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Control and Stabilization of the Nonlinear Schrodinger Equation on
Rectangles

Lionel Rosier * Bing-Yu Zhang T
February 3, 2010

Abstract

This paper studies the local exact controllability and the local stabilization of the semilinear Schrodinger
equation posed on a product of n intervals (n > 1). Both internal and boundary controls are considered,
and the results are given with periodic (resp. Dirichlet or Neumann) boundary conditions. In the case
of internal control, we obtain local controllability results which are sharp as far as the localization of
the control region and the smoothness of the state space are concerned. It is also proved that for the
linear Schrédinger equation with Dirichlet control, the exact controllability holds in H~*(2) whenever
the control region contains a neighborhood of a vertex.

Key words. Schrodinger equation, Bourgain spaces, exact boundary controllability, exact internal
controllability, exponential stabilization

1 Introduction

The control of the Schrodinger equation has received a lot of attention in the last decades. (See e.g. [FJ] for
an excellent review of the contributions up to 2003). Significant progresses have been made for the linear
Schrodinger equation on its controllability and stabilizability properties (see [, @, @, , @, , @, @]
for control issues, and [E, , , @, Ell] for Carleman estimates and their applications to inverse problems).
For the control of the so-called bilinear Schrédinger equation, in which the bilinear term is linear in both
the control and the state function, see e.g. [EI, E, ﬂ, E, E, @, @, E, E] and the references therein.

By contrast, the study of the nonlinear Schrodinger equation is still at its early stage. Recently, Illner,
Lange and Teismann [@, ] considered the internal controllability of the nonlinear Schrédinger equation
posed on a finite interval with periodic boundary conditions:

g + Uze + f(u) = ia(z)h(x,t). (1)

In @), a denotes a smooth real function which is strictly supported in T, the one-dimensional torus. They
showed that the system (El) is locally exactly controllable in the space H!(T). Their approach was based
on the well-known Hilbert Uniqueness Method (HUM) and Schauder’s fixed point theorem. Later, Lange
and Teismann [@] considered internal control for the nonlinear Schrédinger equation (ﬂ) posed on a finite
interval with the homogeneous Dirichlet boundary conditions

u(0,t) = u(m,t) =0 (2)

and established local exact controllability of the system (EI)-(E) in the space Hg (0, 7) around a special ground
state of the system. Their approach was mainly based upon HUM and the implicit function theorem.
Dehman, Gérard and Lebeau [[LJ] studied the internal control and stabilization of a class of defocusing
nonlinear Schrédinger equations posed on a two-dimensional compact Riemannian manifold M without
boundary

iug + Au + f(u) =ia(x)h(z,t).

They demonstrated, in particular, that the system is (semiglobally) exactly controllable and stabilizable in
the space H'(M) assuming that the Geometric Control Condition and some unique continuation condition
are satisfied.
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Recently, the authors proved in [@] that the cubic Schrodinger equation on the torus T with a localized
control
g + Uze + MulPu = ia(z)h(z,t), = €T, (3)

is locally exactly controllable in H*(T) for all s > 0 (hence, in L?(T)). Inspired by the work of Russell-Zhang
in [@]7 the method of proof combined the momentum approach and Bourgain analysis. In the same paper, the
local stabilization by the feedback law h = a(x)u(x,t) was established by applying the contraction mapping
theorem in some Bourgain space. Finally, similar results were obtained with Dirichlet (resp. Neumann)
homogeneous boundary conditions thanks to an extension argument. More recently, Laurent has shown
in [ that the system (f]) is semiglobally exactly controllable and stabilizable. The same result has also
been derived by Laurent in [R9] for certain manifolds of dimension 3, including T, S3, and S? x S'. The
propagation of compactness and regularity proved in [@, @] plays a crucial role in the derivation of the
stabilization results in these papers. See also [ for another application of these ideas to the semiglobal
stabilization of the periodic Korteweg-de Vries equation.
In addition, the authors considered in [[i7] the following nonlinear Schrédinger equation

iug + Au+ MuPu=0

posed on a bounded domain 2 in R™ with either the Dirichlet boundary conditions or the Neumann boundary
conditions. They showed that if

>n

S o

2

or n
O§s<§With1§n<2+25,

or

s =0,1 with n = 2,

then the systems with control inputs acting on the whole boundary of €2 are locally exactly controllable in
the classical Sobolev space H*(2) around any smooth solution of the Schrédinger equation.

The aim of this paper is to extend the results of [@] to any dimension. More precisely, we shall assume
that the spatial variable lives in the rectangle

Q=1(0,11) x -+ x(0,).
We shall investigate the control properties of the semilinear Schrodinger equation
iug + Au + Mu|%u = ia(x)h(z, t), (4)

where A € R and o € 2N*, by combining new linear controllability results in the spaces H*(€)) with Bourgain
analysis. Let us briefly review the results proved in this paper.
The internal controllability of the linear Schrédinger equation on T™

iug + Au = ta(z)h(z,t), xe€T" te(0,T) (5)

is established in H*(T") for any s > 0 and any function a #Z 0. (Note that the Geometric Control Condition is
not required.) Tt is derived from a well-known result in L2(T"), due to Jaffard [R1] when n = 2 and Komornik
[B3) for any n > 2, by an argument allowing to shift the (state and control) space from L2(T") to H*(T").
In particular, the exact controllability in H*®(T") will require a control input h € L?(0,T; H*(T")). Similar
results with Dirichlet or Neumann homogeneous boundary conditions are deduced by using the extension
argument from [@]

The boundary controllability of the linear Schrodinger equation is considered both with Dirichlet control

w=1nh(a, 1) (6)
and with Neumann control 5
U
% = 1p,h(x,t). (7)

In (ﬂ) and in (ﬁ), 'y denotes an open set in J€2. For the Dirichlet control, we shall prove that in any
dimension n > 2 the exact controllability holds in H~!(Q) whenever I'y is a neighborhood of a vertex



of Q. The observability inequality for this (arbitrarily small) control region is actually derived from the
corresponding observability inequality for internal control by multiplier techniques.

For the Neumann control, the exact controllability in L2(f2) is obtained in any dimension when Ty is
a side. Finally, the results with Dirichlet (resp Neumann) boundary control are extended to any Sobolev
space H*(Q)) with s < 1/2 (resp. s < 1) by considering control inputs more regular in time, namely
he H"s (0,T; L*(0R)) (resp. h € H5(0,T; L2(09Q))).

The extension of the above exact controllability results to the semilinear Schrodinger equation

iur + Au + ANu|%u = ia(z)h(z, 1) (8)

is performed on the basis of Bourgain analysis. The needed linear and multilinear estimates are combined
with a fixed-point argument to produce local exact controllability results. Sharp results (for the support of
the control input) are given for the internal control. Boundary controllability results are derived from those
established for the linear equation with the aid of estimates in Bourgain spaces of solutions of boundary-value
problems with boundary terms given by HUM.

Finally, the local exponential stabilization with an internal feedback law is proved by following the same
approach as in @]

The paper is organized as follows. The controllability results for the linear Schrodinger equation are
collected in Section 2. Section 3 is devoted to the controllability of the semilinear equations. Section 4
deals with the internal stabilization issue. Multilinear estimates for nonlinearities of the form u*'u®? are
established in Appendix.

2 Linear systems

2.1 Internal control

We first consider the linear open loop control system for the Schrédinger equation posed on T™ := (—m, 7)"
with periodic boundary conditions:

iur + Au = iGh = ia(x)h(x,t), u(z,0) = up(z), 9)

where a € C°°(T"™) is a given smooth real-valued function and h = h(x,t) is the control input.
We denote by H*(T™) the Sobolev space of the functions u defined on the torus T™ (i.e. defined on R
and periodic of period 27 with respect to each variable x;) for which the H® norm

llulls = [1(1 = A)*2u]| g2 o)

is finite.
We first establish an internal observability inequality for the solution v(t) = W (t)v of

{ vy +Av =10 (x,t) € T" x R, (10)

v(0) = vp.

Proposition 2.1 (Observability inequality in H5(T")) Let a € C®°(T") with a # 0 and T > 0. Then
for any s > 0 there exists a constant ¢ > 0 such that for any solution v of (E) with vg € H*(T™), it holds

T
ol e [ llav(o)? . (11)
0
Proof. We proceed in several steps.

Step 1. Assume that s = 0, and let
w=A{z € (=mm)" la(z)| > lal|L= ) /2}

Then, by [@, Lemma 8.9], there exists some positive constant ¢ such that for any square-summable sequence

(ck)kezm\ {0} We have
2

T
Z|Ck|2§C// >~ erett KON dat. (12)

k0 0 k0



The result is still valid when the set of indices is changed into Z™ by [@, Proposition 8.4]. This yields (Ell)
when s = 0.

Step 2. We prove the weaker inequality

T
ool |2, < ¢ (/O llav(®)[[2 st + ||vo||2_s_1> (13)

by contradiction. If ([LJ) is false, then there exists a sequence {v;} of solutions of ([L(]) in C([0, T]; H~*(T"))
such that

L= lv; (O)I2, = j </0 [lav; ()]|2 dt + ||Uj(0)||251> : (14)

Since v; is bounded in L>([0, T]; H—(T")) and (v;); is bounded in L ([0, T]; H~*~2(T")) by ([Ld), we infer
from Aubin’s lemma that, for a subsequence again denoted by {v;}, we have for j — oo

v =V in L>([0,T]; H=*(T™)) weak x
vj =V in C([0,T); H"(T™)) Vr < —s

where v € C,, ([0, T]; H=*(T™)) is a solution of ([l). In particular, v;(0) — v(0) in H"(T") for any r < —s.
Since v;(0) — 0 in H*~Y(T") by ([[4), we conclude that v = 0. Let w; = (1 — A)~%/2v;. Then w; €
L°([0,T); L*(T™)) and

w; — 0 in L°°([0,T]; L*(T™)) weak *

w; — 0 in C([0,T); H™(T™)) Vr <O.

Let us split aw; into
aw; = (1— A)"*?(av;) — (1 — A)~*?[a, (1 = A)*?]w;.

As the pseudodifferential operator [a, (1 — A)*/?] maps continuously H”(T™) into H"~**+1(T"), we have that

(1—A)""?[a,(1 —A)*?lw; =0  in C([0,T]; H'(T")) for any r < 1. (15)
Therefore, using ([i4) and ([L5)), we obtain that

aw; — 0 in L*([0,T]; L*(T™)).

Clearly, w; satisfies also the linear Schrédinger equation (E), so we infer from the observability inequality
(1)) established for s = 0 that
w;(0) — 0 in L*(T™).

It follows that v;(0) = (1 — A)*/2w;(0) — 0 in H~*(T"), contradicting the fact that ||v;(0)||_s = 1 for all .

Step 8. We prove ([L]) by contradiction. If ([L]) is false, there exists a sequence {v;} of solutions of ([Ld) in
C([0,T); H*(T™)) such that

T
=IO 25 [ flavs@IFde V5o (16)
0
Extracting a subsequence if needed, we may assume that

vj > v in L=([0, T]; H=*(T™)) weak * (17)
v =V in C([0,T); H"(T")) Vr < —s (18)

for some solution v € C,, ([0, T]; H=*(T™)) of ([[d), where C,, ([0, T]; H~*(T") denotes the space of weakly
sequentially continuous functions from [0,7] to H—*(T") (see [BH, Lemme 8.1]). Clearly, av; — av in
L>([0,T); H=*(T")) weak % which, combined to ([Lf]), yields av = 0. An application of Holmgren theorem
(see e.g. [I§, Theorem 8.6.5]) gives v = 0. On the other hand, ([1§) gives v;(0) — 0 in H~>~1(T"). Tt then
follows from ([[J) that v;(0) — 0 in H~*(T™), and this contradicts (L. [ |

Applying HUM [@] with L2(T") as pivot space, we infer from Proposition @ the following internal
controllability of the linear Schrodinger equation in H*(T").



