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Global existence vs. blowup for the one dimensional quasilinear

Smoluchowski-Poisson system

Tomasz Cieslak* & Philippe Laurencot!

February 5, 2010

Abstract

We prove that, unlike in several space dimensions, there is no critical (nonlinear) diffusion coefficient
for which solutions to the one dimensional quasilinear Smoluchowski-Poisson equation with small mass

exist globally while finite time blowup could occur for solutions with large mass.

1 Introduction

In a previous paper [{] we investigate the influence of the diffusion coefficient a on the life span of solutions

to the one dimensional Smoluchowski-Poisson system

ou = 0y (a(u)dpu —udyv) in (0,00) x (0,1), (1)

0 = v+u—M in (0,00) x (0,1), (2)

a(u)Ozu = 0yv =0 on (0,00) x {0,1}, (3)
1

w(0) = wy >0 in (0,1), /0 v(t,x)dx =0 for any t € (0, 00), (4)

where )
M := (up) :/ uo(x)dx
0

denotes the mean value of ug, and uncover a fundamental difference with the quasilinear Smoluchowski-

Poisson system in higher space dimensions. More precisely, when the space dimension n is greater or equal

*Institute of Applied Mathematics, Warsaw University, Banacha 2, 02-097 Warszawa, Poland. E-mail:
T.Cieslak@impan.gov.pl

fInstitut de Mathématiques de Toulouse, CNRS UMR 5219, Université de Toulouse, 118 route de Narbonne, F-31062
Toulouse Cedex 9, France. E-mail: Philippe.Laurencot@math.univ-toulouse.fr



to two, there is a critical diffusion a.(r) := (1 4+ r)®=2/2 which separates different behaviours for the

quasilinear Smoluchowski-Poisson system. Roughly speaking,

(a) if the diffusion coefficient a is stronger than a, (in the sense that a(r) > C(1+r)* for some o > (n—2)/n

and C' > 0), then all solutions exist globally whatever the value of the mass of the initial condition ug

[5[¢

(b) if the diffusion coefficient a is weaker than a, (in the sense that a(r) < C'(1+7)® for some a < (n—2)/n
and C > 0), then there exists for all M > 0 an initial condition uy with (ug) = M for which the
corresponding solution to the quasilinear Smoluchowski-Poisson system blows up in finite time (in the
sense that ||u(t)|s — 0o ast — T for some T € (0,00)) B, B, fl:

(c) if the diffusion coefficient a behaves as a, for large values of r, solutions starting from initial data ug with
small mass (ug) exist globally while there are initial data with large mass for which the corresponding

solution to the quasilinear Smoluchowski-Poisson system blows up in finite time [B}, [f.

Observe that, in space dimension n = 2, the critical diffusion is constant and a more precise description
of the situation (c) is actually available. Namely, when a = 1, there is a threshold mass M, such that,
if (up) < M, the corresponding solution is global while, for any M > M,, there are initial data with
{(ug) = M for which the corresponding solution blows up in finite time [{, [§, §]. The threshold mass M, is
known explicitly (M, = 4m) but it is worth mentioning that for radially symmetric solutions in a ball, the
threshold mass is 8. Similar results are also available for the quasilinear Smoluchowski-Poisson system in
®", > 2 I, B, B, @)

Most surprisingly, the above description fails to be valid in one space dimension and we prove in particular
in [fl] that all solutions are global for the diffusion a(r) = (1 +r)~! though it is a natural candidate to be
critical. We actually identify two classes of diffusion coefficients a in [H], one for which all solutions exist
globally as in (a) and the other for which there are solutions blowing-up in finite time starting from initial
data with an arbitrary positive mass as in (b), but the situation (c) does not seem to occur in one space
dimension. The purpose of this note is to show that the dichotomy (a) or (b) can be extended to larger

classes of diffusion, thereby extending the analysis performed in [d].

Theorem 1 Let the diffusion coefficient a € C*((0,00)) be a positive function.

(i) Assume first that a € L'(1,00) and one of the following assumptions is satisfied, either

v := sup r/ a(s)ds < oo, (5)
re(0,1) Jr
or there exist ¥ > 0 and a € (V/(1 +9),2] such that
vo:= sup r*a(r) < oo and Cu :=supra(r) < co. (6)
re(0,1) r>1



For any M > 0, there exists a positive initial condition uy € C([0,1]) such that (ug) = M and the corre-
sponding classical solution to ([1)-({}) blows up in finite time.

