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CONSISTENT ORDER ESTIMATION AND THE LOCAL
GEOMETRY OF MIXTURES

BY ELISABETH GASSIAT AND RAMON VAN HANDEL

Universit́e Paris-Sud and Princeton University

Consider an i.i.d. sequence of random variables whose distribution f⋆

lies in one of a nested family of models(Mq)q∈N,Mq ⊂ Mq+1. The smallest
index q⋆ such thatMq⋆ containsf⋆ is called the model order. We establish
strong consistency of the penalized likelihood order estimator in a general
setting with penalties of orderη(q) log log n, whereη(q) is a dimensional
quantity. Moreover, such penalties are shown to be minimal.In contrast to
previous work, an a priori upper bound on the model order is not assumed.

The local dimensionη(q) of the modelMq is defined in terms of the
bracketing entropy of a class of weighted densities, whose computation is a
nonstandard problem which is of independent interest. We perform the req-
uisite computations for the case of one-dimensional location mixtures, thus
demonstrating the consistency of the penalized likelihoodmixture order es-
timator. The proof requires a delicate analysis of the localgeometry of the
mixture familyMq in a neighborhood off⋆, for q > q⋆. The extension to
more general mixture models remains an open problem.

1. Introduction. Let (Xk)k∈N be a sequence of random variables whose dis-
tribution f⋆ lies in one of a nested family of models(Mq)q∈N, indexed (and or-
dered) by the integers. We define the model order as the smallest indexq⋆ such
that the true distribution of the model lies in the corresponding model class. Model
order estimation from observed data is a statistical problem of significant practical
interest. On the one hand, the model order typically determines the most parsimo-
nious representation of the true distribution of the underlying model (for example,
it might determine the parametrization of the model which has the smallest possible
dimension). On the other hand, in many cases the model order has a concrete in-
terpretation in terms of the modelling of the underlying phenomenon (for example,
the estimation of the number of distinct clusters in a data set, or the estimation of
the number of regimes in an economic time series). For these reasons, order estima-
tion problems appear in a wide variety of applications. Typical examples of order
estimation problems include Markov order estimation, hidden Markov model or-
der estimation, and mixture model order estimation. From both the theoretical and
practical prespective, a challenging problem is to developstrongly consistent or-
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2 E. GASSIAT AND R. VAN HANDEL

der estimators which can be applied in a general setting and which do not suffer
from restrictive assumptions which are rarely satisfied in applications, such as the
availability of an a priori upper bound on the model order.

In this paper, we focus on independent and identically distributed sequences
(Xk)k∈N and on penalized likelihood order estimators of the form

q̂n = argmax
q∈N

{

sup
f∈Mq

ℓn(f)− pen(n, q)

}

,

whereℓn(f) is the log-likelihood of the sequence(Xk)k≤n with distributionf and
pen(n, q) is a given penalty function. In this setting, we aim to determine which
penaltiespen(n, q) give rise to strongly consistent order estimators (that is,such
that q̂n → q⋆ a.s. asn → ∞). The investigation of strong consistency requires
a detailed understanding of the fluctuations of the likelihood ratio statistic. The
guiding motivation for this paper was to obtain an understanding of mixture order
estimation problems, where the behavior of the likelihood ratio statistic is notori-
ously complicated due to a fundamental lack of identifiability. However, the main
results of this paper establish consistency and inconsistency results for model order
estimation problems in a very general setting, going far beyond the problem of mix-
ture order estimation. In addition to these general results, we will obtain specific
results for mixture models which require a rather delicate analysis of their geo-
metric structure. The latter sheds light also on other statistical problems in mixture
models (such as hypothesis testing) and is of independent interest.

1.1. Previous work. There are two main approaches towards studying strong
consistency of the penalized likelihood model order estimator.

The first approach (which forms the foundation also for this paper) stems from
the observation that the likelihood ratio statistic can be approximated by the square
of an empirical process. In regular parametric models, thisfollows by a simple
Taylor expansion argument, similar to the one used in the chi-square theory of
likelihood ratio tests. The situation is more delicate in non-identifiable models, but
such a correspondence was nonetheless obtained in a very general setting by one of
us [10] (see also [17] for related results). Once this equivalence is established, the
law of iterated logarithm implies directly that the likelihood ratio statistic has path-
wise fluctuations of orderlog log n, thus giving rise to strongly consistent penalties
of orderpen(n, q) ∼ log log n. This approach has been employed in a variety of
order estimation problems: for ARMA models in [14], for regular parametric mod-
els in [19], for Markov order estimation in [9], and for mixture order estimation
in [15, 4]. However, the drawback of this approach is that thelaw of iterated loga-
rithm only applies to the likelihood ratio statistic for a single model class, so that
one has no control over the fluctuations of the likelihood ratio statistic uniformly
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in the model order. For this reason, the results in the above references must assume
that one has prior knowledge that the true model order is upper bounded by some
known constant. As is pointed out in [7], this restriction isunsatisfactory as such
an upper bound is rarely available in practice.

The second approach is entirely different in nature and is based on the approx-
imation of penalized likelihood order estimators by minimum description length
(MDL) order estimators, which can be studied using techniques from information
theory (see [3], Chapter 15 for a primer). This approach was employed for the hid-
den Markov model order estimation problem in [9, 11, 5], and for Gaussian or Pois-
son mixture order estimation in [5]. In contrast to the first approach, the information
theoretic approach does not require an a priori upper bound on the model order. On
the other hand, the strongly consistent penalties obtainedthrough this approach are
typically of orderpen(n, q) ∼ log n and grow rather rapidly in the model order
q. Therefore, such penalties are substantially larger than those obtained through
the first approach, and are therefore expected to be suboptimal in most cases (it
should be noted that small penalties are highly desirable inpractice, as they min-
imize the probability of underestimating the order). In addition, the computations
involved in the information-theoretic approach are specific to particular families of
densities (such as discrete distributions [9, 11] or Gaussian mixtures and Poisson
mixtures [5]) and do not appear to admit a general consistency theorem that applies
simultaneously to a large class of order estimation problems.

The inadequacies of these approaches was highlighted in thework of Csiszar and
Shields [7, 6], who present a detailed study of the Markov order estimation prob-
lem. They establish consistency of the BIC Markov order estimatorpen(n, q) =
1
2 dim(q) log n, wheredim(q) is the dimension of the parameter space of the model
of orderq, without a prior upper bound on the order. The analysis in these papers
is very delicate, however, and relies heavily on the availability of an explicit ex-
pression for the maximum likelihood estimator for Markov chains. Such explicit
expressions are rarely available in more general order estimation problems.

Recently, one of us has shown [24] that penalties of orderlog log n already lead
to strongly consistent estimators for Markov order estimation, even in the absence
of a prior upper bound. This refinement of the results of [7, 6]requires an en-
tirely different method of proof: the key idea is to use martingale concentration
inequalities and techniques from empirical process theoryto obtain a law of iter-
ated logarithm for the likelihood ratio statistic which holdsuniformly in the model
order. In particular, this approach does not rely on an explicit expression for the
maximum likelihood estimator, and is therefore much more generally applicable.

1.2. Contributions of this paper. The goal of this paper is to investigate which
penalties give rise to strongly consistent model order estimators in the i.i.d. setting.
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Our main contributions are threefold.
First, Theorem 2.4 establishes in a very general setting that the penalized like-

lihood model order estimator with penalty of orderη(q) log log n is strongly con-
sistent in the absence of a prior upper bound. Hereη(q) is a dimensional quantity
related to the bracketing entropy of a certain weighted class of densitiesDq derived
from the model classMq. The proof of this result is inspired by the method devel-
oped in [24] for Markov order estimation, though we follow a somewhat different
approach here to obtain a much more widely applicable result.

Second, Theorem 2.10 shows that penalties of the formC η(q) log log n give rise
to inconsistent order estimators when the constantC is chosen sufficiently small.
This implies that penalties of orderlog log n are in fact minimal when the aim is to
achieve strong consistency. Thus our results essentially characterize those strongly
consistent penalties which minimize the probability of underestimating the order.
The main ingredient of the proof of is an exact characterization of the fluctuations
of the generalized likelihood ratio test, which may be of independent interest.

Finally, we aim to apply our general results to the mixture order estimation prob-
lem. The key difficulty here is to compute the bracketing entropy of the weighted
model classesDq. To our knowledge, this has hitherto remained an open problem:
despite that one may find various claims [15, 4, 1] that the bracketing numbers
are polynomial, no proof supports these claims. Moreover, as we aim to establish
results that hold uniformly in the model order, it is of key importance that the con-
stants that appear in estimated on the bracketing entropiesare independent of the
model order. The computation of entropies of weighted modelclasses appears to be
a nonstandard problem in empirical process theory,1 and the lack of identifiability
in mixture models makes this a novel and rather delicate problem.

In Theorem 2.12, we establish explicit (polynomial) boundson the bracketing
entropies of the weighted classesDq in the case of one-dimensional location mix-
tures. The requisite assumptions are mild and easily verified: we require only some
smoothness assumpions and the existence of exponential moments. This result is
of independent interest, and could have a variety of applications to other statisti-
cal problems involving mixtures. The proof of Theorem 2.12 requires a delicate
analysis of the local geometry of mixture models in the neighborhood of the true
distribution. We believe that essentially the same resultsshould hold in much more

1 The standard approach for dealing with weighted empirical processes is to employ a so-called
peeling device (see [23]) to reduce the problem to the computation of entropies of unweighted model
classes. Unfortunately, in parametric models, this gives rise to additional terms of orderlog n unless
on can compute thelocal entropies of the model classes. In nonidentifiable models such as mixtures,
whose geometry is notoriously delicate, such local entropycomputations do not appear to be feasible.
Therefore, the direct computation of the entropies of weighted model classes becomes essential in
such models. Note that any additionallog n factors would dominate entirely the correctlog log n
growth rate of the likelihood, and would therefore lead to far from optimal results.
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general mixture models, but we were not able to complete one key part of the proof.
This remains a challenging open problem.

1.3. Organization of this paper. The remainder of this paper is organized as
follows. Section 2 describes our main results: the strong consistency theorem (sec-
tion 2.1), the inconsistency theorem (section 2.2), and theapplication to mixture
order estimation (section 2.3). The proofs of the results inthese sections are given
in sections 3, 4, and 5, respectively. Finally, the Appendixrecalls some inequalities
for empirical processes that play a fundamental role in our proofs.

2. Main results.

2.1. Consistent order estimation.Let (E,E, µ) be a measure space. For each
q ∈ N, let Mq be a given family of strictly positive probability densities with
respect toµ (that is, we assume that

∫

fdµ = 1 and thatf > 0 µ-a.e. for every
f ∈ Mq). Moreover, we assume that(Mq)q∈N is a nested family of models, that is,
Mq ⊂ Mq+1 for all q ∈ N. We also defineM =

⋃

q∈NMq.
Consider an i.i.d. sequence ofE-valued random variables(Xk)k∈N whose com-

mon distribution under the measureP⋆ is f⋆dµ, wheref⋆ ∈ Mq⋆\ clMq⋆−1 for
someq⋆ ∈ N (hereclMq denotes theL1(dµ)-closure ofMq). The indexq⋆ is
called themodel order. Neitherq⋆ norf⋆ are presumed to be known. Our aim is to
estimateq⋆ from an observation sequence(Xk)k∈N. To this end, let

ℓn(f) =

n
∑

i=1

log f(Xi), f ∈ M.

Evidentlyℓn(f) is the log-likelihood of the i.i.d. sequence(Xk)k≤n under the mea-
sure whereXk ∼ fdµ. Thepenalized likelihood order estimatoris defined by

q̂n = argmax
q∈N

{

sup
f∈Mq

ℓn(f)− pen(n, q)

}

,

wherepen(n, q) is a penalty function. Our main goal is to show that the penalized
likelihood order estimator is strongly consistent, that is, q̂n → q⋆ asn → ∞ P

⋆-
a.s., for a suitable choice of penalty. Let us emphasize thatthe maximum in the
definition ofq̂n is taken overall model ordersq ∈ N, that is, we do not assume that
an a priori upper bound on the order is available.

REMARK 2.1. To avoid measurability problems and other technical complica-
tions, we employ throughout this paper the simplifying convention that uncount-
able suprema (such assupf∈Mq

ℓn(f)) are interpreted as essential suprema with
respect to the measureP⋆. In applications the model classesMq will typically be
separable, so that the supremum and essential supremum coincide.



6 E. GASSIAT AND R. VAN HANDEL

Let us begin by recalling the notion of bracketing.

DEFINITION 2.2. Given a classQ of measurable functionsg : E → R, a finite
collection of pairs of functions{gLi , gUi }i=1,...,N is called a(Q, δ)-bracketing set if
for everyg ∈ Q, there is aj ∈ {1, . . . , N} such that

gLj ≤ g ≤ gUj , E
⋆[(gUj (X1)− gLj (X1))

2] ≤ δ2.

We denote asN(Q, δ) the cardinalityN of the smallest(Q, δ)-bracketing set.

Our general consistency result is stated in terms of the bracketing numbers of a
certain class of weighted densitiesDq derived fromMq, which we define presently.
The significance ofDq follows immediately from the likelihood inequality ob-
tained in Lemma 3.1 below, which plays a fundamental role in the proof.

DEFINITION 2.3. For anyq > q⋆ andf ∈ Mq (f 6= f⋆), define

df =

√

f/f⋆ − 1

h(f, f⋆)
, h(f, f⋆)2 =

∫

(
√

f −
√

f⋆
)2
dµ

(that is,h(f, f⋆) is the Hellinger distance between the densitiesf andf⋆). Define
Dq = {df : f ∈ Mq, f 6= f⋆} for q > q⋆, and letD =

⋃

q>q⋆ Dq.

