

—> TTC;Tr_l,
—> TTM,:T,Tl,
- Wl
— \I/R/[KT;I

3 3 303

but many difficulties persist as Potthast pointed out [R§]. The electromagnetic boundary
integral operators are defined and bounded on tangential functions to I',.. The restriction
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of the operator 7,M"7, ! to tangential densities to I';, has the same regularity of the
double layer potential operator. If we differentiate 7,M777!, we will not obtain an

operator with the same regularity than M, and acting on TH: (divp,I") since:
7 (TH 2 (divy,,T,)) # TH 2 (divp, ).

The incident field E™ is analytic in the neighborhood of " thus v}, E™¢ € TH 2 (divr,,I';)
for all 7 € B®. Set f(r) = 7. (YHE™°). For £ € €°(R3,R3), the Gateaux semiderivative
af(t of(t
fa(f) is not tangent to I' anymore it follows that M, fﬁ(tg)| is not defined. We
t=0 t=0
have the same difficulties we the Neuman trace v}, and the other operators.

As an alternative, the idea of R. Potthast was to introduce projectors on the tangent
planes of the surfaces I' and TI',. Let us note m(r) the orthogonal projection of any
functions defined on I, onto the tangent plane to I'. This is a linear and continuous
operator from the continous vector function space on I, to the the space of continuous
tangential function to I' and for u, € (¢(I'+))* we have

(r(r)ur)(z) = u(z +r(x)) = (n(2) - vz + r(z))) n(z).

Proposition 5.1 The restriction of w(r) to the continuous and tangential functions to
', admit an inverse, denoted by m='(r). The application 7~ (r) is defined for a tangential
function u to I' by

n.(z +r(x)) - u(x)
n,(z +7(x)) n(x)

(7 (1)) (z + r()) = u(z) — n(x)
And we have m—(r)u € TH*(T,) if and only if u € TH3(T).

In the framework of the space of tangential continuous functions it suffices to insert the
product 71 (r)m(r) = Irgo(r,) in the integral representation of the solution to lead us to
study boundary integral operators defined on T¢°(T") which do not depend on 7 anymore
but here we would obtain operators defined on

x(r) (TH_%(divFr,FT)) - {u e TH™3(D), divr, (7~ (r)u) € H_%(Fr)} .

This space depends again on the variable r and do not correspond to TH> (divp,T'). Our
approach consist in using the Helmholtz decomposition of the spaces TH_%(diVFT,I’r)
for r € B and to introduce a new invertible operator P, defined on THfé(dinT,Fr)

and which is not a projection operator.

We have the following decomposition. We refer to [[L1]] for the proof.

Theorem 5.2 The Hilbert space TH_%(divF,I’) admit the following Helmholtz decom-
position:

TH 3 (divr,T) = Vr (H%(r) /R) D curly (H%(r) /R) . (5.4)
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Since the real € is chosen such that for all » € B2 the surfaces I', are still regular and
simply connected, then the spaces TH_%(diVFT, I',) admit the same decomposition.

Let j, € THfé(divFr7 I';) and let Vr, p, +curly, ¢, its Helmholtz decomposition. Since
D € H> (T'y) and ¢, € H3 (T)), their change of variables from I',. to I, 7.(p,) and 7,.(¢),
are in H %(F) and H %(F) respectively. The following operator :

P,: TH 2(div,T,) — TH 3 (divy,T)

. . 5.5
Jr = VFT prtrotr. g — J= Vr 7pr + rotr 7.q, ( )

is well-defined.
The operator P, transforms a tangential vector field j, to I', in a tangential vector
field j to I'. This operator is linear, continuous and admit an inverse P, ! given by :

P-': TH 3(divp,I')  — TH 3(dive,,T),)

r . . L _ 5.6
i=Vrp+rotrq — j,=Vr, 77 (p) +rotr, 7, 1(q). (5:6)

