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Abstract

The inspection of residuals is a fundamental step to investigate the
quality of adjustment of a parametric model to data. For spatial
point processes, the concept of residuals has been recently proposed
by Baddeley et al. Baddeley et al. (2005) as an empirical counterpart
of the Campbell equilibrium equation for marked Gibbs point processes.
The present paper focuses on stationary marked Gibbs point processes
and deals with asymptotic properties of residuals for such processes. In
particular, the consistency and the asymptotic normality are obtained
for a wide class of residuals including the classical ones (raw residu-
als, inverse residuals, Pearson residuals). Based on these asymptotic
results, we define goodness-of-fit tests with Type-I error theoretically
controlled. One of these tests constitutes an extension of the quadrat
counting test widely used to test the null hypothesis of a homogeneous
Poisson point process.
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1 Introduction

Recent works on statistical methods for spatial point pattern makes parametric inference feasible
for a wide range of models, see Moller (2008) for an overview of this topic and more generally the
books of Daley and Vere-Jones (1988), Stoyan et al. (1987) Mpgller and Waagepetersen (2003) or
Hlian et al. (2008) for a survey on spatial point processes. The question is then to know whether
the model is well-fitted to data or not. For classical parametric models, this is usually done
via the inspection of residuals. They play a central role in parametric inference, see Atkinson
(1985) for instance. This notion is quite complex for spatial point processes and has been re-
cently proposed by Baddeley et al. Baddeley et al. (2005), following ideas from a previous work of
Stoyan and Grabarnik Stoyan and Grabarnik (1991).

The definition of residuals for spatial point processes is a natural generalization of the well-
known residuals for point processes in one-dimensional time, used in survival analysis (see Fleming and Harrington
(1991) or Andersen et al. (1993) for an overview). For example, a simple measure of the adequacy
of a one-dimensional point process model consists in computing the difference between the number
of events in an interval [0,¢] and the conditional intensity (or hazard rate of the lifetime distri-



bution) parametrically estimated and integrated from 0 to ¢. The extension in higher dimension
requires further developments due to the lack of natural ordering. It may be done for point pro-
cesses admitting a conditional density with respect to the Poisson process. These point processes
correspond to the Gibbs measures. The equilibrium in one dimension between the number of events
and the integrated hazard rate may be replaced in higher dimension by the Campbell equilibrium
equation or Georgii-Nguyen-Zessin formula (see Georgii (1976), Nguyen and Zessin (1979a) and
Section 2.3), which is the basis for defining the class of h—residuals where h represents a test func-
tion. In particular, Baddeley et al. Baddeley et al. (2005) consider different choices of h leading
to the so-called raw residuals, inverse residuals and Pearson residuals, and show that they share
similarities with the residuals obtained for generalized linear models.

Thanks to various diagnostic plots developped in the seminal paper Baddeley et al. (2005) and
implementation within the R package spatstat Baddeley and Turner (2005), residuals appear to
be a very convenient tool in practice. Some properties of the residuals process are exhibited in
Baddeley et al. (2005) and Baddeley et al. (2008), including a conditional independence property
and variance formulae in particular cases. In these two papers, the authors conjecture that a strong
law of large numbers and a central limit theorem should hold for the residuals as the sampling
window expands.

Our paper addresses this question for d—dimensional stationary marked Gibbs point pro-
cesses. We obtain the strong consistency and the asymptotic normality in several contexts for
a large class of test functions h. The h—residuals crucially depend on an estimate of the pa-
rameter vector. We consider the natural framework where the estimate is computed with the
same data over which the h—residuals are assessed. The assumptions are very general and we
show that they are fulfilled for several classical models, including the area interaction point pro-
cess, the multi-Strauss marked point process, the Strauss type disc process, the Geyer’s triplet
point process, etc. The assumptions on the estimator are quite natural and we show that they
are fulfilled in particular by the maximum pseudolikelihood estimator (in short MPLE) (see
Baddeley and Turner (2000) for instance), for which asymptotic properties are now well-known (see
Jensen and Moller (1991), Jensen and Kiinsch (1994), Billiot et al. (2008), Dereudre and Lavancier
(2009) and Coeurjolly and Drouilhet (2009)).

Moreover, based on these asymptotic results, we propose statistical goodness-of-fit tests for
which the Type-I error is asymptotically controlled. To the best of our knowledge, this is the
first attempt in this direction. Such tests exist for rejecting the assumption of a homogeneous
or inhomogeneous Poisson point process, but for general marked Gibbs point processes, the ex-
isting validation methods are either graphical (for example by using the QQ-plot proposed by
Baddeley et al. (2005)) or rely on Monte-Carlo based simulations. We present two tests based on
the computation of the residuals on different subdomains of the observation window. They extend
in a very natural way the quadrat counting test for homogeneous Poisson distributions (see Diggle
(2003) for instance). Besides, we present a test which combines several different h—residuals (asso-
ciated to different functions h), computed on the entire observation window. The next step will be
to implement these testing procedures to assess their power, compare them and reveal their limits.
A thorough study will require extensive simulations and should deserve a separate paper.

The rest of the paper is organized as follows. Section 2 gathers the main notation used in
this paper and briefly displays the general background. The definition of marked Gibbs point
processes is given. They depend exclusively on the choice of an energy function or equivalently,
of a local energy function. All the assumptions are based on this function. The Georgii-Nguyen-
Zessin formula is recalled, leading to the definition of the h—innovations and h—residuals. Some
examples are presented including the classical residuals considered by Baddeley et al. (2005) and
new ones connected to the well-known empty space function (or spherical contact distribution),
denoted in the literature by F, see Moller and Waagepetersen (2003) for instance.

Section 3 deals with asymptotic properties and presents our main results. A parametric station-
ary d-dimensional marked Gibbs point process is observed in a domain, denoted by A,,, assumed to



increase up to R%. Sufficient conditions expressed in terms of the test function and the local energy
function are given in order to derive the strong consistency result. We also propose an asymptotic
control in probability of the departure of the h-residuals process from the h-innovations through
the departure of the estimate from the true parameter vector (see Proposition 3). This allows us
to deduce asymptotic normality results. Two different frameworks are considered: for the first
one, the initial domain is splitted into a fixed finite number of subdomains (with volumes aimed
at converging to +00) and we consider the vector composed of the h—residuals computed on each
subdomain. For the second framework, we consider the vector composed of the hj—residuals (for
j=1,...,5) computed on the same domain A,, where hy,...,hs are different test functions.

The asymptotic normality results depend on unknown asymptotic covariance matrices. The
important question of estimating these matrices is addressed in Section 4. We give a general
condition under which these matrices are definite-positive and propose a consistent estimate.

Section 5 exploits the asymptotic results obtained before. Some goodness-of-fit tests are pro-
posed, based on normalized residuals computed in the two previous frameworks. They are shown
to converge to some x? distribution. Framework 1 leads to a generalization of the quadrat counting
test for homogeneous Poisson distributions. Framework 2 yields a test which combines the infor-
mation coming from several residuals, as for instance residuals coming from the estimation of the
empty space function at several points.

The different assumptions made in the previous sections to obtain asymptotic results are dis-
cussed in Section 6. When considering classical test functions, exponential family models and the
MPLE, the regularity and integrability type assumptions are shown to be satisfied for a wide class
of examples. The testing procedures require moreover an identifiability condition to provide a
proper normalization. Proposition 16 shows that this condition is easy to check for the first pro-
posed test and appears to be not restrictive in this case. For the other tests, checking this condition
depends more specifically on the model and the test function. We show, in Proposition 18, how
this condition can be verified on two examples of models with several choices of test functions.

In Section 7, the very special situation where the energy function is not hereditary is considered.
The GNZ formula is not valid any more in this setting but, provided a slight modification, it has
been recently extended in Dereudre and Lavancier (2009). This leads to a natural generalization
of the residuals to the non-hereditary setting.

Proofs of our main results are postponed to Section 8. The main material is composed of
an ergodic theorem obtained by Nguyen and Zessin (1979b) and a new multivariate central limit
theorem for spatial processes. Our setting actually involves some non stationary conditional cen-
tered random fields. A general central limit theorem adapted to this context has been obtained
in Comets and Janzura (1998) for self-normalized sums (see also Jensen and Kiinsch (1994) in the
stationary case and without self-normalization). But, contrary to these papers where the obser-
vation domain is assumed to be of the form [—n,n]¢, we consider domains that may increase
continuously up to R%. This particularity, which seems more relevant, requires an extension of the
results in Comets and Janzura (1998) and Jensen and Kiinsch (1994) to triangular arrays. This
new central limit theorem is presented in Appendix A.

2 Background on marked Gibbs point processes and defini-
tion of residuals

2.1 General notation, configuration space

We denote by B(R?) the space of bounded Borel sets in R?. For any A € B(R?), A denotes the
complementary set of A inside R?. The norm |.| will be used without ambiguity for different kind of
objects. For a vector x, |x| represents the uniform norm of x; For a countable set 7, || represents
the number of elements belonging to J; For a set A € B(RY), |A| is the volume of A.



Let M be a matrix, we denote by ||M]|| the Frobenius norm of M defined by | M||?> = Tr(M' M),
where T'r is the trace operator. For a vector x, ||x|| is simply its euclidean norm.

For all x € R? and p > 0, B(x,p) := {y, |y — x| < p}. Let us also consider the short notation,
for i € 24, B,;(p) = B(i,p) N Z4.

The space R? is endowed with the Borel o-algebra and the Lebesgue measure A. Let M be a
measurable space, which aims at being the mark space, endowed with the o-algebra M and the
probability measure A™. The state space of the point processes will be $ := R? x M measured by
= A ® A™. We shall denote for short 2™ = (x,m) an element of $.

The space of point configurations will be denoted by Q = Q($). This is the set of simple
integer-valued measures on $. It is endowed with the o-algebra F generated by the sets {p €
Q, p(A x A) =n} for alln € N, for all A € M and for all A € B(R?). For any 2™ € $ and ¢ € Q,
we denote ™ € ¢ if p(2™) > 0. For any ¢ € Q and any A € B(R?), we denote ©p := paxm
the projection of ¢ onto A x M, which is just the mesure meam(Ale) d,m, where 4, is the
Dirac measure at x. We will use without ambiguity some set notation for elements in €, e.g.
eU{z™} = pUa™ = p-+6,m and for 2™ € @, o~ {2} = o\ 2™ := p—,m. For any A € B(R?),
the number of elements of ¢, is denoted by |pa| := @(A x M).

2.2 Marked Gibbs point processes

The framework of this paper is restricted to stationary marked Gibbs point processes. Since we
are interested in asymptotic properties, we consider these point processes on the infinite volume
R?. Let us briefly recall their definition.

A marked point process ¢ is a 2-valued random variable, with probability distribution P on
(Q, F). The most prominent marked point process is the marked Poisson process 7 with intensity
measure v on R? (and mark density A™). The homogeneous marked Poisson process arises when
v =z, with z > 0.

Let 6 € ©, where © is some compact set of R? (for some p > 1). For any A € B(RY), let us
consider the parametric function Vj(.;0) from  into R U {+oc}. For fixed 0, (VA(.;0))repra)
constitutes a compatible family of energies if, for every A C A’ in B(RY), there exists a measurable
function 1 as from Q into R U {400} such that

Vo e Q Var(p;0) = Va(p;0) + Pa,a (oac; 0). (1)

From a physical point of view, Vi (pa;0) is the energy of ¢p in A given the outside configuration
@ae. The following definition is the classical way to define Gibbs measures through their conditional
specifications (see Preston (1970)).

Definition 1. A probability measure Py on Q) is a marked Gibbs measure for the compatible family
of energies (Va(.;0))acpray and the intensity v if for every A € B(RY), for Py-almost every outside
configuration pe, the law of Py given ppe admits the following conditional density with respect to

v

1
o ZA((‘DAC;G)

where Zp(pac; 0) is a normalization called the partition function.

fA(‘PAhﬁAC;@) e*VA(ap;O)7

The existence of a Gibbs measure on {2 which satisfies these conditional specifications is a diffi-
cult issue. We do not want to open this discussion here and we will assume that the Gibbs measures
we consider exist. We refer the interested reader to Ruelle (1969); Preston (1976); Bertin et al.
(1999); Dereudre (2005); Dereudre et al. (2010), see also Section 6 for several examples.

In this article, we focus on stationary marked point processes on $, i.e. on point processes
admitting a conditional density with respect to the homogeneous marked Poisson process m. More-
over, without loss of generality, the intensity of the Poisson process, z, is fixed to 1. We assume in



a first step that the family of energies is hereditary, which means that for any A € B(R?), for any
p € Q, and for all 2™ € A x M,

Va(p;0)) = 400 = Va(p U {2™};0)) = +o0, (2)

or equivalently, for all ™ € a, fa(palpac;0) > 0 = falpa ~ {z™}pac;0) > 0. The non-
hereditary case will be considered in Section 7. The main assumption is then the following.

[Mod-E]: For any 6 € ©, the compatible family of energies (Vi(.;0))acpra) is hereditary,
invariant by translation, and such that an associated Gibbs measure Py exists and is sta-
tionary. Our data consist in the realization of a point process with Gibbs measure Py«. The
vector 6* is thus the true parameter to be estimated, assumed to be in o.

The local energy to insert a marked point 2™ into the configuration ¢ is defined for any A
containing ™ by

V(@™ |p;0) = Va(p U{z™}) = Valp).

From the compatibility of the family of energies, i.e. (1), this definition does not depend on A. We
restrict our study to finite-range interaction point processes, which is the main limitation of this

paper.