We can now formulate the main result of this section.

THEOREM 2.4. Assume that the following hold.

1. There is an envelope functionD : E → R such that|d| ≤ D for all d ∈ D

andR2 = E
⋆(D(X1)

2) < ∞. Moreover, for everyq > q⋆, we have

∫ R

0

√

logN(Dq, u) du < ∞.

2. For everyq < q⋆, the family
{

log

(

f + f⋆

2f⋆

)

: f ∈ Mq

}

is aP⋆-Glivenko-Cantelli class.

Define the penalty
pen(n, q) = η(q)̟(n) log log n,
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where̟ is any function such that̟ (n) → ∞ asn → ∞ (arbitrarily slowly),
n−1̟(n) log log n → 0 asn → ∞, andη is any function such thatη(q) > η(q−1)
for all q > q⋆ and such that for some constantβ > 0, we have for everyq > q⋆

√

β q ∨
∫ R

0

√

logN(Dq, u) du ≤
√

η(q) < ∞.

Thenq̂n → q⋆ asn → ∞ P
⋆-a.s.

The proof of this theorem is given in section 3.

REMARK 2.5. The scaling functionη(q) is closely related to the dimension
of the the modelMq. Indeed, ifDq is a finite-dimensional family, one would typ-

ically expect that
∫ R
0 log1/2 N(Dq, u) du ∝ (dimDq)

1/2. As the scaling factor
h(f, f⋆)−1 in the definition ofdf becomes singular asf → f⋆, one could think of
η(q) as the “local dimension” ofMq in a neighborhood of the true densityf⋆.

REMARK 2.6. An alternative set of assumptions under which the conclusion
of Theorem 2.4 holds can be obtained by adapting the method ofproof used in [24]
for the Markov order estimation problem. The key requirement here is that

N(Mq(ε), δ) ≤
(

Cε

δ

)η(q)

for some constantC and for anyε, δ > 0 andq ∈ N, where we have defined the
Hellinger ballsMq(ε) = {√f : f ∈ Mq, h(f, f

⋆) ≤ ε}. In this case, a peeling
device can be employed to avoid dealing with the weighted classDq. However,
the proof relies crucially on the exact dependence of the local bracketing entropy
logN(Mq(ε), δ) on ε/δ given above. It is not sufficient to obtain a global entropy
bound (that is, where the scaling inε is omitted), as additional logarithmic factors
then appear in the proof which give rise to suboptimal penalties.

We must therefore choose between two alternatives: either establish (i) alocal
entropy bound directly on the model classMq, or (ii) a global entropy bound on
theweightedmodel classDq. Alternative (i) implies essentially that the familyMq,
endowed with the Hellinger distance, has the same metric structure as a subset of
R
η(q) endowed with the Euclidean metric. However, in the exampleswe have in

mind, this is not typically the case. For example, finite mixture models (cf. section
2.3) possess a notoriously complicated geometry which is qualitatively different
than that of Euclidean space, so that the local entropy approach is not well suited
to such models. In this paper, we have therefore chosen to develop the more flexible
alternative (ii). The interested reader may easily adapt the proof in [24] to obtain a
version of Theorem 2.4 under assumptions corresponding to alternative (i).
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Alternative definitions of the weighted model classDq are possible, however,
without changing the conclusion of Theorem 2.4. See Remark 3.2 below.

2.2. Minimal penalties. Theorem 2.4 shows that any penalty that increases
faster thanη(q) log log n defines a strongly consistent order estimator. In this sec-
tion, we will establish (under some mild additional assumptions) that this result is
essentially optimal: we will show that the order estimator with penaltypen(n, q) =
C η(q) log log n is inconsistent when the constantC is chosen sufficiently small.
Therefore Theorem 2.4 identifies in essence the minimal penalty that gives rise to
strong consistency. The identification of the minimal penalty is relevant in practice,
as such penalties minimize the probability of underestimating the order.

REMARK 2.7. Though the penaltypen(n, q) = C η(q) log log n gives an in-
consistent order estimator for sufficiently small constants C, we have not yet dis-
cussed the consistency of this penalty for largerC. A careful reading of the proof
of Theorem 2.4 shows that consistency is in fact achieved even for penalties of the
form pen(n, q) = C η(q) log log n, provided thatC ≥ C0 for a certain thresh-
old C0 (see Remark 3.4). Unfortunately, the value ofC0 depends onq⋆, so that
such penalties cannot be used for the purpose of order estimation in the absence of
a prior upper bound on the order. It therefore appears that wecan identify three
regimes: that of inconsistent estimation (pen(n, q) = C η(q) log log n with C
small), consistent estimation with a prior upper bound on the order (pen(n, q) =
C η(q) log log n with C large), and consistent estimation without a prior upper
bound on the order (pen(n, q) = η(q)̟(n) log log n with ̟(n) → ∞).

To state the main result of this section, we will need some additional notation.

DEFINITION 2.8. Forq ∈ N andε > 0, define the families

Dq(ε) = {df : f ∈ Mq, 0 < h(f, f⋆) ≤ ε}, D̄q =
⋂

ε>0

clDq(ε),

where the closureclDq(ε) is inL2(f⋆dµ).

EvidentlyD̄q is the set of all possible limit points ofdf ash(f, f⋆) → 0 in Mq.
We will require some assumptions on the richness of neighborhoods ofD̄q.

DEFINITION 2.9. A pointd ∈ D̄q is calledcontinuously accessibleif there
is a path(ft)t∈]0,1] ⊂ Mq\{f⋆} such that the mapt 7→ h(ft, f

⋆) is continuous,
h(ft, f

⋆) → 0 ast → 0, anddft → d in L2(f⋆dµ) ast → 0. The subset of all
continuously accessible points in̄Dq will be denoted as̄Dc

q.
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We can now formulate the main result of this section.

THEOREM 2.10. Assume there existsq > q⋆ such that the following hold.

1. There is an envelope functionD : E → R such that|d| ≤ D for all d ∈ Dq

andD ∈ L2+α(f⋆dµ) for someα > 0. Moreover,
∫ 1

0

√

logN(Dq, u) du < ∞.

2. D̄c
q\D̄q⋆ is nonempty.

Define the penalty
pen(n, q) = C η(q) log log n,

whereη is any nonnegative function such thatη(q) > η(q⋆). If the constantC > 0
is chosen sufficiently small, then̂qn 6= q⋆ infinitely oftenP⋆-a.s.

The proof of this theorem is given in section 4.

REMARK 2.11. The proof of Theorem 2.10 will show thatsupf∈Mq
ℓn(f) −

pen(n, q) > supf∈Mq⋆
ℓn(f)− pen(n, q⋆) infinitely oftenP⋆-a.s. Thus imposing

a prior upper bound on the order does not alter the conclusionof Theorem 2.10.

2.3. Application to mixtures. The general mixture order estimation problem
can be defined as follows. LetP be a given family of strictly positive probability
densities with respect toµ. Forq ∈ N, we define the model class

Mq =

{

q
∑

i=1

πifi : πi ≥ 0,

q
∑

i=1

πi = 1, fi ∈ P

}

to be the family of mixtures ofq elements ofP. In this setting, the model order is the
smallest number of mixture components that is needed to describe the distribution
of the data(Xk)k≥0. We aim to apply Theorem 2.4 to obtain strongly consistent
penalized likelihood mixture order estimators.

The key problem is evidently to bound the bracketing numberN(Dq , δ). This
appears to be a novel and nontrivial problem. As the normalizer h(f, f⋆)−1 in the
definition of the weighted classDq becomes singular asf → f⋆, it is thelocal ge-
ometry of the mixture family in a neighborhood off⋆ that is of interest (in contrast
to the unweighted entropy computations in [12, 13]). Unfortunately, the geometry
of finite mixtures is notoriously complicated due to the lackof identifiability (see,
for example, [8]), and we are not aware of any quantitative results in this direc-
tion. To complicate matters further, the application of Theorem 2.4 requires that
our bounds onN(Dq , δ) hold uniformly in the model orderq.
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In the present paper, we provide a detailed analysis of the local geometry of one-
dimensional location mixtures, which leads to the requisite bounds onN(Dq , δ) in
this setting. LetE = R and letµ be the Lebesgue measure onR. We fix a constant
T > 0 and a strictly positive probability densityf0 with respect toµ. We will
consider mixtures of probability densities in the class

P = {fθ : θ ∈ [−T, T ]} , fθ(x) = f0(x− θ) ∀x ∈ R.

The mixtures inMq are known as location mixtures, as each mixture component is
obtained from the mother functionf0 by a shift of location.

To obtain our main result, we impose some regularity assumptions onf0.

ASSUMPTIONA. f0 has three continuous derivatives, such that:

1. The functionsx 7→ etxf0(x), x 7→ etxf ′
0(x), x 7→ etxf ′′

0 (x) are inL1(dµ)
andx 7→ etxf0(x), x 7→ etxf ′

0(x) vanish at infinity for eacht ∈ R.
2. Define the functionsx 7→ Hk(x) = supθ∈[−T,T ] |∂kfθ(x)/∂x

k|/f⋆. Then
Hk ∈ L4(f⋆dµ) for k = 0, 1, 2 andH3 ∈ L2(f⋆dµ).

It is easily verified that Assumption A is satisfied forf0(x) = e−x2/2σ2

/
√
2πσ2

(and anyf⋆ ∈ M), so that our results apply directly to Gaussian location mixtures.
We can now formulate the main result of this section.

THEOREM 2.12. Suppose that Assumption A holds. Then there exist constants
C⋆ andδ⋆, which depend onf⋆ but not onq or δ, such that

N(Dq , δ) ≤
(

C⋆

δ

)36q

for all q > q⋆, δ ≤ δ⋆.

Moreover, there is a functionD ∈ L4(f⋆dµ) such that|d| ≤ D for all d ∈ D.

The proof of this result is given in section 5. Though the general approach of
the proof should extend to a much larger class of mixture models, the details of the
analysis of the local geometry ofM rely on Laplace transform techniques which
are specific to the location mixture model under consideration. The extension of
our results to more general mixture models remains a challenging open problem.

REMARK 2.13. We have made no attempt to optimize the constants in Theo-
rem 2.12. In particular, the factor36 in the exponent can likely be improved.

Combining Theorems 2.4 and 2.12, we can now obtain the following result.
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COROLLARY 2.14. Suppose that Assumption A holds. Define the penalty

pen(n, q) = q ω(n) log log n,

whereω is any function withω(n) → ∞ andn−1ω(n) log log n → 0 asn → ∞.
Then the penalized likelihood mixture order estimator is strongly consistent.

On the other hand, Theorem 2.10 can be used to prove the following.

PROPOSITION2.15. Suppose that Assumption A holds. Define the penalty

pen(n, q) = C q log log n.

If the constantC > 0 is chosen sufficiently small, then the penalized likelihood
mixture order estimator is not strongly consistent.

The proofs of Corollary 2.14 and Proposition 2.15 are given in section 5.

3. Proof of Theorem 2.4. Define the empirical process

νn(g) =
1√
n

n
∑

i=1

{g(Xi)−E
⋆(g(X1))} .

The proof of Theorem 2.4 is based on a simple likelihood ratioinequality, which
relates the log-likelihood ratioℓn(f) − ℓn(f

⋆) to the empirical process. Related
inequalities appear in [10, 4], but the following form is perhaps the most natural.

LEMMA 3.1. For any strictly positive probability densityf 6= f⋆, we have

ℓn(f)− ℓn(f
⋆) ≤ |νn(df )|2.

PROOF. Note that

h(f, f⋆)2 = 2−
∫

2
√

ff⋆ dµ = −2h(f, f⋆)E⋆(df (X1)).

Using log(1 + x) ≤ x, we can estimate

ℓn(f)− ℓn(f
⋆) =

n
∑

i=1

2 log(1 + h(f, f⋆) df (Xi)) ≤
n
∑

i=1

2h(f, f⋆) df (Xi)

= 2 νn(df )h(f, f
⋆)
√
n− h(f, f⋆)2 n ≤ sup

p∈R

{

2 νn(df ) p − p2
}

.

The proof is easily completed.
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REMARK 3.2. Along similar lines, one can prove the inequalities

ℓn(f)− ℓn(f
⋆) ≤ 1

4

∣

∣

∣

∣

∣

νn

(

log(f/f⋆)
√

D(f⋆||f)

)∣

∣

∣

∣

∣

2

(which improves on [4], Proposition A.1) and

ℓn(f)− ℓn(f
⋆) ≤ 1

2

∣

∣

∣

∣

∣

νn

(

log({f + f⋆}/2f⋆)
√

D(f⋆||{f + f⋆}/2)

)∣

∣

∣

∣

∣

2

,

whereD(f⋆||f) =
∫

log(f⋆/f)f⋆dµ is the relative entropy. By using these in-
equalities instead of Lemma 3.1, the proof below can be repeated to show that
Theorem 2.4 still holds if we replace the definition ofdf in Definition 2.3 bydf =
log(f/f⋆)/

√

D(f⋆||f) or bydf = log({f + f⋆}/2f⋆)/
√

D(f⋆||{f + f⋆}/2).

At the heart of the proof of Theorem 2.4 lies the following lawof iterated loga-
rithm, which holds uniformly in the model orderq > q⋆.

THEOREM 3.3. Assume thatsupd∈D |d| ≤ D for a functionD : E → R with
R2 = E

⋆(D(X1)
2) < ∞, and thatη : N → R+ andβ > 0 are defined such that

√

β q ∨
∫ R

0

√

logN(Dq , u) du ≤
√

η(q) < ∞

for everyq > q⋆. Then

lim sup
n→∞

1

log log n
sup
q>q⋆

1

η(q)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≤ C̃ P
⋆-a.s.

for a sufficiently large constant̃C > 0 (depending only onβ andR).