Theorem 2.2 Let T > 0 and s > 0 be given. Then for any (ug,uy) € H*(T™) x H*(T™) there exists
a control h € L*([0,T]; H*(T™)) such that the system () admits a unique solution u € C([0,T]; H*(T™))
satisfying uw(T) = u1. Moreover, we can define a bounded operator

@ : H5(T™) x H*(T™) — L*([0,T); H*(T™))
such that for any (uo,u1) € H*(T™) x H*(T™) it holds

T
W (T)uo + /O W(T — 7)(G(®(uo, w))) (-, 7)dr = u. (19)

The (small) control region is represented in Figure [|. Trapped rays are drawn to mean that the wave
equation fails to be controllable with such control regions.

Control region

°
X
777777777777777777777777777777777777777777 1
z v\\
; <
i Trapped rays

Figure 1: Internal control of the Schrédinger equation.

2.2 Boundary control

In this section Q = (0, 7)™, and I'y denotes an open set in 9).
2.2.1 Dirichlet boundary control
We first adopt the following definition.

Definition 2.3 The open set Ty C 9N is called a Dirichlet control domain if given any ug, u1 € H=(Q)
and any time T > 0, one may find a control h € L*(0,T; L*(Tg)) such that the solution u = u(x,t) of

iug +Au=0 in Q% (0,T)
u=1p, h(z,t) on 9Q x (0,T) (20)
u(0) = ug

satisfies uw(T) = u;.

The following result provides Dirichlet control domains which are arbitrary small in any dimension n > 2.
Note that the wave equation fails to be controllable with such control domains.

Theorem 2.4 Let Q = (0,7)", and let Ty C OQ be any open set containing a vertex of Q. Then Ty is a
Dirichlet control domain.



Control region

Figure 2: Boundary control of the Schrodinger equation.

By Dolecki-Russell test of controllability (or HUM), Theorem @ is a direct consequence of the following
boundary observability result for the system

vy +Av =10 in Q x (0,T)
v=20 on 90 x (0,7 (21)
v(0) = vg.

Proposition 2.5 Assume that the (open) control region T'o C O contains a vertex of 9. Then for every
T > 0, there exists a constant ¢ > 0 such that

T
V0|2 < / /
0 JI'y

for any solution v of (1) with vo € H}(R).

2
dodt (22)

@
ov

Proof. We proceed in several steps.
Step 1. First, we prove an observability inequality in Hg(2) with an internal observation in an arbitrary
subdomain of 2.

Lemma 2.6 Let w C €2 be an arbitrary nonempty open set. Then there exists a constant ¢ > 0 such that

T
||Vv0||2L2(Q) Sc/o / |Vo(z, )| dedt (23)

for every solution v of @I) with vo € HL(Q).

Proof of Lemma .g. Extend v to (—m, 7)™ x (0,T) in such a way that v is an odd function of x; for each
i =1,...,n, and extend the initial state vg in a similar way. Then v solves (E) Writing vo = ;. czn cpett,
we have that

Vo(zx,t) = Z icpel eIk D)

kezn



It follows then from ([L.J) that

V0ol G2y = D D kil?lexl®

j=1kezn
< Z//\ 37 cpelem kO 2t
kezn
< c//|Vv|2dxdt.
0 Jw
The lemma is proved. u

Step 2. We use the multiplier method to reduce the boundary observation inequality to an internal observa-
tion inequality. Without loss of generality, we may assume that 'y is a (small) neighborhood of the vertex
M = (m,...,m) defined as

To={x€dQ; 1+ - +z, >nmw —c},

where ¢ is a (possibly small) positive number. The following lemma is needed.

Lemma 2.7 There ezists a nonnegative function 6 € C3(R™) which is null on {x € R"; x1 < 0} and strictly
convex on (0,+00)™ N B1(0).

Proof of Lemma @ Set y™ = max(y,0) for all y € R. Let
Oar, ) = (1)1 (1463 (@h)Y)
j=2

where § > 0 is a small number whose value will be specified later. Clearly, 6 is a nonnegative function of
class C® on R™, which vanishes on the set {x1 < 0}. To prove that @ is strictly convex on (0, +00)™ N B1(0),
it is sufficient to check that the Hessian matrix

(o) = (525 @) 1)

is positive definite for every x € (0,400)™ N B1(0). Simple computations give that for any £ € R™,

ETH(z)¢ =1222(1 46 Zx?)&f + 120z Z z?f? + 32023¢, Z x?&a
j=2 =2

j=2
From Young inequality, we obtain that

32(afateig;| < 26272}E] + 102127
therefore

§TH ()¢ > (12— 26(n — 1)0)27&] + 2621 > 2367 > cl¢] (25)

Jj=2

if 2 € (0,+00)" N B1(0) and § < (6/13)(n — 1)~ L. [ ]
At this position, we need an identity from

Lemma 2.8 /@, Lemma 2.2] For any q € H*(2,R™) and any solution v of (@) issued from vo € Hi(Q),

it holds
i) Lo

8qk ov
+= Re// (wV (div q) - Vv)dxdtJrRe//QZa—x]a—xka—x]d wdt. (26)

ov

8

1
dadt = —Im /(Uq - Vo)dz|d



Let
w={rxeQ v+ +x, >nmw—¢c}.

We readily infer from Lemma that there exists a convex function # € C3(Q) which is strictly convex on
w and null on O\ w. Using (Rf) with ¢ = V8 we obtain

/OT/w Vo(x)T H(x)Vo(z) dedt < C/OT/FO

where § > 0 is a small number and H(x) denotes the Hessian matrix given in (R4). In (R7), we used the fact
that both quantities [|v(t)||z2(q) and |[Vo(t)||r2(q) are conserved. Using Lemma P.g and the fact that the
Hessian matrix H(z) = (820/0z;0x;)(z) is positive definite on w, we obtain

T
waé@Sc//
0 JIg

for a convenient choice of 4. The proof of the estimate

T
ool <c |
0 JTg

is classical (see e.g. [B7, pp. 27-28]). Then (P2) follows from (2§)-(R9). This completes the proof of Propo-
sition E and of Theorem @ [ |

2
v dadt+C5/ |vo|2dz+5/ |Vol?de, (27)
ov Q Q

ov

2
ey detJrQ;/ |vo|?dx. (28)

Q

2

L — (29)

ov

Remark 2.9 (i) Theorem is stated for a square Q = (0,7)", but it is valid (with the same proof) for
any rectangle Q = (0,11) X -+ x (0,1,).

(ii) Using a frequential criterion and number theoretic arguments, Ramdani et al. /@/ proved that when
n =2, I'g C 9N is a Dirichlet control domain if and only if Ty has both a horizontal and a vertical
components. It is however unclear whether the approach in /@] can yield a similar result for n > 3.

(iii) Using Theorem 2.4 on a rectangle Q = (—1,7) x (0,7)"~* with a control input supported in €0\ €,
and next taking the restriction to ), we infer that the linear Schrodinger equation is controllable in
L2(Q) with a control supported on a side. (This fact can also be deduced from the Carleman inequalities
established in /) This suggests that the condition for a domain to be a Dirichlet control domain is
less restrictive when the state space is smoothed.

We now aim to extend Theorem P.4 to a control result in a space H*(2), with s > —1. We define
Hy(Q) = D(Al%)), where Ap is the Dirichlet Laplacian; i.e., Apu = —Au with domain D(Ap) = H2(Q) N
H}(2) C L*(Q). We first need to replace the characteristic function 1p, by a smooth controller function
g € L*>(09). We adopt the following

Definition 2.10 Let g € L>°(09Q). We say that g is a smooth Dirichlet controller if

(i) there exists a constant C > 0 such that

T
|Nmmmnsc//‘mm
0 JoN

for any solution v of (@) emanating from vo € H}(Q) at t = 0;

ov

2

(i) for any face F of 0Q, gr = g|,, € C*°(F) and for all k > 0

82k+lgF

Note that for any nonempty open set I'g C OS2 one can construct a smooth Dirichlet controller g supported
in I'g. Consider for example a small neighborhood I'y = [0,]" NI of 0 in IN. A smooth Dirichlet controller
g supported in I'y is given by

g(zlv 75671) = Hp(x1>



where p € C*(R) fulfills

Note also that g € CY(9Q) and that the set {x € 9Q; g(z) > 0} is an open neighborhood of 0 in 9.
Let g be a smooth Dirichlet controller, and let S denote the bounded operator H () — H~1(Q) defined
by Svg = u(T), where v = u(x,t) solves

iur + Au =0 in Q x (0,7T)
u = g(x)h(z,t) on 002 x (0,T) (32)
u(0) =0

with h(z,t) = (Ov/0v)(z,t), v = Wp(t)vy denoting the solution of

vy +Av =10 in Qx(0,7T)
v=0 on 00 x (0,T) (33)
v(0) = wp.

Applying HUM, we infer from the observability inequality (B{) that S is invertible. We shall prove that a
similar result holds in more regular spaces.

Theorem 2.11 Pick any number s € [—1,1). Then S is an isomorphism from H};™ () onto H} (). More
precisely, for any T > 0 and any ur € H$(Q), if we set h(x,t) = (Ov/0v)(x,t) where v denotes the solution
s+

of (B3) with vo = S~ ur, then vo € H*(Q), he H 5 (0,T; L2(09)), and the solution u of (B) satisfies
ue C([0,T]; H () and uw(T) = ur.

Proof. Step 1. Let us first check that S~! is a bounded operator from H3,(€2) into H3 () for s € [-1, ).
The result is already known for s = —1. Assume first that —1 < s < 0, and pick any upr € H}(Q)
decomposed as

ur(z) = Z ur,p sin(p1z1) - - - sin(pn ey ),

with 37 ey [P[?*|urp|? < co. Let vg = S™!(ur) € Hp () decomposed as
vo(x) = Z vpsin(pix1) - - - sin(ppy), (34)
pe(N*)"

and let v denote the solution of (BJ). The control given by HUM driving (BJ) from 0 to ur reads

o2, O
h(z,t) == 0v/ov = Z vye 1P ta—(sin(plxl) < sin(ppy)). (35)
v
pe(N*)’n
Let us write the solution u = u(z,t) of () in the form
u(z,t) = Z up(t) sin(pixr) - - - sin(prxy,). (36)

pE(N*)™

The moments {uy(t)},en+)» can be computed from the control input h by using duality. Scaling in (B2) by
w, where w = Wp(t)wp is a smooth solution, we obtain

i /Q (e, ) (z, 1) dz = /0 t /6 ) g(x)h(x,f)g:fda—(x)df.