[Mod-L]: There exists D > 0 such that for all (m,¢) € M x 2
V(0" 6) =V (0™ |0p(0,0); 0) -

2.3 Definitions of residuals for spatial point processes

The basic ingredient for the definition of residuals is the so-called GNZ formula stated below.

Theorem 1 (Georgii-Nguyen-Zessin Formula). Under [Mod-E], for any function h(-,-;0) : $ x
QO = R (eventually depending on some parameter 0) such that the following quantities are finite,

then
2™ P- er(:nm|<I>;0*) ™ _ 2™ 2™
([ oo pdsm) ) E(Z b, @\ ,9>>, )

zmed

where E denotes the expectation with respect to Py« .

For stationary marked Gibbs point processes, (3) reduces to
E (1 (0, ;0) V" IP0)) — B (n (0™, @\ 0";0)) (4)

where M denotes a random variable with probability distribution A™. The following definition is
based on empirical versions of both terms appearing in (4).

Definition 2. For any bounded domain A, let us define the h—innovations (denoted by In) and
the h—residuals (denoted by Ry and depending on an estimate 6 of 0*) by

In (g3, 0%) = /AMh(:cm,90;9*)6’”9””‘“";0*)#(6150’”)* > h(@™ e\ 2™ 0%)
X HAUISITYN

Ry (cp;h,é\) = h(zm,ga;a)eiV(sz@u(dzm)— Z h(xm,ga\:cm;a).
AxM TMEQPA



From a practical point of view, the last notion is the most interesting since it provides a
computable measure. The main examples considered by Baddeley et al. in Baddeley et al. (2005)
(in the context of stationary point processes) are obtained by setting h (x™, ;) = 1 for the raw
residuals, h (2™, p;0) = eV @199 for the inverse residuals and h (2™, p;0) = eV @"19:0)/2 for the
Pearson residuals. In particular, one may note that the raw residuals constitutes a difference of
two estimates of the intensity of the point process (up to a normalisation by |Al): the first one is
a parametric one and depends on the model while the second one is a nonparametric one (since it
is equal to |pal]). Another more evolved example is to consider the function defined for » > 0 by

he (2™, 9;0) := 110.(d(z™, p)) ¥ " 1#:0)

where d(z™, @) = infyme, |y — ||. Considering this function leads to

Ralpihnd) = [ dp@a™ ohude™) = 30 hala™ 0\ a"5D) (5)

~

Then for a large window R(;hp,0)/|A| leads to a difference of two estimates of the well-known
empty space function F at distance r. Recall that for a marked stationary point process (see
Moller and Waagepetersen (2003) for instance)

F(r) =P (d0M,®) <r).

The first term in the right hand side of (5) corresponds to the natural nonparametric estimator of
F(r) while the second one is a parametric estimator of F(r).

3 Asymptotic properties

From now on, we assume that the point process satisfies [Mod-E] and [Mod-L], that is [Mod].
The realization of ® ~ Py« is assumed to be observed in a domain A,, @ DT, with D+ > D, aimed
at growing up to R% as n — +oo. According to the locality assumption [Mod-L], we are thus
ensured that the h—innovations and h—residuals can be computed.

The aim of this section is to present several asymptotic properties for Iy, and R, . We prove
their consistency and we propose two asymptotic normality results within different frameworks:

e Framework 1: for a fixed test function h, A, is a cube, divided into a fixed finite number
of sub-cubes (which will increase with A,,). The purpose is then to obtain the asymptotic
normality for the vector composed of the h—residuals computed in each sub-cube.

e Framework 2: we consider hq, ..., hs s different test functions and the aim is to obtain the
asymptotic normality of the vector composed of the h;—residuals computed on A,,.

In both frameworks, an estimate of 6* is involved. We assume that it is computed from the
full domain A,, with the same data used to evaluate the h—residuals, which is a natural setting
in practice. Moreover, contrary to the previous works dealing with asymptotic properties on
Gibbs point processes (e.g. Jensen and Kiinsch (1994), Comets and Janzura (1998) or Billiot et al.
(2008)), where A,, is assumed to be of the discrete form [—n,n]¢, we consider general domains that
may grow continuously up to R%.

The asymptotic results obtained in this section are the basis to derive goodness-of-fit tests, as
presented in Section 5.

3.1 Consistency of the residuals process

We obtain consistency results for I3 (®;h,0%) and Ry ((ID; h, 5,,((19)), where for all n > 1, A, C

Ay, ([\n)n21 and (A,)n>1 are regular sequences whose size increases to co.
The assumption [C] gathers the two following assumptions:



[C1]
E (’h (OM, d; 9*)’ e_V(OM‘q)“g*)) < 400.

[C2] For all (m, ) € M x Q, the functions h (0™, ;6) and f (0™, ¢;0) := h (0™, @;0) e~V " 1#:0)
are continuously differentiable with respect to 6 in a neighborhood V(6*) of * and

E (Hf(l) (OI\/[, q), 9*) ’ e*V(OMVD;e*)) < too,

<400 and E(|h® (0™, ;0"
) (

where f(1) denotes the gradient vector of f with respect to 6.
Concerning the residuals process, we also need to assume

[E1] The estimator én(cp) of 6%, computed from the full observation domain A,,, converges for
Py-—a.e. v towards 6*, as n — +o0.

Proposition 2. Assuming [Mod], we have as n — +00

(a) Under [C1]: for Py«—a.e. @, |An|_1I[\n (; h, 0%) converges towards 0.
(b) Under [C] and [E1]: for Py«—a.e. o, |/~Xn|_1R;\n ((p; h,@An(go)) converges towards 0.

Remark 1. Assumption [Mod-L], while useful to allow the computation of the residuals in prac-
tice, is actually useless to prove their consistency.

3.2 Asymptotic control in probability of the residuals process

We provide in this section a control for the departure of the residuals from the innovations and
(0, — 0%). This is a crucial result to investigate the asymptotic normality of the residuals. We need
the folllowing assumptions.

[N1] For all (m,p) € M x , the functions h (0™, ¢; 0) and f (0™, ¢; 6) (defined in [C1]) are twice
continuously differentiable with respect to 6 in a neighborhood V(6*) of 6* and

E (Hﬁ(Q) (0™, @;0%) ’efv(oMlé;e*)) < 400,

<+4oco and E(|L® (0™, @;0%)
) (I

where 5(2) (0™, p; 0%) = (ﬁg (o™, @;9*))1<j e for g = f,h.

E2] There exists a random vector T such that the following convergence holds as n — +oo
g g
A, |12 (@n@) - e*) AT,

Proposition 3. Under assumptions [C], [N1] and [E1-2], assuming that |A,| = O(|A,]), then
as n — +00,

n

—~ ~ ~ T ~
Ry, (®55,0,(®)) = Iy, (©:,67) — (K] (0(®) = 07) € (h56%) +0p(Ral'/2),  (6)
where & (h; 6%) is the vector defined by
E(h;0") = E (h (0™, ®;0*) VD (0M|®;6*) e—V(OMI‘P;@*)) _ (7)

The notation X,,(®) = op(w,) means that w,, ! X,,(®) converges in probability towards 0 as n
tends to infinity.

Remark 2. Note that for exponential family models, V1) (2™ |p;0*) corresponds to the vector of
sufficient statistics (see Section 6 for more details).



3.3 Assumptions required for the asymptotic normality results

Apart from the assumptions [Mod], [C] and [N1] on the model, we will need to assume [N2-4]
below. All these assumptions are fulfilled by many models as proved in Section 6.

[N2] For any bounded domain A, for any 6 € V(6*),

E (Ia (@:5,67)°) < +oc.
[N3] For any sequence of bounded domains I';, such that I';;, — 0 when n — oo, for any 6 € V(6*),

E (Ipn (®;h, 9)2) 0.

[N4] For any ¢ € Q and any bounded domain A, Iy (¢;6) depends only on pagp.

Concerning the properties required for the estimator §n, we need its consistency through [E1]
and to refine [E2] into [E2(bis)] below. Note that the maximum pseudolikelihood estimator
satisfies these assumptions for many models (see section 6.2).

[E2(bis)] The estimate admits the following expansion

~ 1
0u(®) ~ 0" = U, (00°) +op(|Aal /%),

where, for any 6 € V(6%),

(i) for any ¢ € Q and for two disjoint bounded domains Ay, Ao,
Ua,un, (950) = Uy, (9;6) + U, (9:0)

(ii) for all j =1,...,p and any bounded domain A
3
B (|ws @0),]') <+,
(iii) for all j =1,...,p and for any bounded domain A
E ((UA (@;9))].’ @Ac) —0,
(iv) for all j =1,...,p and for any sequence of bounded domains T,
E ((Upn (@;9))?) —50 as T, =0,

(v) for any ¢ € Q and any bounded domain A, Uy (¢;0) depends only on wagp.

Remark 3. Assumption [E2(bis)] implies [E2]. Indeed, under this assumption one may ap-
ply Theorem 2.1 of Jensen and Kiinsch (199/) and assert: there exists a matriz X such that

|A, |72 Uy, (®;0%) A N(0,X%), as n — +oo.



3.4 Asymptotic normality of the h—residuals computed on subdomains
of A,

In this framework, we give ourself a test function h and we compute the h—residuals on disjoint
subdomains of A,,. In this context, we assume that the domain A,, is a cube and is divided into a
fixed number of subdomains as follows

= U Ajn

jeJ
where 7 is a finite set and all the A; ,, are disjoint cubes with the same volume |Ag .| increasing up

to +o00. Let us denote by Ri7 ((p; h, gn) the vector of the residuals computed on each subdomain,
ie. Ry ((p;h,gn) - (RAM ((p;h,gn))jej.

According to Proposition 3 and in view of [E2(bis)], we introduce the following notation

Rec (31, 0) := Ia (3 1, 0) — Un (:6)" € (h;6) (8)

for any ¢ € Q, for any bounded domain A and for any 0 € ©.
Proposition 4. Assume that

e The parametric model satisfies [Mod].

e The energy function and the test function h satisfy [C] and [N1-4].

e The energy function and the estimate 0, satisfy [E1] and [E2(bis)].

Then, the following convergence in distribution holds, as n — +0o0
Noal ™ Rapn (@35,80) 5 N (0,Z,(67)), (9)

where X, (0%) = Arnn I+ | T Y NRes — Ainn) J with I = eel’ ande = (1, ..., 1)T. The constants
Ann and Agres are respectively defined by

)\Inn = - Z IAU(D) (I) h 0* )IAk ((I);hae*))a (10)
|k|<1

)\Res = - Z oo ,Ao(D ((I)a ha 9*)R00,Ak(D)((I); ha 9*)) ’ (11)
[k|<1

where, for all k € Z%, Ay (D) is the cube centered at kD with side-length D.

From this asymptotic normality result, we can deduce the convergence for the norm of the
centered residuals. This is the basis for a generalization of the quadrat counting test discussed in
Section 5. We denote by Rz ,(¢; h) the mean residuals over all subdomains, that is Rz ,,(¢;h) =

17 ey Ra (99:00).
Corollary 5. Under the assumptions of Proposition 4,

_ 5 d
Aol T IR (P3h) = Ry (@3 1)]* == Arnn Xf7)—1- (12)

Proof. An easy computation shows that Ar,, and Ages are the two eigenvalues of X, (6*)
with respective order |J| — 1 and 1. Let P, be the matrix of orthonormalized eigenvectors
associated to Azn,. This matrix of size (|7, || — 1) satisfies by definition P}, P, =~ = Ly

and, from (9), [Aon|™! [IBY Ryn(@i )2 S Arnn Xi7/_1- Moreover, it is easy to check that

PnBhn = Lz = [T 7 which leads to |B],, Ran(@i Bl = [Rzn(p:h) = Ranle: b))
|



Remark 4. The asymptotic covariance matriz 3,(0*) and Ay involve only the covariance struc-
ture of the innovations (or the residuals) in a finite box around 0. This comes from the locality
assumption [Mod-L], also involved in [N4] and [E2(bis)]. A challenging task in practice is to
estimate Ainn and Ages (and so X,(0%)), this issue is investigated in Section 4.

3.5 Asymptotic normality of the (h;);—,  s—residuals computed on A,

In this framework, we consider s different test functions and we compute all h;—residuals on the
same domain A,,, which is assumed to be a cube growing up to R? when n — +oc.

We present an asymptotic normality result for the random vector (RAn (CID; hj, én)) _
]_

Proposition 6. Assume that
e The parametric model satisfies [Mod)].
o The energy function and the test functions h; (for j =1,...,s) satisfy [C] and [N1-4].
e The energy function and the estimate 0, satisfy [E1] and [E2(bis)].

Then, the following convergence in distribution holds, as n — 400

a2 (Ba, (®503,0,)) SN (0.2,000). (13)

Jj=1,...,s
where 35(0%) is the (s, s) matriz given by
2,07 = D™ 3" B (Rac () (¥51,607) Reg, () (51, 67)") (14)

|kI<1

where Roo (@, 1, 0%) := (Roo A (5 hj, 0%))
cube centered at kD with side-length D.

see (8), and where, for all k € 7, Ay(D) is the

J=1,...,87

4 Estimation and positivity of the asymptotic covariance
matrices

4.1 Statement of the problem

The aim of this section is to provide a condition under which, on the one hand the matrices X, (6*)
and X,(0*%), defined in Propositions 4 and 6, are positive-definite, and on the other hand Aj,,,,

involved in Corollary 5, is positive. Then we define estimators of 21_1/ 2(6%), AL and By 1/2 ().
As a consequence, we will be in position to normalize and estimate the quantities arising in (9),
(12) and (13) so that they converge to a free law.

