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§0 Introduction

Let X be a non-singular, projective manifold, and let (Y;);=1,.. ~ be a set of non-
singular hypersurfaces of X, having strictly normal crossings. We denote by A — X
an ample Q-bundle on X. Following V. Shokurov, (cf. [24]) we define the set

Evai={re0,1]V: Kx +Y, + A€ Psef(X)}

where Y, := Zjvzl 7Y}

Let £ C R” be an r-dimensional polytope, whose vertices have rational coordinates
(i.e. a rational polytope). For j = 1,..,N, let I : R” — R be a set of affine forms
defined over Q, such that

0<(0) <1—-e

for all § € L, where ¢ is a positive real number.
We denote by d := (d°,...,d") an element of Z"t! and we introduce the set

(1) Tg:={(m,0)€Z,xL:Yj=0,...,r, mb €dZ, 10)¢€Eya}

where by convention we put #° := 1 in the relations above.

Our focus in this article will be on the following ring of holomorphic sections

- P HO(XmKX+ZZJ Y+A)

(m G)EFd
where we assume that the coordinates of d are divisible enough.

In the framework of the minimal models program, the following result was established
by C. Birkar, P. Cascini, C. Hacon and J. McKernan in [2] (one can profitably consult
the enlightening presentations in [10], [15] of this article).

0.1 Theorem|[2]. The following assertions are true.
(i) The set Ey,a is a rational polytope ;
(ii) The ring A,.(X) defined above is finitely generated. O



A first remark about 0.1 is that the properties of the set £y, 4 are crucial for the original
proof given in [2]. Concerning the finite generation part of the theorem 0.1, we mention
the very elegant approach due to Y.-T. Siu (see [28], [29], [30]), which does not use
V. Shokurov polytopes technique. Instead, he introduces new invariants associated to
linear series (the “minimal discrepancy subspace” ), which most certainly will be useful
in other contexts.

As the title of the present article tries to suggest, our original contribution in this
paper is somehow very modest : we propose a proof of the theorem 0.1 guided by the
same principles as in [2], [19] and [28]. In spirit, we follow to a large extent the article
[19] ; however, there are some important parts of the arguments in this article which
we were not able to understand, so the main technical aspects of our approach are
necessarily different (see the sections 2.C and 3 for more comments in this respect).
One significant difference is that the core of our arguments relies exclusively on the
extension theorems established in [22]. The theory of closed positive currents and its
relationship with the algebraic geometry as developed by J.-P. Demailly and Y.-T. Siu
over many years plays an important role in this text. Needless to say that the original
proof [2] does not use such tools, and we do not claim at all that they are indispensable ;
we just hope that the flexibility of the techniques employed here may be suitable for
forthcoming research around these topics.

Along the following lines, we try to motivate the formulation of the point ii) above
(and to highlight some of the important steps of a particular case of its proof). A first
intuitive reason is that in this way we take into account a consistent part of statements
of the inductive process in the original article [2], but here it is a more “down to Earth”
explanation.

Let L := Zjvzl 7Y, + A be a Q-line bundle, where 0 < 17/ < 1, and let us say that
we are willing to prove the finite generation of the algebra

R = Q? H(X,m(Kx + L))

where d is a divisible enough integer. Let ¢,,, be a metric on Kx + L induced by the
linear system |mo(Kx + L)|, and let @i, be the metric with minimal singularities on
the same bundle, induced by the all the elements of R, (see [7], [9], [26]).

If these two metrics are equivalent i.e. if [@min — ©m,| = O(1) on X, then the result
we seek is obvious.

If not, then we can use ¢,,, as an incomplete linear system and apply a slightly
modified version of the xz-method as in ([2], [22]) ; the outcome is that the finite
generation of R is reduced to the finite generation of the algebra

R = H(X,mEx+S+L"))
medZ

where L' = Zle w Yj’ + A is a Q-line bundle with 0 < g/ < 1, the hypersurfaces
(S,Y]) have strictly normal crossings and (Y}) are mutually disjoint. Moreover, we
can assume the existence of an element of R’ whose restriction to S is not identically
Zero.
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Then the restricted algebra

R(g = Im ( P H'(X.m(Ex+S+L))— P H(S,mKs+ Lis>))
medZ medZ

is easily identified via the extension of pluricanonical forms results, cf. [1], [14] as
follows. There exists an effective Q-divisor Ag := ZJK:l 0 Yj’| g on S, such that : a
section of m(Ks + Lig) extends to X if and only if its zeroes divisor is greater than
my_; min(p’, Vj)Yj’|S.