Obviously we have when r = 0 that P, = P’ =1 . We insert the identity

TH™ 2 (divy,T)

I 1 = P, P, between each operator in the integral representation of the
TH™ 2 (divr,.,I'y)

solution (&%(r),&%(r)). Finaly we have to study the Gateaux differentiality properties of
the following applications :

B® — Z(TH :(divp,[),H(curl, K,))  : 7w U} P!
B® — Z(TH 2(divy,T),H(c url, 15)) res U, Py 5.7
B>® —  Z.(TH*(divp,T), TH™ (dwp, r) : r—P.MP;! '
B® — Z(TH 2(divp,T), TH 2(divp,T)) : 7+ P,CTP; !

where K, is a compact subset of R3\T.

Now let us look at the integral representation of these operators .
> Integral representation of V7, P,T1 .

The operator \IJ”EHPr_l is defined for j = Vp p+ curlyr ¢ € THfé(din,F) and z € K,
by:
V5P i) = [ Gl e = uil) (Va7 9) (0o
+ fs/ﬂ G(k, |z —y.|) (rotr, 7' q) (yr)do(y,)
=19 [ Gl =) (Ar 7 'p) ()do (o).

> Integral representation of ¥, Pl
The operator \IJfMHPr_1 is defined for j = Vr p+ curly ¢ € THfé(din,F) and = € K,
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t Pl(2) = curl / Gl |z — l) (V7 'p) (9 )dor ()

+ curl/F G(k,|x — y|) (CurlrrTfl(Z) (yr) (yr)do (yr).-

> Integral representation of PTC’];P;I .
Recall that for j, € TH_%(dinr, I',), the operator C/, is defined by

Clir(ar) = —rme(er) x [ Gl lor = unDin(or)do()
) ¢ O [ Gl o = o) dive, () dorae).
'y

We want to write CY,j, of the form VP, + curlr, @,. Using the formula (2.5)-(2.6) we
deduce that :
diVFr Crﬁjr = AFTPT et CuI‘l[‘T Crnjr = _AFTQT'

As a consequence we have for x, € I',.:

Pan) = = Agtaiv, (o) x [ Glsler = nin)don)) 69

Iy

and
Qe = —r (~AFY) curly, (nrm) < [ oo - yrmr(yr)da(yr))

—k~H(—Ar,) curlr, (— Curlrr)/ G(k, |2y — yrl) divr, §,(yr)do (yr),

Ty

e ATeurl, <nr<xr> < [ G, yr|>jr<yT>da<yr>)

Iy

‘Hil/r G(/ﬁ ’xr - yr’) divrp, jr(yr)da(yr)'

The operator P,.C7P; ! is defined for j = Vr p + curly g € TH 2 (divp,T") by:
P,CLP, ' = VrP(r) + curlr Q(r),
with
P(r)(z) = —#r (A dive, 7;7") <(Tr"r)($) X Tr{ g Gk, |- =y ) (Vr, 7 D) (yr)do (yy)

o o —yA)(rotm1q><yr>da<yr>} <x>)
Iy
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and

Q(r)(z)= & (TTAI:,«1 curl, Tfl) <(Tr“r)(x) X Tr{ . G(k,| - _yr’)(vFrTflp)(yr)dU(yr)

o o) —yA)(rotm1q><yr>da<yr>} <m>)
Iy

R, ( [ G —yrr><ArrT;1p><yr>da<yT>) (a).