Pick any ¢ € (N*)" and choose wy(z) = sin(q11) - - - sin(gna, ). We obtain from (B]) that
t ~
(g)”iei‘q‘%uq(t) = / / g(x)h(z, f)eilqlztaﬁ(sin(qlxl) -+ sin(gnay, ) )do(x)dE
0 JoQ v

t ~
- ¥ Up(/o illal =1 gy

pE(N*)™

X/BQ g(m)%(sin(plxl) - -sin(pnxn))(,%(sin(qlxl) - -sin(gnay))do(z). (37)
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It follows that for t =T

S(vg) =ur =u(T) = Z Z aqpVp | sin(qiz1) - - - sin(gnzn) (38)
qe(N*)™ \pe(®)"
with
2, e~ilP’T _ g=ilal*T

agp=—(=
wr = =) TR

/ g(m)(,%(sin(plxl) . sin(pnxn))(,%(sin(qlxl) -+ sin(gnzy))do(z). (39)
ro)

In (BY), we used the convention that

e_i‘p‘2t — e_il‘ﬂzt

= ite~lal’t for |p| =|q|. 40)
ol vl (
Introduce the operator D defined by
D° Z Cp Sin(p1z1> v 'Sin(pnxn) = Z |p|acp Sin(plxl) te Sin(pnl'n)'
pE(N=)" pE(N)"

In what follows, >°  and > will stand for Zpe(N*)" and Y ge(v-yn-> respectively. We aim to prove that
vo € H3M(Q) for up € Hy (Q). For vy given by (B4), let

ool = ol up|*.
p

C denoting a constant varying from line to line, we have that

llvollsy2 < 1D loglly

< C|IS(D* o)l

< C([[D**(Svo)l|-1 + [I[S, D* || -1)

< C(llurlls + (1S, D" wol| 1) - (41)
Clearly

(5. D" oo =) (Z agp(Ip* "t = lg* ") ) sin(g121) -+ sin(ga ),
q p

hence

15, Dol = 2213 el =l
p

Writing 02 = Ug<j<an_1F}, where the F}’s denote the faces of €, the integral term in (@) may be written
ZO§Z<2"—1 Ip,, with
0, . . g, . .
Ip = g(x)a—(sm(plscl) e sin(ppay)) = (sin(qrx1) - - - sin(gnxy, ) )do (z).
o v v

Let us estimate I, for Fy := {z € 0Q;2z,, = 0} = [0,71]"~* x {0}. Then

n—1
r| = Pngn / g(z1, ., Tp_1, 0)[H sin(pjz;) sin(gjz;)]dey - - - dwp—1
[0 ﬂ-]n 1 j:l
— 1
= Pngn / 9(x1, ey Tp—1,0 H 5 cos(pj — q;)x; — cos(pj + ¢;)z;)|dxy - - - dzp_1|.
[0,7]n-1 i

Using (@) and integrations by parts, we see that for every k£ € N, we have for some constant Cy > 0

n—1

|IF0| < Ckann H(pj - qj>_k' (42)

j=1
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The corresponding contribution in ||[S, DsT1]uvg||2, is therefore estimated by

n—1
Ar =Y 1d 7 [ Do paan (T[T 5 = )7 al® = o)~ Ipl" ™ = lal**Jvp|
q P Jj=1

Since o o
S _ S _ S S S S
17| "] _ Ml = lall (pl* +1al*) _ - lp° + d]

el A (lg> = Ipl*) el + gl
we have by Cauchy-Schwarz

CZ[an<ﬁ<pj qjm%w

IN

AR,

IN

[pP** +1al* T, 2 ok
O\ X G ] <pg | i oo (43)

j=1

Pick any k£ > 1. Then, as s < 0, if we choose k > 1

ZZ |P|+|q|2 H Z (Pn +q) gnfljgl@jim -

Therefore

Ar,

IN

C Z ZPJ%FH =)

,q]

INA
Q
U
M
::l

IN

CZ Pl |vp|2-
p

The estimate for another face Fj is similar. We conclude that
1S, D**Hwol|24 < Cllwolli < Cllurl|2,

hence, with (), vo € H5 (). Let us now assume that ur € Hj(Q) with 0 < s < 1. The proof is carried
out as above when —1 < s < 0, except for the estimate of Ap, in @ We know from the lines above that
vo € HEL(Q) for any o < 2. Then, by Cauchy-Schwarz inequality,

2

n—1
_klpl® +1qf?
D e [[ 05— a) kmh’ﬂ (44)
q p

Ar

0

IN

IN

n—1
CZ Z| IR H Sl [T s — )"
(Ipl + lgl)? 3 =1
Note that

Z le|2&+|q|2 | 1H < C(S1+ 82+ Ss5)

(Ipl + lal)?
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where

> (S e o -w

S = 5 11—~
o\ 5 (pl+1aD)? 25
S| |— n—1

= S| -
T\ 57 (pl+1a)? 5
_1 n—1

_ ¢ |**|p] " -k . -
S = Z Z(| |+ [q])2 H(pj*qﬂ where ¢ = (¢, qn).

T\ 57 (pl+1a)? 5

Since 25 — 1 < 0,
p2s—1 n—1

Sl<¥ an‘f'% H<pj*qj'>7k < const < 0.

P j=1
Also,
' Tr
S2 pnnJan jl;[l@j*quk
qn pn
: anz on b 0T
25—3 ~ x>
< Z (Pn nt 1) + Pn +/1 pin(pn-l-x)de)
< 1+Zp252/ T g
a o1 o (I+y)?
< const < oo.
Finally,

n—1

-1
b —k
=2 gy e = e
dn P j=1

It follows that

» <O Z > papllvs|? |q|2SH<< a) k.

»»»»» qn—-1 P
Note that
n—1
SooAdP [ wi—a)F <cl'P
q1;--54n—1 Jj=1
since, for k > 2s + 1,
Zq —q;) " < CpP.

(Split the sum into one for ¢; < 2p;, and another one for ¢; > 2p;.) Therefore, since 0 < s < 1/2,

Ap, S CY P10, * = lleol2y 5 < Cllurll?_,. (45)
p

Thus, we have proved that S~! is bounded from H$ () into H3?(Q) for —1 < s < 1. Note that, for
vo € H32(Q), h € H™= (T; L2(09)) by (BF).

Step 2. Since S is an isomorphism from H}(Q) onto Hp'(Q), it remains to prove that S maps H3 (1)
into H§ (92). The proof of Theorem will thus be complete with the following result.
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Proposition 2.12 Let s € [~1,3) and T > 0. For any vy € Hj;*(R), let u = T'vy denote the solution of
(BY) associated with h = dv/dv, where v(t) = Wp(t)vo. Then T is a bounded operator from H32(Q) into
C([0,T]; Hp(92)).

Proof of Proposition . It is well known that for any h € L?(0,T; L2(95)), there exists a unique solution
uw € C([0,T); H1(Q)) in the transposition sense of (BJ) (see e.g. [BA)). The result is therefore true for
s = —1. Let us now assume that s € (—1,1/2). From Step 1, we know that u is given by

2\" e—ilpI*t _ o—ilal®t ) )
u(t) = - <;> Z Z Up | |2 — | |2 I(gapv Q> Sln(qlzl> e Sln(qnzn> (46>
ey \pe)n a= =1
where 5 9
I(g,p,q) = / 9(z) - (sin(prz1) -+ -sin(pnen)) 5 - (sin(q11) - sin(gnn))do (). (47)
29 v ov

Again I(g,p,q) = > g<jcon_1 I, where the Fi’s denote the faces of Q and If, is given in (@) We have that

ool Lo 0. :m,0) = | | D> (Two)| |Loo(o,T;H51(Q))

A

= ||F(Ds+1UO)||Loo(o,T;H51(Q)) + ||[FaDSH]UO”Lw(o,T;Hgl(Q))'

Since
(D" 00) | 0511y < CID™ o0lt < Cllvollge,

it remains to estimate the commutator [I', D*T!vg. Clearly

(e =~ (2) S X ol

2 _ [p[2
7 \pilpl#lal i P

|s+1 |s+1

(efi|P|2t _ efi\q\%)[(%p, q) H sin(g;x;). (48)
j=1

The contribution in ||([T', D*+uvo)(t)[|2, due to Fy = {x € 9Q; x,, = 0} is estimated with (i) by

2

DS p* +|ql®
BFO < c |Q| 2 |UP| |p|+|q| |IF0|
q P, |p|#|ql
) 2
Pl +1d* T _
< CE E |vp| Pn H<Pj_(Zj> g
. Ip| +1[q| ="
g \plpl#ldl Jj=1

Therefore, using the estimation of the r.h.s. of (§4)) in (i), we conclude that for s < 1/2
Br, < CllvollZ, s,
the constant C' being uniform in ¢ € [0, T]. Therefore
T, D" ool e o res- < Clltolloc

Thus, we have proved that
[ull Lo 0,313, (2)) < Cllvoll a2 0y (49)

Since u € C([0,T]; H5'(Q)), we conclude that u € C,([0,T]; H5(Q)). If we pick 5 € (s,1/2) and
oy € Hi2(Q), the corresponding solution @ belongs to Oy, ([0, T]; H3(12)), hence to C([0,T]; H; (), the
embedding H3, () C H$(Q) being compact. It follows from (Q) combined to the density of H32(Q) in
HEP(Q) that w € O([0,T); H3 () for vy € H (). In particular, u(T) € H$ (1), so that S is an iso-
morphism from H$(Q) onto H$ (). This completes the proof of Proposition @jand of Theorem .1]. m
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2.2.2 Neumann boundary control

We adopt the following definition.

Definition 2.13 The open set Ty C 99 is called a Neumann control domain if given any ug, uy € L*(2)
and any time T > 0, one may find a control h € L*(0,T; L?(Tg)) such that the solution u = u(x,t) of

tup + Au=0 in Qx(0,7)
9u — 11 h(z,t) on 02 x (0,T) (50)
u(0) = ug

satisfies u(T) = uq.
The following result provides Neumann control domains in any dimension n > 2.
Proposition 2.14 Let Q = (0,7)", and let Tg C O be a side of Q. Then Ty is a Neumann control domain.

Proof. Assume e.g. that I'y = {0} x (0,7)"~!. By Dolecki-Russell criterion, we only have to check the
following observability inequality

T
||v0||%2(m < C/O /F |v(z, t)|?dodt (51)
0

where vy is any function in L?(Q) and v = v(x,t) solves

v +Av=0 in Qx(0,7)
=0 on 0Q x (0,7) (52)
v(0) = wp.

Expanding vp as

vo(x) = Z ¢k cos(kixy) - - - cos(knan),
keNn

then the corresponding solution v(z,t) reads
v(z,t) = Z cpe IRt cos(kixy) - - - cos(knay,).
keNn

It follows that

T T
/ lv(z,t)|*dodt = / / | Z cre I cos(kows) - - - cos(knxy ) |Pday - - - dandt
0o Jro o JOmn-1

keNm
2

T
_ik2
~ Y [T ac ] ae Yl ~ ol
0

ka,....,kn>0 k1>0 keN™

where we used the orthogonality of the functions cos(kexs) - - - cos(knxy) in L?(Tg) and Ingham’s lemma. |

We now aim to extend Proposition to a control result in a space H*(2), s > 0. We define HZ, () =
D(A%), where Ay is the Neumann Laplacian (i.e. Ayu = u — Au with D(Ax) = {u € H*(2), du/ov =
0 on 90} C L%*(Q)). A result similar to Theorem may be obtained along the same lines. We limit
ourselves to giving a weaker result with a very short proof.

Theorem 2.15 Let T'g be a Neumann control domain, T = 2w, s € [0,1) and ug,u; € HY (). Then there
exists a control input h € H3(T; L?(9Q)) such that the solution u of (B0) satisfies u(T) = u;.