The existence of Ag together with the induction hypothesis shows that R is finitely
generated ; in analytic terms, this implies that the restriction ¢, g has &ogarithmic

poles. In order to derive a similar conclusion locally near S, we have to understand
the “normal directions”, i.e. the restricted algebra

i (@ HO (X, m(Kx + 5+ L) = kS) — @ H(S,m(Ks + L') - kS|s))

m,k

where m € dZ and k varies independently. We observe that the bundles we are inter-
ested in can be written as

K
‘ k
2) m(KX—i—S-I—;MYj’-I—A—ES),

and let C'4 be a large and divisible enough integer, such that C'4 A and C4A — S are
very ample. Then we have

A- %S :%<OAA—S) + (% = %CA>A+1/2AE
E% 1+ (ﬁ — —)H2+1/2A

where H; = CpA — S and Hy = C4 A are hyperplane sections. Therefore, the bundle
(2) becomes

K
m(Kx +S+> Y] +1M(r)Hy + *(r)Hy + Ay)
=1

(with the obvious notations from the relations above) ; the restricted algebra associated
to it is identical to the one considered in 0.1, modulo the fact that we have to assume

that the ration 7 = — is not too large (in order to insure the positivity of the quantities
m

17(1)), and -which is more serious- the fact that we have to take into account the
analogue of the divisor Ag in this new setting.

Indeed, we have Ag = Ag(7), so we have to analyse the variation of the coeffi-
cients p’/(7) of this divisor as functions of 7. It turns out that the functions p’ are
piecewise affine, (as they should be, in view of the results of L. Ein et al., see [11]).
At this point we follow closely the ideas in [19] which we describe now. For each j,
the function p?(7) is obviously convex ; the important remark in [19] is that under



some very precise hypothesis we obtain an inequality opposed to the one we get from
convexity, as a consequence of the results concerning the extension of pluricanonical
forms (the principle is absolutely the same as the one used in [14] for the rationality
of the restricted algebras). It is for the proof of this affirmation that the polyhedral
structure of the sets £y 4 above is needed, in combination with the extension theorems
for pluricanonical forms. Once the “affinity” statement is proved, it follows by induc-
tion that R’ is finitely generated, modulo sections whose normalized vanishing order
along S is larger than some positive constant.

Very roughly, we show next that it is possible to iterate this procedure, till we
achieve finite generation of our initial algebra R modulo sections whose normalized
vanishing order along each hypersurface Sy, ..., Sk, is greater than a fixed constant,
where the (S;) are the support of the zero set of some fixed pluricanonical section.
Then we are done.

Concerning the point i) in 0.1, the approach is very clear : given that £y 4 is a compact
convex set, it is enough to show that its extremal points are isolated near any fixed
to € Ey,a. The important techniques in the proof of this affirmation are closely related
to the pseudoeffectivity results which are implicit in [22] ; again, our presentation
borrows some ideas from [19], even if the language used and the actual proof are quite
different. We mention here that via the minimal model program one equally obtains a
decomposition of the set £y, 4, together with a beautiful geometric interpretation of it
(see [2], [16], [24]).

In conclusion, the extension theorems for pluricanonical forms are crucial for all the
main steps of the arguments presented in this article. The structure of our proof shows
clearly that in order to obtain new non-vanishing and/or finite generation results (e.g.
using as little as possible of the positivity of the Q-bundle A), this is the technique to
be further investigated and refined. 0

81 Basic definitions and notations

In this paragraph we fix some notations and we collect a few results which will be
needed in the proof of 0.1.