Before this, let us focus on the particular form of the matrix 3, (6*). This (|7], |J|) matrix has
two eigenvalues A1y, and Ages (respectively defined by (10) and (11)), whose multiplicity is |J]—1
for Az, and 1 for Ages. By using the Gram-Schmidt process for orthonormalizing the eigenvectors
of X,(0*), one obtains the explicit form for the squared inverse of this matrix, provided A, and

ARes do not vanish:

_ 1 1 1 1
2y = 1 Y (S
=t ( ) V )\Inn =1 - |t7| \% )\Res Vv )\Inn -

where J = ee” and e = (1,...,1)'. Therefore, estimating 21_1/2(9*) can be reduced to the
estimation of these two eigenvalues Az, and Ages.
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Consequently, the estimation of Az, and the covariance matrices X, (0*) and X, (0*) is achieved
by estimating (10), (11) and (14), which can be viewed as a particular case of estimating the matrix
(actually a constant for the two first expressions)

M(0") = D~ 37 B (Yaym) (@36%) Ya, ) (@367 )

|kI<1

where, according to the assumptions involved in Propositions 4 and 6, for any bounded domain A,
YA (®;0) is a random vector of dimension ¢ (¢ = 1 or s) depending on 6, such that for any bounded
domains A, Ay, Ao (A1, Ay disjoint), for any 6 € V(6*), for any j =1,...,q and any ¢ € Q

(1) Ya,uns(9;0) = Yo, (0;0) + Y, (p;0),

(i) E ((Y(®:0))}) < +oc,

(i) B ((Ya (9:6)),]@rc) =0,

(iv) for any sequence of bounded domains I',,, E ((an (®; 9))3) —0 as I, =0,
(v) Ya(g;0) depends only on oagp.

4.2 Positive definiteness of M(6*)
Let us consider the following assumption.
[PD] For some A := Uiil<[2] A;(8) with § > 0, there exists B € F and Ay, ..., Ay, (£ > 1) disjoint
— 16
events of Qp = {(p cN: Pn: @) € B, 1< i <2 [%—‘} such that
— for j =0,....0, Py (A;) > 0.

— for all (¢o,...,¢0) € Ag x --+ x Ay the ({,¢) matrix with entries (Yy (¢i;60%))
(Y (003 6%)), is injective, which means:

jf

(Vy € R, y" (Y5 (95;0%) — Yg (90;67)) = 0) =y = 0.

Proposition 7. From the definition of YA (®;60) and under [PD], the matriz M(6*) is positive-
definite.

Remark 5. The assumption [PD] is associated to some characteristics of the point process ®.
The parameter § is independent of the parameters involved in the different estimators (e.g. DV or
§ arising in the next section). Given a model, the event B and § are chosen in order to let the
different configurations sets Ag, A1, ..., Ar as simple as possible. For most models, a convenient
choice is B =0 and § > D (see the examples treated in Appendiz B for instance).

4.3 Estimation of M(¢*)

The dependence of M(6*) on D may be lightened thanks to the following lemma, whose proof is
relegated to section 8.5.

Lemma 8. The matriz M(0%) can be rewritten for any 6 > 0 and any DV > D as

M@) =64 Y E (YAo(S) (®:0%) Ya, ) (‘P;@*)T) :
IkI<[ 5]

where A (9) is the cube with side-length ¢ centered at ko.

11



From this result, to achieve an estimation of M(#*), it is required to estimate the involved
expectation and 6* (by 8,,). This is enough for the estimation of Az, for which Y x (¢;6) = I (: 6).
But when Y (¢;0) = Roo (w5 h,0) or Ya(p;0) = Rooa(p;h,0), which appears in 3, (6*) and
3,(0%), it can be noticed that Y still depends on an expectation with respect to Py, through
the vector £(h, 6*) defined by (7). Moreover, the vector Uy in [E2(bis)] may also depend on such
a term (this is the case for example when considering the maximum pseudolikelihood estimate as
shown in Section 6. 2) This means that Y (¢;6) cannot be estimated only by Ya (p; 0, ), but by
\?n, Alp; é\ ), where Yn is an estimator of Y. We assume in the sequel that Y satisfies the same
properties (i) — (v) as Y and is a good estimator of Y (see Proposition 9). The explicit form of Y,
depends strongly on the estimate 0, (e.g. through U, in [E2(bis)]). When 0, is the maximum
pseudolikelihood estimator, we provide explicit formulas for ?n in Section 6.3.

Let us now specify an estimator of M(6*). Assume that the point process is observed in the
domain A,, ® DT where D* > D and A,, is a cube. For any § such that |A,,[07¢ € N, we
may consider the decomposition A, = Ukek, , Ax(0), where the Ay (5)’s are disjoint cubes with
side-length ¢ and centered, without loss of generality, at kd. For any such 4, according to Lemma 8,
a natural estimator of M(6*) is, for any DV > D,

M, (500 (9),8: DY) = [Apg| " D S Vaao (£:0000) Yuparn (2300 (9) -
k€Kng jeB ([ B2])NKng
(15)

Remark 6. As suggested by Lemma 8, the parameter 6 in (15) may be chosen arbitrarily. Yet,
while M(0*) is actually independent of 6, its estimate M, may depend on it due to edge effects.

The following proposition provides a framework to study the asymptotic properties of (15) and

shows the consistency of M, ~when the domain A, increases up to oo as n — oco. Its proof is
relegated to section 8.7.

Proposition 9. Under [Mod], [E1], assume that for any 6 in a neighborhood V(0*) of 6*, for
any bounded domain A, for any ¢ € Q and for j =1,...,p, (\?n,A(tp; ) ~is a continuous function.
J

Assume moreover that

E P
Sup ‘Yn,Ak(Sn)((I); 0) = Ya,6.)(®; 9)‘ — 0, (16)
celn

where, for any § > 0 as above, (6,)nen is a sequence satisfying |A,|0,% €N, 6,, = and 5, — §
as n — oco. Then, for any DV > D,

M, (@;én@),an,DV) M)

Remark 7. The choice of the sequence (0, )nen is always possible (see the proof). Since we allow
the domain A, to grow continuously up to R?, its decomposition in sub-cubes with side-length &
is not always possible. The sequence (dp)nen is thus mandatory to make a decomposition of the
domain available when n increases. We chose it by respecting as most as possible the initial choice
of the practicioner.

5 Goodness-of-fit tests for stationary marked Gibbs point
processes
We present in this section three goodness-of-fit tests, based on the residuals computed according

to the different frameworks considered in Section 3. We assume that the point process is observed
in the domain A,, ® DT where D* > D and A, is a cube.
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5.1 Quadrat-type test with |J| — 1 degrees of freedom

According to the setting detailed in Section 3.4, we divide the domain A, into a fixed number
of subdomains, namely A, := ,;c 7 Ajn, where J is a finite set and all the A;,, are disjoint
cubes with the same volume |Ag ,,|. Moreover, in each sub-domain, we consider the decomposition
Ajng = Ukek,.,., Ak(6), for any & such that [Agn,|6~% € N, where the Ag(6)’s are disjoint cubes
with side-length 4.

Following (15), we consider, for any § > 0 as above and any DV > D, the estimator

St = gl Y > 1w (#009) Ine (900(9) . (7)
€Kno  jeBi([B5])Nng
where KCpn, = Uje 7K n,. Note that Ia, s (gp;@m(gp)) = Ra, () (gp;@m(gp)) but we preserve this
redundant notation in the sequel.
The following corollary is an immediate consequence of Corollary 5 and Proposition 9.

Corollary 10. Under the assumptions of Proposition 4 and if [PD] holds for Y+ (®;0%) =
I (®;0%), then, for any & > 0, one can construct a sequence (8, )nen satisfying |Aon|6,% € N,
Ony =0 and 6, = 6, such that as n — +00

1 S =S d
Ty o= Do) ™ Ay Tn X IR7a(®5h) =Ry n(@;0)|1° = x3(|T| - 1). (18)

n,Inn

This result leads to a goodness-of-fit test for Hy : ® ~ Py« versus Hy : ® o Py.. Let us briefly
summarize the different steps to implement the test for a given asymptotic level « € (0,1).

e Step 1 Consider a parametric model of a stationary marked Gibbs point process with finite
range D observed on the domain A,, ® D' with D* > D.

e Step 2 Choose an estimation method satisfying the assumptions [E1], [E2(bis)] (for example
the MPLE) and compute the estimate 6, on A,,.

e Step 3

a) Consider a test function h (satisfying [C1-2], [N1-3] and [PD]), divide A,,, into |J|
cubes and compute the h—residuals on each different cube.

b) Estimate Arn, by (17).
c) Compute the test statistic T3 ,,, involved in (18).

e Step 4 Reject the model if T} ,,, () > XxF_,(|T| — 1).

Let us note that in the particular case of a homogeneous Poisson point process with intensity
z and when considering the raw residuals (h = 1), this test is exactly the Poisson dispersion test
applied to the | J| quadrat counts, also called quadrat counting test, see Diggle (2003) for instance.
Indeed, in this case, Rz ,(¢;h) — Rz.n(p;h) is the vector of quadrat counts and A7, = z.
Considering |A07n|Xn07 Inn as an estimation of the intensity on Ag ., the statistic 73, reduces to
the ratio of the sum of squares of the quadrat counts over their estimated mean.

Remark 8. The condition [PD] in Corollary 10 has to be verified with Y (®;6%) = I (®;6%)
which is not so difficult (see Proposition 16 for a general result). Indeed, contrarily to Corollary 11
and 12, this condition does not depend on the form of the estimator (9\” Moreover, as emphasized
in Section 3.4, the assumptions of Proposition / are satisfied for many models (this will be explored
in details for exponential models in Section 6.1). This means that the proposed goodness-of-fit test
based on (18) may be used for many models and many choices of function h.
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Remark 9. The weakeness of this testing procedure (and the next ones) could be the estimation
(17) of Ainn (and in general the estimator (15)). The choice of the parameters 6 and DY in (17)
is crucial. For instance, for fized n, in the extreme cases § — 0 or DV — oo, we get Xn,]nn ~0. A
careful simulation study should help for these choices. Another improvement could be to estimate
Ainn via Monte-Carlo methods.

5.2 Quadrat-type test with |.J| degrees of freedom

Under the same setting as above, assume moreover that [PD] holds for Y (¢;0*) = R__ z(; h, 0%).
Let us define the normalized residuals

Ring (95 1) 1= A2 Rz no (03 h) + (X_m Wy )Ey,no(@; h),

no,Inn no,Res no,Inn

where Xno, Inn is defined in (17) and Xnm Res 1s an estimate of Ages following (15). When consid-
ering the MPLE, explicit formulas for A, res are given in Section 6.3. It is easy to check that
Ring(p5h) = Xy,
tions 4 and 9.

2
R 7.1, (5 h). Therefore the following corollary is deduced from Proposi-

Corollary 11. Under the assumptions of Propositions J and 9, assuming that [PD] holds for
Y5 (9;0%) = Ix (P;0%) and Y5 (P;0%) = ROOI(@;h,H*), then, for any 0 > 0, one can construct
a sequence (Op)nen which satisfies [Aon|0,% € N, 6,, = 6 and 6, — & as n — oo, such that as
n — 400,

~ ~ d

T1n(®) := [Aon| /2[R (®; B)]1> == X*(1T)) (19)

A goodness-of-fit test with asymptotic size a € (0,1) is deduced similarly as in the previous
section. The steps to follow in practice are the same except that in Step 3 b), one has to estimate
both Arnn, and Ages, and in Step 4 we reject the model if T3 ,, () > xF_o(|T])-

Remark 10. Let us emphasize that, with respect to Corollary 10, Corollary 11 involves an addi-
tional more complex assumption: [PD] has to be satisfied for Y (®;6%) = Roo,K((I); h,0*). This
kind of assumption deeply depends on the nature of the estimate 9. This problem is investigated
in Proposition 18 for particular examples. Furthermore, we show in Proposition 17 that Ares = 0
occurs for many models and many choices of h including the Poisson model when h = 1. These
two remarks underline the fact that the test relying on 11, is more restrictive than the previous
one with Ty .

5.3 Empty space function type test

Let us consider the setting of section 3.5, where s different residuals are computed on the same full
domain A,,,. We consider the decomposition Ay, = Ugek,, Ar(6), for any & such that [A,|[6~? € N,
where the Ag(d)’s are disjoint cubes with side-length .

Under the notation of Proposition 6, assuming [PD] holds for Yz (¢;0%) = R z(p, h, 0%), let
us define

/2

~ ~ P — o~
Ro 5o (p3h,0) := Xy (RAnU(SD;hjvo))ji

~—1/2  ~-1 ~
where 22%/ = 22%/ (p,0;6,DY) is an estimation of X,(6*) as in (15). See explicit formulas
in Section 6.3 when considering the MPLE.

From Propositions 6 and 9, we get the following corollary.

Corollary 12. Assuming [PD] with Y5 (p;0*) = Roo,K(‘P’ h, %), under the assumptions of Propo-
sitions 6 and 9, then, for any 6 > 0 as above, one can construct a sequence (8, )nen which satisfies
|An|6,2 €N, 8,, =6 and 6, — § as n — oo, such that, as n — +0o0,

Ton(®) := [An|?|Ron(®; 1, 0) 2 5 x2(s). (20)
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A goodness-of-fit test for Hy : & ~ Py« versus Hy : ® = Py, with asymptotic size a € (0,1) is
deduced as before. From a practical point of view, the steps detailed in 5.1 are modified into:

e Step 3(framework 2)

a) Consider s different test functions (satisfying [C1-2], [N1-3] and [PD]), and compute
the s different hj—residuals on the same initial domain A, .