(ii) Assume next that a ¢ L*(1,00) and consider an initial condition ug € C([0,1]) such that ug > mg > 0
and (ug) = M for some M >0 and mo € (0, M). Then the corresponding classical solution to ([1)-({4) exists
globally.

As already mentioned, Theorem [ extends the results obtained in [[l]. More precisely, in [[], Theorem 5],
the assertion (ii) of Theorem [[| is proved under the additional assumption that, for each € € (0, 00), there is
ke > 0 for which

a(r) <era(r)+ % for re (0,1),

which roughly means that a cannot have a singularity stronger than 1/r near r = 0. This assumption
turns out to be unnecessary for global existence but nevertheless ensures the global boundedness of the
solution in L*°. Under the sole assumption of Theorem [l| (ii), our proof does not exclude that solution to
()-(@) becomes unbounded as t — oo. Concerning Theorem [[] (i), it is established in [[], Theorem 10] for

a € L'(1,00) such that there is a concave function B for which

0<—rA(r) < B(r) with A(r)=- /OO a(s) ds, r € (0,00), (7)
im =P = o ¥

We make this criterion more explicit here by showing that the integrability of a on (1, 00) and ([]) guarantee
the existence of a concave function B satisfying () and (), see Lemma [] below. Let us point out here
that the assumption (fJ) somehow means that a cannot have a singularity stronger that 1/r2 near r = 0.
However, the result remains true if a has an algebraic singularity of higher order near » = 0 which is allowed
by () provided a decays suitably at infinity. Observe that the second condition in (ff]) is compatible with
the integrability of a at infinity as J/(1 4+ ) < 1.

Summarizing the outcome of Theorem [, we realize that, for a given diffusion coefficient a with a
singularity weaker than 1/72 near r = 0, the integrability or non-integrability of a at infinity completely
determines whether we are in the situation (a) or (b) described above and excludes the situation (c). There
is thus no critical diffusion in this class. The same comment applies to the class of diffusion coefficients
satisfying () with an algebraic singularity stronger than 1/ r2 near r = 0. In particular there is no critical
nonlinearity in the class of functions C([0, 00)) N C((0, 00)).

The paper is organized as follows: in section J| we recall some statements from [A]. Section f is devoted
to proving the finite time blowup of solutions to ([)-(]) when a € L'(1,00). Global existence of solutions

for all initial data when a is not integrable at infinity is proved in the last section.



2 Preliminaries.

In this section we summarize some results and methods introduced in [{]. Let a € C*((0,00)) be a positive
function and consider an initial condition ug € C([0,1]) such that ug > mg > 0 and (ug) = M for some
M > 0 and mg € (0, M). By [, Propositions 2 and 3] there is a unique maximal classical solution (u,v) to
()-({) defined on [0, T},4.) Which satisfies
min u(t,xz) >0, (u(t)):= /1 u(t,x) de =M, and (v(t)):= /1 v(t,x) de =0 9)
z€[0,1] 0 0
for t € (0, Tnaz). In addition, Tyap = 00 or Thpge < 00 with ||u(t)|lcc — 00 as t = Thae-
We next recall the approach introduced in [[l] which will be used herein as well. Owing to the positivity

(A) and the regularity of u, the indefinite integral
xT
Ul(t,x) ::/ u(t,z)dz, x€][0,1],
0

is a smooth increasing function from [0, 1] onto [0, M] for each ¢ € [0,T}nq,) and has a smooth inverse F

defined by

Ut F(ty) =y, (4y) €0, Tna) x [0, M]. (10)
Introducing f(t,y) := 0, F(t,y), we have
fy) ult, F(ty) =1, (,y) €0, Tina) x [0, M], (11)

and it follows from ([])-(H) that f solves

f = OU(f)—=1+Mf,  (t,y) € (0,Tnaz) x (0, M), (12)
ayf(tv 0) - 3yf(t, M) =0, te (07Tmax) s (13)
fOy) = foly) = m7 y € (0, M), (14)
where
V(r) = % a <%> for any 7 >0, U(1):=0, (15)

Moreover the conservation of mass (f]) yields

/M F(ty)dy = F(t, M) — F(,0) =1, £ € [0, Tonas) - (16)
0

At this point, the crucial observation is that, thanks to ([LI]), finite time blowup of u is equivalent to the
vanishing (or touch-down) of f. In other words, u exist globally if the minimum of f(¢) is positive for each
t > 0. We refer to [l, Proposition 1] for a more detailed description.