PROOF. We proceed in several steps.
Step 1 (blocking and truncation). By Lemma 3.1, we have

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f) ≤ sup
f∈Mq

{ℓn(f)− ℓn(f
⋆)} ≤ sup

f∈Mq

|νn(df )|2.



CONSISTENT ORDER ESTIMATION 13

Therefore, we can estimate as follows:

max
n=2N ,...,2N+1

1

log log n
sup
q>q⋆

1

η(q)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≤
(

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df )|
)2

≤
(

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D>aN (q))|

+ max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))|
)2

,

where we introduce

aN (q) =

√

2N

C2η(q) log log 2N
,

andC2 is a constant to be chosen later on.
Step 2 (the first term). Note that forn = 2N , . . . , 2N+1

|νn(df1D>aN (q))|

=
1√
n

∣

∣

∣

∣

∣

n
∑

i=1

{

df (Xi)1D>aN (q)(Xi)−E
⋆(df (X1)1D>aN (q)(X1))

}

∣

∣

∣

∣

∣

≤ 1√
n

n
∑

i=1

{

D(Xi)1D>aN (q)(Xi) +E
⋆(D(X1)1D>aN (q)(X1))

}

≤ 1

aN (q)
√
2N

2N+1

∑

i=1

{

D(Xi)
2 +R2

}

.

Therefore,

lim sup
N→∞

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D>aN (q))|

≤ lim
N→∞

2
√
C2

2N+1

2N+1

∑

i=1

{

D(Xi)
2 +R2

}

= 4R2
√

C2 P
⋆-a.s.

by the law of large numbers.
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Step 3 (the second term). LetC3 be a constant to be chosen later on. Note that

P
⋆

[

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]

≤

∞
∑

q=q⋆+1

P
⋆

[

max
n=2N ,...,2N+1

sup
f∈Mq

|Sn(df1D≤aN (q))| > 3C3

√

η(q)2N log log 2N

]

whereSn(f) =
√
n νn(f). By Proposition A.2, we have

P
⋆

[

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]

≤

∞
∑

q=q⋆+1

3 max
n=2N ,...,2N+1

P
⋆

[

sup
d∈Dq

|νn(d1D≤aN (q))| > C3

√

1
2η(q) log log 2

N

]

.

Now note that

sup
d∈Dq

‖d1D≤aN (q)‖∞ ≤ aN (q), sup
d∈Dq

E
⋆[{d(X1)1D≤aN (q)(X1)}2] ≤ R2,

and

C3

√

1
2η(q) log log 2

N =

(

C3

R2
√
2C2

)

R2
√
2N

aN (q)
≤
(

C3

R2
√
2C2

)

R2√n

aN (q)

for all n = 2N , . . . , 2N+1. Moreover, if{fL
i , f

U
i } is a(Dq, δ)-bracketing set, then

{fL
i 1D≤aN (q), f

U
i 1D≤aN (q)} is a(Dq1D≤aN (q), δ)-bracketing set. Therefore

C
√

C1 + 1

∫ R

0

√

logN(Dq1D≤aN (q), u) du

≤ C
√

C1 + 1

∫ R

0

√

logN(Dq, u) du

≤ C
√

C1 + 1
√

η(q) ≤ C3

√

1
2η(q) log log 2

N

for all q > q⋆ simultaneously whenN is sufficiently large, regardless of the choice
of C1. ChoosingC1 = C3/R

2
√
2C2, Proposition A.1 gives

P
⋆

[

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]

≤
∞
∑

q=q⋆+1

6 exp

[

−C2
3η(q) log log 2

N

2C2(C1 + 1)R2

]
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for N sufficiently large. But we clearly have

∞
∑

q=q⋆+1

6 exp

[

−C2
3η(q) log log 2

N

2C2(C1 + 1)R2

]

≤
∞
∑

q=1

6
(

e−C2
3
log log 2/2C2(C1+1)R2

N−C2
3
/2C2(C1+1)R2

)η(q)

≤ 12 e−βC2
3
log log 2/2C2(C1+1)R2

N−βC2
3
/2C2(C1+1)R2

for N sufficiently large. AsC1 = C3/R
2
√
2C2, we may chooseC2 = C2

3/2R
4

andC3 sufficiently large so thatβC2
3/2C

2(C1 + 1)R2 = βC2
3/4C

2R2 > 1. Then

∞
∑

N=1

P
⋆

[

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))| > 3C3

]

< ∞,

so that in particularP⋆-a.s.

lim sup
N→∞

max
n=2N ,...,2N+1

1√
log log n

sup
q>q⋆

1
√

η(q)
sup
f∈Mq

|νn(df1D≤aN (q))| ≤ 3C3

by the Borel-Cantelli lemma.
Step 4 (end of proof). Putting it all together, we obtain

lim sup
N→∞

max
n=2N ,...,2N+1

1

log log n
sup
q>q⋆

1

η(q)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≤ C2
3

(

3 + 2
√
2
)2

P
⋆-a.s.

for C3 > 2CR/
√
β. The proof is easily completed.

We can now complete the proof of Theorem 2.4.

PROOF OFTHEOREM 2.4. By Theorem 3.3 and easy manipulations, we have

lim sup
n→∞

sup
q>q⋆

1

pen(n, q)− pen(n, q⋆)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≤ η(q⋆ + 1)

η(q⋆ + 1)− η(q⋆)
lim sup
n→∞

1

̟(n) log log n
×

sup
q>q⋆

1

η(q)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

= 0 P
⋆-a.s.
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Therefore,P⋆-a.s. eventually asn → ∞

sup
f∈Mq

ℓn(f)− pen(n, q) < sup
f∈Mq⋆

ℓn(f)− pen(n, q⋆)

for all q > q⋆. It follows that lim supn→∞ q̂n ≤ q⋆ P
⋆-a.s., that is, the penalized

likelihood order estimator does not asymptotically overestimate the order.
On the other hand, note that aslog x is a concave function, we have the basic

inequalitylog x ≤ 2 log({x+ 1}/2) for all x > 0. Therefore, we obtainP⋆-a.s.

lim sup
n→∞

1

n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≤ lim sup
n→∞

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

n

≤ lim
n→∞

sup
f∈Mq

1

n

n
∑

i=1

2 log

(

f(Xi) + f⋆(Xi)

2f⋆(Xi)

)

= 2 sup
f∈Mq

E
⋆

[

log

(

f(X1) + f⋆(X1)

2f⋆(X1)

)]

= −2 inf
f∈Mq

D

(

f⋆

∥

∥

∥

∥

f + f⋆

2

)

for q < q⋆ using the Glivenko-Cantelli property, whereD(f⋆||f) denotes the rela-
tive entropy (see Remark 3.2). We now claim that

min
q<q⋆

inf
f∈Mq

D

(

f⋆

∥

∥

∥

∥

f + f⋆

2

)

> 0.

Indeed, suppose this is not the case. Then for someq < q⋆, there is a sequence
(fn)n∈N ⊂ Mq such thatD(f⋆||{fn + f⋆}/2) → 0 asn → ∞. By Pinsker’s
inequality, this implies thatfn → f⋆ in L1(dµ), so thatf⋆ ∈ clMq for some
q < q⋆. But clMq ⊂ clMq⋆−1 andf⋆ ∈ Mq⋆\ clMq⋆−1 by assumption, giving
a contradiction. Thus the claim is established. To completethe proof, it suffices to
note that by assumptionpen(n, q)/n → 0 asn → ∞. ThereforeP⋆-a.s.

lim sup
n→∞

max
q<q⋆

1

n

{

sup
f∈Mq

ℓn(f)− pen(n, q)− sup
f∈Mq⋆

ℓn(f) + pen(n, q⋆)

}

< 0,

so thatP⋆-a.s. eventually asn → ∞

sup
f∈Mq

ℓn(f)− pen(n, q) < sup
f∈Mq⋆

ℓn(f)− pen(n, q⋆)

for all q < q⋆. It follows that lim infn→∞ q̂n ≥ q⋆ P
⋆-a.s., that is, the penalized

likelihood order estimator does not asymptotically underestimate the order.
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REMARK 3.4. If we were to choose̟ (n) = C0 to be constant, rather than
̟(n) → ∞ as required by Theorem 2.4 (see section 2.2), then we would obtain in
the first equation display of the above proof the upper bound

η(q⋆ + 1)

η(q⋆ + 1)− η(q⋆)

C̃

C0
,

whereC̃ depends onβ andR. To obtain a consistent order estimator, we must
chooseC0 sufficiently large so that this constant is less than one. As typically
supq≥0{η(q+1)/(η(q+1)−η(q))} = ∞, however, we cannot control this constant
without prior knowledge ofq⋆. It is for this reason that we must require̟(n) → ∞
to obtain a computable order estimator. Let us note that evenif we were to have
supq≥0{η(q+1)/(η(q+1)−η(q))} < ∞ (that is, whenη(q) grows exponentially
with q), it will still typically be the case that the bracketing numbersN(Dq , δ)
depend onf⋆ (as the classDq itself depends onf⋆), so that we cannot chooseC0

without prior knowledge off⋆. The Markov order estimation problem treated in
[24] is a special case where all these parameters can be chosen independent ofq⋆

andf⋆, which accounts for the slightly smaller penalty used there.

4. Proof of Theorem 2.10. The main ingredient of the proof of Theorem 2.10
is a precise characterization of the fluctuations of the likelihood ratio test for two
model classesMp andMq, which may be of independent interest. The proof of
Theorem 2.10 will follow easily from this result. In the sequel, we denote by
〈f, g〉 =

∫

fgf⋆dµ be the Hilbert space inner product inL2(f⋆dµ), and we de-
note by‖g‖22 = 〈g, g〉 the corresponding Hilbert space norm.

THEOREM 4.1. Letq⋆ ≤ p < q. Assume that

∫ 1

0

√

logN(Dq , u) du < ∞,

and that|d| ≤ D for all d ∈ Dq with D ∈ L2+α(f⋆dµ) for someα > 0. Then

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

≥

sup
g∈L2

0
(f⋆dµ)

{

sup
f∈D̄c

q

(〈f, g〉)2+ − sup
f∈D̄p

(〈f, g〉)2+

}

P
⋆-a.s.,
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as well as

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

≤

sup
g∈L2

0
(f⋆dµ)

{

sup
f∈D̄q

(〈f, g〉)2+ − sup
f∈D̄c

p

(〈f, g〉)2+

}

P
⋆-a.s.,

whereL2
0(f

⋆dµ) = {g ∈ L2(f⋆dµ) : ‖g‖2 ≤ 1, 〈1, g〉 = 0}.

REMARK 4.2. WhenD̄q andD̄p each contain anL2(f⋆dµ)-dense subset of
continuously accessible points (which is typically the case in sufficiently smooth
models), then Theorem 4.1 provides the exact characterization

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

=

sup
g∈L2

0
(f⋆dµ)

{

sup
f∈D̄q

(〈f, g〉)2+ − sup
f∈D̄p

(〈f, g〉)2+

}

P
⋆-a.s.

However, only the first (lower bound) part of the theorem willbe needed to prove
Theorem 2.10. We provide the more precise version of the theorem here due to its
independent interest: we are not aware of a similar characterization of the pathwise
fluctuations of the likelihood ratio test in the literature.

The proof of Theorem 4.1 is based on a sequence of auxiliary results. First, we
will need a compact law of iterated logarithm for the Strassen functional

In(g) =
1√

2n log log n

n
∑

i=1

{g(Xi)−E
⋆(g(X1))} .

We state the requisite result for future reference.

THEOREM 4.3. LetQ be a family of measurable functionsf : E → R with
∫ 1

0

√

logN(Q, u) du < ∞.

Then,P⋆-a.s., the sequence(In)n≥0 is relatively compact inℓ∞(Q), and its set of
cluster points coincides precisely with the setK = {f 7→ 〈f, g〉 : g ∈ L2

0(f
⋆dµ)}.

Proofs of this result can be found in [20], Theorem 4.2 or in [16], Theorem 9.
We will also need the following simple result on partial maxima.
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LEMMA 4.4. Let (Xi)i≥1 be an i.i.d. sequence of random variables, and sup-
poseE[|X1|p] < ∞. Thenn−1/pmaxi=1,...,n |Xi| → 0 a.s. asn → ∞.

PROOF. Fix α > 0. AsE[|X1|p] < ∞ and(Xi)i≥1 are i.i.d., we have

∞
∑

n=1

P[|Xn| > n1/pα] =

∞
∑

n=1

P[|X1|p/αp > n] =

∞
∑

n=1

∫ n

n−1
P[|X1|p/αp > ⌈x⌉] dx ≤ E[|X1|p]/αp < ∞.

By the Borel-Cantelli lemma,|Xn| ≤ n1/pα eventually a.s. Letτ < ∞ a.s. be such
that|Xn| ≤ n1/pα for all n > τ . Thenmaxi=1,...,n |Xi| ≤ n1/pα∨maxi=1,...,τ |Xi|
for all n > τ . It follows directly thatlim supn→∞ n−1/pmaxi=1,...,n |Xi| ≤ α a.s.
But asα was arbitrary, this establishes the claim.

We can now obtain the following asymptotic expansion of the log-likelihood,
which provides an almost sure counterpart to the corresponding results in [10, 17].

PROPOSITION4.5. Let q ≥ q⋆. Assume that

∫ 1

0

√

logN(Dq , u) du < ∞,

and that|d| ≤ D for all d ∈ Dq with D ∈ L2+α(f⋆dµ) for someα > 0. Then

sup
f∈Mq(4

√
log logn/n)

{

2 In(df )h(f, f
⋆)

√

2n

log log n
− h(f, f⋆)2

2n

log log n

}

− 1

log log n

{

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

}

n→∞−−−→ 0 P
⋆-a.s.,

where we have definedMq(ε) = {f ∈ Mq : h(f, f
⋆) ≤ ε}.