—~—1/2
b) Estimate the matrix X4(0*) by (15) and compute 22%/ with any numerical routine
(e.g. a choleski decomposition or a singular value decomposition).

¢) Compute the test statistic fgyno(gp) defined by (20).

e Step 4 Fix « € (0,1) and reject the model if T, () > x2_ ().

6 Application to exponential models and the MPLE

Through Sections 3, 4 and 5 three sets of assumptions have been considered. The first one deals
with integrability and regularity of the model and the test function(s) and gathers [Mod], [C] and
[N1-4]. The second one is about the estimator 6,, and involves [E1] and [E2(bis)]. Finally, the
third one, assumption [PD] is very specific and deals with the positive definiteness of covariance
matrices. We prove in this section that these assumptions are in general fulfilled for exponential
family models and the MPLE.

6.1 Assumptions [Mod], [C] and [N1-4] for exponential family models

The energy function of exponential family models is given for any A € B(R?) by Vj(p;0) =

07vA (), where va () is the vector of sufficient statistics given by v () = (v1.4(9), - .., vp.a ().

The local energy is then expressed as V (2™ ]p; 0) = 6'v (2™|¢), where v (2™[p) = (v1(z™|p), ..., vp(x™]p)) =
va(pU{z™}) —va(yp). Let us consider the following assumption:

[Exp] For i = 1,---,p, there exist nz(-inf),nz(-sup) > 0, k; € N such that one of both following

assumptions is satisfied for all (m, ) € M x Q:

0; > 0and — Hginf) < v (0™|@) = v (0™ |@B(0,p)) < ’ﬁz('sup)|908(o,p) ki
or -
—r{™ <0 (0™]) = vi (0™ |os(0,0)) < P,
The assumption [Exp] has already been considered by Billiot et al. (2008). It is fulfilled for a

large class of examples including the overlap area point process, the multi-Strauss marked point
process, the k—nearest-neighbor multi-Strauss marked point process, the Strauss type disc process,
the Geyer’s triplet point process, the area interaction point process,. ...

Proposition 13. Under [Exp], the assumptions [Mod], [C] and [N1-4] are satisfied for the raw
residuals, inverse residuals, Pearson residuals or residuals based on the empty space function.

Proof. The assumption [Exp] implies that the local energy function is local and stable, which,
from results of Bertin et al. (1999), implies that [Mod] is fulfilled. A direct consequence of [Exp]
is that for every a > 0, for all 6 € ® and for allt=1,...,p

E(|,Ui(OM|(I))|ae—9TV(OM‘<I>)) <+OO, (21)

which ensures the integrability assumptions [C] and [N1-2] for the residuals considered in the
proposition. The locality assumption [N4] is contained in [Exp]. Finally, an application of the
dominated convergence theorem, with the help of (21), shows [N3]. W
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Remark 11. Our setting is not restricted to locally stable exponential family models. As an
example, following ideas of Cocurjolly and Drouilhet (2009), one may prove that [C] and [N1-4]
are fulfilled for Lennard-Jones type models.

6.2 Assumptions [E1] and [E2(bis)] for the MPLE

Among the different parametric estimation methods available for spatial point patterns, the maxi-
mum pseudolikelihood is of particular interest. Indeed, unlike the maximum likelihood estimation
method, it does not require the computation of the partition function, it is quite easy to implement
and asymptotic results are now well-known (see Jensen and Moller (1991), Jensen and Kiinsch
(1994), Billiot et al. (2008), Dereudre and Lavancier (2009) and Coeurjolly and Drouilhet (2009)).
The MPLE is obtained by maximizing the log-pseudolikelihood contrast, given for exponential
models by

LPLa, (9:0) = / eIVE u(damy — F S (™ \ 2™ (22)
A, xM

TEP

Proposition 14. Under assumption [Exp] (and an additional indentifiability condition), [E1]
and [E2(bis)] are fulfilled for the MPLE. The vector Uy (p;0%) in [E2(bis)] is then expressed as
follows

U (p;6%) := H(0*)'LPL{ (;6"), (23)

where LPLs\l)(ga; 0*) is the gradient vector of the log-pseudolikelihood given by

* m *\ ,—0 T v(z™ m m m. gx
LPL{ (;6") ;:/ V(@™ 0)e T YE R p(dam) = N v\ 0%)  (24)
AxM TMEPA
and where H(0*) is the symmetric matriz
H(e*) — R (V(OM|(I); 9*)V(0M|(I); 9*)T e_V(oM@;@*)) . (25)
Proof. [E1] is proved by Billiot et al. (2008) (under [Exp] and the identifiability condition
[Ident] arising p.244 in Billiot et al. (2008)). Let Zy(p;0*) := —|A, | 'LPLy, (v;0%). If 0,,(¢) =
OMPLE () denotes the maximum pseudolikelihood estimate, one derives

ZD (0:0,) — Z09 (0:0%) = 0 — ZED (0:0%) = H, (93 6%,0,,) (0 (i0) — 0%)

with H, (¢;0*,8,) = fot z? ((p;@* + (6 (o) — 9*)) dt. Under assumptions [Exp] and [Ident],
then, for n large enough, H, is invertible and converges almost surely towards the matrix H(6*)
given by (25). Moreover, following the proof of Theorem 2 of Billiot et al. (2008) (see condition

(i4i) p.257-258), we derive Var(Z 1)(<I> 0%)) = O(|A,|7Y). So

(A 2(0n(®) = %) + BT (0)ZD (@30%)) = [ Aal"? (B (©:00,0%) —H'(6%)) 200 (@:6°)
- 0,

in probability as n — 4oco0. This implies (23). Finally, U (p;0*) fulfills properties (i) — (v) in

[E2(bis)] for the same reasons as in the proof of Proposition 13 and, for (iii), from the proof of
Theorem 2 (step 1, p. 257) in Billiot et al. (2008). W

Remark 12. In the same spirit as Remark 11, let us underline that the MPLE also satisfies [E1]
and [E2(bis)] for some non locally stable and non exponential family models, including Lennard-
Jones type models (provided a locality assumption,).

16



6.3 Estimation of asymptotic covariance matrices when considering the
MPLE

We still focus on exponential family models. As in Section 4.3, we assume that the point process
is observed in the domain A, @ DTt where Dt > D and Ay, is a cube. Moreover, we consider
the decomposition Ay, = Ukek,,, Ak (0), for any & such that [A,,[6~% € N, where the Ag(d)’s are
disjoint cubes with side-length § and centered, without loss of generality, at kd.

From (8) and (23), we have under the assumptions [Exp] and when considering the MPLE

Roo (93 h,0%) = In (1 h, 0%) — LPLO (49 0*) W (h, 6%) (26)

where W (h,0) := H(0)"*&(h,0). A natural estimator of W (h, 6*) is given by \/7\7”0(50; h, éno) =
@; h,

H, (» é\no)flé\no( gno) where

~ ~

—FC v(z™ m
H, (¢;05,) = |An0|71/ (@™ |p)v(a™ @) e oV u(dam),
ApgxM

~

~ ~ _FT v(z™ m
Erg (931, 0n) = |Apy| ™t / W™, @3 0ng )V (2™ [@)e oY1)y (dam).
ApgxM

~ N N T~ N
In this spirit, let Rpg, o0 (3 7 0ng) := In (95 By Ong) — LPLY (05 8,0) W g (93 1, 0y and
f{no,oo,A(go;h,gno) = (énmoo,/\(go;hj,gno)) L Based on these notation, we obtain the fol-
j=1,...,s

lowing estimations for Arpnn, Ages and X, (6%)
|A"0|71 Z Z IA'L((S) (‘P; Ono (‘P)) IAj(é) (‘P; O (‘P)) )
€Kno jeBi([B])NKn,

/):no,Res((P;é\no (‘P);&Dv) = |An0|_1 Z EOO,A.;(S) ((Py haé\no)éoo,Aj(S) ((I);haeno)a
€Kng  jeBi([55])NKng

~ ~ ~ ~ T
Al ™" D Roc,n,(6) (#5100 )Roo a (6) (95 1, Oy )
i€Kng GeBi([B5])NKn,

)\no,lnn (90; eno (90)5 57 Dv)

]

—~

ZQnO ((P; é\no ((p)a 67 Dv)

(]

Corollary 15. Under the notation and assumptions of Propositions 4 and 6, and under [Exp],
then, for any § > 0 as above, one can consider a sequence 0, which satisfies ép, = 6 and 6, — 6,

such that for any DV > D, the estimators an’]nn(@,é\n(®),5n,Dv), /)\\nyReS(@,é\n(@),én,Dv) and
3,,(2,0,(®),8,, D) converge in probability (as n — +o00) towards respectively Aipn, Ares and
(0%).

Proof. We apply Proposition 9, where for any 0 € V(6*), we set
o for Ann: Ya(p;0) = Ya(;0) = In (b, 0).
o for Apes: Ya(910) = Roc (37, 0) and Y, 0(930) = Ruyoo,a (5 1, ).
o for £,(6%): Ya(9:0) = Roo,a (¢ h,60) and Y, 4(9;60) = Ryo0a (951, 6).

The result is obvious for Aj,,. For Apes (the proof is similar for 3,(0*%)), it remains to prove
that for any 6 € ©, supyexc, énm’Ak(gn)(@;h,H) - Rn,oo,Ak(Sn)((I);hae)‘ — 0 in probability as
n — +oo. For any k € IC,,, we derive

~ T —~
R o505 ( @ 10,0) = Rog 55, (®51,60) = LPLY) 1 (0:6) (W(R,0) = Wa(i531,0) ).
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Assumption [E2(bis)] (implied by [Exp], see Proposition 14) ensures that |LPL(AlZ(5 N\Ax(6) (D;0)|
converges to 0 in quadratic mean. In particular, the convergence of LPL(Ali % )(<I>;9) towards

LPL(Ali ( 6)(@;9) holds in probability. Moreover under the assumptions [N1] and [E2(bis)], the

ergodic theorem of Nguyen and Zessin (1979b) may be applied to prove that V/\\/'n (®; h, 6) converges
almost surely towards W (h, ), as n — +oo. Slutsky’s theorem ends the proof. H

Remark 13. If the model is not an exponential model, Corollary 15 still holds by replacing the
vector of the sufficient statistics, v(z™|p), by the gradient vector of the local energy function,
VO (2™ @) in the different definitions.

6.4 Positive definiteness of covariance matrices when considering the
MPLE

Let us now focus on the positive-definitess of the above quantities. According to Proposition 7 the
key assumption to check is [PD].
As adressed in Remark 8, we begin by giving a general result ensuring that A, > 0.

Proposition 16. Under the assumption [Exp], then Ain, > 0 for the raw residuals, the Pearson
residuals and the inverse residuals.

Proof. In [PD], we fix § = D and B = (). Let us write Q := . Consider the following events
for some n > 1

Ag = {go €0:p(Ao(d)) = 0} and A, = {(p € Q:p(Ao(6) = n} ,

and let g € Ag and ¢, € A,,. Recall that the local stability property (ensured by [Exp]) asserts
that there exists K > 0 such that V (z™|p;0*) > —K for any 2™ € S and any ¢ € Q. Now, let us
consider the three type of residuals.

Raw residuals (h = 1). From the local stability property

|15 (pns h, 0%) — Ix(po; b, 07)| > n—

/ VG loni0") _ o=V 000"y (dem)| > n—2(RleX > 0,
AxM

for n large enough. And so assuming that the left-hand-side is zero leads to a contradiction, which
proves [PD].
Inverse residuals (h = eV ). Again, from the local stability property

|IK(‘Pn; h, 9*) - IK(‘PO; h, 9*)| = Z GV(IMW"\zm;G*) > neiK > 0,

T EPny

which proves [PD] similarly to the previous case.

Pearson residuals (h = ¢"/?). From the same argument
|IX(9071§ h, 9*) o IK(‘PO; h, 9*)| > Z eV(ggmwn\zm;e*)/Q _

TEPR Y

L ~VETRnt")/2 _ o=V l00i0")/2),(ggm)

AxM
> ne K/2— 2|K|€K/2 > 0,

for n large enough, which ends the proof. W
Proposition 16 asserts that [PD] is fullfilled for Y (®;6*) = I; (®;6*). Therefore, the com-
bination of Propositions 13, 14 and 16 and Corollary 15 ensures all the conditions of Corollary 10

18



hold. So a goodness-of-fit test based on (18) is valid for exponential family models satisfying [Exp]
and for the raw residuals, the Pearson residuals and the inverse ones.

Now, let us focus on tests based on Corollary 11 and 12. The following result is important
from a practical point of view. It asserts that Ag.s (and so X;(6%)), and X,(6*) may fail to be
positive-definite for an inappropriate choice of test function.

Proposition 17. Let us consider an exponential family model, let 0 := OMPLE gnd let us choose
a test function of the form h(z™,¢;0) = WI'v(z™|p) for some w € RP \ 0, then Ages = 0 and the

matrices 3, (0*) and X,(0*) in Propositions J and 6 are only semidefinite-positive matrices.

Proof. The result is proved by noticing that
HYw = B(v0M]®)v(o"]) eV O"120))
= E(v(0Y|@) (W v(0M|@)) eV (0150

= E(h(0M, ;0% (0M|<1>)e—V(0M“1’%9*)) = E(wWl'v,0).

= H(0*)"1€(w'v,0*) = w, which means that for any ¢ € Q and any

Therefore, W (wTv, 9*)
bounded domain A

T
ROO,A(tp;wTV,G*) = IA(tp;wTv,@*) — LPLg\l)(tp;G*) w = 0.