An salient property of ([l)-({) is the existence of a Liapunov function [f], Lemma 8] which we recall now:



Lemma 2 The function

1 M M
D)= g [ 0¥ dy+ [ (W) = M () dy
is a non-increasing function of time on [0, Tynaz), the function Wy being defined by
Ui(1):=0 and W (r):=r¥'(r)= E a <l> , r € (0,00). (17)
r r

3 Finite time blowup.

In this section we prove the blowup assertion of Theorem [l To this end we first prove that the condition ()

allows us to construct a concave function B satisfying ([{) and (F) so that [, Theorem 10] can be applied.

Lemma 3 Let a € C*((0,00)) be a positive function such that a € L'(1,00) and () holds. Then there exists
a concave function B € C([0,00)) such that for all r >0

B(r)>r /OO a(s)ds (18)

and

lim B(r)

r—oo T

=0. (19)
Proof of Lemma[3. We construct B : [0,00) — [0, 00) in the following way: we put
oo
b; ::/ a(s)ds, i>0,
21

and notice that {b;};>¢ is a decreasing sequence converging to zero as i — co. We next define

bor + 7y if relo0,2],
B(r) = i—1 ‘ (20)
bir + Z(bj —bjy1)27 Ty if e (2,277 and i > 1,
=0
Clearly, B € C([0,00)) and
by if 0,2
By=1 0 T ren . (21
b; if re(24,2F) and i > 1.

Hence B is concave as a consequence of the fact that the sequence {b;};>¢ is decreasing. Furthermore, for
r € [0, 1], we have

B(r)>~> 7“/00 a(s)ds,

5



and for r € [2¢,2171] i >0,

e}

B(r)>br=r / a(s)ds > r / ~ a(s)ds.

Therefore, B satisfies ([L§).
Finally, let k > 1. If i > k + 1 and r € (2¢,2!7!], then

e
—

B(r) e ZANPE I S 271
= bi + —+ Z(bj - bj+1)T <b; + ~t Z(bj —bj+1) + A (bj — bj+1)T
7=0 i=k 7=0
1 — 1
< bt 28 (b = b)) | + (e —b) < b+~ <7+2’“b0>.
j=0
Consequently,
B
lim sup (r) <bgforalk>1.
r—00 r
Letting k — oo, we obtain ([[9) since by — 0 as k — co and Lemma [ is proved. O

Proof of Theorem [4 (i), Part 1. When a belongs to L'(1, 00) and satisfies (f), it follows from Lemma [ that
the conditions ([]) and () are satisfied so that Theorem [I] (i) follows from [[}, Theorem 10]. O

To handle the other case, we proceed in a different way by showing an upper bound for the function f
defined in section [J. We first observe that the function ¥ defined in ([L5) satisfies

\I’(r):/loos%a<§> ds:/l/lra(s) ds, 1€ (0,00,

so that, if @ € L'(1,00), ¥(r) has a finite limit ¥(0) := —llallz1(1,00) @s 7 — 0. We then define
~ "1 1 00
B(r) = W(r) — W(0) = / ~a (-) ds — / a(s) ds, e (0,00). (22)
0o S S 1/r

Lemma 4 Let a € C'((0,00)) be a positive function such that a € L'(1,00). There exists a positive constant
par > 0 depending only on M and a such that, for any non-negative function g € H'(0, M) satisfying
g1l 10,0y = 1, we have
1 (9) 70 0,00) < 32M L1 (g) + pat, (23)
with
1 M
£1(0) = 310,90 Broan + [ (¥6) = M¥1() () dy (24)

the functions U and Uy being defined in ([13) and ([{7), respectively.



Proof of Lemma [}. We set G := ||g|| 1o (0,ar) Which is finite owing to the continuous embedding of H'(0, M)
in L>°(0, M). Assume first that G > 1. Then, for y € (0, M) and z € (0, M), we have

Flo(y) = ¥a2) + [ 2. 0(g(e) do < Uo(a)) + M0, ¥(0) 1201,

Integrating the above inequality over (0, M) with respect to z gives

M 3/2
M(g(y) < /0 B(g(2)) dz -+ MY2(0,%(0) 121000

M . M .
< /0 1j0,2/011(9(2)) ¥ (9(2)) dZ—l—/O L2/0,00)(9(2)) ¥ (g(2)) dZ‘*‘M?’/Zuay‘I’(Q)HB(O,M)