PROOF. We proceed in several steps.
Step 1 (localization). As q ≥ q⋆ (hencef⋆ ∈ Mq), clearly

sup
f∈Mq

ℓn(f)− ℓn(f
⋆) = sup

f∈Mq :ℓn(f)−ℓn(f⋆)≥0
{ℓn(f)− ℓn(f

⋆)} .

Now note that, as in the proof of Lemma 3.1,

ℓn(f)− ℓn(f
⋆) ≤ 2 νn(df )h(f, f

⋆)
√
n− h(f, f⋆)2 n.
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Therefore, we can estimate

sup
f∈Mq :ℓn(f)−ℓn(f⋆)≥0

h(f, f⋆)

≤ sup
f∈Mq :ℓn(f)−ℓn(f⋆)≥0

{

h(f, f⋆) +
ℓn(f)− ℓn(f

⋆)

nh(f, f⋆)

}

≤ 2√
n

sup
f∈Mq :ℓn(f)−ℓn(f⋆)≥0

νn(df ) ≤
√

8 log log n

n
sup
d∈Dq

In(d).

Now note that we can estimate

sup
d∈Dq

In(d) ≤ inf
g∈L2

0
(f⋆dµ)

sup
d∈Dq

|In(d)− 〈d, g〉| + sup
d∈Dq

sup
g∈L2

0
(f⋆dµ)

〈d, g〉.

The first term on the right converges to zeroP
⋆-a.s. asn → ∞ by Theorem 4.3,

while the second term is easily seen to equalsupd∈Dq
‖d−〈1, d〉‖2 ≤ 1. Therefore

sup
f∈Mq :ℓn(f)−ℓn(f⋆)≥0

h(f, f⋆) ≤ (1 + ε)

√

8 log log n

n

eventually asn → ∞ P
⋆-a.s. for anyε > 0. In particular, we find that

{f ∈ Mq : ℓn(f)− ℓn(f
⋆) ≥ 0} ⊆

{

f ∈ Mq : h(f, f
⋆) ≤ 4

√

log log n/n
}

eventually asn → ∞ P
⋆-a.s. This implies thatP⋆-a.s. eventually asn → ∞

sup
f∈Mq

ℓn(f)− ℓn(f
⋆) ≤ sup

f∈Mq :h(f,f⋆)≤4
√

log logn/n

{ℓn(f)− ℓn(f
⋆)} .

But the reverse inequality clearly holds for alln ≥ 0, so that in fact

sup
f∈Mq

ℓn(f)− ℓn(f
⋆) = sup

f∈Mq(4
√

log logn/n)

{ℓn(f)− ℓn(f
⋆)}

eventually asn → ∞ P
⋆-a.s.

Step 2 (Taylor expansion). Taylor expansion gives2 log(1 + x) = 2x − x2 +
x2R(x), whereR(x) → 0 asx → 0. Thus we can write, for anyf ∈ Mq,

ℓn(f)− ℓn(f
⋆) =

n
∑

i=1

2 log(1 + h(f, f⋆) df (Xi)) =

2h(f, f⋆)

n
∑

i=1

{

df (Xi) +
1

2
h(f, f⋆)

}

− h(f, f⋆)2
n
∑

i=1

(df (Xi))
2

− nh(f, f⋆)2 + h(f, f⋆)2
n
∑

i=1

(df (Xi))
2R(h(f, f⋆) df (Xi)).
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Using thatE⋆(df (X1)) = −h(f, f⋆)/2, we therefore have

1

log log n
{ℓn(f)− ℓn(f

⋆)} =

2 In(df )h(f, f
⋆)

√

2n

log log n
− h(f, f⋆)2

2n

log log n
+Rf,n

nh(f, f⋆)2

log log n

where we have defined

Rf,n =
1

n

n
∑

i=1

{1− (df (Xi))
2}+ 1

n

n
∑

i=1

(df (Xi))
2R(h(f, f⋆) df (Xi)).

It follows easily that

∣

∣

∣

∣

∣

sup
f∈Mq(4

√
log logn/n)

{

2 In(df )h(f, f
⋆)

√

2n

log log n
− h(f, f⋆)2

2n

log log n

}

− 1

log log n

{

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

} ∣

∣

∣

∣

∣

≤ sup
f∈Mq(4

√
log logn/n)

|Rf,n|
nh(f, f⋆)2

log log n
≤ 16 sup

f∈Mq(4
√

log logn/n)

|Rf,n|

eventually asn → ∞ P
⋆-a.s.

Step 3 (end of proof). We can easily estimate

sup
f∈Mq(4

√
log logn/n)

|Rf,n| ≤ sup
f∈Mq

∣

∣

∣

∣

∣

1

n

n
∑

i=1

{(df (Xi))
2 − 1}

∣

∣

∣

∣

∣

+

(

sup
|x|≤4

√
log logn/nmaxi=1,...,n D(Xi)

|R(x)|
)

1

n

n
∑

i=1

(D(Xi))
2.

As N(Dq , δ) < ∞ for everyδ > 0, the class{d2 : d ∈ Dq} can be covered by a
finite number of brackets with arbitrary smallL1(f⋆dµ)-norm and is thereforeP⋆-
Glivenko-Cantelli. Moreover, by constructionE⋆[(df (Xi))

2] = 1 for all f ∈ Mq.
Therefore, the first term in this expression converges to zero asn → ∞P

⋆-a.s. On
the other hand, by Lemma 4.4 and the fact thatD ∈ L2+α(f⋆dµ), we haveP⋆-a.s.

√

log log n/n max
i=1,...,n

D(Xi) =

√
log log n

nα/2(2+α)
n−1/(2+α) max

i=1,...,n
D(Xi)

n→∞−−−→ 0.

Therefore the second term converges to zero also, and the proof is complete.
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PROPOSITION4.6. Let q ≥ q⋆. Assume that
∫ 1

0

√

logN(Dq , u) du < ∞,

and that|d| ≤ D for all d ∈ Dq with D ∈ L2+α(f⋆dµ) for someα > 0. Then

lim inf
n→∞

{

sup
d∈D̄q

(In(d))
2
+ − 1

log log n

{

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

}}

≥ 0 P
⋆-a.s.

PROOF. By Proposition 4.5, we have

lim inf
n→∞

{

sup
d∈D̄q

(In(d))
2
+ − 1

log log n

{

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

}}

≥ lim inf
n→∞







sup
d∈D̄q

(In(d))
2
+ − sup

f∈Mq(4
√

log logn/n)

sup
p≥0

{

2 In(df ) p− p2
}







= lim inf
n→∞







sup
d∈D̄q

(In(d))
2
+ − sup

f∈Mq(4
√

log logn/n)

(In(df ))
2
+







.

Suppose that the right hand side is negative with positive probability. Then there is
anε > 0 and a sequenceτn ↑ ∞ of random times such that

(4.1) sup
d∈D̄q

(Iτn(d))
2
+ − sup

f∈Mq(4
√

log log τn/τn)

(Iτn(df ))
2
+ ≤ −ε for all n

with positive probability. We will show that this entails a contradiction.
By Theorem 4.3 (which can be applied here asN(Dq, δ) = N(clDq, δ) for all

δ > 0), the process(Iτn)n≥0 is P
⋆-a.s. relatively compact inℓ∞(clDq) with

(4.2) inf
g∈L2

0
(f⋆dµ)

sup
d∈clDq

|Iτn(d) − 〈d, g〉| n→∞−−−→ 0 P
⋆-a.s.

Then there is a set of positive probability on which (4.1) and(4.2) hold simul-
taneously. We now concentrate our attention on a single sample path in this set.
For any such path, we can clearly find a further subsequenceσn ↑ ∞ such that
supd∈clDq

|Iσn(d) − 〈d, g〉| → 0 asn → ∞ for someg ∈ L2
0(f

⋆dµ). Therefore

sup
d∈clDq

|(Iσn(d))
2
+ − (〈d, g〉)2+| ≤ sup

d∈clDq

|Iσn(d)− 〈d, g〉|2

+ 2 sup
d∈clDq

|Iσn(d)− 〈d, g〉| sup
d∈clDq

|〈d, g〉| n→∞−−−→ 0,
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where we have used the elementary estimate|a2+ − b2+| = |a+ − b+|(a+ + b+) ≤
|a+ − b+|(|a+ − b+| + 2b+) ≤ |a − b|(|a − b| + 2|b|) for anya, b ∈ R, and the
fact thatsupd∈clDq

|〈d, g〉| ≤ supd∈clDq
‖d‖2‖g‖2 ≤ 1. Thus (4.1) gives

lim inf
n→∞







sup
d∈D̄q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log logσn/σn)

(〈df , g〉)2+







=

lim inf
n→∞







sup
d∈D̄q

(Iσn(d))
2
+ − sup

f∈Mq(4
√

log log σn/σn)

(Iσn(df ))
2
+







≤ −ε.

But asd 7→ 〈d, g〉 is continuous inL2(f⋆dµ) andclDq(4
√

log log σn/σn) is com-
pact inL2(f⋆dµ) (which follows fromN(Dq , δ) < ∞ for all δ > 0), we have

sup
f∈Mq(4

√
log log σn/σn)

(〈df , g〉)2+ = sup
d∈clDq(4

√
log log σn/σn)

(〈d, g〉)2+
n→∞−−−→

sup
d∈

⋂
n≥0

clDq(4
√

log log σn/σn)

(〈d, g〉)2+ = sup
d∈D̄q

(〈d, g〉)2+.

Thus we have a contradiction, completing the proof.

We now obtain a converse to the previous result.

PROPOSITION4.7. Let q ≥ q⋆. Assume that

∫ 1

0

√

logN(Dq , u) du < ∞,

and that|d| ≤ D for all d ∈ Dq with D ∈ L2+α(f⋆dµ) for someα > 0. Then

lim sup
n→∞

{

sup
d∈D̄c

q

(In(d))
2
+ − 1

log log n

{

sup
f∈Mq

ℓn(f)− ℓn(f
⋆)

}}

≤ 0 P
⋆-a.s.

PROOF. Suppose that the result does not hold true. By Proposition 4.5, there is
anε > 0 and a sequenceτn ↑ ∞ of random times such that

sup
d∈D̄c

q

(Iτn(d))
2
+ − sup

f∈Mq(4
√

log log τn/τn)

{

− h(f, f⋆)2
2τn

log log τn

+ 2 Iτn(df )h(f, f
⋆)

√

2τn
log log τn

}

≥ ε for all n
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with positive probability. Proceeding as in the proof of Proposition 4.6, we can then
show that there is a sequence of timesσn ↑ ∞ and someg ∈ L2

0(f
⋆dµ) such that

lim sup
n→∞

{

sup
d∈D̄c

q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log log σn/σn)

{

− h(f, f⋆)2
2σn

log log σn

+ 2 〈df , g〉h(f, f⋆)

√

2σn
log log σn

}}

≥ ε.

We will show that this entails a contradiction.
Let d0 ∈ D̄q be a continuously accessible point. Then there exists anα0 > 0

(depending ond0) and a path(fα)α∈]0,α0] such thath(fα, f⋆) = α for all α ∈
]0, α0] anddfα → d0 in L2(f⋆dµ) asα → 0. Now choose the sequence

αn = {(〈d0, g〉)+ + σ−1
n }
√

log log σn
2σn

.

As (〈d0, g〉)+ ≤ ‖d0‖2‖g‖2 ≤ 1, we clearly have

0 < αn < α0 ∧ 4
√

log log σn/σn

for all n sufficiently large. In particularfαn ∈ Mq(4
√

log log σn/σn), so that

sup
f∈Mq(4

√
log log σn/σn)

{

2 〈df , g〉h(f, f⋆)

√

2σn
log log σn

−h(f, f⋆)2
2σn

log log σn

}

≥ 2 〈dfαn
, g〉 {(〈d0 , g〉)+ + σ−1

n } − {(〈d0, g〉)+ + σ−1
n }2.

Therefore, we have

lim sup
n→∞

{

sup
d∈D̄c

q

(〈d, g〉)2+ − sup
f∈Mq(4

√
log log σn/σn)

{

− h(f, f⋆)2
2σn

log log σn

+ 2 〈df , g〉h(f, f⋆)

√

2σn
log log σn

}}

≤ sup
d∈D̄c

q

(〈d, g〉)2+ − (〈d0, g〉)2+

for any continuously accessible elementd0 ∈ D̄q. But clearly we can choosed0
to make the right hand side of this expression arbitrarily small. Thus we have the
desired contradiction, completing the proof.

We can now complete the proof of Theorem 4.1.
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PROOF OFTHEOREM 4.1. We obtain separately the lower and upper bounds.
Lower bound. By Propositions 4.6 and 4.7, we have

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

≥

lim sup
n→∞

{

sup
d∈D̄c

q

(In(d))
2
+ − sup

d∈D̄p

(In(d))
2
+

}

P
⋆-a.s.

Now fix any g ∈ L2
0(f

⋆dµ). By Theorem 4.3 (which can be applied here as
N(Dq , δ) = N(clDq, δ) ≥ N(D̄q , δ) for all δ > 0), there is a sequenceτn ↑ ∞ of
random times such thatIτn → 〈 · , g〉 in ℓ∞(D̄q) P

⋆-a.s. Therefore

sup
d∈D̄c

q

(Iτn(d))
2
+ − sup

d∈D̄p

(Iτn(d))
2
+

n→∞−−−→ sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄p

(〈d, g〉)2+ P
⋆-a.s.,

so that certainly

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

≥ sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄p

(〈d, g〉)2+

P
⋆-a.s. But as this inequality holds for everyg ∈ L2

0(f
⋆dµ), taking the supremum

overg gives the requisite lower bound.
Upper bound. By Propositions 4.6 and 4.7, we have

lim sup
n→∞

1

log log n

{

sup
f∈Mq

ℓn(f)− sup
f∈Mp

ℓn(f)

}

≤

lim sup
n→∞

{

sup
d∈D̄q

(In(d))
2
+ − sup

d∈D̄c
p

(In(d))
2
+

}

P
⋆-a.s.