> Integral representation of PTM,:P;1 .
Recall that for all j, € TH_%(divFr, I';), the operator M is defined by

M, () = / (VTG (s, |2 = ye])) - (@) i (yr)do (yr)

T

_/ V7GR, [2r = yp|) (ne(2r) -5, (yr)) do(yr).
Using the equalities (R.6]) and the identity curlcurl = —A + V div, we have

dive, MZj, () = () - / curl curl®” (G(x, |2, — o) (90)) dor ()

— (o) - / (G(%, 27 — v iy (91) dor ()

T

_l’_

air /F (G (8, |2 — yr|) divr, j,(yr)) do(yr)

Proceeding by the same way than with the operator P,C7P, !, we obtain that the oper-

K T Y
ator P, M7P; ! is defined for j = Vr p + curly ¢ € TH™ 2 (divp, T) by:
P.M"P, 'j= VP (r) + rotrQ'(r),

T

with

P'(r)(z) = (TrAprfl)Tr{fo/F n(-) - {G(k, |- —y|) curly, 77"q(y,) } do(yy)

+ 2 /F () G| -~y )V, 7 p(yr) } do(yy)

0

_|_
r, on.(-)

O] —yA)(Am1p><yr>da<yr>} (a),

and
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Q. () = (Trﬁrfcurlrﬂfl)ﬁ{/ (VG(k, |- =ye]) -0 () (rotr, 7,7 q) (yr)do (yr)

T

+/ (VG (k|- =yel) -0 () (Ve 707 p) (yr)do (yr)

- ) VG [ —ul) (n,(+) - (rotr, 7' q)(yy)) do(yy)

- ), Vel =) (n(-) - (Ve 77 'p) () da(yr)} ().

These operators are composed of boundary integral operators with weakly singular and
pseudo-homogeneous kernels of class -1 and of the surface differential operators defined
in section . By a change of variables in the integral, we then have to study the differen-
tiability properties of the applications

-1
VI, T,

7. curlp, 7,7
~1

1

T divr, T,
7 curlp, 7,71

—1
T Ar, T,

USSR

5.2 Gateaux differentiability of the surface differential operators

Lemma 5.3 The application

G: BX® — Z.(HY(D),HID))
T TTVFTTFI

is €>°-Gateauz differentiable and its first derivative at rq is defined for & € €2°(R3,R?)
by

oG

oo, §lu = =[G (r0)€]G(ro)u + (G(ro)u - [G(ro)§]N (ro)) N(ro).

or
., ON . :
Remark 5.4 Note that we can write E[TO’ &) = —[G(ro)&]N(ro). Since the first deriva-

tive of N and G can be expressed in function of N and G we obtain the Gateaur derivative
of all order iteratively.

PROOF. In accordance to the definition (R.1)) and the lemma [1.9, to prove the -
Gateaux differentiability of G we have to prove the °°- Gateaux differentiability of the
application

—

f:reBX— {u = Ty <V7r1u> } € Z.(H*TH(T), Hs(I)).
Ir
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Let x € T', we have
Tr <V7'/r:1/u>| (x) =V (uo(I+ T)_l)lrr (z+r(x) = (I +Dr) Ha +r(@)) o Vi, (z),

and
([+Dr), ! (@ +r(@)) = [T+ Dr)y ()]

The application g : r € B® — (I + Dr),, € €°°(T") is continuous, and ¢*°-Gateaux

I

0
differentiable. Its first derivative is 8_9[0 ¢] = [DE]}, and its higher order derivatives

vanish. One can show that the application h: r € B> — {z — [g(r)(z)]"'} € €=(T) is
also > Gateaux-differentiable and that we have at 7y and in the direction &:

Oh 0
5y [r0:€ = —h(ro) o [ro. 6] 0 h(ro) = —h(ro) o [DE]- © h(ro).
and
o"h n —1 —1 —1
w[?”o, 51’ ce ,gn] = (_1) Zy: (I + DTO) ° [TTODTTO 50(1)] ©...0 [7—7’0 DTro 50(11)]
ocSn

where .7, is the permutation groupe of {1,...,n}. Finally we obtain the ¥>°— Gateaux
differentiability of f and we have

Lo, €u = ~17(ro)e) o)

To obtain the expression of the first derivative of G we have to derive the following
expression:

Gryu = (TerrTflu) =7,V <7;\171> — (Trl‘lr . <TTV <7;\171>>> N,

= f(ro)u = (f(ro)u- N(ro)) N(ro).
By lemma [£.4 and the chain and product rules we have