This means that if, for the framework 1, the test function is of the form h = w’ v then Ages = 0 and
if one of the test functions, for the framework 2, is of the form h = v, then 3,(6*) is necessary
singular. Wl

Remark 14. As for Corollary 15, the result of Proposition 17 still holds in general by replacing
the vector v(xz™|p) by the gradient vector of the local energy function V) (2™ ).

As a consequence of Proposition 17, the two goodness-of-fit tests based on 77, and T3, in
Section 5.2 and 5.3 are not available (for the MPLE) if the test function h is a linear combination
of the sufficient statistics v(a™|p). Since for most classical models, the value 1 can be obtained
from a linear combination of v(z™|p), the raw residuals (h = 1) are not an appropriate choice
for these two tests. This is the case for the two following examples: the area-interaction point
process and the 2-type marked Strauss point process, which are presented in details in Appendix
B. The following result proves that for a different choice of h—residuals, 3, (6*) and X,(6*) are
positive-definite.

Proposition 18. For the 2-type marked Strauss point process and the area-interaction point pro-
cess, when considering the MPLE as an estimator of 0*, then

o the matriz X,(0*) obtained in Framework 1 from the inverse residuals h = eV,

o the matriz X,(0*) obtained in Framework 2 from the empty space residuals, which are con-
structed for 0 < r; < ... <rs < —+oo from the family of test functions

h] (‘Tm’ ®s 9) = 1[0,Tj](d(‘rma (p))eV(lth;@), j = 1) ERRED
are positive-definite.

The proof of this result is postponed in Appendix B. The combination of Propositions 13, 14, 18
and Corollary 15 ensures all the conditions of Corollary 11 and 12 hold. So a goodness-of-fit test
based on (19) (resp. (20)) is valid for the 2-type marked Strauss point process and the area-
interaction point process and for the inverse residuals (resp. the family of test functions based on
the empty space function).

Following the Proof of Proposition 18, it is the belief of the authors that such a result holds for
other models and other choices of test functions. However, another model and/or test functions
will lead to a specific proof. Therefore, this result cannot be as general as the one presented in
Proposition 16.
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7 The non-hereditary case

Up to here, we have assumed through [Mod-E] that the family of energies is hereditary. We
consider in this section the non-hereditary case. This particular situation can only occur in presence
of a hardcore interaction. From a general point of view, we say that a family of energies involves
a hardcore interaction if some point configurations have an infinite energy. Many classical models
of Gibbs measures include a hardcore part, as the hard ball model.

A family of energies involving a hardcore part is hereditary if (2) holds. This is a common
assumption done for Gibbs energies and it appears to be fulfilled in most classical models, including
the hard ball model. However, one may encounter some non-hereditary models, in the sense that
(2) does not hold. Intuitively, in this case, when one removes a point from an allowed point
configuration, it is possible to obtain a forbidden point configuration. This occurs for instance for
Gibbs Delaunay-Voronoi tessellations or forced-clustering processes (see Dercudre and Lavancier
(2009) and Dereudre and Lavancier (2010)).

In the non-hereditary case, the GNZ formula (3), which is the basis to define the residuals,
becomes false (see Remark 2 in Dereudre and Lavancier (2009)). Tt is extended to non-hereditary
interactions in Dereudre and Lavancier (2009). This generalization requires to introduce the notion
of removable points.

Definition 3. Let ¢ € Q and x € ¢, then x is removable from o if there exists A € B(R?) such
that x € A and Va(p — x;0) < co. The set of removable points in ¢ is denoted by R(¢p).

Notice that in the hereditary case, R(¢) = .

The GNZ formula is then generalized to the non-hereditary case as follows. Assuming for
any 6 € © that a Gibbs measure exists for the family of energies (Vi(.;0))xep(ra), then, for any
function A(-,-,0) : $ x Q — R? such that the following quantities are finite,

E (/ h (2™, ®;0) e—V@’""P?@*)u(d:cm)) =E| ) h@E™®\2™0)|. (27)
RixM zmeR(P)

We can therefore define the h—residuals for (possibly) non-hereditary interactions. For any
bounded domain A, if 0 is an estimate of 6*, the h—residuals are

Ra (ga; h, 5) = /AX]M h (zm, ©; é\) eiV(Im“Pﬁ)u(d:cm) — Z h (xm, o\ a™; 5) . (28)

™ ER(pA)

If the set of removable points R(p) does not depend on 6, it is straightforward to extend all
the asymptotic results obtained for the residuals in the preceding sections to (28).

If the set of removable points depends on ¢, this is false. Even in the hereditary case, if 0 is a
hardcore parameter (as the hardcore distance in the hard ball model) then 6 behaves as an estimator
of the support of the distribution Py. In this case assumption [E2] has typically few chances to
hold and the asymptotic law of the residuals is unknown. In Dereudre and Lavancier (2010) Figure
15, some simulations of raw-residuals for Gibbs Voronoi tessellations are presented, involving an
estimated hardcore parameter in a non-hereditary setting : they show that the distribution of the
residuals does not seem to be gaussian in this case.

8 Proofs

Since any stationary Gibbs measure can be represented as a mixture of ergodic measures (see
Preston (1976)), it is sufficient to prove the different convergences involved in this paper for ergodic
measures. We therefore assume from now on that Py« is ergodic.
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8.1 Proof of Proposition 2

(a) Under [C1], the ergodic theorem of Nguyen and Zessin (1979b) holds for both terms appearing
in the definition of I3 (¢;h,0*). Then, as n — 400, one has Pp-—a.s.

An| "5 (B5h,6%) = B (h (0™, ®; 6%) e*V(OM“I’;@*)) —E (h (0™, &\ 0M;0%)),

which equals to 0 from the GNZ formula (4).
(b) The aim is to prove that the difference M"l_lR[\n ((p; h, gn(tp)) - |An|_1I[\n (p; h, 0%) converges

towards 0 for Py«—a.e. . Let us write

Ry, (<p; h, §n(<p)) —Ix, (P:h,0%) :== Ti(p) — Ta(p)

with
T = [ (1 (" eilale) — @ 0) ™) (29)
Tr(p) = mz_ h(wm,w\wmﬁn(s@))—h(wm,so\wm;G*)- (30)

Under the Assumptions [C2] and [E1], from the ergodic theorem and the GNZ formula, there
exists ng € N such that for all n > ng

=1 2 n *T(l) m * m
R Wi N CLORLY RS
n n X
n * 1 m * m
< 2onle) =0l x g [ @) ™)
n n X
< 48ule) — 0*l| < B (£ (0¥, @67 1)) (31)
and
A -1 2 0 A (1) (,.m m. gk
AT < o Y (0u(e) = 07) DD @™, 0\ 2™ 0%)
n ZWLE‘P[\H
< 4)0u(e) - 07 x B (I (0¥, @50%) eV (OF1%)). (32)

Equations (31) and (32) lead to
Ral ™ Ry, (90.00()) — 1Ral ™ I, (250, 0) < ela(o) — 07,
for n large enough, with ¢ = 4 x E (||f<1> (0M,®;6%) || + [|h® (0M, ®;6%) ||e*V(0Ml<I>;9*)).

8.2 Proof of Proposition 3

Recall that R
Ry, (0h,00(2)) = I, (#31,07) = Ti(¢) = Ta(%)

where T1 () and Ta(p) are defined by (29) and (30). Let us write
0 A (1) * /
Tie) = [ (Bue) - 07) £ @07 a(da™) 4 7o)
Ap xIM

Ty(¢p) > (5n(90) - 9*)Th(1) (@™, o \a™;0%) + T5(),
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with

1) = [ (o) )
ApxM
Tie) = Y. A (:cm,so\:vm;gn(so))
:anLpAn
and
A (0 pi0u(0)) = 1 (2mgB) T g0 — (Bule) —07) 1O @, :07)
Ao (:cm, go;é\n(go)) = h (wm, go;é\n) —h(z™, p;07) — (gn(tp) - 9*) h®W (2™ p;0%).
From the mean value theorem, there exist for j = 1,...,p,

&1.5,&5 € [min(fy, 0F), max(6y,05)] x ... x [min(é\pﬁ;),max(é\p,@;)] such that

Ar (a0 0u(9)) = Z(e—e*>(f”< "gi6g) = £ @i 0Y) (33)

.
T Mw I
Il
<b
|
<b
)1-

As (:I:m,<p \ ™0, ) ( (1) @™, o\ & ) — h§-1) (™, o\ 2™ ) (34)

Let j € {1,...,p}, again from the mean value theorem, there exist for = 1,2 and for k = 1,...,p,
Mgk € [Min(&e 1, 07), max(§e,j1,07)] x ... x [min(&ej,p, 05), max(&e,j,p, )] such that

(g — 05 £ @™ oimgn)  (35)

NE

£ @™ e — £V @™ 0 07) =

b
Il
—

(€2 — O) B (2™, 0\ ™5 12,7.1)(36)

M=

R (@™, o\ 2™ &0 5) — B (2™ 0 \ 2™ 0%) =

b
Il
—

By combining (33), (34), (35) and (36) and under [N1], we can deduce the existence of ny € N
such that for all n > ng, one has for Py«—a.e. @

AT < |A|/MM2\ 0T i)

* 1 m * m
2|16 () — 6*” x s MH £ (2, 0:0%) | u(da™)
n X

46a() — 07| < B (£ (0™, 2:07) | )

p(dz™)

IN

IN

and

An| HT3(0)] <

IN

0 * 1 m m *
200.(0) = 02 x == > [ @\ a5 |

| n| IWLE‘P]\H

4]0, (¢) — 0*]> x E (Ilh(2> (0™, @;.0°) He_V(OMl@;e*))

IN

Since

- 1/2
A n * Ay n * 0 *
A2 (100 () — 677 = <%> [ 1An 2O (0) = 0] x |10 () — 67|
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then, under the assumptions of Proposition 3, one has, from Slustsky’s theorem, the following
convergence in probability as n — +oo

A |20, (@) — 072 5 0.

By combining all these results, one obtains the following convergence in probability, as n — 400
A o—1/2 A (7 T ro—-1/2 P
Rl (n(@) ~To(®) — A (7 (@) ~ 07) XM@)) = IR, 72 (T{(®) - T3(2)) > 0

where Xz (®) is the random vector defined for all j =1,...,p by

1 * m 1 m m *
(X5, (@), =m Mf§1>(xm,q>;9 ) p(dz )—m WY (2™, @\ 2™ 6%).
n nX n TmEDy

By using the ergodic theorem and the GNZ formula, one has Py«—a.s. as n — 400
(1) (AM 7. n* (1) (AM 7. 0%\ —V (0M|D;6*
(X4, (@), = B (17 (0™, ;67) — 1V (0™, @;07) =V (120
Finally, let us notice that for all (m,p) e M x Qand for all j =1,...,p

9
20,
_ M) agm L pxy =V (0™ p;0* mo . (1) rymy, . gey =V (0™ |:0*
= B (0", 0;07) e VOISO p (0™, 0) VD (073 0%) eV O 1007,

1O, 507 = (n 0™, 0y v

0=06*

Therefore (X;\n (@))j — —&;(h,0%) Pp»—a.s. as n — +oo. This finally leads to the following
convergence in probability, as n — 400

IR,/ (T1(<I>) ~Ty(®) + |Ay| (§n(q>) - 9*)T5(h; e*))) 0.

8.3 Proof of Proposition 4
Let us first state a result widely used in the following.

Lemma 19. For any bounded domain A and for any test function h
E (I5(D; h,07)|Ppc) = 0. (37)

The proof of Lemma 19 is omitted since it corresponds to the proof of Theorem 2 (Step 1,
p. 257) of Billiot et al. (2008) by subsituting v;(z™|¢) by the test function h(z™, ¢;0*).

For all n € N, the domain A,, is assumed to be a cube divided as A, = |J ic7 \jn where for all
j € J, the A ,’s are disjoint cubes. So |A,| = |T||Ajn] = |T||Ao,n]. Moreover, for all j € 7, we
can decompose each Aj, in the following way :

Ajmi=|J AkDn) (38)
ke n

where the Ag(D,,)’s are disjoint cubes with side-length D,, and K;,, C Z4. The side-length D,, is
chosen greater than D and as close as possible to D, leading to

|An|1/d

Dn = 1/d | 1Aal2 |
71104 | et |
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This choice implies D,, — D when n — co and guarantees D < D,, < 2D as soon as |A,| > |J|D%.
The cubes A;,’s are therefore divided into |KC; .| = |Ag,n|D, % cubes whose volumes are closed to
D4, Denoting K,, = Ujes Kjn, we have [IC,| = |A,| D% = |T||K).n| and finally

= U U 2@ = U A(Dn). (39)

JET k€K n k€K,

From Proposition 3 and under Assumption [E2(bis)], one has for any j € J
Al 2R (®55,00(®)) = [Ajnl ™2 Roc ., (55,07) + 0p(1),

where Reo 4, ,, (®;h,0%) is defined in (8).
Therefore the proof of Proposition 4 reduces to the proof of the asymptotic normality of the

vector (|Aj,| "2 Roca, ., (¥ h,@*))jej. Now

|A0,n|
|An|

(Mgl ™? Roo . (B35, 0%) = [Ag | /2 (IAM (®;h,07) — Ua, (‘I>;9*)T5(h;9*))
B |A0,n|1/2
|An|
1

= Wi, D;07), 40
d/2|j|1/2 Knn |1/2 k; 3>,k (Dn) ( ) (40)

(|j| x In, . (D;h,0%) — Uy, (@;9*)%(11;9*))

where for any ¢ € Q

Wélk)(p ) (0;0%) == |T| X In,(Dy) ((pT;h,G*)
Wj,n,Ak(Dn) (50; 9*) = _UAk(Dn) (<P; 9*) g(h; 9*) ifk e ch,n, (41)
2 T .
Wb (#:0%) = =Uns,(p,) (g0 E(h;07) i k € K \ Kjm-

Therefore, to prove a central limit theorem for the vector (|A;,|~'/?Raoa, ., (@;h,@*))jej,
it suffices to apply Theorem 21 (see Appendix A), where in its statement we choose Z, ; =
(Wim,anm)(®:0%)jes, Xni = Pa,(p,) and p = [J|. For this, we first have to specify the

asymptotic variance matrix X, then to check the assumptions of Theorem 21.

