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Abstract:
Conditions for reconstruction of multivariate homoge-
neous polynomials from sets of sample values are intro-
duced, together with a frame-based method for explic-
itly obtaining the polynomial coefficients from the sample
data.

1. Introduction

Several authors have noted the importance of interpolation
and reconstruction of multivariate polynomials from sam-
ple data in applications. Zakhor [10], for example, consid-
ered the problem of interpolation of bivariate polynomials
from irregularly spaced sample values in connection with
two-dimensional filter design and image processing. The
case of multivariate polynomials presents significant diffi-
culties not encountered with polynomials of one variable,
in particular due to the zeros of these entire functions of
several variables not being isolated as occurs in the uni-
variate setting. Consequently, it is not surprising that, in
her work, Zakhor develops conditions in which suitable
sampling sets are constrained to lie on certain algebraic
curves.
Very recent work by Varjú [9] and Benko and Króo [1]
develops Weierstraß types of results for approximation
of smooth multivariate functions by homogeneous poly-
nomials. This suggests the potential utility of interpo-
lation and reconstruction of homogeneous polynomials
from sample values. It is well known that the linear space
Hk(Cn) of homogeneous polynomials of degree k in n
complex variables is isomorphic to the space Symk(Cn)
of symmetric k-tensors over Cn. This fact was used by
the authors in [3] to develop results concerning frames
and grammians on Symk(Cn). In this paper, a similar
perspective is used to derive conditions under which co-
efficients of a multivariate homogeneous polynomial of
known degree can be reconstructed explicitly from sets of
sample values. It is shown that a sampling set that suffices
for n-variate homogenous polynomials of degree k is also
suitable for reconstructing the coefficients of any homo-
geneous polynomial in n variables of degree 1 6 ` < k.
Further, it is noted that, modulo general position issues,
the number of samples is the crucial issue in determining
suitability of a sampling set. Nevertheless, some sampling
sets are “better” than others in that they provide snug-
ger frames and hence the numerical advantages they en-

tail. The relative merits of sampling sets in this respect
do not depend on the particular polynomial to be recon-
structed, thus allowing generically good sampling sets to
be designed before any sampling is actually carried out.
Before beginning the mathematical sections of the paper,
a few comments on notation and terminology are in order.
For x = [x(1) · · · x(n)]T and y = [y(1) · · · y(n)]T in Cn,
their inner product will be denoted by

〈x, y〉 =
n∑

j=1

x̄(j)y(j)

where the bar denotes complex conjugate; i.e., the in-
ner product is conjugate linear in its first argument and
linear in its second argument. The corresponding con-
vention will be used for inner products in other complex
Hilbert spaces. Given a finite frame X = {x1, ..., xm}
for an n-dimensional complex vector space V , the func-
tion F : V → `2({1, . . . , m}) = Cm given by F (w) =
[〈x1, w〉 . . . 〈xm, w〉]T will be called the frame operator
associated with X , while F = F ∗F : V → V (i.e., the
composition of the adjoint of F with F ) will be called the
metric operator associated with X .
The k-fold tensor product V ⊗k of an n-dimensional vec-
tor space V is a vector space spanned by elements of the
form v1 ⊗ · · · ⊗ vk where each vi ∈ V [8]. The vector
v1 ⊗ · · · ⊗ vk has nk coordinates {v(`)

i |i = 1, . . . , k; ` =
1, . . . , n}where v

(`)
i denotes the `th coordinate of the vec-

tor vi. The space of symmetric k-tensors associated with
V , denoted Symk(V ), is the subspace of V ⊗k consist-
ing of those tensors which remain fixed under permutation
(see Chapter 10 of [8]). Symk(V ) is spanned by the ten-
sor powers v⊗k where v ∈ V . If V has dimension n then
dim Symk(V ) =

(
n+k−1

k

)
. Symk(V ) has a natural inner

product with the property
〈
v⊗k, w⊗k

〉
Symk(V )

= 〈v, w〉kV . (1)

2. Sampling of Homogeneous Polynomials

It is well known (see, e.g., [8]) that Hk(Cn), the linear
space of homogeneous polynomials of total degree k in
variables z̄(1), . . . , z̄(n) is isomorphic to Symk(V ). This
section points out a connection between the condition that
X(k) = {x⊗k

1 , . . . , x⊗k
m } is a frame for Symk(V ) and the

reconstructability of polynomials in Hk(Cn) from the val-
ues they take at sets of m points in Cn.