Let {a} € Psef(X) be a pseudoeffective cohomology class of (1,1) type, where «
is a non-singular and closed differential form. The important notion of current with
minimal singularities in the sense of pluripotential theory associated to the class {a}
was introduced in [7]. The corresponding object will be denoted by Oyin, and will be
refered here as current with minimal singularities in the sense of Demailly. We recall
next its definition ; for a more ample presentation of its properties, see [4], [5], [7], [8],
9].

We consider the family of potentials
P:={fec LY (X): f<0and a++v—100f > 0}

where the above inequality is assumed to hold in the sense of currents on X. Then we
define f,in to be the regularized upper envelope of the above family, and then

@rnin =aHt v _185frn1n
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In the geometric context {a} = ¢1(L), where L — X is a Q-bundle, one can restrict
the family of functions P above, and only take into account the potentials f induced
by holomorphic sections of L and its multiples (suitably normalized). Let fiin,o be the
regularized upper envelope of this smaller family (see [26]) ; the corresponding current
is denoted by ©Onin,» and we call it current with minimal singularities in the sense of
Siu. The inequality

f min > f min,o

is obvious from the definitions. If the bundle L is big, then the above currents have
equivalent singularities if and only if the algebra of sections defined by L is of finite
type, as remarked in [5]. The relationship between these two currents play an important
role in the proof of 0.1.

Let W C X be an irreducible hypersurface ; following [5], [20], we denote by
vw ({a}) the minimal multiplicity of the class {a} along W. We recall that the minimal
multiplicity vy ({a}) is in general strictly smaller than the Lelong number of the current
with minimal singularities of {a}, cf [5].

Next, we have the notion of numerical dimension of a pseudoeffective class {a}
generalizing the corresponding definition in the setting of the nef line bundles. In the
present text we will denote this invariant by nd({«a}).

We will not reproduce the precise definition of the preceding invariants ; their relevance
for our article is explained in the next statement.

1.1 Theorem[5], [20]. Let X be a compact complex manifold, and let {a} € Psef(X)
be a pseudoeffective class.

(a) The function {a} — vy ({a}) is conver and lower semi-continuous on the closed
set Psef(X).

(b) We assume that nd({a}) = 0 ; then there exists an unique closed positive current

T=) ap[Wje{a}

=1

and moreover we have a, = v, ({a}). O

We recall next the notion of asymptotic vanishing order of a divisor along an irreducible
hypersurface W C X.

Let D be an effective Q-divisor ; following [11], we define

ord D
ordyy (| D)) := lim 22w {PD])
p—00
where ordy (|pD]) is the vanishing order along W of a generic representative of the
linear system |pD|. The order function can be extended by continuity to the cone of

effective R-divisors ; we refer to [11] for the proof of this assertion.

The following important result was equally established in [11], section 4. Let Dy, ..., D,
be effective Q-divisors, such that the Cox ring

R = B H(X.m'Di+..+m'D,)

(mt....,omm")€dZ 4



is finitely generated, where d is a divisible enough integer.

1.2 Theorem|[11]. Under the above assumption, there exists a smooth fan = refining
N" such that on each cone of =, the function

1

(m',..m") — ordw (||m' D1 + ... + m" D, ||)

18 linear. O

In particular, there exists a refinement (Aj) of the standard polytope

A={r=(' .., ):7>0,j=1,...,rand 7' 4+ ... + 7" = 1}
such that each A; is generated by finite set of vertices with rational coordinates, and
such that if we denote by D, := )" 77/D;, then we have

(3) ordw ([[(1 = n)Dx, +nDxl) = (1 = n)ordw (|| Dr, |l) + nordw (/[ D, ||)

for any 79, 71 within the same A;, and any 0 <7 < 1. The equality (3) follows directly
from the theorem 1.2 if 7,79 and n have rational coordinates ; in general, we use a
continuity argument.

We note that if Dy and Dy are numerically equivalent big divisors, then we have
ordw (||D1])) = ordw (|| D2l|), as stated in the theorem A of [11]. If Dy = Kx+L; where
Ly is kit and big, then the same equality holds true, as soon as D; is (pseudo)effective
(i.e. in this case we do not need the “big” hypothesis), see [22]. O

To conclude this paragraph, we collect next a few very elementary results concerning
the set £y, 4 defined in the introduction by using the hypersurfaces (Y;),=1,.. n.