First step: computation of the asymptotic variance.

Let us fix a cartesian coordinate system such that 0 is the center of A,,. We assume, without
loss of generality, that | 7| is odd. Moreover, we can always choose an odd number |K; ,,| of cubes
Ag(D,,) in (55). Consequently, Ay, may be centered at 0 and each Ag(D,,) is centered at kD,,
k € Z9. Note that if | 7| was even, each Ay (D,) would be centered at kD, /2. So, in this system,

14 d
K, is a subset of Z?, independent of D,,, with |KC,,| = || L%J elements.
Set, for all k, k' € 74,

1
EN(Dy) -
E{D(D,) -

2
EZ)(Dy) :

E (W, (@0 WL ) (@567))
1 * (2 . N*

E (WL p,) (@:67) A’w)@,e))
2 * 2 *

E(Wé)(D )(‘I) 0 )W( )/(D )(‘1)59 ))

Note that from the stationarity of the point process, we have E,(C 3& (D) = E(()lzc w (Dr), for
I = 1,12,2. Morcover, under Assumptions [N4] and [E2(bis)], for any k € K, and for any

configuration ¢, since D,, > D, WX (D) (0;0%), i = 1,2, depends only on @, (p,,) for [l — k| <1
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that is [ € By (1). As a consequence, if k' € B(1), WX) (D) (®;60%) is a measurable function of
PAc(p,)- This leads, fori,j=1,2, to

E(WXZ(DH) @0 W )(q>;9*)) - ( (W§>(D (@0 W (@67 I%;(Dn)))

=B (WL, ) (@698 (WL, (@367 [2ay(p,))) -

(12)
From Lemma 19 and under [E2(bis)] then for any k € Z? and for i = 1,2,
E (WXZ(Dn) (®;0%) I%;(Dn)) —0. (43)
From (42) and (43), we deduce that, for | = 1,12, 2,
K € Bi(1) = B} (Dy) = 0. (44)

We are now in position to compute the covariance. For any ¢ and j in 7, from (40),

cov (|Ai,n|_1/2Roo,Ai,n (@; h, 9*) ) |Aj,n|_1/2Roo,Aj,n (@; h, 9*))
1
= WznA D, q) 9 )W‘,n,A 1 (Dy, ((I),@*) . (45)
D;il|j| <|IC |k€Z;c kfezlc i ( ) J k! (Dn)

Let us first consider the case i = j. We may write

(IIC|Z ZWznAkD)‘I)G)>

ke, ke

|K|( 3 Ekk, 3 B+ Y E;?,Z/(Dn)).

kK€K, keICi,n,k/eICn\lci,n kE e \Kin

=5 :=So :=S3

The following lemma will be useful to drop the dependence on D,, in each term Si, S5, S
above.

Lemma 20. For any i,j = 1,2, denoting Ao(7) = UreBo(1)Ak(T) (for some T >0), we have

(@)W (@0%) FH WL L (@00 WD (@307

(7)
w Ao(Dy) Ao (D)

Ao(Dn)
Proof. Foranyi=1,2, Wé)(D )
respectively in L? to In,py and Ua,py by [N3] and [E2(bis)], since D,, — D. Thus Wg)(Dn)

converges in L? to w® asn — oo Similarly, for any j = 1,2, W tends in L2 to WY
Ao (D) Ao (D) Ao(D)’

is a linear combination of Ia,(p,,) and Ua(p,,), which converge

The convergence stated in Lemma 20 then follows. H
Let us focus on the asymptotic of each term Sy, Ss, Ss.
Term S;: from (44),

s=-> (X #we)r X )= X B

kEKin k' EBR(1)NK;n k' e€B§ (1)NKi n k€K n k"€B(1)NK;,rn

=0
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Let Ian i=Kin N (Ujeox,, B;(1)) and note that iE:i — 0 as n — +o00. Then,

s= Y Y ELmo+ Y Y ELD..

kEK:i,n\’Ei,n k’EBk(l)ﬂ’Ci n keK:z,n k' E]Bk(l)ﬁ’(:i,n
=Aq
Since, N
|IC n| (1 n—-+00
keBo (1)
(because D < D,, < 2D and } nl 0), we obtain, as n — +o0,

1 |Ici,n \ ’El,n| 1 |’Ci,n| 1
K |S1 ~ Co] Z E((),k):(D")N TN Z Eézl(D )-
" " k€Bo(1) " keBo(1)

From Lemma 20,

1 1 1 L * (1)
> ERD) =E (W, @)W (@6n) — Y EUD).
kE€Bo(1) kE€Bo(1)
Therefore,
1 1 (1)
— S~ = E; /(D).
Kl |71 2 Bu

keBo (1)

Term So: with similar arguments as above, we obtain

S:o= Y Y ERDa)

kE’Ci,n\l’éi,n k/e’Cn\K:i,n

=0
12 12
X (0> HReor Y w0
keK;, K EBL(MNKA\Kin) K €BE (D)N(Ka\Ks,n)
=0
Therefore, since W%;l"ll —0and D <D, <2D,
52§| al ST B (Dn)] " 0.
Ko Ko kEBo(1)
0
Term Ss:
2 2
S= Y Y oo Y Y s
ke \Ki n k' €Br(1)NKn\Ki n) ke \Ki n k' €BS (1)NIK\i,n)

=0

Let K, = (Ky \ Kin) N (Ujearc,\ki.)Bj(1)) and note that igz} — 0, as n — 4o00. Then,

Ss= >, > B2 (Dn)+ > > B (Dy).

ke Ky K €BL(DN(KR\Ki,n) kER, K €BL(DN(Ka\Ki,n)

=Aj
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Since,

[Kn| 2 o0
T ||A3|< > ECUD) "E 0,

we obtain, from Lemma 20,

1 1Ko \ Ko 2 T -1 2
TS~ e . Bod(Da) ~ > Epi(D).
[KCn] [l ke€Bo (1) M ke€Bo (1)

Combining the three terms S7, S2 and Ss, we have, as n — +o00

<|,C|Z ZWWMD><<I>9>> > (gEm e )

KR K ek remo M1 171

When i # j, there are three main cases in (45), according to k, k" € K, ,, k. k' € K, or
kK € Ko\ (KinUKj ). As for the case ¢ = j treated before, the other situations involve non-zero

correlations on edges sets like IEZ-,”, which are negligible with respect to |K,,|. The covariance is
therefore equivalent, up to D%|7|, to

(12) (12) 1 2)
> Ek 2 > Ek 2 TR > B (Dy).

k k€K, k ke, Mk €I\ (K n UK )
The simplification occurs as for the case i = j and, since |IC; | = |K; |, we obtain the asymptotic
equivalent for the covariance (45)
L ) [T1=2 ) )
—_— E D)+ E (D) ). 47
5] 2 (782 w1+ B ()

Finally, from (46) and (47), we deduce that X,(6*), defined in Proposition 4, corresponds to
the asymptotic variance of (|A;,|Y/2Roo s, (®;h, 9*))j6.7'

Second step: application of Theorem 21.

We apply Theorem 21 with Zy, x = (Wj n.a,(D))jeds Xni = Pa,(p,), = |J|and X = X, (6*),
which is a symmetric positive-semidefinite matrix as the limit of a covariance matrix (from the
first step of the proof).

The assumption (54) holds from [N4], [E2(bis)] and because D,, > D. Assumptions (i), (i)
and (iii) are direct consequences of [E2(bis)], [N2] and Lemma 19. It remains to prove (iv).
Assuming ¥ = (%;;) for 1 <4, j < p, from the definition of the Frobenius norm, we have

|Icn|_1 Z Z Zn,kzn,k’T - 2

kEK, k' €B(1)NK,,
P P
< ZZ |IC | ! Z Z Wz n,Ap(Dy )W n,A (Dyn) — Eij : (48)
i=1 j—1 k€K, k' EB (1)NKy

Let us first assume that i # j are fixed and denote Y, 1(Dy) = Wi, au(Dn)s SE(Dn) =
Zk’eIBk(l)ﬂICn Win.a,(p,)- We have

B D Y WinawoWina, o, — S| = Kl 'E| D Yar(Dn)SE(Dn) - Sy
k€K, k' €By(1)NKn kEK,

< Ey+ By + Es+ By,
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where

’Cin _
B = Einlg i, 0 S (Y a(D)SE(DL) — B(Yar(D)SHDL)
|ICn| ke n
K:‘n _
Ba = DB (G, Y ((DSEDL) ~ BV (D,)SED)).
n ke](:j,n

o \ (Kin UK;n)

E: =
’ Kol

E |Icn\(lci,nu’cj,n)|_1 Z (Yn,k(Dn)Sﬁ(Dn) _E(Yn,k(Dn)Sﬁ(Dn))) )

kE’Cn\(’Ci,nU’C]‘,n)

By = | Kinl E(Y,1(D,)S*(D Kin| E(Y, 1(D,)S*(D
4= K Z ( nk( n) n( n)) + K Z ( nk( n) n( n))
[KCnl k€Ki n [Knl k€K n
K\ (Kin UK,

T A i DRl 5 gy, (D) S5(D) — 54|

1Ko EEK \(Ki,n UK, 1)

The first three terms E7, F5 and F3 can be handled similarly. Let us focus on FEj:

IKn
|Ki,n|

E, < |’Ci,n|_1 Z E |Yn,k(Dn)S§(Dn) - Yn,k(D)Srli(D)‘
keK:i,n

+[Kinl B Y (Yur(D)SE(D) — E(Y, x(D)SE(D)))
ke n

H1Kinl ™t D B (Yar(D)SE(D)) — E (Yai(Dn)SE(Dn))] - (49)
k€Ki n

Up to the edge effects which are negligible with respect to |K; ./, (Ymk(D)S,’j(D))k is stationary
when k € K; ., since in this case, from (41), W; , A, (D) = WE:(D) does not depend on n. Therefore

the second term in (49) tends to 0 by the mean ergodic theorem. For a fixed n, we have also by
stationarity (up to the edge effects)

1 2 1 2
=E ‘Wéo)(Dn)Wgo)(Dn) B Wio)(D)W%o)w) ’
where Ag(D,,) = U eBo(1) Ak (D). From Lemma 20, this term tends to 0, therefore the first term
in (49) asymptotically vanishes. The same argument shows that the third term in (49) also tends
to 0 as n — oco. As a consequence, 7 tends to 0.

The same decomposition as in (49) may be done for Es and E3, which leads by similar arguments
to By — 0 and E3 — 0. The last term Fy involves the difference between 3;; and its empirical
counterpart. The same calculations as in the first step of the proof shows that E; — 0.

Therefore, we have proved that the terms in the double-sum (48) corresponding to i # j
asymptotically vanish. The same result can be proved similarly when ¢ = j. Thus assumption (iv)
in Theorem 21 holds and the convergence in law is deduced.
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8.4 Proof of Proposition 6
We can decompose A,, in the following way :
A= J Ak(Dn)
ke,

where the Ay’s are disjoint cubes with side-length D,, and K,, C Z% satisfies |K,,| = |A,|D;, %
Similarly as in the proof of Proposition 4, we choose

|An|1/d
\“A"‘l/dJ )
D

which implies D,, — D when n — oo and guarantees D < D,, < 2D as soon as |A,| > D
From Proposition 3 and under Assumption [E2(bis)], for alli=1,... s,

D, =

Al 72 Rec,, (3 hi %) + 0 (1)

IAn|"/2Ry, (@;hi,én(cp))

(Al 72 (In, (@505, 0%) = Un, (@307 E(Ris6%)) + op(1)
1 1

- /2 |1C, |1/ Z Wau(n,) (@ hi, 07) + 0p(1),
Dn nl ek,

where for any ¢ € Q

Wa(pn) (931, 0%) := In, (b, (9300, 0%) + Un,(p,) (950%) E(hi; 6*).

We apply Theorem 21 in the simpler case when f,, = f for all n € N and all £ € £,.
If D, = D for all n, this framework would reduce to a stationary setting similar to Theo-
rem 2.1 in Jensen and Kinsch (1994). But as A, is allowed to increase continuously up to
R< D, = D is impossible. We will therefore apply Theorem 21 in Appendix A with Z, =
(WAk(Dn) ((I); hj, 9*))3‘:1...3’ Xn,i = (I)Ai(Dn) and p=Ss.