Proof. Without loss of generality, we may assume that ug = 0. A direct computation shows that for any
(smooth) solution u of (f0]) emanating from uy = 0 and any (smooth) solution v of (53), it holds

i /Q u(z, T)v(z, T) dz = — /O T/a . Ip,h(z, t)ododt. (53)
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As usual, for any h € L2(0,T; L*(8Q)), the solution u € C([0, T]; L*(Q)) of (Bd) is defined by
i(u(t),v(t))L2(Q) = —(h, 1F0U)L2(O,t;L2(6Q))a vVt € [0, T], Yvg € L2(Q) (54)

where v(t) solves (52).
Cram 1. If vg € Hy* () for some s € R, then v € H~3(T; L(99)).
Indeed, if we write vg = >, cyn Ck cOS(k11) - - - cos(kn2y,) and

vz, t) = Z cpe IRt cos(kyxzy) - - - cos(knxy)

keN™
then we have that
1018 -5 2 oy ~ D1+ ) 7lenl? ~ ol - (53)
k
We may rewrite (53) in the form
Z<U(T)a U(T»HJSWH;]S = 7<h7 1FOU>H%(T;L2(6Q)),H7% (T;L2(69))" (56>

Note that v € C([0,T]; H5(Q2)) if 0 < s < 1. It remains to establish the following
CLAIM 2. (Observability inequality) The following estimate holds for the solutions of (5J):

11 v[7

2
H™ 3 (T;12(09)) 2 const|fvol[

~ (@)

If (b7) is not true, one can construct a sequence {v;} such that
j||1F0Uj||iI*§(T;L2(aQ)) < ||UJ(O)||§-]];3(Q) =1L (58)
Let w; = (1 — 8152);21)]-, where for any o € R

(1=07)5 > ae™ = (1 +[I]*)7ce™.

lez lEZ

Then w; solves (53) with w;(0) substituted to vg, and from (F§) we obtain
Ip,wj — 0 in L*(T; L?(0%2)). (59)
As T is a Neumann control domain, we infer that w;(0) — 0 in L?*(2), hence
w; — 0 in L*(T; L2(0)).

This gives
v; — 0 in H™2(T; L*(99Q)).

Using (b)), we infer that v;(0) — 0 in Hy®(£2), which contradicts (5g). This completes the proof of Theorem
14 .

3 Nonlinear systems

3.1 Internal control

In this section we consider the following nonlinear control system
iug + Au + N(u) = iGh = ia(z)h(z,t), x € T, t > 0,
u(z,0) = ¢(z),

where a € C°°(T™), and the nonlinearity N(u) reads

N(u) = du* a2, a1 +as=a+1>2, (61)
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with A € R, and «, a1, az € N. Note that for any o = 28 € 2N*, |u|*u = v 157,
We introduce the number

o if =1,
Sa,n = 5~ % - 4(n1—1) ifa =2, (62)
22 if o > 3.

Thus sqn = sc = § — % (the critical Sobolev exponent obtained by scaling in NLS) for o > 3, while

San > Sc for o =1,2 (except for n = o = 2 where s3 2 = s, = 0).
By Corollary @ (see below), the system (@) is locally well-posed in the space H*(T") for « > 1 and
§> Sq.n with ¢ € H*(T") and h € L} (R, H*(T™)).

loc
Our main concern is its exact controllability in the space H*(T").

Theorem 3.1 For given n > 2, a1,as € N with a1 + s =: a+ 1> 2, and a £ 0, the system @) is locally
exactly controllable in the space H*(T™) for any s > Sqn. More precisely, for any given T > 0, there exists
a number § > 0 depending on «, n, T and X such that if ¢, ¥ € H*(T™) satisfy

llolls <6, l¥]ls <6,

then one can choose a control input h € L*(0,T; H*(T™)) such that the system (d) admits a solution
u € C([0,T]; H*(T™)) satisfying

u(xa 0) = ¢(x)’ u(x,T) = ¢($)

The system (60) can be rewritten in its equivalent integral form

u(t) =W(t)¢p+ z'/o Wt —7)(N(u)(r))dr + /o W (t — 7)[Gh](T)dT. (63)

To prove Theorem EI, a smoothing property is needed for the operator from f to u, where

u(t) = /0 W(t—71)f(r)dr.

This needed smoothing property was provided in Bourgain’s work [H, E] where he dealt with the Cauchy
problem for the periodic Schrodinger equation.
For given s,b € R, the Bourgain space X is the space of functions u : T" x R — C for which the norm

lullx,, = W (=)ul Ol )
is finite. Decomposing u as

u(z,t) = Z /R&(k:,T)ei(k'c”"’Tt)dT

kezn
we have that

i, = 3 / (r 4 B2V ik, o) [2dr

keZn
where (y) := (1+ |y|)2. For given T > 0, ng is the restriction norm space
XsT,b = {Unrnx(o,T); ue Xgp}
with the restriction norm
lullxr, = nf{||al|x, ;@ € Xsp, Urnxor) = u}-

Before we proceed to show the exact controllability results, we present the two following technical lemmas
(see e.g. [50]) which play important roles in the proof of Theorem B.1]

Lemma 3.2 For given T > 0 and s,b € R, there exists a constant C' > 0 such that

W ()¢l xr, < Cllols

for any ¢ € H*(T™).
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Lemma 3.3 For given T >0, b > 1/2, and s € R, there exists a constant C > 0 such that

The following multilinear estimate is crucial when applying the contraction mapping theorem.

/Ot W(t—r)f(r)dr

< Ol fllxr,

1
T
Xs’b

for any f e XT, .

Proposition 3.4 Let n > 2, « € N* and s > sq.,. Then there exist some numbers b € (0, %) and C > 0

such that
a+1 a+1

T @llx. -, < C T llul
=1 =1

where u; denotes u; or U;.

Xop VUL, o Uat1 € Xsp, (64)

Corollary 3.5 Let n > 2, a € N*, and s > Sq.n. Pick ug € H*(T") and h € X5 = L?*(R; H*(T™)). Then
there exist two numbers b > & and T = T(||uo||zr=(rny, ||h||x. ,) s0 that the initial-value problem (B0) admits
a unique solution u € ng.

Remark 3.6 Proposition , which is proved in Appendiz for the sake of completeness, is essentially due
to Bourgain. It was proved in /E/ when o =n = 2, and in /ﬂ] in Besov-type spaces when s > sy, where

Sc ’Lf n = 27
sp = { max(s, %) ifn =3, (65)
max(se, n?’—ﬂ) if n>4.

Notice that s, > s. only for (a,n) € {(2,3),(2,4),(2,5),(3,4)}. The corresponding values of sp, s and San
are reported in Table I] On the other hand, sy = 5. < San for a« = 2 and n > 6. Sharp results for the

(a,m) | (2,3) | (2,4) | (2,5) | (3,4)

3 3 5 3

Sb 1 2 3 2
< 5 7 27 4
a,n 8 6 16 3
1 3 4

Sc 2 1 2 3

Table 1: sp, Sa.n and s, for (a,n) € {(2,3),(2,4),(2,5),(3,4)}

local well-posedness of NLS on T™ are also given in /@] fora=n=1, and in [@]for (a1,0) = (0,2) and
2<n<4.

It follows at once from Proposition @ that for any 7' > 0, s > sq.p, and some b > 1/2, 0" > b — 1 we

have
IN@) ~ N, < Cllellgr, +wllgr)llo —wllxr, Yo, e XT,

We are now in a position to give a proof of Theorem .

Proof of Theorem B.1]: Set r
(0, T) =i / W(T — 7)N(v)(r)dr.
0
By Theorem @, if we choose
h=®(¢, v —w(,T)),



then
W(t)p + /0 W(t—71)(EN©w) +GP(¢, ¢ —wv,T)) (7)dr
¢(x) in T" when ¢ = 0;
() —w,T)+w(v,T)=¢()in T, whent="T.

It suggests us to consider the nonlinear map:

L(v) =W () + Z'/O Wt —7)(iNw)+ GP(d, v —w(v,T)) (7)dr.
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The proof would be complete if we can show that this map I' has a fixed point in the space XSTb7 with

be (3,1).

To this end, note that by using Lemma @, Lemma @ and Proposition E, there exist a number

be (%, 1) and some constants C;, j = 1,2, 3 such that
IT@)lxr, < Crldlls +[¥lls + llwlv, T)ls) + C2||U||§§§
for any v € X7, and
IP(r) ~ D)z, < Crllwfvr. T) — wlvs Dl + Cs (or[, + leallr, ) lor - eallxcr,

for any vy, ve € ng. Note that there exists a constant C4 > 0 such that

t
lo@. D)l < | / W (t — )N (0)(r)dr (o, (o)

t
< constH/ W(t—71)N(v)(r)dr| xr,

0 -
< vl

Similarly
[w(v1, T) — w(ve, T)|[s < Cs (|\Ul||§‘<gb + |\Uz||§‘<gb) lv1 = val xr,

As a result, by increasing the constants Cy and C3, we obtain

IT@)llxz, < Calllglls + [#]ls) + CallolI !

for any v € X7, and

ID(1) = T(w2)llxr, < Cs (oillr, + loallr, ) lor = vallxr,

for any vy,vy € X7, Pick § >0, ¢,¢ € H*(T") with [|¢[|s + [|¢]|ls < 0, and set M = 2Cy4. If ||’U||X;T’b <M

and
||vj||X57:b < M7 .7 = 1725
then
HF(U)”XsTb S Cl5+CQMa+1
< 2C46=M
as long as
1
CoM* < =

2
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Choose § > 0 so that M = 2C46 fulfills
1 1
CoM* < 5 and C3M* < Za

and let Bjs be the ball in the space Xzb centered at the origin of radius M. For given ¢,¢ € H*(T") with
[4lls + [[¢]ls < 6, we have
I0@)lxr, < M
for any v € By and
IP(wr) ~ (@), < gller = vallxr,
for any v1,vs € Bys. That is to say, I' is a contraction in the ball Bj;. The proof is complete. ]

Let us now consider the Schrodinger equation posed on a cube Q = (0, 7)"

iug + Au+ N(u) = ia(z)h(z,t), xeQ, te(0,T) (66)
with either the homogeneous Dirichlet boundary conditions
u(z, t) =0 (x,t) € 09 x (0,T) (67)
or the homogeneous Neumann boundary conditions
Oou
a(x,t) =0 (x,t) € 02 x (0,T). (68)

The nonlinearity N (u) is still as in (B1).
It is remarkable that internal control results with Dirichlet (resp. Neumann) homogeneous boundary
conditions can be deduced from those already proved for periodic boundary conditions.

Corollary 3.7 For given n > 2, ag,as € N with a1 + s =: a+1 > 2 and a even, and a # 0, the system
)-@) is locally exactly controllable in the space H§ () for any s > sa.n. More precisely, for any given
T > 0, there exists a number § > 0 depending on o, n, T and X such that if ¢, ¥ € Hi(Q) satisfy

0l 225 (2) <6, 9 £rs () < 6,

then one can choose a control input h € L?(0,T; H3,(Q)) such that the system @)-@) admits a solution
u e C([0,T]; H () satisfying
u(,0) = o),  w(@T)= ()

Corollary 3.8 For given n > 2, ay,as € N with a1 + as =: a+1 > 2 and a # 0, the system @)-@) 18
locally exactly controllable in the space H3 () for any s > sq.n. More precisely, for any given T > 0, there
exists a number § > 0 depending on a, n, T and X\ such that if ¢, 1 € H(Q) satisfy

9l 25, () <6, 9l 23, 2) <6,

then one can choose a control input h € L2(0,T; H3(Q)) such that the system (68)-(68) admits a solution
u e C([0,T); Hy () satisfying
u(z,0) = ¢(x), u(z, T) = ¢(z).

