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We introduce spatiotemporally expanding self-similar light bullets and vortex torus solutions to the

ð3þ 1ÞD nonlinear Schrödinger equation with gain. In the absence of an initial vorticity, we demonstrate

an expanding solution with a parabolic intensity profile and linear spatiotemporal chirp. With a nonzero

initial vorticity, expanding vortex torus solutions with a centrally embedded phase singularity are found.

Such expanding self-similar structures suggest a route towards a new regime of collapse-free spatiotem-

poral nonlinear optics.
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Spatiotemporal localization is a subject of broad interest

in physics, spanning such diverse fields as plasma physics,

hydrodynamics, and Bose-Einstein condensates. Important

studies have also been reported in nonlinear optics, with

theory and experiment investigating spatiotemporal effects

in many different settings, and for both self-focusing and

defocusing nonlinearities [1–6]. Of particular interest in

this context are the properties of nondispersing and non-

diffracting light bullets [1–3] and the formation of spatio-

temporal optical vortex solitons where the wave intensity

vanishes at a phase singularity [4–6]. These studies have

led to improved insights into beam collapse and filamenta-

tion, with important practical consequences for high power

nonlinear optics.

In general, the existence of localized structures in optics

requires a careful balance among dispersion, diffraction,

and nonlinearity, and solutions are often sensitive to beam

instabilities. In this regard, however, research in guided

wave optics has recently identified nonlinear self-similar

propagation as a robust means of avoiding beam or pulse

breakup at high power [7–10]. Such an evolution is asso-

ciated with a characteristic beam or pulse profile that

retains the same shape during propagation, even though

its amplitude and width scale self-similarly. A limited

number of self-similar nonlinear waves (or ‘‘similaritons’’)

have been studied in nonlinear optics. Initial research

reported linearly chirped parabolic pulses that are self-

similar asymptotic solutions to the one-dimensional (1D)

nonlinear Schrödinger equation (NLSE) with gain [7–9],

while other work considered solitonlike similariton pulses

in inhomogeneous media where the NLSE has varying

coefficients [10]. Related studies in higher dimensions

include self-similar beam collapse [11,12], two-

dimensional beam propagation [13], and solitonlike sim-

ilariton solutions in graded index media [14].

In this Letter, we consider general self-similar spatio-

temporal solutions of the ð3þ 1ÞD NLSE with gain. We

report a new class of self-similar solutions corresponding

to spatiotemporally expanding light bullets and vortex tori

and describe analytical predictions that are in very good

agreement with numerical simulations. Simulations are

also performed in order to show that these self-similar

solutions are nonlinear attractors towards which arbitrarily

shaped input pulses converge asymptotically. The solutions

are obtained in materials with self-defocusing nonlinearity

and anomalous dispersion and may suggest a route to the

study of high power spatiotemporal dynamics in a regime

free of collapse and filamentation.

We express the ð3þ 1ÞD NLSE with gain as [1]

ic z ¼ � 1

2k
r2

?c þ �2

2
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jc j2c þ i
gðzÞ
2

c ;

(1)

where c ðz; x; y; �Þ is the spatiotemporal field envelope

propagating along z, � is comoving time, r2
? is the trans-

verse Laplacian acting on ðx; yÞ, �2 is the group-velocity

dispersion, kn2=n0 accounts for the Kerr nonlinearity, and
gðzÞ is the distributed gain. The wave number in the

medium is k ¼ ð2�=�Þn0, and n0 and n2 are the linear

and nonlinear refractive indices, respectively. We con-

sider defocusing nonlinearity (n2 < 0) and anomalous

dispersion (�2 < 0), a combination accessible in novel

(e.g., quadratic) nonlinear materials [15,16]. We define

normalized variables Z ¼ z=Ldf , X ¼ x=w0, Y ¼ y=w0,

T ¼ �=ðLdfj�2jÞ1=2, GðZÞ ¼ gLdf , and � ¼
ðkjn2jLdf=n0Þ1=2c . The resultant normalized propagation

equation is

i�Z ¼ � 1

2
r2�þ j�j2�þ i

GðZÞ
2

�: (2)

Here r2 ¼ @2=@X2 þ @2=@Y2 þ @2=@T2 is the spatiotem-

poral Laplacian, and w0 is a characteristic transverse width

such that Ldf ¼ kw2
0 is the diffraction length.