%—f[ro,ﬁ] = —[f(ro)&lf(ro)u+ ([f(ro)&lf (ro)u - N(ro)) N(ro)

+ (f(ro)u - [G(ro)§]N (ro)) N(ro) + (f(ro)u - N(ro)) [G(ro)€] N (ro)
We had the first two terms in the right handside, it gives :

oG

5, 0,6l = =[G (ro)élf(ro)u + (f(ro)u - N(ro)) [G(ro)¢]N (ro)
(

+ (f(ro)u - [G(ro)¢]N(r0)) N(ro)
= —[G(ro)&]G(ro)u + (f(ro)u - [G(r0)§]N(ro)) N (o).

(
:o conclude it suffice to note that (f(ro)u - [G(r9)¢]N(ro)) = (G(ro)u - [G(ro)E]N(rg)).
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Lemma 5.5 The application

D: B® — Z(HVTYD,R%), HY(I))
roo—= 7'7ndivrr7'7f1

is €°-Gateaur differentiable and its first derivative at o is defined for £ € (ffo(]Rg,Rg)
by
oD

5, (1o €lu = —Trace([G(ro)¢][G (ro)ul) + ([G(ro)ul N (ro) - [G(ro)€]N (r0)) -

PROOF. For u € H*™ (T, R") we have D(r)u = Trace(G(r)u). Then we use the differen-
tiation rules.

Remark 5.6 Since the first derivative of D is composed of G and N and the first deriva-
tive of J is composed of J and D, we can obtain an expression of higher order derivatives
of the jacobian iteratively.

Lemma 5.7 The application

R: B — Z(H*'(T),HI))

T Trcurlp, 7,7 1

is €°-Gateaur differentiable and its first derivative at o is defined for £ € (ffo(Rg,Rg)
by
OR

S0, €lu = TIG)ER(ro)u = D(ro)§ - Riro)u.

PrROOF. Let u € H**'(I'). By definition, we have R(rg)u = G(ro)u x N(rg). By
lemmas .3 and f.3 this application is ¢>° Gateaux differentiable. We have in ro and in
the direction ¢ € €°°(I', R3)

o Fros8lu = = TG r0)EIG o) x N(ro) = Glrou x [Glro)eIN ro).

NB: recall that given a (3 x 3) matrix A and vectors b and ¢ we have
Ab x ¢+ b x Ac = Trace(A)(b x ¢) — TA(b x ¢).

We deduce the expression of the first derivatives with A = —[G(r¢)¢], b = G(ro)u et
¢ = N(rgp). [ |

Lemma 5.8 The application

R: B>® — Z.(HTYD), H*(T))

ro o= T, curlp, 7,” 1



is €°-Gateauz differentiable and its first derivative at o is defined for £ € CK;"(R?’,R?’)
by

QD
DU
Mw

5, [r0:€ G(ro)&" - R(ro)u;) — D(ro)¢ - R(ro)u
1
where u = (uy,ug,u3) and & = (£1,€2,€3).

1=

PROOF. Let u € H*™Y(I", R?). By definition of the surface rotational we have
R(ro)u = — Trace(R(rp)u).

We deduce the € differentiability of R and the first derivative in 7y in the direction &
is

R
(g_f[r07 g]u = — Trace <aa—r [T07 §]u>

— _ Trace (T[G(m)g] [R(ro)u]> — D(ro)€ - Trace (—R(ro)u))

=— Z (G(r0)&i - R(ro)u;) — D(ro)§ - R(ro)u.

Here again we can obtain higher order derivatives of these operators iteratively.

Remark 5.9 One can see that we do mot need more than the first derivative of the
deformations &. Thus these results hold true for boundaries and deformations of class
EFL k€ N* with differential operators considered in Z.(€* ("), €*(I)).