We shall say that a function from (—m, 7)™ to C is odd (resp. even), if it is odd with respect to each coordinate
x;, 1 < i < n. The proof relies on the basic, but crucial observation that the functions in H§ () (resp.
HZ,(2)) coincide with the restrictions to € of the functions in H*(T™) which are odd (resp. even). The
issue is therefore reduced to an extension of Theorem in the framework of odd (resp. even) functions
in H*(T"). Extending the function a in (f) to T" as an even function, we notice that the control input
h in Theorem E can be chosen odd (resp. even) if the functions ¢, are odd (resp. even). Indeed, the
observability inequality holds as well in the subspaces

oaa(T") = {u € Hy(T"); w(w1, ..., Tio1, —Ti, Tig1, o, Tn) = —u(z) Vo eT", Vi},
Ho(T") = {u€ Hy(T"); w(w1, ..., i1, —Ti, Tit1, - Tn) = u(x) Yz €T", Vi}
of H%(T™) for s < 0. On the other hand, since v and N (u) are simultaneously odd (resp. even), we see that

the contraction mapping theorem can be applied in a space of odd (resp. even) trajectories to derive the
result in Corollary B.q (resp. B.g). Full details are provided in [if]] for n = 1.
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3.2 Boundary control

In this section we consider the Schrédinger equation posed on a rectangle Q = (0,1;) x -+ x (0,15)

iug + Au+ N(u) = 0, zeQ, te(0,T) (69)
with either the Dirichlet boundary conditions

u(z,t) = 1p, h(z,t) (z,t) € 02 x (0,T) (70)

or the Neumann boundary conditions

?(x,t) =1Irh(z,t)  (2,t) € 9Q x (0,T). (71)

v

When we shall consider a smooth Dirichlet controller g, then the boundary condition @) will be replaced
by

u(z,t) = g(z)h(z,t) (x,t) € 02 x (0,T). (72)

N(u) still stands for the nonlinear term in NLS. We first give a result (with a small control region)

providing precise informations on the smoothness of the control input and of the trajectories when N(u) is
weakly nonlinear. To simplify the exposition, we assume here that

Q=(0,m)".

We denote by u = Wp(t)ug the solution of (RJ) for h = 0. For given s,b € R, X, () denotes the Bourgain
space of functions u : 2 x R — C for which the norm

||U||Xs,b(ﬂ) = C||WD(*t)U(~7t)||Hb(1R;H,S_.,(Q))

is finite. Decomposing u as

u(z,t) = Z / a(k, 7)e sin(kixy) - - - sin(ky, 2z, )dT
ke (N*)n R

we can choose the constant ¢ so that

lalBe oy = 3 [t + KRk, 7)Pr < oc.
ke(N+)n R

The restriction norm space ng(Q) is defined in the usual way (see above the definition of XST,b). For
u € H} () given, we denote by @ its odd extension to T" = (—=,7)"; i.e., U|o,xn» = u, and % is odd with
respect to each coordinate z;. Note that @ € H*(T") and |[@[s ~ ||ul|gs (). Defining (., t) from u(.,t) in
a similar way, we observe that

lallxr, ~ llullxr, o)
It is then clear that Lemmas @ and @ hold true with Wp(t), H; () and Xzb(ﬂ) substituted to W (),
H*(T™) and ng, respectively. We shall assume that the nonlinear term N (u) satisfies the following multi-

linear estimate
I[N (u) = N()lx, , @) < clu,v)[lu—2l[x, @ (73)

where s e R, —1/2 <V <b <V +1 and c¢(u,v) > 0asu — 0, v — 0 in X, ().
Theorem can be extended to a semilinear context as follows.

Theorem 3.9 Let g be a smooth Dirichlet controller, and let the nonlinearity N(u) satisfy @I) and (@)
with s € [—1, %), b>0and s+ 2b < % Pick any T > 0. Then there exists 6 > 0 such that for any
ug, ur € HY(Q) satisfying

luol|ms @) <6, urllus @ <0

one may find a control input h € H* (T; L%(092)) and a solution u € C([0,T]; H3(2)) N ijjb of (@) and
() such that w(0) = ug and w(T) = ur.
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Proof. For up € H}(Q), let h be the control given by HUM which steers (@) from 0 to ur, namely h =
O /v with v = Wp (t)v and vo = S~ up € H () (cf. Theorem P-11)). Recall that h € H = (T; L2(092))
by (@) We set u = Aur = 'S~ 'ur. The regularity of u is deplcted in the following proposition.

Proposition 3.10 Assume that —1 < s < 1/2 and s+ 2b < 1/2. Then A maps continuously H3 () into
C([0,T]; Hp () N X, (Q).

Proof of Proposition . It follows from Proposition and Theorem that A maps continuously
H3(Q) into C([0,T7; H3(9)). Let us turn our attention to the Bourgain space X[, ().

Step 1. We prove several claims used thereafter.

Cram 3. For any v > 1/2, it holds

sup N — BT < oo
AER keZZ< >

In what follows, C' denotes a constant independent of A and k which may vary from line to line. Pick A € R*.
For0 <A <1
(2 =) < ()7 4 (1= k)

and the result is then obvious. For A > 1, we have

A—1 )
>N k)T C (/ |>\2—z2|*7dx+/ |22 )\2|7d:c+1>
0 A+1

kEZ
1-2"1 +o00
= O\ / |1—y2|_7dy+/ ly? — 1| Vdy + 1
0 1421

1-x"1 2
CM\ 2 </ |1 —y|"dy +/ ly — 1| "dy + 1)
0 14+A-1

CANZ2Y (N 1) ify £ 1
CAx tInA+1) ify=1

IN

IN

and the claim follows.
CramM 4. If s > —1,0<d0<1,s+20<1/2,and k > 1+ 2(s + 1), then for some constant C' > 0

Sw= D, s

a;lq|#Ipl

25-‘,—2

2542
21=3) H < Oy

Ipl

Write S(p) = S*(p) + S%(p), where the sum S*(p) is restricted to the ¢ = (¢, gn) with |¢'| > |p| and |q| # |p|.
Noticing that |g|? — |p|*> = ¢2 + |¢|* — [p|* > ¢ for such g, we obtain that

<Zq25+46 QZH —k <C<C< >23+2

To bound S?(p), we fix any ¢’ € (N*)"~! with |¢/| < |p| and set

A=VIpl*=1l¢'> = 1.

We have that

q25+2 x25+2 2542
Z 2 7A2|2 1-6) < C /|z2—A221 |1.27A2|2(175)d$+)\

an;la} —A?[>1 a

254+45—1 y>t? 2542
< © [ azs+a- / B —
ly2—1|>A—2 ly? — 1[2(1=9)
< C()\23+46—1 X )\2—46 .ln A 4 )\23-‘,—2)
S 25-‘,—2 + Z s+1



It follows that

n—1
SQ(p) < CZ(p1218+2 Z s+1 H<pl _ ql>—k
q’ =1
< P2+ 4 Z Z 2ystlp. qj>—k)
j=1g¢;>1
< 25+2 + Z Z D] +q] s—i— q —pj > (k—s—l)).
j=1¢;>1

To complete the proof of Claim 4, we need the following
CLAIM 5. Let 0 > 0 and k£ > o + 1. Then there exists a constant C > 0 such that

Z(m—l—n)”(m—n)*kg(}'n” Vn > 1.

m>1
Split the sum into 31 + X2 where X1 =37, o5, (m +n)7 (m — n)~*. Note that
S1 < (dn)7 ) ()R < C(n)?
lez

since k > 1. On the other hand, noticing that m —n > (m + n)/2 for m > 3n, we have that

e < Y @m-n)(m-n)F<C Y (m-n)"*) <C.

m>3n m>3n

Claim 5 is proved. Pick k > 14 2(s+ 1) > 1. It follows from Claim 5 that

> i+ @) py — )Y < opst
qj

Since s+ 1 > 0 and p; > 1, we conclude that

S(p) < Clpy™ + (')t < Cp)y**+2.

This completes the proof of Claim 4.

Step 2. Assume that s < 0 and s+ 2b < 1/2, and pick any ur € H () and any n € C3°(R) with n(t) =
for 0 <t <T. Let vo = S~'ur € H}"?(Q) be decomposed as in (B4). Let us prove that u = Aur € X7,

is sufficient to prove that

[In(t)ullx

Xop = C||U0||HS+2(Q)
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1

It

Recall that u is given by (Eg)-(E7), and that u(t) may be defined this way for all t € R . Again, we can limit
ourselves to proving that up, € XST,b, where up, is the contribution due to Fy = {x € 9Q; x, =0} in u. up,

is decomposed as

Up, = Z ug(t) sin(qrzy) - - - sin(gnay)

where ) )
—ilp|*t _ o—ilql"t

2\ " e —
ug(t) =—|( — Vp————1IF
o) (W) 2w lql? — [p|? °

with the convention @) ~ denoting time Fourier transform, an application of the elementary property

—

D) (r) = i(r = 1)

yields

R ) B B S SR DI I G T

2 2
p;|p|#lql lal” = Il p;lp|=lq]



For a function w decomposed as

w(x,t)

Sin(qn-rn)

Z wq(t)sin(qrzy) - - -

ge(N*)"

we recall that

||w||§(s,,,(sz) =

dr (T + 1q*)*(q)** |y (7)|”

>

ge(N*)m

Therefore, it is sufficient to check that

= > [t P OF < e Tl

g€ (N*)n

Using (i), we may write

I<c(l1 + I+ I3)

where
no= / dr(@>(r +1d** | D2 ot +la)pagn [[ 05 — )"
q pilpl=lal j=1
) 2
) i(r +q*) ks -
I = Z/dT<Q>2 G Z P gl = pP | P H(Pj —q)"
q pilpiAlg ! TP j=1
) 2
s (7 +[p[?) ks -
Is = Z/dT<Q>2 (T + |Q|2>2b Z Upm Pndn H(pj - qj) g
, pilpiAla ! TP j=1
We bound separately I, Is and Is.
1.
L < C(/d0’<0’>2b|tn(t)(0)l2)Z@Qsﬁ D lvplpn [Tws —a)7"
q pilpl=lql J=1
n—1
< ol @ . Tl piH i—a) )| 2 11w
pilpl=lql pilpl=lql 7=1

where we used successively a change of variables in the integral term, the fact that n € S(R) and Cauchy-

Schwarz inequality. From

n—1 n—1
> Tl oo T]wi-a™ > 1] <] D) <o
pilp|=lq| =1 PlyesPn—1 \J=1 Pnilpl=|d| J=1p; €L
we deduce that
Lo< CY ol Y (@>" H i — )
P a;lal=|pl
< O |l lpl*t
p
2.
2
2b 4 2 2s 2 Up e —k
q p;|pl#|ql Jj=1
2s 2 |”p|2p2 o 2 26
S n
< CZ@ n Z g2 — [p]2[20=® H(p; Z llgl” = IpI~ ]._.[ 5= 4)”
q p;|pl#|ql Jj=1 p;|pl#|ql
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where we used Cauchy-Schwarz inequality, and § > 1/4 was chosen so that s 4+ 26 < 1/2. From Claim 3, we
obtain that

n—1 n—1
Sl =P e -a) <D Jwi-a)™ D (af —Ipl*) ™ < const.
Jj=1 p' j=1

p;|pl#|ql Pnilpl#lal

Therefore, since s < 0, we see that

2 9 n—1
25+2 [vp|“p
I < Czq ’ Z a2 — |p|2|nz(175) Z<p3
=

p;lpl#|ql

and from Claim 4
L <CY o Plp/* .

p

3. From the elementary estimate

(T +1al*) < elr + p*){|al* — Ipl*)

we infer that

2
~ n—1
. (7 + p*)[{r + [pf*)° -
I3 SCZ/dT<Q>2 A |Up|| ( |2| )|<2 1_|b| L, IIwi—a) "] - (74)
. llal* = IpP?| -
q pilpl#lal j=1
For any fixed v > 1, we have that for some constant ¢ > 0
(@)’li(0)] < e{o)™ Vo eR.
Expanding the squared term in ([4]) results in
s |vp| [vp|PnPn
hos O @Ml 3 ), [Es Rt G
pilpl#lal B;|Bl#lql
n—1
([T s = )75 - ™) [ artr + )+ 1)
j=1
s |U ||U~|pnﬁn
< OL@Mwl D 2, [E R - G
pilpl#lal B;|l#lql
n—1
<([Ttws — @)~ ®5 — a;) ) Upl* = 151*) ™
j=1
where we used the following estimate valid for 4 > 1 (see e.g. [B3, Lemma 7.34])
/dT<7’ +7m) T+ 1) <elrnn— 7).
Thus
n—1
heoXwrd Y A (T -0 T TI6 - o) ek - 5
B " llg|* — [p[?[20=0) "
a pilpl#lal J=1 p;|pl#lq| =1