It is elementary that for anyd, d′ ∈ D̄q andg ∈ L2
0(f

⋆dµ)

(In(d))
2
+ − (In(d

′))2+

≤ |(In(d))2+ − (〈d, g〉)2+|+ |(In(d′))2+ − (〈d′, g〉)2+|+ (〈d, g〉)2+ − (〈d′, g〉)2+
≤ 2 sup

d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|+ (〈d, g〉)2+ − (〈d′, g〉)2+.
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Taking the supremum overd ∈ D̄q and the infimum overd′ ∈ D̄c
p, we find that

sup
d∈D̄q

(In(d))
2
+ − sup

d∈D̄c
p

(In(d))
2
+

≤ 2 sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|+ sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

≤ 2 sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|

+ sup
g∈L2

0
(f⋆dµ)

{

sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

}

.

But as this holds for anyg ∈ L2
0(f

⋆dµ), we finally obtain

sup
d∈D̄q

(In(d))
2
+ − sup

d∈D̄c
p

(In(d))
2
+ ≤ 2 inf

g∈L2
0
(f⋆dµ)

sup
d∈D̄q

|(In(d))2+ − (〈d, g〉)2+|

+ sup
g∈L2

0
(f⋆dµ)

{

sup
d∈D̄q

(〈d, g〉)2+ − sup
d∈D̄c

p

(〈d, g〉)2+

}

.

It follows as in the proof of Proposition 4.6 that the first term in this expression
converges to zeroP⋆-a.s. The requisite upper bound follows immediately.

Finally, we now complete the proof of Theorem 2.10.

PROOF OFTHEOREM 2.10. It suffices to prove that

(4.3) Γ := sup
g∈L2

0
(f⋆dµ)

{

sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄q⋆

(〈d, g〉)2+

}

> 0.

Indeed, by Theorem 4.1, we have

lim sup
n→∞

1

pen(n, q)− pen(n, q⋆)

{

sup
f∈Mq

ℓn(f)− sup
f∈Mq⋆

ℓn(f)

}

≥

1

C{η(q)− η(q⋆)} sup
g∈L2

0
(f⋆dµ)

{

sup
d∈D̄c

q

(〈d, g〉)2+ − sup
d∈D̄q⋆

(〈d, g〉)2+

}

P
⋆-a.s.

Thus if (4.3) holds, then choosingC < Γ/{η(q) − η(q⋆)}, we find that

sup
f∈Mq

ℓn(f)− pen(n, q) > sup
f∈Mq⋆

ℓn(f)− pen(n, q⋆)
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infinitely oftenP⋆-a.s., so that̂qn 6= q⋆ infinitely oftenP⋆-a.s.
To prove (4.3), note that asf/f⋆ − 1 = (

√

f/f⋆ − 1)(
√

f/f⋆ + 1), we can
estimate for anyf ∈ Mq\{f⋆} using Hölder’s inequality

|〈1, df 〉| =
∣

∣

∣

∣

∫

dff
⋆dµ

∣

∣

∣

∣

≤
∫
∣

∣

∣

∣

df − f/f⋆ − 1

2h(f, f⋆)

∣

∣

∣

∣

f⋆dµ ≤ h(f, f⋆)

2
.

Choose(fn)n≥0 ⊂ Mq\{f⋆} such thath(fn, f⋆) → 0 anddfn → d0 ∈ D̄q, then

|〈1, d0〉| = lim
n→∞

∣

∣

∣

∣

∫

dfnf
⋆dµ

∣

∣

∣

∣

≤ lim
n→∞

h(fn, f
⋆)

2
= 0.

Moreover, it is immediate that‖d0‖2 ≤ 1. We have therefore shown thatD̄q ⊂
L2
0(f

⋆dµ). Now chooseg ∈ D̄c
q\D̄q⋆ . As D̄q⋆ is closed, it follows directly that

sup
d∈D̄c

q

(〈d, g〉)2+ = 1, sup
d∈D̄q⋆

(〈d, g〉)2+ < 1.

Therefore (4.3) holds, and the proof is complete.

5. Proof of Theorem 2.12.

5.1. The local geometry ofM. As f⋆ ∈ Mq⋆ , we can clearly write

f⋆ =

q⋆
∑

i=1

π⋆
i fθ⋆i .

Without loss of generality, we will assume that

−T ≤ θ⋆1 < θ⋆2 < · · · < θ⋆q⋆ ≤ T.

In the following, let us fix some parametersθ̄1, . . . , θ̄q⋆ ∈ [−T, T ] such that

−T = θ̄1 ≤ θ⋆1 < θ̄2 < θ⋆2 < · · · < θ̄q⋆ < θ⋆q⋆ ≤ T.

The precise choice of̄θ1, . . . , θ̄q⋆ only affects the constants in the proofs below, and
is therefore irrelevant to our final result. We only presume that θ̄1, . . . , θ̄q⋆ remain
fixed throughout. Define the intervalsAi = [θ̄i, θ̄i+1[ for i = 1, . . . , q⋆ − 1 and
Aq⋆ = [θ̄q⋆, T ]. ThenA1, . . . , Aq⋆ partition the parameter set[−T, T ] in such a
way that each interval contains precisely one component of the mixturef⋆.

Let us define for eachk ≥ 0 and probability measureλ on [−T, T ] the functions

Dkfθ(x) =
∂k

∂θk
fθ(x) = (−1)k

∂k

∂xk
fθ(x), fλ(x) =

∫

fθ(x)λ(dθ).

Denote byP(A) the space of probability measures supported onA ⊆ [−T, T ].
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DEFINITION 5.1. Let us write

D = {(η, β, ρ, τ, ν) : η, β ∈ R
q⋆ , ρ, τ ∈ R

q⋆

+ , ν ∈ P(A1)× · · · ×P(Aq⋆)}.

Then we define for each(η, β, ρ, τ, ν) ∈ D the function

ℓ(η, β, ρ, τ, ν) =

q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

+ ρi
D2fθ⋆i
f⋆

+ τi
fνi
f⋆

}

,

and the nonnegative quantity

N(η, β, ρ, τ, ν) =

q⋆
∑

i=1

{

|ηi + τi|+
∣

∣

∣

∣

βi + τi

∫

(θ − θ⋆i ) νi(dθ)

∣

∣

∣

∣

+ ρi +
τi
2

∫

(θ − θ⋆i )
2νi(dθ)

}

.

Denote by‖ · ‖p theLp(f⋆dµ)-norm, that is,‖f‖pp =
∫

f(x)pf⋆(x)µ(dx). We
can now formulate the key result on the local geometry of the mixture classM.

THEOREM 5.2. Suppose that Assumption A holds. Then there exists a constant
c⋆ > 0 (depending onf⋆ and θ̄1, . . . , θ̄q⋆ but not onη, β, ρ, τ, ν) such that

‖ℓ(η, β, ρ, τ, ν)‖1 ≥ c⋆ N(η, β, ρ, τ, ν) for all (η, β, ρ, τ, ν) ∈ D.

This result has several important consequences. To providesome basic intuition,
recall that the total variation distance betweenf andf⋆ is defined as

‖f − f⋆‖TV =

∫

|f − f⋆| dµ =

∥

∥

∥

∥

f − f⋆

f⋆

∥

∥

∥

∥

1

.

Let f ∈ Mq, so that we may writef =
∑q

i=1 πifθi. Then Theorem 5.2 shows that

‖f − f⋆‖TV ≥ c⋆
q⋆
∑

i=1







∣

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj − π⋆
i

∣

∣

∣

∣

∣

∣

+
1

2

∑

j:θj∈Ai

πj(θj − θ⋆i )
2







.

As‖f−f⋆‖TV ≤ 2h(f, f⋆) (see, for example, [21], chapter III, section 9) this pro-
vides control on the geometry of Hellinger neighborhoods off⋆ when viewed as
a subset of the mixture parameters(π1, . . . , πq, θ1, . . . , θq). Similarly, using Theo-
rem 5.2 and a Taylor expansion offθ, one can show that any limit point ofdf as
f → f⋆ is in the closure of{ℓ(η, β, ρ, τ, ν) : (η, β, ρ, τ, ν) ∈ D}. The proof of
Theorem 2.12 is based on more precise variants of these ideas.
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We now turn to the proof of Theorem 5.2. Define the bilateral Laplace transform

L[f ](t) =

∫

etx f(x) dx

for all t ∈ R. Note that under Assumption A, integration by parts gives

L[f ′](t) = −t L[f ](t), L[f ′′](t) = t2 L[f ](t),

and we have
L[Dkfθ](t) = tk eθt L[f ](t), k = 0, 1, 2.

The fundamental use of Laplace transform techniques in the proof of Theorem 5.2
is the main reason that our main result is restricted to location mixtures. We conjec-
ture that the conclusion of Theorem 5.2 holds in a much more general setting, but a
proof for general mixture models would likely require a different approach. Let us
note that the use of Laplace transforms is somewhat reminiscent of the approach
used in [22] to establish weak identifiability of finite mixtures.

PROOF OFTHEOREM 5.2. Suppose that the conclusion of the theorem does not
hold. Then there must exist a sequence of coefficients(ηn, βn, ρn, δn, νn) ∈ D

such that‖ℓ(ηn, βn, ρn, δn, νn)‖1/N(ηn, βn, ρn, δn, νn) tends to0.
Applying Taylor’s theorem toθ 7→ fθ, we can write

ηni
fθ⋆i
f⋆

+ βn
i

D1fθ⋆i
f⋆

+ ρni
D2fθ⋆i
f⋆

+ τni
fνni
f⋆

= (ηni + τni )
fθ⋆i
f⋆

+

(

βn
i + τni

∫

(θ − θ⋆i ) ν
n
i (dθ)

)

D1fθ⋆i
f⋆

+ ρni
D2fθ⋆i
f⋆

+
τni
2

∫

(θ − θ⋆i )
2 νni (dθ)

∫

{

∫ 1

0

D2fθ⋆i +u(θ−θ⋆i )

f⋆
2(1 − u) du

}

λn
i (dθ),

whereλn
i is the probability measure onAi defined by

∫

g(θ)λn
i (dθ) =

∫

g(θ) (θ − θ⋆i )
2 νni (dθ)

∫

(θ − θ⋆i )
2 νni (dθ)

(it is clearly no loss of generality to assume thatνni has no mass atθ⋆i for anyi, n,
so that everything is well defined). We now define the coefficients

ani =
ηni + τni

N(ηn, βn, ρn, δn, νn)
, bni =

βn
i + τni

∫

(θ − θ⋆i ) ν
n
i (dθ)

N(ηn, βn, ρn, δn, νn)
,

cni =
ρni

N(ηn, βn, ρn, δn, νn)
, dni =

τni
2

∫

(θ − θ⋆i )
2 νni (dθ)

N(ηn, βn, ρn, δn, νn)
.
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Note that
q⋆
∑

i=1

{|ani |+ |bni |+ |cni |+ |dni |} = 1

for all n. Moreover, the intervalsAi have compact closure. We may therefore ex-
tract a subsequence such that the following hold:

1. There exist constantsai, bi ∈ R andci, di ∈ R+ (for i = 1, . . . , q⋆) such
that

∑q⋆

i=1 {|ai|+ |bi|+ |ci|+ |di|} = 1, and we haveani → ai, bni → bi,
cni → ci, anddni → di asn → ∞ for all i = 1, . . . , q⋆.

2. There exist probability measuresλi, i = 1, . . . , q⋆, such thatλi is supported
on clAi for eachi, andλn

i converges weakly toλi for all i = 1, . . . , q⋆.

Then ℓ(ηn, βn, ρn, δn, νn)/N(ηn, βn, ρn, δn, νn) converges pointwise along this
subsequence to the functionh/f⋆ defined by

h =

q⋆
∑

i=1

{

ai fθ⋆i + biD1fθ⋆i + ci D2fθ⋆i

+ di

∫

{

∫ 1

0
D2fθ⋆i +u(θ−θ⋆i )

2(1− u) du

}

λi(dθ)

}

.

But as‖ℓ(ηn, βn, ρn, δn, νn)‖1/N(ηn, βn, ρn, δn, νn) → 0, we have‖h/f⋆‖1 = 0
by Fatou’s lemma. Asf⋆ is strictly positive, we must haveh ≡ 0.

To proceed, we need the following lemma.

LEMMA 5.3. The Laplace transformL[h](t) exists for allt ∈ R:

L[h](t)

L[f ](t)
=

q⋆
∑

i=1

{

ai e
θ⋆i t+ bi t e

θ⋆i t+ ci t
2 eθ

⋆
i t+di t

2 eθ
⋆
i t

∫

φ((θ−θ⋆i )t)λi(dθ)

}

.

Here we defined the positive increasing convex functionφ(u) = 2(eu −u− 1)/u2.