IN

- (2 My(G) (M
M <M> - % /0 L(2/0,00) (9(2))9(2) dz + MP?[0,9(9)| 2 0,01)

- /2 MY(G
Jyes <M> + MG r2)0,9(0) 12 01

where we have used the property |g||z1(o,a) = 1 to obtain the last inequality. Taking the supremum over
y € (0, M) and using the monotonicity and non-negativity of U, we deduce that

~ ~ (2
#(G) < 20 (77 ) + 20010, 0) 2000 (25)

We next observe that the integrability of a at infinity also ensures that ¥ (0) > —oo, so that Ty o= U —Wq(0)

is well-defined and satisfies
Uy (r) = / sU'(s) ds < rW¥(r), re(0,00). (26)

0
Since [|g]|z1(0,ar) = 1, it follows from (B3) and (RG) that

M M ~ M

[ o avs [ v ay<vi©) [ ot <20 () e 00 0. @0

We next infer from (£7) and the non-negativity of ¥ that
1 9 M M _
L) > 510 ¥ @0+ [ Ho) dut MVO) =M [ (o) d

1 ~ 2
> 510 Y@+ M)~ 208 (57 ) = 207210, 9(0) 120

Y

1 1 2 - (2
10 @I+ (510,920 2007 ) = a02® 4 2rw(0) - 20 ()

v

1 ~ 2
10 Y @) — 40+ M(O) 200 (7).

7



whence

- (2
18y % (9) 1720,y < 4L1(9) +16M° — AMP(0) +8M ¥ (M) .

It then follows from (25) and the above inequality that

¥ (G)?

IN

- (22
3§ (M) +8M [0, (9) 1172 (0,01

IN

-/ 2\? - (2
8 (M) +32M Ly (g) + 128M* — 32M%W(0) + 64M > (M)

IN

with

.’ - (2)?
par =1+ 128M* — 32M2W(0) + 64M>T <M> + 8 (M) + W(0)? — 32MT(0).

We have thus shown Lemma {| when G' = ||g|[e(,ar) > 1. To complete the proof, we finally consider the

case G € [0, 1] and notice that, in that case,
~ M ~
0<U(G) < —W(0) and Li(g) > / B(g) dy + MU(0) > MW(0),
0
since U1 < 0in (0,1) and ¥ > 0. Consequently,

T(G)? < 9(0)? =32M¥(0) + ¥ (0)? — 32M¥(0) < 32M L1(g) + puar,

and the proof of Lemma { is complete. O
As an obvious consequence of Lemmas [l and [] we have the following result:
Corollary 5 Let a € C*((0,00)) be a positive function such that a € L'(1,00). For t € [0,Tjaz) and

y € [0, M], we have
0 < W(f(t,y)) < (32M max {L1(fo), 0} + par)"/?.

Proof of Corollary [J. Clearly £1(f(t)) = Li(t) < L1(0) = L1(fo) < max{L1(fo),0} for ¢ € [0, T}az) by
Lemma J and Corollary f] readily follows from Lemma [f. O

Remark 6 Corollary [j provides an L>-bound on f only if ¥(r) — oo as r — 0o, that is, if a ¢ L*(0,1).
In that case, it gives a positive lower bound for u by ([i1).



We next turn to the proof of the second part of Theorem [I| for which we develop further the arguments
from [, Theorem 10].

Proof of Theorem [ (i), Part 2. Assume now that a € L'(1,00) and satisfies (). We fix M > 0, ¢ > 2, and
enm € (0,1) such that

5+ 30 q(qg+1) /°° 1
3+, ——— d ds < = 28
0> mac {340, gk and SRR [ ) do <5, 2
the existence of € being guaranteed by the integrability of a at infinity.
For
5 € (0,min {1,204, (200) V1Y) | (29)
we put
2(1 — Mds9)
foly) = ——5—— (0—y)+ +8720>0, ye[0,M]. (30)
Then "
2(1 — Mo 2
| dy =1 Ml = 5 w0 < 3. (31)

Introducing next

M
mg(t) == /0 F(ty) dy, 1€ [0, Tas),

we have
2(1 — M) Mq+1> , (2 + (g + 2)Mq+1>
m = + 04 < (C167 with Cp = . 32
(0) <(q+1)(q+2) q+1 ! ! (q+1)(g+2) (32)
It follows from (), ([J), and the non-negativity of ¥ that
dmy M = Mot
—_— = - o,V d Mmg — ——
i q /0 Y W (f) dy + Mmg i+ 1
dm, Mo Mt
—1 < —1 2U(f) dy + Mmg — :
TS ala=)) [y dy My (%)