Since v > 1/2, it follows from Claim 3 that

Z ﬁ(ﬁj - Qj>_k<|P|2 —ph~" S Z H — Qj>_k Z(ﬁ% + 191> = |p|*)™7 < const.

p Jj=1  Pi., Pn—1 j=1
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Thus

n—1
25 2 |Up|2p31
I3 < CZ<Q> a4 Z IlalZ = [p]2]20—D) H<p3
Jj=1

q pilpl#lal
Using Claim 4 and the fact that s € [—1,0), we have that

25-‘,—2 _

13 S CZ |vp|2|p|2 Z || |2 |p| |2 H _k S Z |vp|2|p|28+4'
p

p ¢;lq#|pl Jj=1

Step 3. Assume that s + 2b < 1/2 with s € [0,1/2). Let ur, vo, u and 1 be as in Step 2. Then

[[n(t)Tvol|x

C|[nD* ' Twollx_,.,
C (IlnL (D wo)llx_,, + [[n®) T, D M ugllx_,,) - (75)

According to Step 2, the first term in the r.h.s. of ([5) is less than C||D**1vgl|y < O|vo||st2, for —1+2b <
1/2. The contribution due to Fy = {2 € 9Q; x, = 0} in ||n(t)[T, D5 uo||? | , is estimated by

s,b

<
<

on < dr{ pl**! — |g**! /
R = Z m(q) (T + g1 Z UPW( A+ 1pP?) = a(r + 91*) s,
pilpl#lql
< C(I2+I3)
where
) 2
. pl* +lal* T -
fo= 3 fera et (3 it + e [T -0
. p[ + lql o
pilpl#lal j=1
) 2
. pl* +lal* T _
K= X Jar@ i (S toir + P [ - 0)
. p| + lq| -
pilpl#lal Jj=1
We bound separately I} and Ij.
1. We have that
2
pl* +la* Ty b
5o< o [doeie@P) X0 %l | Xl [Tl - a)
4 Il + gl = -
q pilpl#lql Jj=1
) 2
I +1al® 1 _
< CZ Z|p| H<pj_(Zj> g
ol + gl * e
< cz|p|3+28|vp|2
P
< Cllwoll2, 5.
2
where we used ([4)-([i9).
2. Doing computations similar to those performed in Step 2, we obtain that
n 1
- pl** +1a** _
o< CY 7% > |ul =l = 1P T oy — a5~
. (Ipl + lal)
q pilpl#lal j=1
n—1
< C> Il >0 (el + a2 [ s — )"
p a;lal#[pl Jj=1
< Clluollf

where we used the fact that s +2b < 1/2. Since s + 2 > 1, we finally have that

Cry < ClJool2 52y
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This completes the proof of Proposition ]
We can now complete the proof of Theorem B.9. Let s,b,ug and up be as in the statement of the theorem.
Using Proposition and proceeding as in the proof of Theorem , one can show that the map

T(v) = Wp(t)uo + i/o Wp(t —71)N()(r)dr + Aur — Wp(T)ug — w(v,T)) (76)

has a fixed-point I'(v) = v in some closed ball By, € X[, (Q) provided that [Juolgs (o) + |[ur|| s o) is
small enough. Such a trajectory v fulfills all the requ1rements of Theorem @ In particular, v € X7 (Q) N
C([0,T); H5(€)). The smoothness of the last term in (f€]) follows from Proposition .10, In (fd), we used
the notation

w(v,T) = i/o Wp(T — 7)N(v)(7)dr.

Note that f(f Wp(t —T)N(v)(r)dr € X[, () € C([0,T]; H}()), by Lemma B-3, ([7), and the fact that
b > —1/2. In particular, w(v,T) € H3(S2). The proof of Theorem B-d is achieved. |

Remark 3.11 (a) Using ideas from /E/, it is likely that Theorem may be applied when n > 2, 'y is a
neighborhood of a vertez, and N(u) = Mu|*u with a > 0 small enough.

(b) The condition s+ 2b < 1/2 in Proposition is actually sharp. Indeed, let us take n =1 and pick any
p € N* and any n € S(R) with |H(7)| > 1 for =1 < 7 < 1. Set vo(x) = sin(px) for x € Q = (0,7). With
Ty = {0}, we have that Ir, = pq with

2% — .
——tn(t)(r +p*)p* if ¢ = p;
nug (1) = R R
a(7) 29(r +p?) — A7 +¢%) :
—-= R Pq if ¢ # p.
™ ¢ —p

Therefore

~ N 2
|7 +0*) =t + )| 5,
q? — p? b

7T2 s
Tl = [dr 3 @+

49#Dp

‘H/ﬁﬂ7+ﬁVWRﬂh+pﬂﬁ@V%4
2s 2b|77( 7+ p?)? ¢
/dT > @)+ e )

a9#p |q

where |J(p)] < Cp*** < Cllwo||2,,, according to the estimations of I, I», and the fact that
/dT<T + 0?17 + p?)i(r + ¢%)] dr < const < .

Since for q # p
P +1
[arr v @Bz [ ez ol - g
7p‘271
we have that for s +2b>1/2,

/dT Z 25 2b|77( )| 2 2>Cp Z |q 2|2b 2< >25q2:oo,

2
GaFP la* = p7| 49>p

therefore nu & Xs,(2). The condition s+ 2b < 1/2 seems related to the fact that any smooth function on
T™ with nonnull boundary values belongs to the space H3, () for s < 1/2 only. Better results will probably
require to consider other Bourgain spaces than Xsp(€2).
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Corollary 3.12 Letn=1, Q = (0,7), T'g = {0}, and let the nonlinear term N (u) satisfy
IN(u) — N)| < C(Ju|® + [v|*)|u — v|, Yu,v € R.

for some a € [0,5/4). Let p = 3(a+ 1) < 3. Then there exists a number § > 0 such that for any
ug, ur € L2(Q) satisfying
luollrz(e) <6, urllrz2@) <96

one may find a function h € H?(0,T) and a solution u € C([0,T]; L*(Q)) N LP(0,T; LP()) of (EF)-([F0)
such that w(0) = ug and u(T) = ur.

For instance, N (u) = Alu|*u with 0 < o < 5/4, and Ny (u) of the form (pl]) with v = 1 are concerned.
Proof. From the classical Strichartz estimate (see e.g. [p(])

|ul|La®;za(my) < C||U||XO%

we obtain at once the following estimates involving the spaces Xzb(Q)

IN

||U||L4(0,T;L4(Q)) C||U||XOT ()

3
8

A

IIUIIX(;%(Q) < Cllull g omid @)

Notice that for v € LP(0,T; LP(2)), we have that

/t Wp(t —7)N(v)(7)dr € X5 () C C([0,T]; L*(2)) N LP(0, T; L*(2)).
0 8

Indeed,
¢
| [ Wolt-nN@@drlixr, @ < CINGIxr_ o
8 T8
= CHN(U)”L%(O,T;L%(Q))
<

Clloll 3 0,r:0(y) <

In particular, w(v,T) = ifOT Wp(T — 7)N(v)(r)dr € L*(). On the other hand, by Proposition B.1(, A
maps continuously L?(2) into C([0, T]; L*(22)) N X{ () for any b < 1/4. Interpolating between

Xo,a C LY(R;LY(T))  and  Xo0 = L*(R; L*(T))

we obtain that

Xop C LP(R; LP(T))  for b = g( ~)<

N | =
"=
A~ =

Therefore
A(L*(Q)) C C([0,T); L*()) N LP(0, T; LP(K2)).

It follows that the map
t
(v) = Wi (#)uo + z/ Wi(t — )N ()(r) dr + Auz — Wi (T)uo — w(v, T))
0

is well defined from LP(0,7; LP(Q2)) into C([0, T]; L*(2)) N LP(0,T; L?(R2)). Using the computations above,
one readily sees that I' contracts in some ball By, C LP(0,T; LP(R)), provided that [|uo||r2(q) + [|lur||L2(0)
is small enough. [

Corollary 3.13 Theorem @ may be applied when n = 2, Q = (0,7)2, g is a smooth Dirichlet controller,

N(u) =u?% s € (f%,—%), be (%, %) with s + 2b < %, and b’ > f% is sufficiently close to f%.

Corollary is a direct consequence of Theorem @ and of the following result, whose proof is postponed
in Appendix.
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Proposition 3.14 Let s € (=3, —1) and b € (2,3). Then there exists b’ € (—3,—1) and C > 0 such that
D12l x, 12y < Cllorllx, (12 l[v2l]x, , (72) Vo1, ve € X 5(T?), (77)
l[wsllx, , @ < Cllullx, @lluzllx, @),  Vui,uz € Xsp(Q). (78)

Notice that if we increase the value of s, the state space in which the controllability result holds has to
take into account the fact that the value (or the normal derivative) of the function vanishes on 9Q\ T'y. To
state a result of this kind, we limit ourselves to the situation when I'y is a side, e.g.

Iy = {0} X (O,ZQ) X oo X (O,Zn)

Introduce the domain Q = (—1,1;) x (0,12)--- x (0,1,,) and a function a € C§°(Q\ ©), and consider the
internal control problem

iug + Au+ N(u) = ia(z)h(z,t), xeQ, te(0,T). (79)

Taking the restriction to Q x (0,7) of solutions of ([9), we obtain as a corollary of Theorem B.]] that both
systems (p9)-(0) and (F9)-([1) are locally exactly controllable in some subspace of H*() for any s > sq4,,,.

Corollary 3.15 For givena>1,n>2, A€R, s > sq,, and T > 0, there exists a constant 6 > 0 such that
for any ug, uy € H*(Q) satisfying
||ui||Hs(Q) <4, 1=0,1

and ) .
ui:Aui:---:A”ui:O xEGQ\FO,pg[S_ :|,’i:0,1
ou;  OAu; O0APy; 25 —3 .
) - - .= — < —
(resp 5 5 5 0 2€9Q\Ty, p< { ], 1=0,1),

then one can choose a control input h such that system @)—@) (resp. system @)—)} admits a solution
u e C([0,T]; H5(2)) with
u(@,0) = uo(z),  u(z,T)=u(2)

Remark 3.16 By using the same extenston and restriction argument, one can derive a local controllability
result in the space H®(Y) when s > sq.n and for any given bounded smooth set Q, provided that the control
is applied on the whole boundary (i.e. To = 0). A result of this kind for which the critical Sobolev exponent
s =S¢ = S22 = 0 is reached, is given in 41].

4 Stabilization

In this section we focus on the internal stabilization of the semilinear Schrodinger equation on the torus T
iug + Au+ N(u) = —ia®(z)u, zeT (80)

where a is any smooth real function with a # 0.
We have the following local exponential stability result which does not require the Geometric Control
Condition.