When ¢ = n we obtain the commutators

0

0
an (Vru) VF <%u> = — RFVFU

ain(curlp u) — curlp (%u) =Rrcurlpru — Hrcurlru
o .. . 0 (5.9)
%(dwF u) — divp Y= Trace(Rr[Vrul)

(%(curlp u) — curlp <§nu> = — Trace(Rr[curlru]) — Hr curlru

where Rp = [Vrn| and Hr = divp n.
From the precedent results we have:

Lemma 5.10 The application

L: B® — Z(H**(T),H*I))
T — TT’AFr —1

is €°°-Gateaur differentiable.



Proor. It suffice to write:

TTAFTTFI = (7, divp, Tfl)(TerrTfl) = — (7 curlp, Tfl)(Tr curlp, Tfl).

1

The operators 7,Ar, 7, is composed of operators infinitely Gateaux differentiable. M

View the integral representations of the operators P,CTP, !t and P, M?P, ! we have
to study the Gateaux differentiability of the applications r — TTA;} curlp, 7,71 and
r o= 7'TAI?T1 curlp, 7,71, We have seen that for r € B the operator curlp, is linear
and continuous from H*™Y(I',) to H:(T,), that the operator divy, is linear and contin-
uous from TH*T(T,) in HZ(T,) and that Al?rl is defined from H$(T,) in H**2(T,)/R.
To use the chain rules, it is important to construct derivatives in r = 0 between the
spaces H*T™H(T") and HE(T') for the scalar curl operator, between the spaces TH*™(T)
and H(T") for the divergence operator and between the spaces H2(I') and H*T2(T")/R
for the Laplace-Beltrami operator. As an alternative we use the :

Proposition 5.11 Let u be a scalar function defined on I'y. Then u, € HZ(T',) if and
only if Jorpur = Joup o (I+1) € HE(T).

As a consequence the applications r +— J,7, curlp, 7, Land r — J,7, divp, 71*1(7“) are
well-defined from H**1(T") and TH**1(T) respectively to H(T').

Lemma 5.12 The applications

BE = L(RTID)LHT) L BE o L(THD), M)
1

ro— Jyrcurlp, 7,” T Jo1e divy, T 1(r)

are €*°-Gateaux differentiable end their first derivatives at r = 0 defined for £ € Cgboo(R?’, R3)
by
0J, 7, curlp, 7,” 1

or

3
[0,&]u=— Z Vré&; - curlp u;.
i=1

and

0J,7, divy, 7= 1(r)
or

[0, £]u = - Trace([Vpg]Vpu) + divp £divpu + ([Vpu]n . [fo]n)
+ (u - [Vr]n) Hp.

PrOOF. Let u € TH*™(I") We have

(97}77*1(7“)

= 00,6Ju = (u- [Vrgn) n.

Next we use the lemma [T, f-§ and f.§. For u € H¥(T), it is clear that >)°_, Vpé&;-curlp u;
is of vanishing mean value since the space VrH*(I") is orthogonal to curlp H*(I") for the
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L2 scalar product. An other argument whithout using the explicit form of the derivatives
is : for all u € H**(T), we derive the application

r = / Jyr curlp, 77l udo = 0.
r
and for u € TH**(T) we derive the application

T / Jor divp, 77 (r)ude = 0.
r

Let us note that u, € H*(I';)/R if and only if 7u, € H*(I")/R.
Lemma 5.13 The application

BE — L(H:T), H(I)/R)
T TTAITSTr_lJr_l
is €*°-Gateaux differentiable.

PROOF. We have seen in section [, that the Laplace-Beltrami operator is invertible from
H**2(T,)/R to H(T,). As a consequence J,7.Ar, 7, ! is invertible from H*T2(T')/R to
H(T'). By lemma B.J we deduce that r — TrAijr_lJr_l is ¢*°-Gateaux differentiable
and that we have

O AT _ o JyrAp, ! _
o 0,{] = —AF'o <—87° [0,5]) o ApL,

Now we have all the tools to establish the differentiability properties of the electro-
magnetic boundary integral operators and then of the solution to the dielectric scattering
problem.