In order to study its “shape” near an arbitrary point 79, it would be convenient to
have 0 < 77 < 1 — g9, for some strictly positive g9 and all the indexes j. We show
that we can assume that such inequalities holds, provided that we modify slightly the
ample part A.

We use the following translation technique which goes back at least to [2], as follows.
Let 0 < €9 < 1/2 be a rational number, such that A + ¢ ZjeJYj is still ample, for
any subset J C {1,..., N}. We define the set

Jg::{lgjgN:Tg>1—€0}
and then for any 7 € [0, 1]V we have

Kx+ Z Tij-i-ZTij-i-AEKX—i- Z Tij-I-Z(Tj—eo)Yj-i-Ao
GE{1, s N\ Jo i€Jo GE{1, s N\ Jo i€Jo

where A is the ample bundle A + g ZjeJo Y;. We remark that 0 < Tg —g0<1—¢g

for any j € Jo, and therefore there exists a small open set Q C £y 4 containing the
point 7p, such that the map ® : @ — &y 4, given by the relation

T — (7', 7" — &9)
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is well defined, where 7/ (respectively 7) corresponds to the components of 7 whose
indexes belongs to {1,..., N} \ Jy (respectively Jy).

In conclusion, while analysing the set £y, 4 near one of its points 79, we can assume
that 0 <75 <1—¢p, forall1 <j <N. 0

Let p: X - Xbea composition of blow-up maps with non-singular centers, such that

N
the proper transform of the divisor ZY] together with the support of the relative
j=1
canonical bundle K & /X of u have strictly normal crossings ; we denote by <Yj)jef the
corresponding hypersurfaces. We have

(4) p(Yy) = Zﬂr)?j

where the r/ above are linear functions with rational and positive coefficients, com-
pletely determined by the map g and the set (Y;). Next, we have

(5) P (Kx +Y: + A) =K§+2(r‘j(7) _a%(\/x)?j‘i‘ﬂ*(A)
jed

where the (a%/x) are the coefficients of the relative canonical divisor.
Since we can assume that 0 < 77 <1 —¢q/2 if 7 € Q, we have (see [17])

J _
(6) (1) “2x <1

for all j € J : the inequalities above will still hold if we add any small enough 7 to
their left hand side. As it is well known, for any € > 0 there exists 0 < 7 < & such

that R L
A= pr(A) =) Y
jeT
is ample, and therefore we get
(7) ,u*(KX'i‘YT"‘A):K)?‘FZ(TJ(T)—G‘%/X'HSJ)YJ + A
jeJ

with the coefficients of ?J above strictly smaller than 1.

In addition, by shrinking eventually the open set {2 near 7o, we can assume that J is
J

a disjoint union J,U.J,, where r7(7) —0% x +67 > 0if and only if j € J,, for any 7 € Q.
We observe that the hypersurfaces 17] corresponding to j € jn are p-exceptional ; the
relation (7) becomes

(8) p*(Kx+Y;+A)+ Z (aj?/x—éj—rj(T))?j = Ko+ 2 (rj(T)—a])‘A(/X—l—éj)}Afj—i—g

j€Tn jeT,



By using the relation (8) above, we can define a map ®; : ) — & 4 as follows

)

T — (1 (1) — al.

ANEIN
X/X+6) :

jeT,
It is easy to see that ®; is well defined, and one can even describe its image thanks to

the Hartogs principle.

Since ®, is an affine map defined over the rational numbers, the inverse image of
any rational polytope is a rational polytope as well. We will make an extensive use of
slightly more general considerations in a moment, but we have chosen to include this
simple discussion here, as an illustration for what is about to follow. O

§2 Proof of (i)

We start with a few preliminary remarks ; in the first place, the set £y, 4 is convex ; it
is equally closed by the usual properties of the pseudoeffective cone.