Theorem 4.1 Let a € C°(T™), a # 0, and let s > sq,n. Then there exist some constants v, C such that
every solution u of (BQ) issued from the initial state ug € H*(T™) satisfies

lu(®)lls < Ce™"|luolls ¥t = 0. (81)

Proof. We proceed as in [if]. The operator A, = iA — a2 with domain D(A,) = H*T2(T") generates
a continuous group (W, (¢)):er of operators on H*(T™). The first step is to check that the semigroup
(Wa(t))icr+ is exponentially stable in H*(T™). This is done in the following
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Proposition 4.2 There exist positive constants C' > 0 and v > 0 such that
[[Wa(t)uolls < Ce™luolls Vvt >0. (82)

Proof. When s = 0, the exponential stability of (W, (t));er+ is a direct consequence of Theorem P.3,
according to [Bd]. To prove (BJ) when s = 2, we pick any ug € H?(T") and set v := u;. Then v solves the
system

I 42 n
{ vy = 1Av — a*(x)v, x e T, (83)

v(z,0) = vo(x) 1= iAug(x) — a®(x)up(z).
By the property (83) established when s = 0, we have

lu@®)llo < Ce™uollo,  [fo(t)llo < Ce™"[|vollo-
Since iAu = v + a?u, we conclude that
lu@®)|l2 < Ce™[Juollz Yt =0.

An easy induction yields (@) for any s € 2N. The proposition then follows by a classical interpolation
argument. |

Let us now turn our attention to the stability properties of the nonlinear system
uy = Agu + iN(u), u(.,0)=wug

that we shall write in its integral form
t
u(t) = Wo(t)uo + z/ Wa(t — 7)N(u)(7)dr. (84)
0

At this point, we need to establish linear estimates when W, is substituted to W.

Lemma 4.3 Let T >0, s >0 and 0 < b <1 be given. Then there exists a constant C' > 0 depending only
on T, s and b such that

Wa®)dllxr, < Cll¢lls
for any ¢ € H*(T™)
Proof. An application of Duhamel formula gives
t
Wa(t)o = W(e)s — [ Wt n)(@Wa(ryéldr (85)
0

It follows that

t
Wa®dllxr, < IW©HEcr, + | / Wt — 7)(@Wa(r)o)dr]|r,
< Cllglls + Clla*Wa ()¢l xr, |
< Cllglls + ClIWa(®)l|L20, ;15 (Tm))  (asb—1<0)
< Clé¢lls,
as desired. -

Lemma 4.4 LetT >0, s >0, and b € (%, 1) be given. Then there exists a constant C > 0 depending only
onT, s and b such that
| < Clfllxr

s,b—1

/ Wa(t —7)f(1)dr
0

T
Xs,b

for any f e XTI, .
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Proof. Tt follows from (B3) that

/Ot Wa(t — 7)f(r)dr = /Ot W (t — 1) f(r)dr — /Ot W (t — 7)a? </O W, (r — s)f(s)ds> dr,

hence
t t
| [ Watt=np@rllxr, < Cllfllxr,, +Clla® [ Walt=s)5(s)dsllxr,
t
< Clfllr, , +Cll [ Walt =) ()islz,
t
< Clifllx, , +OT°I| [ Walt=s)(s)dsllxr,

for some constant o > 0, by virtue of Lemmas @ and [E, Lemma 2.11]. The result follows at once if T is
small enough, say T" < Ty. For T' > Tj, the result follows from Lemma @ and an easy induction. [ |

Let us now proceed to the proof of the exponential stability of the system (B(). Pick a number s > 0.
According to Proposition @, there exist positive constants C, v such that

[[Wa(t)uol|s < Ce " |uol|s vt > 0.

Pick a time T" > 0 such that .
C —vT -
e < 1
and fix a number b € (3,1). We seek a solution u of the integral equation (B4) in the form of a fixed point
of the map
t
T(u) = W (t)uo + 1 / Wt — 7)N () (r)d7
0

in some ball By of the space X7,. This will be done provided that ||ug||s < § where ¢ is a small number

to be determined. Furthermore, to ensure the exponential stability, 6 and M will be chosen in such a way
that [|u(T)||s < ||uolls/2. Pick for the moment any § > 0 and M > 0, and let uy € H*(T™) be such that
||luo||s < 8. By computations similar to those displayed in the proof of Theorem B.1] with W, (¢) substituted
to W(t), we arrive to

IT()llxr, < clluglly + M+ Vue By

and
ID(w) = D)l xr, < cMfu—ollyr,  Vuve Ba

for some constant ¢ > 0 independent of §, M, and ug. On the other hand, using the estimate of ||w(T, u)||s
in the proof of Theorem @, we obtain

T
IT)(D)lls < [[Wal(T)uolls + II/0 Wa (T — )N (u)(t)dt||s
< %HU()HS + Mt
Pick § = 4cM°+! where M > 0 is chosen so that
(4c® +c)M*T™ < M and cM® < %
Then we have

||F(u)||XsTb < M Yu € B]\/]
1
IP(w) =T)llxr, < gllu—vllxr,  Vu,v€ Bu.
Thus the map I', which is a contraction in By, has a fixed point u € By;. By construction, v fulfills

(D)l = D)@l < 3.
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Assume now that 0 < [|lugl]ls < §. Changing § into ¢’ := ||ug||s and M into M’ := (6’/5)%+1M, we
obtain that ||u(T)||s < ||uo||s/2, and an obvious induction yields ||u(kT)||s < 27*||ug||s for any k& > 0. As

XSTJ, C C([0,T]; H5(T™)) for b > 1/2, and ||u||XSTb <M= (5/(4c))%ﬂ, we infer by the semigroup property
that there exist some constants C’ > 0,7’ > 0 such that

[Ju(®)l]s < C"e™""luol|s-

The proof is complete. [ |

5 Appendix
5.1 Proof of Proposition B.4.

We proceed as in [fl, pp. 115-118]. We first introduce some notations. Let |2|o = sup;<;<, |i| for
x = (2;)1<i<n € R™. We introduce a dyadic partition of R"

2" = Uj>o Dy,

where Dy = {0}, and D; = {k € Z"; 277! < |k| < 27} for j > 1. For any Holder exponent p, g € [1, 4],
we write LY LY for LP(R;, LY(T™)). The (discrete) cube of center xy € R™ and sidelength 2R > 0 is

Qwo. R) = {k € 27 [k — zol < R).
The Strichartz estimate ([E],[E])

n+2 b>1
4 2’

n
ullpaps < cllullx, ,, s> 3

when combined with the standard estimates

IN

1
l[ul|Lgor2 cllullxos, 0>
lullzzrz = lullxoo
and Sobolev embedding theorem, gives by interpolation the following result.

Lemma 5.1 ([{§, cor. 2.2]) Let n > 2.
(i) For all p,q, s satisfying

1 1 1 1 1 2
0<-<-,0<-<-—-, s>o—=_2 (86)
p—4 g2 p 2 p g
there exists a number b € (0,3) such that for all u € Xy, it holds
lullzrry < cllullx. , (87)

(i) For all p,q,s,b satisfying

1

1 1
0< < <3<+ Shs>m=2(G ) andb>1-—— (88)

1
q

K=
Q|
N | =
D=
Q|

then for all u € Xy, (R7) holds.

Let F, denote the Fourier transform in x, and let 1o denote the characteristic function of the cube Q. The
following result, inspired by an observation made in [E], indicates that for a function spatially supported in
a cube, only the sidelength of the cube (not its center) comes into play in @)

Lemma 5.2 (1@, Lemma 2.4]) Assume that for p,q,s,b the estimate @) s valid. Then there exists a
constant ¢ > 0 such that for any cube Q of center xy € R™ and sidelength R > 0 it holds

I(Fz 1o Fa)ulliprs < eR¥|lullx, - (89)
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It follows that if (Bf) (or (B§)) holds and if u = u(z,t) is a function decomposed as

u(z,t) = Z /R au(k, T)ei(k'IJth)dT

|[k—xo|oe <R

then

[

lullzpry < cR%|ullx, , = R > /R<T+ [K[*)*ak, 7)]dr | . (90)

‘k—mo‘wSR

Let the functions uq, ..., ua+1 € X5 be given, where s and b denote some positive numbers, and let us set
u = ’111’&2 . 'aa+1

where @; is u; or T;. To estimate ||u||x, _, we proceed by duality, estimating the integral [; [}, vvdzdt for
any v € X with |[v]|x_,, < 1. By Plancherel theorem

/}R/nuﬂdxdt - Z/R@(/f,f)ﬁ(k,r)dT

= " )
= Y [ e (T ) k)
Feyo by U TU Tk i=1

where k = kl —+ e+ kaJrl and 7 = T+ -+ Ta+1- Notice that ﬁ(kz,TJ = ﬁi(fki, 77'1'). ertlng kz S Dji7
i > 0, we obtain

a+1

'/R/nmﬂﬂd’f'S > X / (k) (I Vs (ke 7)) (8) ok, 7)1

JiJat1 ki €Dy,

where now k = k1 - £ koy1, 7 = £71 - £ 701 (+k; if @; = u;, —k; if 4; = w5, and the same for £7;).

We shall focus on the sum ¥ = Zj > >..>; ., the other contributions leading to similar bounds. As
127922 ZJa+1

|kiloo < 2]k1]oo for i > 2, we have that

a+1
s<e Y2 Y [ (Lt mbe o)
J12 2 a1 kieDj, TV Tt =1

Pick v € N* with
a <2772

and split ¥ into ¥ + X9 where ¥ corresponds to the ji, ..., jo+1 for which
NZjetv+227522>2732 2 Jat1-
Consider a “partition” of D, into a collection of cubes @; of sidelength 272
Dj;, =UQ.

Note that each k € Dj, belongs to at most 2" cubes Q. For any [, we denote by Q; the cube of sidelength
27217 with the same center as Qu if k = ki £ kz---, and with center the opposite of that of @, if k¥ =
—ki1 £ ka---. We claim that £ € Q; when k1 € Q; and k; € Dj, for ¢ > 2. Indeed

kaloo 4+ + |kat1]oo < @272 < 2727772 (91)
hence if Q; = Q(z0, 2727 1)

| £ 20 — Koo < | £ 20 — £kiloo + [k2]oo + -+ |kati]oo < 27271 4 2721772 < 902771
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Notice also that Q; C Dj,—1 U Dj, UDj, 41 since the sidelength of Q; is at most 27172 and Q; C Dj;,. It
follows that

a+1
Si<e Yo P NN / (T Vi ks, 7)) 15, () (R) == (e, 7).