5.3 Shape derivatives of the solution to the dielectric problem

For more simplicity in the writing we use the following notations :

Vg, (r) =V P WUy, (r) = Wy P Ck(r) = P.CLP

K™ Tr

et M. (r) =P, M"P, .

Theorem 5.14 The applications

B® — Z(TH 2(divp,T), H(curl, K,))
r o= Wg (r)
ro— W (r)
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are infinitely Gateauz differentiable. Moreover, their first derivative at r = 0 can be ex-
1
tended in linear an bounded operators from TH2 (divp,T) to H(curl, Q) and H,.(curl, Q°)

v v
Er [0,&]j et My [0, &]j satisfy the Mazwell’s

and given j € TH: (divp,T') the potentials
or or

equations
curlcurlu — xk%u =0

in Q0 and Q° and the Silver-Miiller condition.
PRrROOF. Letj€ TH 2 (divp,T') and Vpp+ curly ¢ its Helmholtz decomposition. Recall
that Ug,_(r)j and Wy, (r)j can be written:
Vg, ()i =w¥r (3P ) — 7 VLT (1 Ar 7 ),
U, ()i =curl ! (1 Py ).
By composition of differentiable applications, we deduce that r — ¥g_(r) and r — Wy, (r)

are infinitely Gateaux differentiable far from the boundary and that their first derivatives
1
are continuous from TH?2 (divy, ') to L2(Q) U LZ(92°). Recall that we have,

loc
curl g (r)j = k¥, (r)j and curl Wy, (r)j = k¥ g, (1)j.

Far from the boundary we can invert the differentiation with respect to x and the deriva-
tion with respect to r and it gives:

ov . 0Uy ) o . )
“(0.€lj =m0, €l et eurl = [0,¢]j = m [0, €5

T T T

Oy

curl

g

It follows that aaE” [0,&]j and [0,&]j are in H(curl,Q) U Hy,(curl, Q¢) and that
r

they satisfy the Maxwell equations and the Silver-Miiller condition. |

We recall that the operator Cy(r) admit the following representation :
Cu(r) = PC"P,.1j = VrP(r) + curlr Q(r), (5.10)
where
P(r) = -k (S Ap, 7, Y)Y Sor curlp, 770 (VIR ) (Ve 7 'p) + (70 curlp, 7,7 1) |
and Q(r) =
—k (JomrAr, 7Y (e dive, 771 ()7 (r) (TTVI:’Tr_l) [(TTVFTT,Tlp) + (Tr curlp, T,,_lq)]
+r71 (TTVI:Tr_l) (TTA[‘TTr_lp) .

Remark 5.15 Let j € TH*(divp,T') and Vi p + curlp q its helmholtz decomposition.
We want to derive:
P,.CIP'j =P,Cl(Vr, 7 'p+ curlp, 7,7 1q)
=P,.(Vr, P, + curlp, Q)
= VrP(r) + curlpr Q(r).
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We have: 5 ) 5 5
P.CIP, j B _P _Q
T[O,g] - VF or [0’5] + rotr or [0,5]

The derivative with respect to v & v de PrCTP."Yj is given by the derivatives of the
functions P(r) = 7,.(P.) and of Q(r) = 7.(Qy).