Beginning with k = 1, let w ∈ V = Sym1(V ) and denote
by [w(1) · · · w(n)]T ∈ Cn the coordinates of w in some
orthonormal basis for V . There is an obvious isomorphism
that takes w ∈ V to the polynomial pw ∈ H1(Cn) de-
fined by pw(z(1), . . . , z(n)) = w(1)z̄(1) + · · ·w(n)z̄(n). If
X = {x1, . . . , xm} is a frame for V , the associated frame
operator F : V → Cm is given by

F (w) =



〈x1, w〉

...
〈xm, w〉


 =




pw(x(1)
1 , . . . , x

(n)
1 )

...
pw(x(1)

m , . . . , x
(n)
m )


 . (2)

In other words, F (w) is a vector of values obtained by
evaluating (i.e., “sampling”) pw at the points x1, . . . , xm.
One may ask whether this set of m sample values is suffi-
cient to uniquely determine pw.
To address this question, define a sampling function PX :
H1 → Cm by

PX(p) =




p(x(1)
1 , . . . , x

(n)
1 )

...
p(x(1)

m , . . . , x
(n)
m )




and note that (2) shows the frame operator is given by
F (w) = PX(pw). Because the frame operator is in-
vertible, w is uniquely determined by F (w). Hence any
pw ∈ H1 is uniquely determined by its samples PX(pw).
Conversely, if X fails to frame V , the mapping F defined
by (2) is still well-defined, but has non-trivial kernel K.
In this case, PX(pw) = PX(pw+u) for all u ∈ K. So, in
particular, pw is not uniquely determined from its samples
at x1, ..., xm.
A similar situation occurs for k > 1, where the
space of interest is Symk(V ) and the frame is X(k) =
{x⊗k

1 , . . . , x⊗k
m }. As in the k = 1 case, mapping a

polynomial to its coefficient sequence defines an isomor-
phism between Hk(Cn) and Symk(V ) for k > 1. If
v = w⊗k ∈ Symk(V ) is a pure tensor power of w ∈ V ,
then

F (k)(v) =




〈
x⊗k

1 , w⊗k
〉

...〈
x⊗k

m , w⊗k
〉




=



〈x1, w〉k

...
〈xm, w〉k


 =




pv(x1)
...

pv(xm)




where pv ∈ Hk is defined by pv(z) = 〈z, w〉k. Symk(V )
is spanned by pure tensor powers of elements in V [8].
Thus, for arbitrary v ∈ Symk(V ), F (k)(v) is a vec-
tor of m samples of a polynomial in Hk taken at points
x1, ..., xm. Thus, as in the k = 1 case, polynomials in
Hk are uniquely determined by the samples P

(k)
X (p) =

[p(x1), . . . , p(xm)]T if and only if X(k) frames Symk(V ).
Theorem 1 given below implies that if one can reconstruct
a polynomial in Hk(Cn) from a certain sampling set then
the same set can be used to reconstruct polynomials in
H`(Cn) for all 1 6 ` < k. Conversely, almost every

sampling set in Cn for H1 gives rise to a sampling set for
Hk where k > 1, provided there are enough vectors in the
set.

Theorem 1. (i) Given n and m with m > n, if X(k) =
{x⊗k

1 , x⊗k
2 , . . . , x⊗k

m } is a frame for Symk(V ), then X(`)

is a frame for Sym`(V ) for all 1 6 ` < k.
(ii) Almost every set of m vectors in Cn such that m >(
n+k−1

k

)
results in a frame for Symk(Cn) for k > 1.

Proof. (i) Suppose that X(`) is not a frame for Sym`(V ).
Then X(`) does not span Sym`(V ) and there exists
g ∈ (span(X(`)))⊥ ⊂ Sym`(V ). Take some h ∈
Symk−`(V ). Let h = x

⊗(k−`)
1 . Then

〈
g ⊗ h, x⊗k

i

〉
=

〈
g ⊗ h, x⊗`

i ⊗ x
⊗(k−`)
i

〉

=
〈
g, x⊗`

i

〉 〈
h, x

⊗(k−`)
i

〉

= 0 ·
〈
x
⊗(k−`)
1 , x

⊗(k−`)
i

〉
= 0

which is a contradiction since g⊗h ∈ Symk(V ) and X(k)

is a frame for Symk(V ) so that for any i,
〈
g ⊗ h, x⊗k

i

〉
cannot be zero.
(ii) It has been shown in [7] that for almost every set
of vectors X = {x1, . . . , xm} in Cn, the rank of the
grammian of X(k) = {x⊗k

1 , . . . , x⊗k
m } is

(
n+k−1

k

)
when

m >
(
n+k−1

k

)
. This means that the maximum number of

linearly independent vectors in X(k) is
(
n+k−1

k

)
which is

the same as the dimension of Symk(Cn) and hence X(k)

is a frame for Symk(Cn).