PROOF. Theai, bi, ci terms are easily computed using Assumption A and inte-
gration by parts. It remains to compute the Laplace transform of the function

Ξi(x) =

∫

{

∫ 1

0
D2fθ⋆i +u(θ−θ⋆i )

2(1− u) du

}

λi(dθ).
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We begin by noting that, using Assumption A,

∫ ∫ ∫ 1

0
etx |D2fθ⋆i +u(θ−θ⋆i )

| 2(1 − u) duλi(dθ) dx =

∫

etx |f ′′(x)| dx ×
∫

{

∫ 1

0
et(θ

⋆
i +u(θ−θ⋆i )) 2(1− u) du

}

λi(dθ) < ∞

for everyt ∈ R. We may therefore apply Fubini’s theorem, giving

L[Ξi](t) = eθ
⋆
i t L[f ′′](t)

∫

{

∫ 1

0
etu(θ−θ⋆i ) 2(1 − u) du

}

λi(dθ)

= L[f ](t) t2 eθ
⋆
i t

∫

φ((θ − θ⋆i )t)λi(dθ),

where we have computed the inner integral using integrationby parts.

By this lemma, and asL[f ](t) > 0 andL[h](t) = 0 for all t ∈ R, we must have

(5.1) Φ(t) =

q⋆
∑

i=1

{

ai e
θ⋆i t + bi t e

θ⋆i t + ci t
2 eθ

⋆
i t + di t

2 eθ
⋆
i tΦi(t)

}

= 0

for all t ∈ R, where we have defined

Φi(t) =

∫

φ((θ − θ⋆i )t)λi(dθ).

In the remainder of the proof, we argue that (5.1) can not hold, thus completing the
proof by contradiction. We distinguish between three different cases.

Case 1. Suppose thatλq⋆([θ
⋆
q⋆ , T ]) > 0. As φ is positive and increasing, we

can estimateΦq⋆(t) ≥ λq⋆([θ
⋆
q⋆ , T ]) > 0 for all t ≥ 0. Now divide (5.1) by

t2 eθ
⋆
q⋆

tΦq⋆(t), and lett → +∞. Asλi is supported in[−T, θ̄q⋆ ] for everyi < q⋆,

(5.2)
t2 eθ

⋆
i tΦi(t)

e
θ⋆
q⋆

t
≤ t2 e

−(θ⋆
q⋆

−θ⋆i )t φ((θ̄q⋆ − θ⋆i )t)
t→+∞−−−−→ 0

for everyi < q⋆. It follows easily that for some constantK ≥ 0

0 = lim sup
t→+∞

Φ(t)

t2 e
θ⋆
q⋆

t
Φq⋆(t)

= dq⋆ +K cq⋆ .

As cq⋆ , dq⋆ ≥ 0, this clearly implies thatdq⋆ = 0. Using (5.2), we now obtain

limt→+∞Φ(t)/t2 eθ
⋆
q⋆

t = cq⋆ = 0, which implieslimt→+∞Φ(t)/t eθ
⋆
q⋆

t = bq⋆ =

0, and consequentlylimt→+∞Φ(t)/e
θ⋆
q⋆

t
= aq⋆ = 0.
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Case 2. Suppose thatλq⋆([θ
⋆
q⋆ , T ]) = 0 andλq⋆(]θ̄q⋆ , θ

⋆
q⋆ [) > 0. It is easily

established, using the dominated convergence theorem and equation (5.2), that
limt→+∞Φ(t)/t2 e

θ⋆
q⋆

t
= cq⋆ , so thatcq⋆ = 0. Next, dividing (5.1) byeθ

⋆
q⋆

t and
taking two derivatives with respect tot, we obtain for allt ≥ 0

0 =
d2

dt2

(

Φ(t)

e
θ⋆
q⋆

t

)

= dq⋆

∫

e(θ−θ⋆
q⋆

)t λq⋆(dθ) +

q⋆−1
∑

i=1

d2

dt2

{

ai e
−(θ⋆

q⋆
−θ⋆i )t

+ bi t e
−(θ⋆

q⋆
−θ⋆i )t + ci t

2 e
−(θ⋆

q⋆
−θ⋆i )t + di t

2 e
−(θ⋆

q⋆
−θ⋆i )tΦi(t)

}

,

where the derivative and integral may be exchanged by [25], Appendix A16. Now
note that asλq⋆(]θ̄q⋆ , θ

⋆
q⋆ [) > 0, there is anε > 0 such thatλq⋆([θ̄q⋆ + ε, θ⋆q⋆ [) > 0.

Therefore, asφ is positive and increasing, we can estimate for allt ≥ 0

∫

e
(θ−θ⋆

q⋆
)t
λq⋆(dθ) ≥ e

(θ̄q⋆+ε−θ⋆
q⋆

)t
λq⋆([θ̄q⋆ + ε, θ⋆q⋆ [) > 0.

On the other hand, as(ex − 1)/x is positive and increasing, we obtain

e−(θ̄q⋆+ε−θ⋆
q⋆

)t

∣

∣

∣

∣

d2

dt2
t2 e−(θ⋆

q⋆
−θ⋆i )tΦi(t)

∣

∣

∣

∣

= e−(θ̄q⋆+ε−θ⋆
q⋆

)t × e−(θ⋆
q⋆

−θ⋆i )t ×
∣

∣

∣

∣

∣

(θ⋆q⋆ − θ⋆i )
2

∫

t2φ((θ − θ⋆i )t)λi(dθ)

− 2(θ⋆q⋆ − θ⋆i )

∫

e(θ−θ⋆i )t − 1

θ − θ⋆i
λi(dθ) +

∫

e(θ−θ⋆i )t λi(dθ)

∣

∣

∣

∣

∣

≤ e−(θ̄q⋆+ε−θ⋆i )t

{

(θ⋆q⋆ − θ⋆i )
2 t2 φ((θ̄i+1 − θ⋆i )t)

+ 2 (θ⋆q⋆ − θ⋆i )
e(θ̄i+1−θ⋆i )t − 1

θ̄i+1 − θ⋆i
+ e(θ̄i+1−θ⋆i )t

}

,

which converges to zero ast → +∞ for everyi < q⋆. It follows easily that

0 =
1

∫

e
(θ−θ⋆

q⋆
)t
λq⋆(dθ)

d2

dt2

(

Φ(t)

e
θ⋆
q⋆

t

)

t→+∞−−−−→ dq⋆ .

Finally, using (5.2), we obtainlimt→+∞Φ(t)/t eθ
⋆
q⋆

t = bq⋆ = 0, and this subse-

quently giveslimt→+∞Φ(t)/e
θ⋆
q⋆

t
= aq⋆ = 0.
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Case 3. Suppose thatλq⋆(]θ̄q⋆ , T ]) = 0. ThenΦq⋆(t) = φ((θ̄q⋆ − θ⋆q⋆)t) for all

t. Using equation (5.2), we now obtainlimt→+∞Φ(t)/t2 e
θ⋆
q⋆

t
= cq⋆ = 0, then

limt→+∞Φ(t)/t e
θ⋆
q⋆

t
= bq⋆ = 0, andlimt→+∞Φ(t)/e

θ⋆
q⋆

t
= aq⋆ = 0. Finally,

t2 eθ
⋆
i tΦi(t)

t2 e
θ⋆
q⋆

t
φ((θ̄q⋆ − θ⋆q⋆)t)

t→+∞−−−−→ 0

for all i < q⋆ by (5.2) and ast2 φ((θ̄q⋆ − θ⋆q⋆)t) → +∞ ast → +∞. Therefore

0 = lim sup
t→+∞

Φ(t)

t2 e
θ⋆
q⋆

t
φ((θ̄q⋆ − θ⋆q⋆)t)

= dq⋆ .

End of proof. We have now shown thataq⋆ , bq⋆ , cq⋆ , dq⋆ = 0, and we are left
with q⋆ − 1 terms in equation (5.1). But proceeding by induction, we findthat
ai, bi, ci, di = 0 for all i. This is impossible, as

∑q⋆

i=1{|ai|+ |bi|+ |ci|+ |di|} = 1
by construction. Thus we have a contradiction, and the proofis complete.

5.2. Proof of Theorem 2.12.The proof of Theorem 2.12 consists of a sequence
of approximations, which we develop in the form of lemmas.Throughout this sec-
tion, we always presume that Assumption A holds.

We begin by establishing the existence of an envelope function.

LEMMA 5.4. DefineS = (H0 +H1 +H2)/c
⋆. ThenS ∈ L4(f⋆dµ), and

|f/f⋆ − 1|
‖f/f⋆ − 1‖1

≤ S for all f ∈ M.

PROOF. ThatS ∈ L4(f⋆dµ) follows directly from Assumption A. To proceed,
let f ∈ Mq, so that we can writef =

∑q
i=1 πifθi . Then

f − f⋆

f⋆
=

q⋆
∑

i=1











∑

j:θj∈Ai

πj − π⋆
i





fθ⋆i
f⋆

+
∑

j:θj∈Ai

πj

(

fθj − fθ⋆i
f⋆

)







.

Taylor expansion givesfθj(x)−fθ⋆i (x) = D1fθ⋆i (x) (θj−θ⋆i )+
1
2D2fθij(x)(x) (θj−

θ⋆i )
2 for someθij(x) ∈ [−T, T ]. Using Assumption A, we find that

∣

∣

∣

∣

f − f⋆

f⋆

∣

∣

∣

∣

≤
q⋆
∑

i=1

{∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj − π⋆
i

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj(θj − θ⋆i )

∣

∣

∣

∣

∣

+
1

2

∑

j:θj∈Ai

πj(θj − θ⋆i )
2

}

(H0 +H1 +H2).
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On the other hand, Theorem 5.2 gives

∥

∥

∥

∥

f − f⋆

f⋆

∥

∥

∥

∥

1

≥ c⋆
q⋆
∑

i=1

{∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj − π⋆
i

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj(θj − θ⋆i )

∣

∣

∣

∣

∣

+
1

2

∑

j:θj∈Ai

πj(θj − θ⋆i )
2

}

.

The proof follows directly.

COROLLARY 5.5. |d| ≤ D for all d ∈ D, whereD = 2S ∈ L4(f⋆dµ).

PROOF. Using‖f − f⋆‖TV ≤ 2h(f, f⋆) and|√x− 1| ≤ |x− 1|, we find

|df | =
|
√

f/f⋆ − 1|
h(f, f⋆)

≤ |f/f⋆ − 1|
1
2‖f/f⋆ − 1‖1

≤ 2S,

where we have used Lemma 5.4.

Next, we prove that the Hellinger normalized densitiesdf can be approximated
by chi-square normalized densities for smallh(f, f⋆).

LEMMA 5.6. For anyf ∈ M, we have
∣

∣

∣

∣

∣

√

f/f⋆ − 1

h(f, f⋆)
− f/f⋆ − 1
√

χ2(f ||f⋆)

∣

∣

∣

∣

∣

≤ {4‖S‖24S + 2S2}h(f, f⋆),

where we have defined the chi-square divergenceχ2(f ||f⋆) = ‖f/f⋆ − 1‖22.

PROOF. Let us define the functionR as
√

f

f⋆
− 1 =

1

2

{

f − f⋆

f⋆
+R

}

.

Then we have

√

f/f⋆ − 1

h(f, f⋆)
− f/f⋆ − 1
√

χ2(f ||f⋆)
=

f/f⋆ − 1 +R

‖f/f⋆ − 1 +R‖2
− f/f⋆ − 1

‖f/f⋆ − 1‖2
=

(f/f⋆ − 1 +R){‖f/f⋆ − 1‖2 − ‖f/f⋆ − 1 +R‖2}+R‖f/f⋆ − 1 +R‖2
‖f/f⋆ − 1 +R‖2 ‖f/f⋆ − 1‖2

,



CONSISTENT ORDER ESTIMATION 35

so that by the reverse triangle inequality and Corollary 5.5
∣

∣

∣

∣

∣

√

f/f⋆ − 1

h(f, f⋆)
− f/f⋆ − 1
√

χ2(f ||f⋆)

∣

∣

∣

∣

∣

≤ 2‖R‖2S + |R|
‖f/f⋆ − 1‖2

.

Elementary arguments show that for allx ≥ −1

−x2

2
≤

√
1 + x− 1− x

2
≤ 0.

Therefore, by Lemma 5.4,

|R| ≤
(

f − f⋆

f⋆

)2

≤ S2

∥

∥

∥

∥

f − f⋆

f⋆

∥

∥

∥

∥

2

1

≤ S2

∥

∥

∥

∥

f − f⋆

f⋆

∥

∥

∥

∥

1

∥

∥

∥

∥

f − f⋆

f⋆

∥

∥

∥

∥

2

.

The proof is easily completed using‖f − f⋆‖TV ≤ 2h(f, f⋆).

Finally, we need one further approximation step.

LEMMA 5.7. Let q ∈ N and α > 0. Then for everyf ∈ Mq such that
h(f, f⋆) ≤ α, there existη, β, ρ ∈ R

q⋆ , γ ∈ R
q, andθ ∈ [−T, T ]q such that

q⋆
∑

i=1

|ηi| ≤
1

c⋆
+

1√
c⋆α

,

q⋆
∑

i=1

|βi| ≤
1

c⋆
+

2T√
c⋆α

,

q⋆
∑

i=1

|ρi| ≤
1

c⋆
,

q
∑

j=1

|γj | ≤
1√
c⋆α

,

and
∣

∣

∣

∣

∣

f/f⋆ − 1
√

χ2(f ||f⋆)
− ℓ

∣

∣

∣

∣

∣

≤
√
2

3(c⋆)5/4
{‖H3‖2 S +H3}α1/4,

where we have defined

ℓ =

q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

+ ρi
D2fθ⋆i
f⋆

}

+

q
∑

j=1

γj
fθj
f⋆

.

PROOF. As f ∈ Mq, we can writef =
∑q

j=1 πjfθj . Note that by Theorem 5.2

h(f, f⋆) ≥ c⋆

4

q⋆
∑

i=1

∑

j:θj∈Ai

πj(θj − θ⋆i )
2.
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Therefore,h(f, f⋆) ≤ α impliesπj(θj − θ⋆i )
2 ≤ 4α/c⋆ for θj ∈ Ai. In particular,

wheneverθj ∈ Ai, eitherπj ≤ 2
√

α/c⋆ or (θj − θ⋆i )
2 ≤ 2

√

α/c⋆. Define

J =
⋃

i=1,...,q⋆

{

j : θj ∈ Ai, (θj − θ⋆i )
2 ≤ 2

√

α/c⋆
}

.