We also have
dm(r)f(r)
or

9 f(r)

0,6 = 7(0) =5

[0, €]

By composition of infinite differentiable applications we obtain the

Theorem 5.16 The application:

B® — % (TH—%(divF,r),TH—%(divF,r))
r o~ P.CIP!

is infinitely Gateauz differentiable.
Recall that the operator P, M/ P, ! admit the following representation :
P.M'P,.'j = VP (r) + curly Q'(r),
where
P'(r)= (JrTrAr‘rTfl)il (&2 Loy - (VI ) (7 Ve, 77 'p) + (77 curly, 7,71q) ]
+ (JrTrAprTr_l)_l (Jym-Drr Y (r.Ar, 77 tp)
and Q'(r) =
(JTTTA[‘TTr_l)_l (J,7 curlp,. T,Tl)(TT(B,Q — D,’;)Tr_l) [(TerrTr_lp) + (Tr curlp, Tr_lq)]

with

nBP = { [ VG| =) () (V1,7 )(00)) o)

+ VG(k, |- —y:|) (nr( )+ (curlp, Tflq)(yr)) da(yr)}} .

Iy

Theorem 5.17 The application:

B® — % <TH*%(divF,r),TH*%(divF,r))
r = P.MP!

is infinitely Gateaux differentiable and the Gateaux derivatives have the same reqularity
than M, so that it is compact.
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PrOOF. By composition of infinite differentiable applications it remains to prove the
infinite Gateaux differentiability of the application

Bs — % (TH—%(divF,r),H%(F))

r — TTB;P;I.

The function (z,y —z) — VG(k, |r —y|) is pseudo-homogeneous of class 0. We then have

to prove that for any fixed (z,y) € (I' x I')* and any function p € H%(F) the Gateaux
derivatives of

= (Trnr)(x) : (TrVFrTr_lp) (y)

behave as |z — y|> when x — y tends to zero. To do so, either we write

(mrny)(z) - (TTVFTTFIP) (y) = (7o) () — (7o0r) (y)) - (TTVFTTFIP) (v)
or we use lemmas [L.9 and R.1|. |

Theorem 5.18 Assume that :
1) E™¢ ¢ H}, (curl,R3) and
2) the applications
B® — TH 2(divp,T)
r +— P.(n.x ET?f)
r +— P,.(n.x (curl Emc)m)
are Gateaux differentiable at r = 0. Then the application mapping r onto the solution

&(r) = E(2;) € H(curl,Q) U H,.(curl,Q°) to the scattering problem the obstacle €2, is
Gateauz differentiable at r = 0.

PrROOF. By composition of differentiable applications. We write for the exterior field
&3

08* ([ 9Vg,, . Oy, . 9Cy .
W[Oﬁ] = <— pe [0,&] —in or [0,£]Co — in¥ay,, W[Qﬂ)]
0S

—E[Oafh‘>

aM/’vi inc ac”vz inc
PR 0. e — S0 e, E7)

+ (_\IJE,% - iU‘I’M@CS)S_l <_P <l + Mm‘) w[&d)

+ (=¥, —inVar, C5)S™

+ (=¥, —inV¥ar, C5)S™

or

8Pr'7r inc
+ (_\I]Ene — iU\I’MKECS)Sil —CR.#[O,Q> .
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The condition 1) guarantees that the solution j € TH%(din,I’) so that the first term
in the right handside are in Hj,.(curl,Q¢) and the second condition guarantees that the
last two term is in Hy,.(curl, Q). Of the same for the interior field we write:

8£Z 1 v B, s inc \IJM'% c s inc
1 0Py (&5(r)+E™ OP,AT (&5(r) 4+ E™©
Lo, Ne( Vo, wy, P EWTE) )
p i or g or

The condition 1) guarantees that 7§, (E® + E"¢) and 7§, (E® + E™) are in TH%(divF, I)
so that the first two terms are in H(curl,Q) and the second condition guarantees that
the last two term is in H(curl, 2). [ |

Theorem 5.19 The application mapping v to the far field pattern E*®(£2,.) € TE€>(S?)
of the solution to the scattering problem the obstacle €2, is €°°-Gateauz differentiable.
5.4 Characterisation of the first derivative

The following theorem give a caracterisation of the first Gateaux derivative of r — &(r)
inr=0.