To find self-similar solutions of Eq. (2), we first write the

field in spherical coordinates as �ðZ; R; �; ’Þ ¼
ffiffiffiffiffiffiffiffiffiffi

EðZÞ
p

UðZ; R; �Þ expðiS’Þ. Here R � ðX2 þ Y2 þ T2Þ1=2
is the spatiotemporal radius, ’ is the azimuthal angle in
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the transverse plane ðX; YÞ, cos� ¼ T=R, and S allows

for possible integer vortex charge or spin. EðZÞ ¼
E0 exp½

R
Z
0 Gð�Þd�� is the normalized energy variable,

which relates to the energy in real physical units through

a multiplication factor n0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ldfj�2j
p

=k2jn2j. With these defi-

nitions, UðZ; R; �Þ can be found to obey

2iUZ þ
1
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@

@R

�

R2
@U

@R

�

þ 1

R2 sin�
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� S2U

R2sin2�
� 2EðZÞjUj2U ¼ 0; (3)

supplemented by boundary conditions that U must de-

cay exponentially at R ! 1 and vanish as ðR sin�ÞS at

R ! 0. Also, U must satisfy the energy condition

2�
R1
0 R2dR

R
�
0 sin�jUðZ; R; �Þj2d� ¼ 1.

We now use a generalized spatiotemporal ansatz for U:

UðZ; R; �Þ ¼ Að#ÞFð�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

W3ðZÞ
p exp½i�ðZ; RÞ�; (4)

where A and F are real functions of the self-similarity

variable # ¼ R=WðZÞ and � ¼ sin�, respectively. The

parameter WðZÞ is the width, and the phase is assumed as

�ðZ; RÞ ¼ �ðZÞ þ icðZÞR2, with the parameters cðZÞ and
�ðZÞ to be determined. Inserting this ansatz into Eq. (3)

and equating the real and imaginary parts to zero, we

obtain cðZÞ ¼ ð1=2WÞdW=dZ and, exactly,
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where

	 ¼ �W3

E

d�

dZ
; 
 ¼ W4

2E

d2W

dZ2
; � ¼ W

E
: (6)

Note that Eq. (5) exhibits nontrivial asymptotic proper-

ties in the limit Z ! 1 (excluding the trivial solution A ¼
0). For the spinless case S ¼ 0, the exponential increase in
energy due to gain means that � ! 0 as Z ! 1. Thus the

last two terms / � on the right-hand side of Eq. (5) vanish.

The solution can thus be determined by the first two terms

in Eq. (5), with the function F a constant independent of

the angular function�. This is also the case for the nonzero
spin case S � 0 when # and � are comparable to �.
However, the nonzero spin case exhibits more complicated

asymptotic behavior at # ! 0. Specifically, in the vicinity

of # ¼ 0, the terms related to � become dominant and the

asymptotic behavior is given by Að#Þ / #S and Fð�Þ ¼
�S. Note that this is consistent with the above boundary

condition at R ! 0 and the results for the case S ¼ 1 in

Ref. [17].

With these asymptotic properties established, we use

standard variational methods as in Refs. [4,17] to obtain

uncoupled equations for A and F:

A2 ¼ 	�
#2 þ �

�
1

2A

d2A

d#2
þ 1

#A

dA

d#
� SðSþ 1Þ

2#2

�

;

(7)
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�2

�

: (8)

It is clear that Eqs. (7) and (8) are (to first order in �)
equivalent to Eq. (5) in the asymptotic limit. We now use

these two equations to determine both the functional form

and the asymptotic scaling relations of the self-similar

solutions [7–10].