We shall now estimate the integral on the right-hand side of (BJ): to this end, we split the domain of

integration into three parts which we handle differently. As a preliminary step, we notice that, by (f),

\If/(T) < %97“19 and \I’(T) < 1919 1 7"79+1 < 9 7"79+1, r>1. (34)

We next define
Ko := (32M max {£1(fo),0} 4 par) /23 > 1,

and consider (t,y) € [0, Tnaz) X [0, M].



o If f(t,y) € (0,en], it follows from (B§) and the monotonicity of ¥ that

U(f(t,y)) < V(em) = /00 a(s) ds < M

- 35
e 2q(q + 1) (35)

o If f(t,y) € (ear, Ko), then (B4) and the monotonicity of ¥ yield

G(f(ty) = LI V)

) f(, ¢ MEDIO) ) -0
\Y) et —

f(ty). (36)

o If f(t,y) > Ko, Corollary f] ensures that

. U(f(ty)) K+

\Il(f(tay)) = m f(t7y) S f(tay) S K69+1 f(tay) . (37)

Consequently, recalling that Ky > 1 and ¥(0) < 0, we deduce from (BJ) and (B5)-(B7) that

dm,
dt

IN

M ~ M -
alg— 1) /0 Y20 (f) Loy (f) dy + qlg — 1) /O YR0(F) Loy () dy

M e Mq+1
oala=1) [P Yo (1) dy+ Mg —
0 qg+1

(q—l)M2 /M q—2 ’YﬂKg+1—‘I’(O) /M -2
M dy+qlg—1 —2¢ g
a+1) s Yy y+qlg—1) - Y [ dy
g+1

qg+1
Matl

2(¢+1)’

M
+ q(g—- DKM / Y2 f dy + Mmg —
0

IN

M
Cy Kg“ / yq_2f dy + Mmg —
0

with Cy := q(q — 1)(y9 — ¥(0) + epr)/ear. We next use Hélder’s inequality and ([L§) to conclude that

Mqul

dmyg M
2(q+1)

7 (38)

< (Cy Kg“ m((lq72)/q + Mmg, —

It remains to estimate Ky and in fact £1(fy). Since ¥ is negative on (0,1) and ¥; is bounded from
below by ¥1(0), it follows from (R9) and (BJ) that

9 é é
L) < 5 (=M [ WP dy+ [ 0(fo) dy - P 0)
0 0
é é
< 51 [ WOR i [ G0 dy 32w 0)

10



On the one hand, we infer from (B1), (B4), and the monotonicity of ¥ that

g
2
/ U (fo) dy <5 W <5> < 2oV
0

On the other hand, we have

1— 01
foly) = 1 for y€[0,ys] with ys:=0- 5 >0,

(1~ Md9)
foly) € [69,1] for y € [ys, 9],
so that, if y € [0, ys],
V' (fo(y)* <3 fo(y)?” < vod” 6727
by (BI)) and (B4), while, if y € (ys, 4],

! 2 1 1 ’ 2 2(a—2) 2 +—2(2—q)
V(fo(y)” < fo(y)w(fo(y)) < CZ fo(y) oD < C2 57

by (f) since a < 2. Therefore,

) Ys é
Li(fo) < [/ v9d? 6727 dy +/ CZ 67207 gy | 4 4g29+1 577 — M2W4(0)
0

T
Ys
1— 64
< 479+1 6737279 2 67272q(270{) 219+1 5*79 _ M2\I]
> W +Coo 2(1 — M(Sq) + 1(0)
< %9479+1 572(2+ﬁ) +Cgo 57272q(27a) +,}/19219+1 5? —M2\If1(0)
< Oy <672(2+79)+57272q(27a))

with C3 := v94?+2 + C2 — M?W¥;(0). Therefore,

K < oy <5—w+1> n 5—w+1)(1+q(2—a>>/w+2>)

for some constant Cy > 0 depending only on M and a.
Combining (Bg) and (BY) yields

d Mqul
% < As(myg) == Cs (5—(0+1) n 5—(ﬂ+1><1+q(2—a>>/(ﬂ+2>> m@=/1 4 M, —

2(¢g+1)

(40)

for t € [0, T)4z) and some constant Cs > 0 depending only on M and a. At this point, we note that the
monotonicity of As and (i) imply that As(m,(t)) < As(my(0)) for ¢ € [0, Thuaz) if As(my(0)) < 0, the latter

condition being satisfied for 4 small enough as

Matl
2(g+1)

As(mg(0)) < C£q—2)/q05 <5q—3—19 +5(q(o¢(19+1)—19)—319—5)/(19+2)> MOy 5 —

11



by (B§) and (BJ).