Tadl =
1> datr+2 I FEQikep,,, =t

J2233>>Fat1 katy1€Dj, 4

Let us introduce the functions

fl(x’t) = Z /|a1(k’7_)|ei(k»z+7't)d7-
ke VR

gz, t) = Z (k) ~%|o(k, 7)|e"*=+70) g7
kEQ

and

hi(z,t) = Z / i (k, )| e!® =™ dr  fori=2,..,a+ 1.
keD;, /R

By Plancherel theorem

Si<e Y QJZ// |fiha -+ - hag1gi| dadt.
I R JT™

J12>J2+v+2
J22J32 2Jat1

Pick Holder exponents p1, q1,p2, g2 € [1,00) such that

]%Jrap;l -1 (92)
q%+aq_21 — 1 (93)
We have that
+1
b heaaldnd < 1l ol el [[ il 2 22

Assume that for some exponents s1, by, s2, by the following estimates hold

lullpripn < cllullx,, ., (94)
lullprapse < cllullx,, ., - (95)
Then, by (Pd) and the fact that the sidelength of Q; (resp. Q) is 272 (resp. 27277), we have
. 1
1 fillgrrgm < @50 ( Y7 [ (r+ (k)™ aa]?)® (96)
ke T
. 1
lgillpmpn < @2 ( Y /<T+|’<?|2>2b1</’€>725|@|2)2 (97)
keQ "
Wallspaz < 2= ( 3 [t o aal?) (99

keDn T

and for 1 =3,...,a+1

. 1
Wil < c22( 3 [ o))’
keDj, T
1
< o X [ R (%9)

keD;; "7



34

Using Cauchy-Schwarz in ), we obtain

l 1
e X (N [er ka2 S [ )
Zjaty+2 bokew L oked

J22J32 2 jat1

(% [ kR )’

X

IN

Z /T+|k| 2b2 >252| |)%

keDj, i:3 kEDh
< e X (X /<T+|kl2>2”1<k>28|@1|2)5( > /(T+|k|2>2b1(k)_28|ﬁ|2)5
>ity+2 K€L T k€Dj, -1UD;;UD;y 4177

J22J322jat1
19 1
Z /T+|k’| 2b1 >651| 22 Z /T—|—|k| 2b2 >252| |)2
keDj, i:3 keD;,
We used the fact that a point k € D;,_y U Dj, U Dj, 41 belongs to (at most) a finite number of cubes Qy,

1
bounded by (27F2+1)". A sum > ii>0 (EkeDj, [T +1k[?)22 (k)252]d15]*) * can be estimated by ¢f|ug||x
for any € > 0 thanks to Cauchy-Schwarz. Summing successively in kq41, ..., k1, we arrive at

sote,by

a+1

21 < ellunllx o, 1ollx e uzllxa, oo, TT eillx., o,
i=3

The same bound for ¥ can be obtained by a more simple analysis. Indeed, as j; < jo + v+ 1 in the sum
OVEr 1, ..., jo+1, We obtain

RS 2]’18// |fha -+ - hay1g|dedt,
R JT™

J1<j2+y+1
J22J32ZJat1

where

flz,t) = Z /|u1 (k, ) |e’(k +7t) dr

keDj,

gz, t) = Z / ok, T) |ez(k =+ g r

k| < (27+1+a)292

and ho, ..., hay1 as above. Since 27151 < 27251 we still have

. 1
flprs < @ (Y [ k)
keDj, i
P1 741 < C2J251 7'+ k le 2S %
lollzprz <
kezZm

Next, X is estimated as 37 (see above). At this stage, we have proved that

a+1

Ko, 011X 02y oy T 11003l (100)
1=3

Y < cf|uq]

where € > 0 is arbitrary small, the exponents s1, b1, S2, b2 are taken so that (@)—(@) are satisfied, with the
Holder exponents p1, q1, p2, g2 satisfying (@)—(@) The proof will be complete if, in addition, we have

1 1
szsup{351+{—:,52+5}, b1 < §,b2< 5
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We distinguish three cases: (i) a > 3; (ii) a = 2; (iii) a = 1.

(i) a>3

We aim to reach any value s > s.. To find the sets of exponents (p1,q1,1,b1), (P2, g2, S2, b2) satisfying (),
(p2) and (p3), and leading to the “smallest” value of s, we are let to minimize the functional sup{3c1, 02},
where

n 2
o o= M2, 101
1 5 (p1 ql) (101)
n 2 n
gy = M_ (2.1 102
? 2 p2 Q2) (102)
under the constraints
4<p < (103)
1 1 1
0< —< - —— (104)
@2 m;m
4 <py< oo (105)
o<t 1 (106)
@2 p2
3 —1
2 2o (107)
4! b2
3 -1
RN (108)
q1 q2

At this point, it is convenient to introduce the numbers r1, 7o with

1 2
- = 247 (109)
™ b1 q1
1 2
- = 24 (110)
T2 D2 q2
Note that, by ([L07)-(L0g),
3 -1
2t ot (111)
™ T2
Therefore, 307 = 5 — 24 &= (resp oy = % — i) is a nonincreasing function (resp a nondecreasing

function) of ro. Thus the least value of sup{301, 02} is achieved when 301 = o2, which yields

ro = E’ ri=3n+>)"" 301=0y=
2 «
It remains to find p1, g1, po, g2 satisfying ([[03)-(L10). Note first that ([[0§) is satisfied whenever ([[07) is, by
([L1)). Taking p; as variable, we infer from (JL07), (L09) and ([L10]) that

wl:
|
Sl

(112)

1 1 3 1 2 2 1 2 3 1
_— = 1 — —)’ —_— = —( + ) - —, _ = —(— — ).
po  a-—1 P1 a3 no npy ¢ nla—1)'p1 «

The constraints ([L0F), (L04) and (L0§) are found to be respectively equivalent to

-1 2 2 4
pr<3(1-2 ) or a<4) przsup{6nt )76 - )1 - )7 p<Ba. (113)
n na
The value p; = 6 fulfills all the requirements in ) Let now s > 5 — 2 be given. Choose € > 0 such

that 4e < s — (% — 2), and pick s1 € (01,01 +¢€), and s3 € (02,02 + €). Then ®4) and (pg) hold for some
numbers b; < %, be < %, according to Lemma . Set finally b = sup{b1,b2}. Then we have

a+1

S <e( [ Il

i=1

Xs,b) | |'U||st,b

which gives (54).
(i) o = 2
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Observe first that the approach followed in (i) does not work for n > 2. Indeed, the constraints (@)—()
impose p; = p2 = 1 = ¢2 = 4, and the equation 307 = 05 is then satisfied only for n = 2. Assume n > 3.
We now search a couple (p1,q1) satisfying

1 1 1 1 1 1 1 1 1
0< —<—<<—4=<1, s1>m-2)(——), by>1————, (114)
P11 27 @ 2 @ P1oQ
while (p2, g2) still satisfies
1 1 1 1 2
0< =<2, 0<—<-——, s> _2_ 1 (115)
p2 4 @22 p2 2 p2 g

The Holder exponents (p1,¢1) and (p2, ¢2) have to satisfy the relations

22—, 116
P (116)
3 1
Z 44— =1 (117)
@1 g2
We still minimize the functional sup{3c1, 02}, where
1 1 n 2 n n 2 3
O i
2 @ 2 p @ 2 p 7

by solving in ¢; the equation 301 = 05. Taking ps = 4 to produce the least value of o2, we find as solution
@1 = 3(1+ ;2=) € (3,4), which yields p; = 4 and go = 4(n — 1) by ([[1)-(LL7), and

g1 g _3__1
e R R T )
The constraints on py, g1, p2, g2 in ([L14)- ) are clearly fulfilled, for n > 2. Pick now any s > 4 — % - m
and € > 0 such that 4e < s — (% — 3 — m) We next pick s; € (01,01 + €), s2 € (02,02 + €),
l()l )e (1—-2L—L. 1) and by < § so that (B7) holds. Then (§4) follows with b = sup{bs,bs}.
i) a=1

In this case, we have with p; = ¢ = 3
Y < dlurllx, p, uzl X yon 01X,

provided that ([[I4) is satisfied, i.e.

51>01:n72, b1>l~
6 3
Therefore, if s > & — 1, taking € > 0 such that 4 < s — (2 — 1), s1 € (01,01 4+ ¢), and b = by € (3, 3), we
conclude that
E < dlullx, plluallx, o llollx .,
and (f4) follows. [ |

5.2 Proof of Proposition B.14].

We begin with the proof of (@) by following closely [@] Note, however, that the main concern here is
to have the condition s + 2b < 1/2 fulfilled. Let s,b be as in the statement of Proposition , and let
v1,v2 € Xs be decomposed as

vi(x,t) :/ Z .Fvi(k,r)ei(k'c”"’Tt)dT 1=1,2.
R pez2

(Here, we use the symbol F instead of * to denote Fourier transform in space and time.) Let

filk,7) = (B)* (1 — |k|>)* Foi(k,7), i=1,2.
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Then

[o12lx, , = |I<k>S<T+|/€|2>b’/ Yo TTkd = m = 1kl " fillz (118)

TIHT2=T )t ko=k i=1

where fn—mzr Zkaz:k stands for fR drm ZleZQ with the relations 7 + 7 = 7 and k; + ko = k satisfied.
Let Ao (resp. A;, i = 1,2) denote the region where the largest number among (7 + |k|?), (1 — |k1|?) and
(19 — |k2|?), is (7 + |k|?) (vesp. (i — |ki|?), i = 1,2). We infer from the relation

2

2
T k2= (= ki) = R+l
i=1

i=1
that
2 2
K2+ (k)*<C ( TR+ D (i — [kl ) (119)
i=1 i=1
Let us begin with the region Ag. ([[19) gives, with 0 < & < inf{2(1—|s|),2(b—|s|)} and =" := I (3 —s)+e < 1

2

(kyzts [[ k)5t < Clr + kP~

i=1
The contribution in ([L1§) due to Ay is therefore bounded by

cilw* | S k) m — lflle

1+T2=T kq+ko=k

—ciio? | S ) F T

1FT2=T kg o=k

=il HJS v 1|qul|||L2H

i=1

2
el 4
<ONI7F " Fulllzes, a>3

i=1

2
s—e —1| = — 4
SCHHJ cF 1|]:’Ui|||L21Liq, q>§

=1
2
<O F 7Tl
i=1 '
2
<[ lwillx.,
=1

1

where we used the fact that L9(T2) ¢ H~2(T?) for ¢ > 4/3 (by dualizing the Sobolev embedding Hz (T?) C
LP(T?) for p < 4), Holder inequality, and (B7)-(BJ). We also used the notation

lullx-, = /Z k)2 (7 — (k%) 2| Fulk, 7)%dr) % = [[allx, ,
keZ?

borrowed from [[Id]. It remains to estimate the contributions in ([[1§) due to the regions A; and A,. By
symmetry, we can consider only the region A;. In Ay, since —s + 5 < b, we have that

(k) 7> 5 (k1) < Ol = k1 [2) 7572 < Clm = [ka?)°
and therefore the contribution in ([[1§) is bounded by

[[(R)* (7 + |k|2>b'/ Yo k) (re — k2Ol felllz = CUF AT F T F oollx

TURTEET oy o=k

s,b "
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By (BA)-(R7) with —s > 1/3 and —b' chosen sufficiently close to 3, we have that

X_o_y C LS(R;LS(T?)), hence L3 (R;L%(T?)) C X,y
It follows that

IF AL F T F ol

s,b/

CIF A= FHF B[] 4

6
5
T

< ONF Mfilllzpa 1T~ FHFvall pps
< Clllg- 17 FHF vl -

s,b £,b
< Cllullx,llv2llx,,

where we used Hélder inequality and (B7)-(Bg) with p = ¢ = 3. This completes the proof of ([77).

To derive (fg) from ([7), we consider two functions uy, us in Xo4(Q) C X,5(€2), and consider their odd
extensions vy, vy to (—m, m)?; i.e., v;(€171, €212) = €16au; (w1, 22) for = (71, 22) € Q and ¢; = 1. Note that
v1,v2 € Xop and that Uy = (0102),. For any function w = 37, fR Fw(k,7)e'™ cos(kix1) cos(kaxe)dr,
we set

lo-

0B oy = 3 [+ KPP @ Fu k. 7) Pdr.
kenz “ R’
The Bourgain space X ;(2)n (with Neumann boundary conditions) is defined as the space of the w’s for
which the norm ||w||x, , ), is finite. Since the function 7173 is even with respect to both x; and z2, we
have that

|[21 7z

X,y @n ~ Clovelx, ,, < Clluillx, ,[lv2llx,,, < Clluallx, ,@)lluzllx, @)

We claim that X, ,(Q) = X,,(Q)n for |s| < 1/2 and [b| < 1. Note first that this is true for |s| < £ and
b =0, since
X50(Q) = L*(R; H*(Q)) = X50(Q) .

The claim is also true for |s| < 1/2 and b = 1, since
u€ X 1(0) <= ue X;0(Q) and ju, + Au € X;0(2)

and since a similar criterion may be written for X, 1(€2)n. The claim is also true for |s] < 1/2and 0 < b <1
by interpolation, and for |s| < 1/2 and [b| < 1 by duality. (F8) follows for u;,us € Xo4(2), and also for
u1, uz € X, () by density. This completes the proof of Proposition .14
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