Taylor expansion givesfθj(x)− fθ⋆i (x) = D1fθ⋆i (x) (θj − θ⋆i )+
1
2D2fθ⋆i (x) (θj −

θ⋆i )
2 + 1

6D3fθij(x)(x) (θj − θ⋆i )
3 for someθij(x) ∈ [−T, T ]. Therefore

f − f⋆

f⋆
= L+

1

6

q⋆
∑

i=1

∑

j∈J :θj∈Ai

πj(θj − θ⋆i )
3
D3fθij(x)(x)

f⋆
,

where we have defined

L =

q⋆
∑

i=1

{(

∑

j∈J :θj∈Ai

πj − π⋆
i

)

fθ⋆i
f⋆

+
∑

j∈J :θj∈Ai

πj(θj − θ⋆i )
D1fθ⋆i
f⋆

+
1

2

∑

j∈J :θj∈Ai

πj(θj − θ⋆i )
2
D2fθ⋆i
f⋆

}

+
∑

j 6∈J
πj

fθj
f⋆

.

Now note that
∣

∣

∣

∣

∣

f/f⋆ − 1
√

χ2(f ||f⋆)
− L

‖L‖2

∣

∣

∣

∣

∣

≤ |f/f⋆ − 1|
‖f/f⋆ − 1‖2

‖f/f⋆ − 1− L‖2
‖L‖2

+
|f/f⋆ − 1− L|

‖L‖2

≤ ‖f/f⋆ − 1− L‖2 S + |f/f⋆ − 1− L|
‖L‖2

,

where we have used Lemma 5.4. By Theorem 5.2, we obtain

‖L‖2 ≥ ‖L‖1 ≥
c⋆

2

q⋆
∑

i=1

∑

j∈J :θj∈Ai

πj(θj − θ⋆i )
2.

Therefore, we can estimate

|f/f⋆ − 1− L|
‖L‖2

≤ H3

3c⋆

∑q⋆

i=1

∑

j∈J :θj∈Ai
πj|θj − θ⋆i |3

∑q⋆

i=1

∑

j∈J :θj∈Ai
πj(θj − θ⋆i )

2
≤
(

4α

c⋆

)1/4 H3

3c⋆
,

where we have used the definition ofJ . Settingℓ = L/‖L‖2, we obtain
∣

∣

∣

∣

∣

f/f⋆ − 1
√

χ2(f ||f⋆)
− ℓ

∣

∣

∣

∣

∣

≤
√
2

3(c⋆)5/4
{‖H3‖2 S +H3}α1/4.
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It remains to show that for our choice ofℓ = L/‖L‖2, the vectorsη, β, ρ, γ in the
statement of the lemma satisfy the desired bounds. To this end, note that

‖L‖2 ≥ c⋆
q⋆
∑

i=1

{∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj−π⋆
i

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj(θj−θ⋆i )

∣

∣

∣

∣

∣

+
1

2

∑

j:θj∈Ai

πj(θj−θ⋆i )
2

}

by Theorem 5.2, while we have

ηi =
1

‖L‖2
∑

j∈J :θj∈Ai

πj − π⋆
i , βi =

1

‖L‖2
∑

j∈J :θj∈Ai

πj(θj − θ⋆i ),

ρi =
1

2‖L‖2
∑

j∈J :θj∈Ai

πj(θj − θ⋆i )
2, γj =

πj1j 6∈J
‖L‖2

.

It follows immediately that
∑q⋆

i=1 |ρi| ≤ 1/c⋆. Now note that forj 6∈ J such that
θj ∈ Ai, we have(θj − θ⋆i )

2 > 2
√

α/c⋆ by construction. Therefore

‖L‖2 ≥
c⋆

2

q⋆
∑

i=1

∑

j 6∈J :θj∈Ai

πj(θj − θ⋆i )
2 ≥

√
c⋆α

∑

j 6∈J
πj .

It follows that
∑q

j=1 |γj| ≤ 1/
√
c⋆α. Next, we note that

q⋆
∑

i=1

∣

∣

∣

∣

∣

∣

∑

j∈J :θj∈Ai

πj − π⋆
i

∣

∣

∣

∣

∣

∣

≤
q⋆
∑

i=1

∣

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj − π⋆
i

∣

∣

∣

∣

∣

∣

+
∑

j 6∈J
πj.

Therefore
∑q⋆

i=1 |ηi| ≤ 1/c⋆ + 1/
√
c⋆α. Finally, note that

q⋆
∑

i=1

∣

∣

∣

∣

∣

∣

∑

j∈J :θj∈Ai

πj(θj − θ⋆i )

∣

∣

∣

∣

∣

∣

≤
q⋆
∑

i=1

∣

∣

∣

∣

∣

∣

∑

j:θj∈Ai

πj(θj − θ⋆i )

∣

∣

∣

∣

∣

∣

+ 2T
∑

j 6∈J
πj .

Therefore
∑q⋆

i=1 |βi| ≤ 1/c⋆ + 2T/
√
c⋆α. The proof is complete.

We can now complete the proof of Theorem 2.12.

PROOF OFTHEOREM 2.12. Letα > 0 be a constant to be chosen later on, and

Dq,α = {df : f ∈ Mq, f 6= f⋆, h(f, f⋆) ≤ α}.

Then clearly
N(Dq , δ) ≤ N(Dq,α, δ) +N(Dq\Dq,α, δ).
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We will estimate each term separately.
Step 1 (the first term). Define the family of functions

Lq,α =
{

q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

+ ρi
D2fθ⋆i
f⋆

}

+

q
∑

j=1

γj
fθj
f⋆

: (η, β, ρ, γ, θ) ∈ Iq,α

}

,

where

Iq,α =

{

(η, β, ρ, γ, θ) ∈ R
q⋆ × R

q⋆ × R
q⋆ × R

q × [−T, T ]q :

q⋆
∑

i=1

{|ηi|+ |βi|+ |ρi|} ≤ 3

c⋆
+

1 + 2T√
c⋆α

,

q
∑

j=1

|γj | ≤
1√
c⋆α

}

.

From Lemmas 5.6 and 5.7, we find that for any functiond ∈ Dq,α, there exists a
functionℓ ∈ Lq,α such that (here we use thath(f, f⋆) ≤

√
2 for anyf )

|d− ℓ| ≤ {4‖S‖24S + 2S2} (α ∧
√
2) +

√
2

3(c⋆)5/4
{‖H3‖2 S +H3}α1/4.

Usingα ∧
√
2 ≤ 23/8α1/4 for all α > 0, we can estimate

|d− ℓ| ≤ α1/4 U, U =

(

1 + ‖H3‖2
(c⋆)5/4

+ 8‖S‖24 + 4

)

{S + S2 +H3},

whereU ∈ L2(f⋆dµ) by Assumption A. Now note that ifm1 ≤ ℓ ≤ m2 for some
functionsm1,m2 with ‖m2 −m1‖2 ≤ ε, thenm1 − α1/4 U ≤ d ≤ m2 + α1/4 U
with ‖(m2 + α1/4 U)− (m1 − α1/4 U)‖2 ≤ ε+ 2α1/4‖U‖2. Therefore

N(Dq,α, ε+ 2α1/4‖U‖2) ≤ N(Lq,α, ε) for ε > 0.

Of course, we will ultimately chooseε, α such thatε+ 2α1/4‖U‖2 = δ.
We proceed to estimate the bracketing numberN(Lq,α, ε). To this end, letℓ, ℓ′ ∈

Lq,α, whereℓ is defined by the parameters(η, β, ρ, γ, θ) ∈ Iq,α andℓ′ is defined
by the parameters(η′, β′, ρ′, γ′, θ′) ∈ Iq,α. Then we can estimate

|ℓ− ℓ′| ≤ (H0 +H1 +H2)

q⋆
∑

i=1

{|ηi − η′i|+ |βi − β′
i|+ |ρi − ρ′i|}

+H0

q
∑

j=1

|γj − γ′j |+
H1√
c⋆α

max
j=1,...,q

|θj − θ′j |,
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where we have used that|fθj − fθ′j |/f
⋆ ≤ |θj − θ′j|H1 by Taylor expansion.

Therefore, writingV = H0 +H1 +H2, we have

|ℓ− ℓ′| ≤ V |||(η, β, ρ, γ, θ) − (η′, β′, ρ′, γ′, θ′)|||q,α,

where|||·|||q,α is the Banach space norm onR3q⋆+2q defined by

|||(η, β, ρ, γ, θ)|||q,α =

q⋆
∑

i=1

{|ηi|+ |βi|+ |ρi|}+
q
∑

j=1

|γj |+
1√
c⋆α

max
j=1,...,q

|θj |.

Note that if|||(η, β, ρ, γ, θ) − (η′, β′, ρ′, γ′, θ′)|||q,α ≤ ε′, then we obtain a bracket
ℓ′− ε′V ≤ ℓ ≤ ℓ′+ ε′V of size‖(ℓ′+ ε′V )− (ℓ′− ε′V )‖2 = 2ε′‖V ‖2. Therefore,
if we denote byN0(Iq,α, |||·|||q,α, ε′) the cardinality of the smallest proper cover of
Iq,α by |||·|||q,α-balls or radiusε′ (the cover is calledproper if each ball is centered
at some point insideIq,α), then we have shown that

N(Lq,α, ε) ≤ N0(Iq,α, |||·|||q,α, ε/2‖V ‖2) for ε > 0.

But note thatIq,α is included in the|||·|||q,α-ball

Iq,α ⊂ Bq,α =

{

v ∈ R
3q⋆+2q : |||v|||q,α ≤ 3

c⋆
+

2 + 3T√
c⋆α

}

.

We now use the following standard facts:

1. N0(S, d, ε) ≤ N(S, d, ε/2) for any subsetS ⊂ B of a metric space(B, d),
whereN(S, d, ε) is the cardinality of the smallest (not necessarily proper)
cover ofS consisting ofd-balls of radiusε.

2. For anyn-dimensional Banach space(B, |||·|||), the covering number of the
r-ballB(r) = {x ∈ B : |||x||| ≤ r} satisfiesN(B(r), |||·|||, ε) ≤ (2r+ε

ε )n.

Using these facts, we can estimate

N0(Iq,α, |||·|||q,α, ε/2‖V ‖2) ≤ N0(Bq,α, |||·|||q,α, ε/2‖V ‖2)

≤ N(Bq,α, |||·|||q,α, ε/4‖V ‖2) ≤
(

8‖V ‖2( 3
c⋆ + 2+3T√

c⋆
) + 1

ε
√
α

)3q⋆+2q

for ε/4‖V ‖2 ≤ 1, α ≤ 1. Choosingε+ 2α1/4‖U‖2 = δ, we obtain

N(Dq,α, δ) ≤ N(Lq,α, δ − 2α1/4‖U‖2) ≤
(

8‖V ‖2( 3
c⋆ + 2+3T√

c⋆
) + 1

(δ − 2α1/4‖U‖2)
√
α

)3q⋆+2q
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for δ ≤ 4‖V ‖2 andα ≤ (δ/2‖U‖2)4 ∧ 1.
Step 2 (the second term). Forf, f ′ ∈ Mq with h(f, f⋆) > α andh(f ′, f⋆) > α,

|df − d′f | =
|(
√

f/f⋆ − 1)‖
√

f ′/f⋆ − 1‖2 − (
√

f ′/f⋆ − 1)‖
√

f/f⋆ − 1‖2|
h(f, f⋆)h(f ′, f⋆)

≤ ‖
√

f ′/f⋆ −
√

f/f⋆‖2|
√

f/f⋆ − 1|+
√
2 |
√

f/f⋆ −
√

f ′/f⋆|
α2

,

where we have used thath(f, f⋆) ≤
√
2 for anyf . Now note that

∣

∣

∣

√
a−

√
b
∣

∣

∣

2
≤
∣

∣

∣

√
a−

√
b
∣

∣

∣

(√
a+

√
b
)

= |a− b|

for anya, b ≥ 0. We can therefore estimate

|df − d′f | ≤
‖(f − f ′)/f⋆‖1/21 (

√
H0 + 1) +

√
2 |(f − f ′)/f⋆|1/2

α2
,

where we have used that|
√

f/f⋆ − 1| ≤
√
H0 + 1 for anyf ∈ M. Now note that

if we write f =
∑q

i=1 πifθi andf ′ =
∑q

i=1 π
′
ifθ′i , then we can estimate

∣

∣

∣

∣

f − f ′

f⋆

∣

∣

∣

∣

≤ H0

q
∑

i=1

|πi − π′
i|+H1 max

i=1,...,q
|θi − θ′i|.

Defining

W = (
√

H0 + 1)‖H0 +H1‖1/21 +
√
2 (H0 +H1)

1/2,

we obtain

|df − d′f | ≤
W

α2
|||(π, θ)− (π′, θ′)|||1/2q , |||(π, θ)|||q =

q
∑

i=1

|πi|+ max
i=1,...,q

|θi|

(clearly |||·|||q is a Banach space norm onR2q). Note that if|||(π, θ) − (π′, θ′)|||q ≤
ε, then we obtain a bracketd′f − ε1/2W/α2 ≤ df ≤ d′f + ε1/2W/α2 of size

‖(d′f + ε1/2W/α2)− (d′f − ε1/2W/α2)‖2 = 2ε1/2‖W‖2/α2. Therefore

N(Dq\Dq,α, δ) ≤ N0(∆q × [−T, T ]q, |||·|||q, α4δ2/4‖W‖22),

where we have defined the simplex∆q = {π ∈ R
q
+ :
∑q

i=1 πi = 1}. We can now
estimate the quantity on the right hand side of this expression as before, giving

N(Dq\Dq,α, δ) ≤
(

(24 + 16T )‖W‖22
α4δ2

)2q
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for δ ≤ 8‖W‖2 andα ≤ 1.
End of proof. Chooseα = (δ/4‖U‖2)4. Collecting the various estimates above,

we find that we have forδ ≤ min(4‖U‖2, 4‖V ‖2, 8‖W‖2)

N(Dq , δ) ≤
(

162‖U‖22‖V ‖2( 3
c⋆ + 2+3T√

c⋆
) + 32‖U‖22

δ3

)3q⋆+2q

+

(

416(24 + 16T )‖U‖162 ‖W‖22
δ18

)2q

.