Summarizing, we have shown that, if § satisfies (R9) and

+1
(4-2)/q 4—3—9 | s(q(a(d+1)—9)—30—5)/(9+2) q !
ol (5 +o )+M015 <t (41)
we have J
() < As(mq(£)) < As(mg(0)) <0, ¢ € [0, Tonaa)

an inequality which can only be true on a finite time interval owing to the non-negativity of m,. Therefore,
Trnaz < 00 in that case and, for any M > 0, we have found an initial condition ug given by ([[(]), (1), and
(Bd) (for 6 small enough according to the above analysis) such that (ug) = M and the first component v of
the corresponding solution to ([])-(fl) blows up in finite time. O

4 Global existence.

The proof of Theorem [l (ii) also relies on the study of the function Ly defined in Lemma [J. For that purpose,
we first recall another property from [[f]. We define the function F; by

1 M
B(1) = 510,h3 + [ 1o () H0) dy. e H'(0.0), (42)
for which we have the following lower bound.

Lemma 7 [}, Lemma 9] For M > 0, we have

1 1
B > 1 o3 - - arfo ()] (43)
and )
Il < A o,nl -+ 0 v (57 )| (a)

for every h € HY(0, M) satisfying
M
| vt a=1. (45)

We now show that the non-integrability of a at infinity allows us to show that T;,,, = co. To this end,
we use the alternative formulation ([2)-([[4)) as in [A] and prove that f cannot vanish in finite time.
Proof of Theorem [q (ii). Owing to ([[4) and the assumptions made on ug, we have
1

0<fol) S - yeoM)

12



Introducing %(t) := M~! 4 eM? (ma1 — M~ for t > 0 we have

1
atz—ajxp(z)—MEH:M(z—M)—Mz+1:0,

E(O) =—2 fO(y), Yy e (OaM)’
mo
and the comparison principle warrants that
f(ty) <X(@),  (ty) € [0, Tmaz) % [0, M]. (46)

We now follow the strategy of the proof of [f], Theorem 5] and first use the properties of ¥, ¥y, and ([if)
to estimate the function L; defined in Lemma [ from below. Indeed, since ¥ > 0 on (1,00) and ¥; < 0 on

(0,1) we arrive at
1 5 M
L0 > L) = 510¥ G0 + | Lo (FE1)(F = MBI (E9) dy

M
+ /0 11,00) (f(£,9)) (¥ = MT)(f(t,)) dy

Y

1 2 M
§||ay\11(f(t))||L2(07M)+/ L(—oo,0) (B (f(t,9)W(f(ty)) dy
0
M
Y /0 Ltoo) (F( )01 (f (1)) dy
> B (U(t) — M2, (2(t)),

where E; is defined in (i) and we have used ([i§) to obtain the last inequality. Next, by Lemma ff and ([L4),

we have

L1(0) > % 10,9 (f (O 72000 — MP = M '\p (%) ' — M2y (3(1),
whence ) ; ) . )
10,9 ) < L0+ 4+ 210 ()| + 2 510 )

Using again Lemma i, we have

IN

19 (FEN L1 0,00 M2 109 (f (D) 20,21y + M "I’ (%)'

IN

2M3/? <L1(O) + M+ M ‘\11 (%) ‘ - M2\111(2(t))> v + M '\11 (%) ' .

Combining the previous inequality with ([f) and the Poincaré inequality leads us to the bound
I 1o,y < C6(T), £ €[0,T]N[0, Tinae) , (48)
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for all T > 0. Together with the continuous embedding of H'(0, M) in L>(0, M), () gives
—Cr(T) < W(f(ty) < Co(T),  (t,y) € ([0, TT N[0, Tnax)) x [0, M] .

Since

lim ¥(r) = —o0
r—0

due to a ¢ L'(1,00), the above lower bound on W(f) ensures that f(¢) cannot vanish in finite time, from
which Theorem [] (ii) follows as already discussed in section P O
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