We begin with the vorticity-free case S ¼ 0. In terms of

Eqs. (7) and (8) and subject to boundary and energy con-

ditions, we can write the asymptotic solution as Að#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

15ð1� #2Þ=8�
p

(# � 1) and Fð�Þ ¼ 1, with Að#Þ ¼ 0
for # > 1. This leads naturally to an exact asymptotic self-

similar solution [8] for the amplitude

j�ðZ;R;�;’Þj¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

15EðZÞ
8�W3ðZÞ

s
�

1� R2

WðZÞ2
�
1=2

; R�WðZÞ;

(9)

with j�ðZ; R; �; ’Þj ¼ 0 for R>WðZÞ. The pulse width

WðZÞ and phase offset �ðZÞ are determined by the para-

metric relations

W4ðZÞ d
2WðZÞ
dZ2

¼ 15

4�
EðZÞ; (10)

�ðZÞ ¼ �0 �
15

8�

Z Z

0

Eð�Þ
W3ð�Þd�; (11)

where �0 is an initial phase offset. The solution given by

Eqs. (9)–(11) describes a localized spatiotemporal pulse

with compact support: The pulse has a parabolic intensity

distribution and quadratic phase in three dimensions. These

characteristics generalize the previously observed para-

bolic similariton pulses seen in other systems [7–10,13,14].

In what follows, we present specific results for the

case of constant gain GðZÞ ¼ G0. Here the energy and

width evolution are EðZÞ ¼ E0 expðG0ZÞ and WðZÞ ¼
ð375E0=4�G

2
0Þ1=5 expð15G0ZÞ, respectively [allowing us

to easily see the corresponding exponential decrease in � /
expð� 4

5
G0ZÞ as discussed above]. The chirp parameter is

given by cðZÞ ¼ G0=10, with �i ¼ �@�=@Ri ¼
�G0Ri=5 (Ri ¼ X; Y; T) denoting the chirp along three

axes. The scaling relations for arbitrary gain GðZÞ are

obtained similarly [10] but are not presented here for

brevity.

These expected analytical properties have been con-

firmed by direct numerical integration of Eq. (2). We use

a 3D split-step Fourier technique and consider an ini-
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tially unchirped Gaussian pulse of normalized energy

parameter E0 ¼ 1:97 propagating in a medium with

gain G0 ¼ 6. These parameters correspond to input pulses

of millimeter-scale diameter and microjoule energy and

a gain of�8 dB over a diffraction length. Figures 1(a) and

1(b) show the simulated transverse phase and amplitude

distributions at Z ¼ 2. The quadratic phase structure in (a)
and the compact parabolic shape in (b) are particularly

apparent. Figure 1(c) compares the numerical simulations

with our analytical results, showing excellent agreement.

We stress that, although the pulse expands in both spatial

and temporal dimensions, it nonetheless remains spatio-

temporally bound, representing a new class of expanding

light bullet. The spatiotemporal localization is shown ex-

plicitly in the isosurface inset plot.

Additional simulations over a wider parameter range

show that the spatiotemporal similariton is a nonlinear

attractor into which arbitrarily shaped input pulses con-

verge asymptotically for a given input energy E0. To this

end, we show in Fig. 2 the evolution trajectories of differ-

ent initial spatiotemporal pulses [9]. It is clear that, with

fixed input energy, the different trajectories (see figure

legend) are attracted to the asymptotic sink. Here the

phase-space variables are, respectively, calculated from

the ratio of the evolving rms spatiotemporal and spectral

widths �R and �!, respectively, relative to those of the

expected asymptotic solution at the same distance, given

by �Ra ¼ ð
ffiffiffiffiffiffi

21
p

=7ÞWðZÞ and �!a ¼ ð
ffiffiffiffiffiffi

21
p

=35ÞG0WðZÞ,
respectively.

In the more general case with a vorticity (S � 0),
Eqs. (7) and (8) admit expanding vortex torus solutions

with a zero amplitude and undefined phase at R sin� ¼ 0.
Although these vortex tori exhibit a more complex evolu-

tion dynamics [1,5,6], analytic self-similar scaling laws

can also be found, both in the neighborhood of the cen-

tral singularity and at the expanding outer boundary.

Specifically, near the phase singularity, the asymptotic

behavior of the amplitude obeys j�j / ½R sin�=WðZÞ�S,
whereas at the expanding outer boundary, it has an asymp-

totic parabolic shape given by Eq. (9) accompanied by a

helical quadratic phase given by �0 ¼ S’þ�ðZÞ þ
cðZÞR2. The scaling relations for the parameters WðZÞ,
cðZÞ, and �ðZÞ are identical to the vorticity-free case

except, of course, at the singularity.