3. Illustrative Examples

Example 1. Consider the space V = C2 over the field
C. Let x1 = [1, 0]T, x2 = [0, 1]T and x3 = [1, 1]T. The
set X = {x1, x2, x3} is a frame for V with corresponding
frame operator

F =




1 0
0 1
1 1


 .

The metric operator is

F = F ∗F =
[

2 1
1 2

]
.

The eigenvalues of F are 1 and 3, which are the optimal
lower and upper frame bounds respectively.

F−1 =
1
3

[
2 −1

−1 2

]

which is the metric operator of the dual frame The dual
frame is denoted by X̃ = {x̃1, x̃2, x̃3} where

x̃1 = F−1x1 =
[
2
3
,−1

3

]T

,

x̃2 = F−1x2 =
[
−1

3
,
2
3

]T

, and

x̃3 = F−1x3 =
[
1
3
,
1
3

]T

.
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Figure 1: The plane z = u+v, a homogeneous polynomial
of degree one.

Consider reconstruction of the homogeneous polynomial
p of degree one in two variables defined by p(u, v) =
c(1)u + c(2)v from the three frame elements. Here k = 1,
n = 2 and m = 3. Any c = [c(1), c(2)]T ∈ C2 can be
reconstructed via the frame reconstruction formula

c =
3∑

i=1

〈xi, c〉 x̃i. (3)

Since p(xi) = 〈xi, c〉 and for this example p(x1) = c(1),
p(x2) = c(2), and p(x3) = c(1) + c(2), the right side of (3)
is

c(1)x̃1 + c(2)x̃2 + (c(1) + c(2))x̃3 = [c(1), c(2)]T.

This shows that the coefficients of p(u, v) can be recon-
structed from its samples at the frame elements. The poly-
nomial p(u, v) = u + v together with the sampling set is
shown in Figure 1.

Example 2. If the homogeneous polynomial to be recon-
structed is of degree two as given by p(u, v) = c(1)u2 +
c(2)uv+c(3)v2 then one considers the space Sym2(C2) ⊂
C⊗2. The dimension of Sym2(C2) is three, which is
the same as the dimension of H2(C2). Hence at least
three sampling points are needed. Consider the same set
of sampling points as in Example 1; i.e., x1 = [1, 0]T,
x2 = [0, 1]T and x3 = [1, 1]T. One can extend this set
to C⊗2 by taking Kronecker products and restricting to
Sym2(C2) yields x⊗2

1 = [1, 0, 0]T, x⊗2
2 = [0, 0, 1]T, and

x⊗2
3 = [1, 1, 1]T. Let X(2) = {x⊗2

1 , x⊗2
2 , x⊗2

3 }. The poly-
nomial p can be uniquely determined from its sample val-
ues at x1, x2 and x3 because c(1) = p(x1), c(3) = p(x2),
and c(2) = p(x3)− p(x2)− p(x1). This means that X(2)

is a frame for Sym2(C2). The frame operator is

F =




1 0 0
0 0 1
1 1 1




making the metric operator

F =




2 1 1
1 1 1
1 1 2


 .

The minimum and maximum eigenvalues of F are .2679
and 3.7321, which are the optimal lower and upper frame
bounds respectively. The metric operator for the dual
frame is

F−1 =



−1 −1 0
−1 3 −1

0 −1 1




making the dual frame x̃⊗2
1 = F−1x⊗2

1 = [1,−1, 0]T,

x̃⊗2
2 = F−1x⊗2

2 = [0,−1, 1]T, and x̃⊗2
3 = F−1x⊗2

3 =
[0, 1, 0]T.
The polynomial p(u, v) = c(1)u2 + c(2)uv + c(3)v2 satis-
fies p(x1) = c(1), p(x2) = c(3), and p(x3) = c(1) + c(2) +
c(3). The coefficients of p can be obtained from its sam-
ples at x1, x2, and x3 by the frame reconstruction formula
for Sym2(C2); i.e.,

[c(1), c(2), c(3)]T = p(x1)x̃⊗2
1 + p(x2)x̃⊗2

2 + p(x3)x̃⊗2
3 .

Example 3. Consider now the frame for C2 formed by
x1 = [1, 0]T, x2 = [2, 0]T, and x3 = [0, 1]T. In this case,
reconstruction of p(u, v) = c(1)u2 + c(2)uv + c(3)v2 from
samples p(x1), p(x2), and p(x3) is not generally possible,
even though the number of samples is the same as the di-
mension of H2(C2). This is because x1 and x2 are scalar
multiples of each other and the corresponding vectors in
Sym2(C2), {[1, 0, 0]T, [2, 0, 0]T, [0, 0, 1]T} do not consti-
tute a frame for Sym2(C2). This is an example where the
tensor powers of a frame for V do not frame Symk(V ),
even though the number of vectors is adequate.