Using thatq > q⋆, it now follows easily that there exist constantsC⋆ and δ⋆,
depending only on‖U‖2, ‖V ‖2, ‖W‖2, T , andc⋆, such that

N(Dq , δ) ≤
(

C⋆

δ

)36q

for all δ ≤ δ⋆.

This establishes the estimate given in the statement of the Theorem. To complete
the proof, it remains to note that the existence ofD follows from Corollary 5.5.

5.3. Proof of Corollary 2.14. The first condition of Theorem 2.4 follows di-
rectly from Theorem 2.12. To establish the second condition, note that for any
f, f ′ ∈ Mq, f =

∑q
i=1 πifθi , f

′ =
∑q

i=1 π
′
ifθ′i , we can estimate

∣

∣

∣

∣

log

(

f + f⋆

2f⋆

)

− log

(

f ′ + f⋆

2f⋆

)∣

∣

∣

∣

≤
∣

∣

∣

∣

f − f ′

f⋆

∣

∣

∣

∣

≤ (H0 +H1)

(

q
∑

i=1

|πi − π′
i|+ max

i=1,...,q
|θi − θ′i|

)

.

It follows as above thatN({log({f + f⋆}/2f⋆) : f ∈ Mq}, δ) < ∞ for all δ > 0,
which implies that{log({f + f⋆}/2f⋆) : f ∈ Mq} isP⋆-Glivenko-Cantelli.

Now define the functionsη(q) and̟(n) as

η(q) = q

[

6

∫ ‖D‖2

0

√

log

(

C⋆

δ ∧ δ⋆

)

du

]2

,

̟(n) = ω(n)

[

6

∫ ‖D‖2

0

√

log

(

C⋆

δ ∧ δ⋆

)

du

]−2

.

Then all the assumptions of Theorem 2.4 are satisfied, yielding the consistency of
the penalized likelihood mixture order estimator.
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5.4. Proof of Proposition 2.15. We begin by characterizinḡDq⋆ .

LEMMA 5.8. Suppose that Assumption A holds. Then we have

D̄q⋆ =







L

‖L‖2
: L =

q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

}

, η, β ∈ R
q⋆,

q⋆
∑

i=1

ηi = 0







.

PROOF. Let (fn)n≥1 ⊂ Mq⋆ be such thath(fn, f⋆) → 0 anddfn → d0 ∈ D̄q⋆ .

By Theorem 5.2, we may assume without loss of generality thatfn =
∑q⋆

i=1 π
n
i fθni

with θni → θ⋆i andπn
i → π⋆

i for everyi = 1, . . . , q⋆. Taylor expansion gives

fn − f⋆

f⋆
= Ln +Rn, |Rn| ≤

H2

2

q⋆
∑

i=1

πn
i (θ

n
i − θ⋆i )

2,

where

Ln =

q⋆
∑

i=1

{

(πn
i − π⋆

i )
fθ⋆i
f⋆

+ πn
i (θ

n
i − θ⋆i )

D1fθ⋆i
f⋆

}

.

Proceeding as in Lemmas 5.6 and 5.7, we can estimate
∥

∥

∥

∥

dfn − Ln

‖Ln‖2

∥

∥

∥

∥

2

≤ 2‖S‖24{2‖S‖2 + 1}h(fn, f⋆) + {‖S‖2 + 1} ‖Rn‖2
‖Ln‖2

.

But using Theorem 5.2, we find that forn sufficiently large

‖Ln‖2 ≥ ‖Ln‖1 ≥ c⋆
q⋆
∑

i=1

πn
i |θni − θ⋆i |.

Thus we have

‖Rn‖2
‖Ln‖2

≤ ‖H2‖2
2c⋆

∑q⋆

i=1 π
n
i (θ

n
i − θ⋆i )

2

∑q⋆

i=1 π
n
i |θni − θ⋆i |

≤ ‖H2‖2
2c⋆

max
i=1,...,q⋆

|θni − θ⋆i |
n→∞−−−→ 0.

We have therefore shown thatLn/‖Ln‖2 → d0 in L2(f⋆dµ). Now define

ηni =
πn
i − π⋆

i

Zn
, βn

i =
πn
i (θ

n
i − θ⋆i )

Zn
, Zn =

q⋆
∑

i=1

{|πn
i −π⋆

i |+ |πn
i (θ

n
i −θ⋆i )|}.

As
∑q⋆

i=1{|ηni | + |βn
i |} = 1 for all n, we may extract a subsequence such that

ηni → ηi, βn
i → βi, and

∑q⋆

i=1{|ηi|+ |βi|} = 1. We obtain immediately

d0 =
L

‖L‖2
, L =

q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

}

.
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Clearly
∑q⋆

i=1 ηi = 0. Thus we have shown that anyd0 ∈ D̄q⋆ has the desired form.
It remains to show that any function of the desired form is in fact an element of

D̄q⋆ . To this end, fixη, β ∈ R
q⋆ with

∑q⋆

i=1 ηi = 0, and defineft for t > 0 as

ft =

q⋆
∑

i=1

(π⋆
i + tηi) fθ⋆i +βit/π⋆

i
.

Clearlyft ∈ Mq⋆ for all t sufficiently small, andft → f⋆ ast → 0. But

ft − f⋆

t
=

q⋆
∑

i=1

π⋆
i

fθ⋆i +βit/π⋆
i
− fθ⋆i

t
+

q⋆
∑

i=1

ηi fθ⋆i +βit/π⋆
i
.

Therefore clearly

1

t

ft − f⋆

f⋆

t→0−−→
q⋆
∑

i=1

{

ηi
fθ⋆i
f⋆

+ βi
D1fθ⋆i
f⋆

}

= L.

Using Lemma 5.6, we obtain

lim
t→0

dft = lim
t→0

(ft − f⋆)/tf⋆

‖(ft − f⋆)/tf⋆‖2
=

L

‖L‖2
.

Thus any function of the desired form is in̄Dq⋆ , and the proof is complete.

REMARK 5.9. The proof of Lemma 5.8 in fact shows thatD̄q⋆ = D̄c
q⋆ .

We can now complete the proof of Proposition 2.15.

PROOF OFPROPOSITION2.15. We apply Theorem 2.10 withq = q⋆ + 1. The
requisite envelope and bracketing assumptions follow directly from Theorem 2.12.
It therefore remains to show thatD̄c

q⋆+1\D̄q⋆ is nonempty.
Consider the functionft defined fort > 0 as follows:

ft =
π⋆
1

2
(fθ⋆

1
+t + fθ⋆

1
−t) +

q⋆
∑

i=2

π⋆
i fθ⋆i .

Clearlyft ∈ Mq⋆+1 for all t sufficiently small,ft → f⋆ ast → 0, and

ft − f⋆

t2
=

π⋆
1

2

fθ⋆
1
+t − 2 fθ⋆

1
+ fθ⋆

1
−t

t2
t→0−−→ π⋆

1

2
D2fθ⋆

1
.
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As in the proof of Lemma 5.8, we find that

lim
t→0

dft = lim
t→0

(ft − f⋆)/t2f⋆

‖(ft − f⋆)/t2f⋆‖2
=

D2fθ⋆
1

‖D2fθ⋆
1
‖2

= d0.

By construction,d0 ∈ D̄c
q⋆+1. But by Theorem 5.2, the functionsfθ⋆i , D1fθ⋆i , and

D2fθ⋆i (i = 1, . . . , q⋆) are all linearly independent. Together with Lemma 5.8, this
shows thatd0 6∈ D̄q⋆ . Thusd0 ∈ D̄c

q⋆+1\D̄q⋆ , and the proof is complete.

APPENDIX A: EMPIRICAL PROCESS INEQUALITIES

A.1. Two inequalities for the empirical process. In the proof of Theorem 2.4
we will need two maximal inequalities for the empirical process. These inequalities
follow rather easily from standard results in empirical process theory.

First, we need the following deviation inequality for the supremum of an empir-
ical process, similar to [23], Theorem 5.11. A short proof isin section A.2.

PROPOSITION A.1. Let Q be a family of measurable functionsf : E → R.
Assume that for some constantsR,K > 0.

sup
f∈Q

‖f‖∞ ≤ K, sup
f∈Q

E
⋆[f(X1)

2] ≤ R2.

Then we have

P
⋆

[

sup
f∈Q

|νn(f)| ≥ α

]

≤ 2 exp

[

− α2

C2(C1 + 1)R2

]

for all n ∈ N, α > 0, andC1 > 0 such that

C
√

C1 + 1

∫ R

0

√

logN(Q, u) du ≤ α ≤ C1R
2√n

K
,

whereC is a universal constant (the choiceC = 37.5 works).

We also need the following variant of Etemadi’s inequality.

PROPOSITION A.2. Let Q be a family of measurable functionsf : E → R.
Then we have for everyα > 0 andm,n ∈ N, m ≤ n

P
⋆

[

max
k=m,...,n

sup
f∈Q

|Sk(f)| ≥ 3α

]

≤ 3 max
k=m,...,n

P
⋆

[

sup
f∈Q

|Sk(f)| ≥ α

]

,

whereSn(f) =
√
nνn(f).

The proof is given in section A.3 below.



CONSISTENT ORDER ESTIMATION 45

A.2. Proof of Proposition A.1. The following Bernstein-type deviation in-
equality can be read off from [18], Corollary 6.9, together with the standard fact
that the essential supremum of a family of random variables coincides with the
essential supremum of a countable subfamily (cf. Remark 2.1).

THEOREM A.3. LetQ be a family of measurable functionsf : E → R. As-
sume that for some constantsR,K > 0

sup
f∈Q

‖f‖∞ ≤ K, sup
f∈Q

E
⋆[f(X1)

2] ≤ R2.

Then we have

P
⋆

[

sup
f∈Q

|νn(f)| ≥ E(n) + 7R
√
2x+

4Kx

3
√
n

]

≤ 2 e−x

for everyn ∈ N andx > 0, where we have defined

E(n) = 27

∫ R

0

√

logN(Q, u) du+
10K

3
√
n

logN(Q, R).

for everyn ∈ N.

The proof of Proposition A.1 reduces easily to this result.

PROOF OFPROPOSITIONA.1. Let α =
√

C2(C1 + 1)R2x and assume the
given bounds onα hold. Then we can estimate

x =
α2

C2(C1 + 1)R2
≤ C1R

2√n

K
× α

C2(C1 + 1)R2
≤ α

√
n

C2K
,

as well as

α2 ≤ C1R
2α

√
n

K
.

On the other hand, asN(Q, u) is nonincreasing inu, we have

CR
√

C1 + 1
√

logN(Q, R) ≤ C
√

C1 + 1

∫ R

0

√

logN(Q, u) du ≤ α.

We can therefore estimate

E(n) + 7R
√
2x+

4Kx

3
√
n

≤
{

27 + 7
√
2

C
√
C1 + 1

+
10C1

3C2(C1 + 1)
+

4

3C2

}

α

≤
{

37

C
+

5

C2

}

α ≤ α

provided that we chooseC such that37/C + 5/C2 ≤ 1 (e.g.,C = 37.5). The
proof is completed by applying Theorem A.3.
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A.3. Proof of Proposition A.2. The proof of Proposition A.2 follows closely
the proof of the classical Etemadi inequality, see [2], Appendix M19.

PROOF OFPROPOSITIONA.2. Define the stopping time

τ = inf

{

k ≥ m : sup
f∈Q

|Sk(f)| ≥ 3α

}

.

Then we have

P
⋆

[

max
k=m,...,n

sup
f∈Q

|Sk(f)| ≥ 3α

]

= P
⋆[τ ≤ n]

≤ P
⋆

[

sup
f∈Q

|Sn(f)| ≥ α

]

+

n
∑

k=m

P
⋆

[

τ = k and sup
f∈Q

|Sn(f)| < α

]

.

But on the event{τ = k and supf∈Q |Sn(f)| < α}, we clearly have

2α ≤ sup
f∈Q

|Sk(f)| − sup
f∈Q

|Sn(f)| ≤ sup
f∈Q

|Sk(f)− Sn(f)|.

Therefore, we can estimate

P
⋆

[

max
k=m,...,n

sup
f∈Q

|Sk(f)| ≥ 3α

]

≤ P
⋆

[

sup
f∈Q

|Sn(f)| ≥ α

]

+

n
∑

k=m

P
⋆

[

τ = k and sup
f∈Q

|Sn(f)− Sk(f)| ≥ 2α

]

.

As supf∈Q |Sn(f)− Sk(f)| and{τ = k} are independent, we obtain

P
⋆

[

max
k=m,...,n

sup
f∈Q

|Sk(f)| ≥ 3α

]

≤ P
⋆

[

sup
f∈Q

|Sn(f)| ≥ α

]

+ max
k=m,...,n

P
⋆

[

sup
f∈Q

|Sn(f)− Sk(f)| ≥ 2α

]

.

The proof is easily completed.
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UNIVERSITÉ PARIS-SUD,
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