Let us first compute the covariance matrix of (|[A,|7Y/2Rug s, (®; ki, 0%)) .- By the same

i=1,...,
calculations as for the term S; in the proof of Proposition 4, we obtain

cov(|An|_1/2Roo7An (®; (hi, 0°),|An|"Y?Reo a, (®;hj, 9*))

1 1 ) *
=3 (1 T X Wt (05000 0500

kEK, k'€,
1 * *
~ D > E(Wayp) (23 hi,07) Wa,(p) (2:h;,0%)) . (50)
keBo (1)

The asymptotic covariance matrix is thus X, (6*) defined in Proposition 6. We can now apply
Theorem 21 in the appendix with X = 3,(6*). The assumption (54) hods because D,, > D
and from [N4] and [E2(bis)]. The assumptions (i), (i4) and (#i7) follow from [E2(bis)], [N2]
and Lemma 19. Assumption (iv) may be checked easily as in the second step of the proof of
Proposition 4, by using (50).

8.5 Proof of Lemma 8

For simplicity, let Y := YA(®;6). Let us denote A(§, DY) := Ujjj<[pv/s14;(0). From the
additivity property of Y, proving Lemma 8 reduces to prove that for any § > 0 and any DY > D,
DYA(5, DY) = 6*A(D, D) where

A6, D) =B (Ya,0 Y00 ) -
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Since DV > D, we can write A(J, DY) = A(5,D) U A/, where A’ C (Z(é,D))C. From the
locality assumption, Y+ is only a function of ® ¢ (s). So

E (YaooYa") =E (E (Yay5 Yo" 1a55) ) =E (E (Yays)|®az) Ya™) =0, (51)

which yields A(5, DV) = A(8, D). By denoting A(8) := A(§, DY) = A(6, D) and A(8) := A(6, D),
we must prove DYA(8) = 62A(D).

Let us first assume § = kD with k € N. We may write A(kD) = (Ag(kD)® D) U A’ and
may assert that Y- depends only on a function of Pag(kp)- By a similar argument as in (51), we
obtain A(d) = E(YAO(kD)YAO(kD)@DT). From the disjoint decomposition Ag(kD) = UjexA; (D)
where || = k¢, we have, by the same decorrelation argument as above and by stationarity,

A(6) = Z E(Ya,0)Yaomyan ) = Z E(Ya,i0)Ya,(0ysp" )
jeEK JEK
d T 6d
= k E(YAU(D)YAU(D)QBD ) = ﬁA(D)

Let us now assume D = k& with k € N. First notice that in this case A(D) = A(§)® 2 (1-1/k).
The following decomposition holds: Ag(D) = UjexA;(8) where [K| = k4. For any j € K, [j| <
L(1-1/k), so A(D) contains any translation of the set A(§) with respect to j. Let us denote this

translated set by 7,A(d). From the same decorrelation argument as above and by stationarity, we
have

T T T
AD) =Y E(Ya,0Yam )=, E(Yr; Y, 50 ) = > E(Ya,)Yae) ) = 52 A(0)-
jexr jeK JjeK
(52)
Let us now consider the case D/§ = k'/k, where (k, k') € N2. Let 6’ = 6/k, then D = k&’
and according to (52), 8’*A(D) = D?A(§"). In the same way as we have proved DYA(8) = 69A(D)
when § = kD, this is not difficult to show that for any § = k&' with & < D, §'A(8) = 67A(8"). As
a consequence when D /0 = k' /k, we obtain

%A(é’) = D—dA((S). (53)

In the general case, one may find a sequence of rational numbers (¢p,)nen Which converges to
D/é. Let 6, = gD, we have from (53), A(D) = ?—:A(én). Since we have assumed E(YZ ) — 0
when T',, — 0, the additivity of Y and 6,, — 0 yield

A(D) =

A6.) =B (Yaye, Yae, ) = B (Yauo Yae") = 40)

as n goes to infinity. Therefore, the identity (53) holds for any ¢ > 0, which concludes the proof.

8.6 Proof of Proposition 7

The proof follows arguments presented by Jensen and Kiinsch in Jensen and Kiinsch (1994). Let
Cn(8) = [-nd — /2,10 + 6/2]%, s0 Cp(0) = Urek, Ak (0), where Ky = [—n,n] N Z% and Ay (9) is
the cube centered at kd with side-length . We have

Var (1Ca8) 7Y 6, 5)(@:07) = [Ca (@)™ Y E (Y5 (@:67) Yy 5 (@67

i,jEK,

—lC. @Y Y E (YA@ (®:0) Y, 5 (@;9*)T) .

<Ko sem([§ ).
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Since |C,,(6)] = gd|lCn|, from the ergodic theorem,
<\ — * <—d * *
Var (1C0)| 7Y 6, 5,(@:07) — 5 " > B (Y5 @607 Yy, q @0)
k<[ 2]

which is M(6*) by Lemma 8.
Therefore, to prove that M(6*) is positive-definite, it is sufficient to prove that the covariance
matrix Var (|Cn(g)|_1/2YCn(5)(<I>; 9*)) is positive-definite for n large enough. Let x € R?\ {0},

we must show that 3
Vi=xVar <|Cn(5)|’1/2ch(g)(<I); 9*)) x > 0.

Since, for two random variables X, X’ with finite variance
Var(X) =E(Var(X|X") + Var(E(X|X")) > E(Var(X|X")),

we have, by denoting L := (2 [%—I + 1) VAS

Vv

Y

1C,(3)| L E (Var (xTYCn(E)@; 0%)| @ p, 5. k ¢ L))

|C, ()| 'X"E (Var( > > Yo, 5)(@:67)| @4, 5k ¢ L))x

(L By ([B])0Kn

::Sl,n((b)

Note that from the locality property, S¢ ,(®) depends only on ® NG for j € By (2 [%w ) There-
fore, conditionally on @, 5,k ¢ L, the variables Sy, (®) and Sy (®) (for £ # (') are independent.
Now, let A(0) := Uyii< ro A, (), from the stationarity we have for n large enough

— 16

Vo> GO E<Var<SLn(<I>)|@Ak(a),kgéL))x

LeLNIC,,

—=—d
b |LNK, . D

> k(0,D,d) x E <Va7’ <XTYA(5) (®;607) |®p, 5,1 < K] <2 %D) ;

>

where Ii(g, D, d) is a positive constant. Assume there exists some positive constant ¢ such that
Py« —a.s. xTYz(g) (®;6*) = c when the variables ®,, 5,1 < [k] < 2 [%—I are fixed to belong
to B, where B € F is involved in [PD]. It follows that for any ¢; € A; for i = 0,...,¢ (with
¢ > 1), where the A;’s come from [PD], x' (YZ(S) (pi;0%) — YZ(S) ((pO;H*)) = 0. Since for all
(¢0,---,p0) € Ag X ... x Ay, the matrix with entries (YZ(S) ((pi;G*)) - (YZ(E) (@0;9*)) s
J J
assumed to be injective, this leads to x = 0 and hence to some contradiction. Therefore, when
the variables ® AR(3) 1 < |kl <2 [%w are for example assumed to belong to B, the variable

x YZ(S) (®;0%) is almost surely not a constant and so V' > 0, which proves that M(6*) is a

symmetric positive-definite matrix.
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8.7 Proof of Proposition 9

Since for any ¢ € €, ﬂn(go; -,8, DY) is continuous in a neighborhood V(6*) of #* and according
to [E1], it is sufficient to prove that for any 6 € V(6*), M,,(®;0,0,,D") converges in probability
towards M(6).

We choose the sequence 6, as follows :

A, 1/d
5n = | | )

‘A'n. ‘ 1/d
al

which guarantees d,,, = d, since [A,,,|07% € N, § < §,, < 26 for n sufficiently large, and 6, — § as
n — oo. This choice allows us to consider, for all n € N, the decomposition A, = Ui, Ak (dn),
where the Ag(d,)’s are disjoint cubes with side-length 4,, and centered at kd,,. Moreover, since

0, > ¢ and 46, — 0, we have [?—V—I = [DTV—‘ when n is large enough, which is assumed in the sequel
of the proof.
Let K, := K, N (Ujea;gnIBj ([DTV—I)) Since |A,| = 62|K,|, we have

§IM. (®:6,8,,D") — 5dM(9)] <X, + Xo+ X3+ Xy,

where by setting Ay (1) = UjeIBk([DTV])AJ(T) (for some 7 > 0),

~ ~ T
X1 o= [[Kal7h Y > Yo, 006, (2:0) Yo a55,) (930)
ke jeBy ([ B5])Nkn
_ N N T
Xy = |IKa™t D] (Yn,Ak@sn)(@;9)Yn,zk(5n)(¢;9) —YAk(5n>(@;9)sz(5n)(¢;9)T)
ke \Kn
X3 = |Kn|71 Z (Yn,Ak(én)(@;Q)Yn,zk(an)(‘I);G)T*YAk(é)(@;G)Yxk(a)(q);o)T)
ke \Kn
Xy o= |IKa™t D] YAk(é)(‘I);9)sz(5)(‘1);9)T*E(YAO((S)(@;9)YZU(5)(@;9)T)-
ke \Kn

We have from the additivity and the stationartiy of ?n,
~ ~ T
E[X)| < K™ ) > E ‘Yn,Ak(zin) (©:60) Yna,.) (93 0) ‘
keln jeBy ([ 25 ])NKn

_ 1K
=]

)

~ ~ T
E ’Y,L,Ao(én)(@; Y, 5,5, ®:0)

which tends to 0 as n — 400, because }E:I — 0 and 6 < 6§, < 26. Therefore, X; converges
in probability to 0. The second term converges also to 0 in probability from the additivity of Y
and Y and from (16). The expectation of the third term converges to 0 by following the proof
of Lemma 20. Finally, from the stationarity of Y and since |Kp| ~ |Ky \ Kp|, the mean ergodic

theorem applies to E|X4|, which, in particular, shows that X4 — 0 in probability. This proves that
§IM.,, (®;0,5,, DY) — §9M(0),

in probability, as n — oco. Since §,, is a deterministic sequence converging to 4, the conclusion of
Proposition 9 follows.
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A Central Limit Theorem

The following result is a central limit theorem for conditionnally centered random fields. It gener-
alizes Theorem 2.1 in Jensen and Kiinsch (1994) to a non-stationary and non-ergodic setting. A
general result has been proved by Comets and Janzura (1998) for self normalized sums, provided a
fourth moment condition. Our result is in the same spirit but it is proved for triangular array and
without self-normalization, which is well-adapted to the residuals process framework. This allows
in particular to avoid the fourth moment assumption.

Theorem 21. Let X,,;, n € N, i € 72, be a triangular array field in a measurable space S. For
n €N, let KC,, C Z% and for k € K,,, assume

Zng = fak (Xnkti, 1 €To), (54)
where Ty = {i € Z4, |i| <1} and for: ST — RP. Let S, = Zkelcn Z, . If
(i) c3:=sup, ey sSuPrex, BlZy k|? < oo,
(ii) Yn € N, Yk € Ky, B(Znx|Xnj, j# k) =0,
(iii) |Kn| = 400 as n — oo,

(iv) There exists a symmetric matriz 3 > 0 such that

E|[K.)7 > Y ZowZa 3| -0,

ke, jeBR(1)NK,

then |K,|~1/28,, —dh/\f((),;) asn — 0o.

Proof.

Let us first assume that X is a positive-definite matrix (i.e. 32 > 0). According to the Stein’s
method (see also Bolthausen (1982)), it suffices to prove that, for all e € R? such that ||e|| = 1 and
for all A € R,

- ((M B T|’Cn|_1/2§71/28n) exp (,L-)\eT“Cnl—l/QZfl/?Sn)) - 0.

Denoting u = Ae, this is equivalent to prove that for all u € R?,

E (iu — |Kn|71/2§71/28n) exp(iuT|ICn|71/2§71/QSn) — 0.

=A

We decompose the term A in the same spirit as in Bolthausen (1982), Jensen and Kinsch
(1994) and Comets and Janzura (1998). Let us denote by L, the identity matrix of size p and

T
Sk = Zje]Bk(l)ﬁlCn Z, ;. Noting that uTZ*UQSfL = SfLTZ*l/Q u, the decomposition is E(A) =
E(Al — A.2 — A3) where

Ay =iexp(iu’ K, 7?2718,

L — K727 zn,kSﬁTl u,
ke,

A2 _ exp(iuTVCn|—1/2§-1/28n)|’Cn|—1/2§—1/2
X 3 Z (1= exp(—iu G, | H2ETY2SE) — il |, 2R 2S) )
ke

As = |G| 2TV N Zyexp [, 2B (S, - SE)
ke,
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The two last terms Ay and Ag can be handled as in Jensen and Kiinsch (1994): E(As) = 0 by
(73) and |E(Az2)| — 0 from the same inequalities therein and the sub-multiplicative property of the
Frobenius norm. These inequalities rely on two facts: Vo € R, |1 —e™® —ix| < 22/2 and for all

n and for all (ku, k. ks) € Koo B(Z0 ]| Zo | Zo s ]) < (B(Zobs VB Zo b VB Zo i)
which is less than c3 by (7).

For A4, we cannot use a mean ergodic theorem as in Jensen and Iiinsch (1994), but Assumption
(iv) is sufficient. Indeed,

_ _ _ 1
IBA)] < [ulE|L - K722 Y Y 22,75
k€K, jE€B,(1)NK,

2
<ful| 2 Bk Y Y Zaza -2
k€K jEBL (1)NKy

which tends to 0 by (iv).

Now, if X is not a positive-definite matrix, one can find an orthonormal basis (f1,...,f,) of RP,
where the f;’s are eigenvectors of . We agree that, if » < p denotes the rank of X, then (f;,...,f,)
is a basis of the image of 3, while (f,11,...,f,) is a basis of its kernel.

Let us denote by V., the matrix whose columns are (fy,...,f;) and V., the matrix whose
columns are (f,41,...,f,). Similarly, for any u € R?, let us denote by u; its i-th coordinate in the
basis (f1,...,f,) and urm = (u1,...,uy), Uker = (Urg1, ..., Up). Henceu =V, +V . Uker.