Example 4. Reconstruction of homogeneous polynomi-
als in H3(C2) requires at least four points, since the
dimension of Sym3(C2) and hence that of H3(C2) is
four. Taking the frame X = {x1, x2, x3, x4} =
{[1, 0]T, [0, 1]T, [1, 1]T, [1,−1]T} for C2, computing Kro-
necker products and restricting to Sym3(C2) yields

X(3) = {x⊗3
1 , x⊗3

2 , x⊗3
3 , x⊗3

4 }

=








1
0
0
0


 ,




0
0
0
1


 ,




1
1
1
1


 ,




1
−1
1
−1








.

A homogeneous polynomial of the form p(u, v) =
c(1)u3 + c(2)u2v + c(3)uv2 + c(4)v3 can be reconstructed
from its samples at these points as c(1) = p(1, 0), c(2) =
1
2 (p(1, 1) + p(1,−1) − 2p(1, 0)), c(3) = 1

2 (p(1, 1) +
p(1,−1)− 2p(1, 0)), and c(4) = p(0, 1) so that X(3) con-
stitutes a frame for Sym3(C)2. The frame operator is

F =




1 0 0 0
0 0 0 1
1 1 1 1
1 −1 1 −1




making the metric operator

F =




3 0 2 0
0 2 0 2
2 0 2 0
0 2 0 3


 .
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Figure 2: A homogeneous polynomial of degree three.

The optimal lower and upper frame bounds are A =
0.4384 and B = 4.5616. The metric operator of the dual
frame is

F−1 =




1 0 −1 0
0 1.5 0 −1

−1 0 1.5 0
0 −1 0 −1


 .

The dual frame is x̃⊗3
1 = F−1x⊗3

1 = [1, 0,−1, 0]T,

x̃⊗3
2 = F−1x⊗3

2 = [0,−1, 0, 1]T, x̃⊗3
3 = F−1x⊗3

3 =

[0, .5, .5, 0]T, and x̃⊗3
4 = F−1x⊗3

4 = [0,−.5, .5, 0]T.
The coefficients of a degree-three polynomial p(u, v) =
c(1)u3 + c(2)u2v + c(3)uv2 + c(4)v3 are given by

[c(1), c(2), c(3), c(4)]T = p(x1)x̃⊗3
1 + p(x2)x̃⊗3

2

+ p(x3)x̃⊗3
3 + p(x4)x̃⊗3

4 .

Such a polynomial and the sampling points are shown in
Figure 2.

Example 5. As the degree k or the dimension n gets
larger numerical issues arise in calculating the inverse of
the metric operator in order to get the dual frame that
is needed for the reconstruction [4]. Ideally, one would
like to construct tight frames for Symk(Cn). Since the
upper and lower frame bounds determine the numeri-
cal merits of a particular frame, it is interesting to ob-
serve how starting with a fixed frame for C2 the frame
bounds change as this frame is extended to frames for
Symk(C2) as k increases. Taking the frame for C2 to
be {[1, 0]T, [0, 1]T, [1, 1]T, [1,−1]T}, the frame bounds for
C2, Sym2(C2), and Sym3(C2) are tabulated below.

Space Optimal lower Optimal upper B/A
frame bound A frame bound B

C2 3 3 1
Sym2(C2) 1 5 5
Sym3(C2) .4384 4.5616 10.4

In this particular case it appears that the ratio B/A in-
creases as k, the degree of the polynomial increases.

4. Conclusions and Future Work

It has been shown that homogeneous polynomials of de-
gree k in n variables can be reconstructed from their sam-
ples at elements of a frame for Symk(Cn). Such a set
can also be used to reconstruct n-variate homogeneous
polynomials of all degrees ` where 1 6 ` < k. In re-
cent work [1], [9] conditions under which a smooth func-
tion can be approximated by homogeneous polynomials
have been established. Combining these results to approx-
imately reconstruct smooth functions from sampled data
and a possible construction of tight frames for Symk(Cn)
will be given in a detailed version of this work. The
metric operator and the grammian of a frame have the
same non-zero eigenvalues. Also G◦k, the grammian of
X(k) = {x⊗k

1 , x⊗k
2 , . . . , x⊗k

m }, is the k-fold Hadamard
product of G, the grammian of X = {x1, x2, . . . , xm}.
Relationship between the eigenvalues of G and G◦k ([2],
[5], [6]) may be used to obtain information about the frame
bounds for a frame for Symk(Cn) which comes from a
frame for Cn, see Example 5.
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