Theorem 5.20 Under the hypothesis of theorem the first derivative at r = 0 in the
direction £ solve the following scattem’ng problem :

curl curl [0 &) — 2660 [0,¢] =0
a 7, a?sas (5.11)
i 2 —
—[0,¢] — R25-[0,6] = 0
with the boundary conditions :
08" 855
(%j; (5.12)
;! [0 €] = pe'n x eurl ——[0, ] = g,
where
gp=—(£-n)n x 2(Ei—Es—Ei“c)
on
+curlp(§-n)n- (Ei —E°— Emc) ,
and

gy == (E-njnx a2 (17 curl E' — i curl E¥ — pi ! curl E7)
n

+curlp(¢ - n) n- (p; ' curl B — ' curl EX — gt curl E7)

S

&
and where —aa [0,&] satisfies the Silver-Muiiller condition.
r
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Proor. We have shown in the previous paragraph that the potential operators and
their Gateaux derivatives satisfy the Maxwell’ equations and the Silver-Miiller condition.
It remains to compute the boundary conditions. We could use the integral representation
as Potthast did but it would need to write too long formula. For x € I" we derive in r = 0
the expression:

n.(z+r(z)) x (é”(r)(:c +r(z)) = &(r)(z+r(x)) — Emc(ﬂz + T’(CC))) =0. (5.13)

It gives in the direction &:

0= T 00.¢)(a) x (E'(x) - E*(x) ~ E"(0))
(o) x (G 0.800) - G061 )
+nx (&(z) -V (E' — ES — E™)).

or,n,

We recall that [0,¢](z) = — [Vré]n and we use

r

Vu=Vru+ <@> n.
on

We obtain :
(o) x (G 0.80) = G080 ) = [Frenx () - E°(x) ~ E7(a)

—n % (¢(@) - Vr (E'(x) — E*(x) — E"(x))
(e mnx  (B(@) - E(r) - B ().

Since the tangential component of E! — E¥ — E™ vanish we have:
(é(z) - Vr (E'(2) — E*(2) — E™(2))) = ([T Ven] €) (n- (E'(2) — E*(2) — E™(2)))
and
(Vréln x (E'(z) — ES(z) — E™(2)) = ([Vr&] n) x n (E'(z) — E*(z) — E™(2)) - n.
For regular surface we have Vrn = 7 Vpn and
([Vréln) x n—nx ([TVrn] €) = curlp (¢ - n).

We deduce the first boundary conditions. The second boundary condition corresponds
to the same computation with the magnetic fields. |

Using the commutators (5.9) one can verify that the solution of this problem is in
Hj,c(curl, Q) since the trace

u € H'(curl, Q) — n x %u € TH*%(divF,I’)

is linear and continuous.
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Conclusion

In this paper we have presented a complete shape differentiability analysis of the solu-
tion to the dielectric scattering problem using the boundary integral equation approach.
These results can be extended to many others electromagnetic boundary value problems.
Thanks to the numerous computations of Gateaux derivatives we obtain two alternatives
to compute the first shape derivative of the solution : either we derive the integral repre-
sentation or we solve the new boundary value problem associated to the shape derivatives
with boundary integral equation method. Whereas this last alternative needs boundaries
of class €2 at least since it appears any derivatives of the normal vector, many results in
this paper are still available for Lipschitz domains as for example the computations of the
Gateaux derivatives of all the surface differential operators of order 1 with deformations
of class ¢’ only and other functionals viewed in section |. One can find in the litterature,
the theory of pseudo-differential operators on Lipschitz domain [B4], it remains to find
the optimal regularity of the deformations in order that this integral operators are still
Gateaux differentiable. According to the Helmholtz decomposition we have on Lipschitz
domain:

TH 2 (divy, T') = Vi (H(D)) @ curlr (H%(r) /R) .

where

H(T) = {u e H'T)\R; Ar € H, *(T)}.

If we want to extend the result to Lipschitz domain, we have to construct another in-
vertible operator between H(I',) and H(T).
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