The convergence in law of |KC,|~/2S,, to a Gaussian vector reduces to the convergence of
u’'|K,,|~1/%8,, for all u € RP. We have

W, 7Y28,, = urn Vo T Y28, + uker Vo D 1K ~Y/2S,. (55)

From (iv) and since V., ” 3 V., = 0, we deduce that

E |’Cn|71 Z Z MK@TTZ"JCZ"JTMKGT 4)07
keEK, jEBL(1)NK,

which means that V., 7 |K,,|~*/2S,, tends to 0 in quadratic mean.

On the other hand, the assumptions of Theorem 21 imply that (i) — (iv) remain true when one
replaces Z, x by V.  Znx and X by V, T3 V, . Since V;,, 2 V,, is positive-definite, the
convergence in law of V;, T'|K,,|~1/2S,, holds for the same reasons as in the first part of the proof.

Therefore, we have proved that for all u € R?, u’'|KC,,|~1/2S,, BNV (0, u;mTMImTZ MImU.[m).

It is easy to check that uImTXImTE V. um = u’Xu, which concludes the proof. W

B Assumption [PD] on two examples
In this section, we focus on the two following models, belonging to the exponential family :

T
1. Two-type marked Strauss point process: M = {1,2} and for § = (9}, 02,05, 052, 93’2) ,
for any A € B(R?),

2
Valp;0) =01 |ohl +67 [eal + D o5 > 1o, pmi.ma) (|lz2 — 21]) -
1 2 m1,m2=1 {21,252 }ePa(yp)
-—UA,l(‘P) -—UA,l(W) mi<mg

{2122} A0

=v)3"2 (9)
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Alternatively,

2
V(@mi0) = 07 + 3 05 ST L oy (ly — al):
=1

Yy Ep

This process is well-defined when 05" > 0 and D{"""""* = 0 (inhibition assumption), or when
65" € R?* and Dg"™? = ¢ > 0 (hard-core assumption), see Proposition 13 for instance. The
range of the local energy function equals D = max (D!, D12, D*?).

2. Area interaction point process: M = {0} and for R > 0, 6 = (61, 05) and any A € B(R?),
Va (50) = O1]@al + O2v2(pn), with va(pn) := [Usep, Bz, R)| .
Alternatively,

vi(0l9) =1, v2(0[¢) := |Use(op0,2m{0nB(@ B) \ Ui am B2, R)| -

This model is well-defined for § € R? (see Proposition 13 for instance) and the range of the local
energy equals D = 2R.

Both these models satisfy [C] and [N1-4]. The aim of the sequel is to prove Proposition 18,
which claims that X, (0*) and X, (6*), involved respectively in Proposition 4 and 6, are positive-

definite for these models, when considering the maximum pseudolikelihood estimate for én and the
two following frameworks

e Framework 1 (for 3,(0*)): we consider the inverse residuals (b = €"). Let us recall that
Proposition 17 asserts that [PD] fails for the raw residuals (h = 1) for both the area-
interaction and 2-type marked Strauss models.

e Framework 2 (for X,(0*)): we consider the family of test functions given for j =1,...,s and
0<ry <...<rs <400 by

hi (2™, 930) = 10,0, (d(2™, ) 199,

related to parametric and nonparametric estimations of the empty space function at distance
Tj .

When considering the MPLE, R A (; h, 0%) is given by (26) with LPLY, H and € respectively
given by (24), (25) and (7).
B.1 2-type marked Strauss point process

We only deal with the inhibition case, that is @ = R? x R} and Dg"*"™? = 0 . The following proofs
could easily be extended to the hard-core case and to the multi-Strauss marked point process (see

e.g. DBilliot et al. (2008)). For any vector z of length 5, we sometimes reparameterize it similarly

. 1,1 1,2 _2.2\0
as the parameter vector, that is z = (27, 27, 257, 2,77, 2577) .

B.1.1 Proof that X,(0*) is positive-definite for the two-type Strauss model

From Proposition 7, proving that 3,(6*) is positive-definite in Framework 1 reduces to check
Assumption [PD] with h =" and

(i) Ya(p;0*) = In(p;€Y,0%),
(i4) Ya(p;0%) = Rooa(ip;€",0%).
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(1) is ensured by Proposition 16.

(ii) We fix 6 = D and B = ) in [PD]. Let Q := Q. Without loss of generality, one may assume
that 03"' > 0. Let us define for n > 1

An () = {9 € Q:p(A0(0) x {1}) = 2n, (Ao (8) x {2}) =0,
o (5(00.2) = o s (10 + 20.) =)

Let ¢, — € A, _ and ¢, + € Ay, 4. Then for n small enough

[ onefttren-vestt gpg
I5(pn,e; V, 0* = [A] = b 311 ,
A((p 05 € ) N { Inefi +Hn—1)03" if @ = +.

’
m

(LPLY (prait) - =

’ ™m .0* 2n lf m/ =1
m’(,.m =V (™ |¢n,e;0") my )
/K vi" (2™ [n. Je plda™) { 0 if m’ = 2.
1 « mll,m; mi,m m _Vi(z™ _.9* m
(LPLL g i09)) ™ = [ e, eV e ()
_f 2n(2n—1) ifmy=mg =1,
0 otherwise.

m,ma mi,ma m —V(z™ ;0% m
(LPLY (o 300) " = [ e eV e (e

o n(n—l) ifmlzmgzl,
0 otherwise.

Now,
AROO,K(SDH,—’ (Pn,-i-) = ROO,K(()DN,— ) eV’ 9*) - Rooyx((pn,-l-; eV’ 9*)
= n (eel*lJf(”*l)G;l’l . 60f1+<2n71>e;1'1) + (W(e¥,0M)." (2n(2n — 1) = n(n— 1))

+ f(‘Pn,—a P+ W, 77)
= 2t DN (1 ) n(3n — 1) (W, 0%)y" +F(pn s @nts W),

=Ty

Fix e > 0, there exists ng > 1 such that for all n > ng, , < —e. Now by a continuity argument,
there exists 1y = 1o(no) such that for all n < 79(no), |f(Pne,—s Pne,+» W,n)| < €/2. Therefore by
assuming that AR__ 5(¢ng,—s Pno,+) = 0, we obtain for n < ng

0= |AR00,K(80710177<)0”07+)| Z |'rn0| - |f(90n0,7, SDTIUHMW)U” Z 6/2 >0

which leads to a contradiction and proves [PD].

B.1.2 Proof that X,(0*) is positive-definite for the two-type Strauss model

From Proposition 7, proving that 3,(6*) is positive-definite in Framework 2 reduces to check
Assumption [PD] with
Ya(p;0") = Roo,a (3 h; 07),
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where, for all j = 1,...,s, (ROO,A(cp;h;Q*))j = Roo,A(p; hj,0%), hj is the test function given by
hi(x™, p;0) = 19 1 (d(=™, ©))eV @ 1#0)  We fix as before § = D and B = () in [PD].
Let 0 <ry <...<rg < +o0o. Let us also assume that r; £ D for i =1,...,s and define

AL ={e e @ pa0(D) = 2,0 (B((0,0).4) x {1}) = Lo (B((r: — 5,0, 7) x {1}) =1},
ARt ={p € Qi p(80(D)) = 2,0 (B (0.0, 4) x {1}) = L, (B((ri + 2,0). 7 ) x {1}) = 1}.
Let @6 € Azl.1 (n) for e = — + and i=1,...,s. Let k; the constant given by

1 1,1 .
. 201 103 if r; < D,
i = 1 .
2e1 otherwise.

Then for 7,5 =1,...,s and for n small enough

A b A% (m ) —V(z"|pi,—;0") my Ri if ¢ < jv
IA (‘Pz,—y h]a 0 ) = /KXIM h] (x ) (,017_)6 M(dw ) { 0 otherwise.
(i B OF) — (oM ) —V(z"|pi,+;0%) my Ri ifi < jv
Iz (‘P1,+7 h;,0 ) /Kx]M h (-T ) (P1,+)e M(dw ) { 0 otherwise.
On the other hand
Drw - 0* m _ m'm| =V (2™ e:0%) my 2 ifm' =1,
(LPLK ((pl,h 9 ))1 /Kx]M Ul (:E |(,017.€ M(d$ ) { 0 lf m/ — 2
mi,me 2 if m1p = mo = 1
(LPL%(%.;Q*)) — / o2 (2 |y g TV (@980 () and r; < D
2 AxM 0 otherwise.
Let x € R* \ {0} , then from previous computations
X (Rooj(sﬁi,Jr; h,0") — R x(pi—:h, 9*)) = 2% + (X, @i+, 0i,— h). (56)

By using a continuity argument, one may prove that for every € > 0 there exists n > 0 such that
|f((x,9i+,¢i—,h)| <e. Therefore, assuming that the Lh.s. of (57) equals 0 leads to z; = 0 for
i=1,...,s.

B.2 Area-interaction point process

We fix for simplicity d = 2, though the proofs may be extended easily to higher dimensions.

B.2.1 Proof that X,(0*) is positive-definite for the area-interaction model

From Proposition 7, the proof reduces to check Assumption [PD] with h =€V, d = D, B = () and
(i) Yalp:07) = In(pse”, 0%),
(1)) Ya(9:0%) = Roo,a(5e",0%).

Again (i) is ensured by Proposition 16 since this model satisfies [Exp].
(1) Let us consider for some 7, w > 0 the two following events:

=~
s
E
|
—~—
©
m
o)
=
>
o

8)) =2,0(B((0,0),1)) = 1,0(B((0,w),n)) =1}
) (3((070)a77)) = 1790( ((Oaw)an)) = 2}

o5



Fix n,w, let ¢; € A;(n,w) and denote by ;V(go) = ZIGWX eV (@lp\a;07)

Ix(pj;€V,0%) = [A]—eV(p)).

When n — 0,

eV (p1) = 2607 H039(w)  and ;‘7(@2) s 2601 4 P T029(w)

W)here g(w) == [B((0,0), R)UB((0,w), R)|—[B((0,0), R)|. Moreover, by denoting v2(¢) = >_, ¢, va(z[p\

W (o o* _ —Valgs00) . ) 2 ifg=1
(LPLtesen), = /xe o { 3 fj=2
(LPL%) (@j? 9*))2 - /KUQ (z|50j)e_v(zlw;9*)d$ — Vg (‘Pj)'

Again, when 1 — 0, one may note that for k = 1,2

JLowtelene Vet = [l e o
A A
and
O2(p1) = 2g(w) and  Va(p2) = g(w)
These computations lead to
R x(erse’,0%) = R xlpaie’,0%) = 2% —fit090) — (W(eV,0%)), + g(w) (W(e",6%))
+f(5015 ¥2, W)v

2

where the function f is such that for all e > 0, there exists n small enough such that | f(¢1, @2, W)| <
e. Let ¢; € A;j(n,0), then, since g(0) = 0, assuming that the Lh.s. of the previous equation equals
0 leads to (W(ev,@*))1 = ¢%. Now, let w > 0 and again assume that R__ 4 (¢1;¢",0%) =

R_ 4 (p2;€Y,0%), we therefore obtain (by the continuity argument)

07 +05g(w) _ 07
e 1 2 e 1
(W(eV,H*))2 =
g9(w)
But (W(ev, 9*))2 is a constant and so cannot depend on w. Therefore one of the assumptions
made before is untrue, which proves [PD].

B.2.2 Proof that X,(6*) is positive-definite for the area-interaction model
From Proposition 7, it suffices to check Assumption [PD] with

Ya(p;0%) = Roo,a(p; h; 607),

where, for all j = 1,...,s, (ROO,A(cp;h;Q*))j = Roo,A(p; hj,0%), hj is the test function given by
hi(x™, p;0) = 1jg 1 (d(2™, ©))eV @199 "and where, again, we choose § = D and B = ().
The proof is quite similar to the one proposed for the 2-type marked Strauss point process (see
B.2.2). Let 0 <r <...<7rs < +oo. Let us also assume that r; # D fori=1,...,s
1},

1}.

A = {peD:0(B0D) =26 (B((0,0).7)) =1.¢ (B (- 1,0.7))

2
A = {pe@ipaD) =26 (8((0,0.7)) =1¢(B(ri+2.0.7))
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Let i, € {1,...,s} and k € {1,2}, let ¢, — € A; _ and ¢; + € A, 4, then

B o Vi i<
(i _1h; 0F) = I i 0N )e Ve 0 gy € (pi—) ifi<y
xlpi—ihs, 07) /K (i3 07)e * 0 otherwise.

V(aler 0* eV (i1 it <j
I(gi v hi 0F) = I i 0% )e Ve gy € (piq+) i<y
A(SD AV E ) /K j('rv ©i,+3 )6 € 0 otherwise.
(WP 07), = [onlatonale s = 3 el ),
A TEPi, e

for ¢ = — +. It is expected that for small 7, (LPL%)(Q%_;6’*))]C ~ (LPL%)(@Z-,JF;G*))]C and

2‘7(%,7) = g‘;(@iﬂr) ~ gy = 2e0iTOIBORUB(ra R et x € RS\ {0} , then from previous

computations

X' (Roo,x(%,Jr;h, 0*) — Roo,x(wi,—;hﬁ*)) = 2rx; + f(X, @i+, 0i,—, h) (57)

where for every € > 0 there exists 7 > 0 such that | f((x, i+, @i —,h)| < e. Therefore, assuming
that the Lh.s. of (57) equals 0 leads to x; =0 fori=1,...,s.
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