Figure 3 shows simulation results studying the evolution

of a Laguerre-Gaussian (LG) input field with a spin of S ¼
2. Apart from the form of the input field, other parameters

are identical as in Fig. 1. Figures 3(a) and 3(b) illustrate the

phase and amplitude characteristics at a distance of Z ¼ 2,
clearly indicating the singularity in the quadratic wave

front that is helically anticlockwise with a phase increment

of 2�S for one round trip.

The comparison between the simulations and analytical

predictions for this case is shown in Fig. 3(c). This high-

lights a significant feature of the evolution for the expand-

ing torus. Specifically, although the chirp from simulations

is in excellent agreement with the analytic results over the

full extent of the torus (excluding, of course, at the sin-

gularity), the simulated intensity profile shows signifi-

cantly better agreement with its analytical prediction in

the wings (i.e., jXj; jYj * 10) than closer to the core. This

arises from the fact that the self-similar torus evolution is

associated with the closing of the central hole and the

redistribution of the field energy to approach the asymp-

totic parabolic form of the outer boundary. This is shown in

the isosurface plots in Fig. 3(d) and represents a unique

feature of the self-similar evolution of this class of torus

structure, in sharp contrast to that of conventional ring tori

in other systems [5,6].

FIG. 1 (color online). Expanding self-similar light bullet at

Z ¼ 2 for an input Gaussian pulse �ð0; R; �; ’Þ ¼ expð�R2Þ.
Parameters are given in the text. (a),(b) Transverse phase and

amplitude distributions. (c) Simulated intensity and chirp (solid

line) compared with analytical predictions (dashed line). The

inset in (c) shows the isosurface plot at Z ¼ 2.
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FIG. 2 (color online). Phase-space portrait (log-log scale)

showing evolution trajectories towards the expected asymptotic

solution for different initial spatiotemporal pulses. Pulses are

defined by �ð0; R; �; ’Þ ¼ 0:5��3=2 expð�R2=�2 þ ic0R
2Þ

with parameter sets ð�; c0Þ given in the legend. Gain G0 ¼ 4,
and evolution is followed over 3.6 diffraction lengths.
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As with the spinless case S ¼ 0 above, we have used

simulations to check that the expanding vortex tori can

self-trap from an arbitrary pulse input. A more complicated

issue, however, is whether spatiotemporally expanding

similaritons are stable against azimuthal symmetry-

breaking perturbations. In particular, it has been suggested

that azimuthal instability is inevitable for many higher-

dimensional localized nonlinear entities [4–6,12], and it is

natural to consider to what degree the strongly attractive

nature of the self-similar solution can resist sensitivity to

azimuthal perturbations. Although a complete resolution of

this question is beyond the scope of this Letter, preliminary

simulations confirm that the expanding similaritons for

S ¼ 0 and S ¼ 1 indeed resist azimuthal instabilities. A

full investigation for higher spins is the subject of ongoing

work.

There are several major conclusions to be drawn here.

First, we have introduced new concepts in spatiotemporal

nonlinear optics in the form of expanding self-similar light

bullets and vortex tori. These structures have been studied

using both self-similarity analysis and numerical simula-

tions based on the ð3þ 1ÞD NLSE with gain. In the ab-

sence of an initial vorticity, we demonstrate an expanding

solution with a parabolic intensity profile and linear spa-

tiotemporal chirp. With a nonzero initial vorticity, expand-

ing torus solutions with a centrally embedded phase

singularity are found. Second, the attractive nature of these

similariton solutions suggests that they are significantly

more robust than conventional spatiotemporal solitons or

light bullets whose existence requires more stringent para-

metric conditions [18]. This may facilitate their experi-

mental observation and may point to possible means to

perform bulk amplification of ultrashort pulses without

detrimental filamentation effects. In a wider context, these

results may also motivate the search for similar higher-

dimensional self-similar behavior in other systems such as

Bose-Einstein condensates where the evolution dynamics

is also governed by NLSE-type equations.
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FIG. 3 (color online). Expanding self-similar torus with spin

S ¼ 2 formed from an input LG pulse �ð0; R; �; ’Þ ¼
1
2
2 expði2’Þ expð� 1

2
R2Þ. Other parameters are as in Fig. 1.

(a),(b) Transverse phase and amplitude distributions. (c) Simu-

lated intensity profile and chirp (solid line) compared with

analytical predictions (dashed line). (d) Isosurface plots showing

the closing of the central hole from Z ¼ 0 to Z ¼ 2.
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