Also, we note that a point 79 € £y 4 having at least one non-rational coordinate
cannot be extremal. The argument is an immediate consequence of the non-vanishing
theorem (see [2], [22]), as follows.

Let >t p[W;] be an effective R-divisor, numerically equivalent with Kx + Y, 4 A.
As in [22], paragraph 1.I, we consider the set

J:={(z,7) eRI xRN : Y "2I[W;] = Kx + Y, + A}
Jjel

and we note that J is an affine subspace of R x RN which is defined over the rational
numbers. Our given data (pg, 79) corresponds to a point in J ; let 7 > 0 be a positive
number. We can construct the rational approximations (pys, 7ys) € d of (po, 70) such
that :

(i) There exists g,s € Z4 such that g,s(pys, 7s) has integer coordinates, and such that
the next Dirichlet inequality is satisfied g,s||po — pnsl| < 7 (and a similar relation
for the 7).

(ii) The point (po, 70) belongs to the convex hull of (pys, 7).

We remark that the coordinates of p,s are positive rational numbers, and we clearly

have 7,, € ([0, 11N Q)N as soon as 1 < 1 ; this is a consequence of (i) above. In
conclusion, if at least one component of 7y is not rational, then this point cannot be
extremal. 0

By the classical theory of convex sets, the first part of 0.1 can be reformulated as
follows.

2.1 Claim. The set of extremal points of the set Ey 4 is isolated. O

Our proof of the claim 2.1 is in some sense a generalization of the arguments in [22] :
there are two main cases we are forced to consider.
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First we analyse an extremal point 79 € £y, 4 for which the numerical dimension of
the corresponding Q-bundle Kx + Y, + A is equal to zero. In order to establish the
claim under this hypothesis, the main results we invoke here are due to S. Boucksom
(see [5]).

If the numerical dimension of the bundle Kx +Y;, + A is at least one, then given any
sequence T — To as k — oo we will create a center S adapted to (1) on a modification
of X, and we will use the full force of 0.1 in lower dimensions for the proof of 2.1. O

Remark. In the article [19], the author follows a different path for the proof of the
statement 2.1. One of the important steps in his approach is that the limit of any non-
constant sequence of extremal points is necessarily nef in codimension 2. Unfortunately
we do not understand the arguments he invoke to prove this fact in at the page 35 in
[19], proof of the step 3 (but of course, the fact itself is true a posteriori). Nevertheless,

some ideas/techniques from [19] are crucial for the proof of the statements 2.C.6 and
2.C.7. O

§2.A The case nd{Kx +Y,, + A}) =0

Let 79 € £y 4 be a point such that nd({Kx + Y;, + A}) = 0 ; we do not assume
it rational or extremal, for the moment. By the result 1.1 recalled in the preceding
paragraph, there exists an unique closed positive current

O 1= Y alyyy (70) W]
Jerl
in the class Kx + Y;, + A ; we denote by I above a finite set.

Let 75, € Ey,a be a sequence converging to 7y as k — oo, and let

O =Y aly () W3] + A
Jjel

be a current with minimal singularities in the class { Kx +Y, + A} ; along the next few

lines, we reproduce the arguments in [5] to show that we have limy a! ; (1) = a7 (70).

In the first place, the sequence of currents © (can be assumed to) converge to ©y.
Indeed this is clear, by the uniqueness part of the statement 1.1 above, combined with
standard properties of closed positive currents, see [25]. By the semi-continuity of the
Lelong numbers of closed positive currents, we have

min min

(9) al . (10) > lim al ().

On the other hand, for each &k > 1 and each index j we have

(10) 0l (1) 2 vaw, ({Kx + Yo + A}).

min
This inequality combined with the lower-semicontinuity result 1.1 (a) yields

min min

(11) a’ (Tg)glilgnaj (k)
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and thus we obtain

(12) al . (19) = lilgnaj (73).-

min min

For any positive real n > 0, we consider the current
(13) T = Ok +n(Of — Bo).

Then we have Ty, € {Kx + Y7, , + A}, where 7 ,, := 73 +1(7 — 70). The next simple
considerations enable us to conclude.

e The components of 7, belong to the interval [0, 1], as soon as k > 0 (we recall that
the components of 7y are assumed to be positive and smaller than 1 — &g).

e The current T}, is positive-it is at this point that we are using the equality (12) in
an essential manner.

In conclusion, the quantity 75, can be written as a convex combination of 7 and 74 4, ;
each of these two points belong to £y, 4 and neither of them is equal to 7;. Therefore
the set of extremal points of €y 4 is isolated at any 7y for which the associated class
{Kx +Y;, + A} has numerical dimension zero. O

§2.B The “x method” for sequences

During the paragraphs 2.B and 2.C, our main goal will be to analyse the set of extremal
points near 7y € €y, 4, such that

nd({Kx + Y, +A}) > 1.

Nevertheless, we will try to develop a general setting, which will be useful for the proof
of the second part of 0.1.

Let 7, € £y 4 be a sequence of points converging to 79 as k — oo ; for the moment,
we do not assume that (74) are rational or extremal. In this subsection we will show
that we can apply the so-called x-method in the version explained in [2] and [22],
simultaneously for (a subsequence of) (Kx + Y;, + A)gen. There are practically no
additional difficulties while transposing the arguments from the case of a single point to
our set-up, but unfortunately there are many things to be verified, and the presentation
is quite messy... O

We can assume that the coordinates of the vector 79 € &y 4 belong to the interval
[0,1 — &g], for some gy > 0, thanks to the discussion at the end of the paragraph 1.
Along the next few lines, we construct the analogue of an incomplete linear system
in the usual x-method corresponding to each 7, whose singularities do not change as
k — oo.

The class {Kx + Y;, + A} is pseudoeffective, and we denote by Oy its current with
minimal singularities in the sense of Demailly. There exists xyp € X a very general
point, such that u(@k, 330) = 0, for any k > 0. By the folklore results recalled e.g. in
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[18], there exists a Kéhler current Ty € {mo(Kx + Y, + A) + A}, with logarithmic
poles and such that

(17) v(Ty, xo) > dim(X) + 1

where my is a large enough integer. We can also assume that the singularities of Ty
are rational numbers, in the sense that there exists a birational map f : X — X
such that f*(7p) can be written as an effective divisor with rational coefficients plus a
non-singular (1, 1)-form. We define

Ty _T0+Z L

where §; is a non-singular representative of mgc;(Y;). If the components of the vector
To happen to be rational numbers, then the current 7T} defined above is convenient for
our future purposes. In general, we have to modify it further, as follows.

We denote by wa € ¢1(A) a Kéhler form ; let Cy € N be a large enough integer, such
that moY; + CpA and CpA are very ample. We consider Hj, respectively Hy generic
hyperplane sections of these bundles.

For each > 0, we consider a vector 7, € [0,1]", with rational coordinates, such
that ||7,, —70]| < n. We define the affine forms f/(7) = 77 — 1) +2n, where j = 1,..., N,
and respectively fO(7) = 2521(277 + 7, — ") and then we have

N N
Tk:To—i—Z( — 7] 93+Z —TJ
j=1 j=1

N
=T, + > (r} — 73 +2n)0; — 2772 =
j=1

j=1

N N
=T, — 2n(2CoNw4 + Zej) + Z (i) Hj + fO(m)H

j=1 =1

In the.above equalities, we denote by T,, := Ty + Zj\]:l(ﬁ] —10)8; ; we see that we have
0 < fi(rg) <dnm, if k> 0.

We remark that there exists a positive dg such that T, > dpwa for any 7 small
enough. In conclusion, we can choose 7 := 1y a positive rational number, such that

N
== T770 — 2770(200NLUA + 293)

j=1

is positive, and its we observe that its cohomology class is rational. The current = has
the same singularities as Ty, and we re-define T} as follows

[I]

(18)
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it belongs to the class mo(Kx + Y, + A) + A.

We consider a log-resolution g : X > X of Ty + Z;V:l Y;. The p—inverse image of
the objects which will come next into the picture can be written as follows.

N
(19) B5(Te) =Y ap[Yi]+ Az + > £ (r.)[H;]
§=0

iel

where Az is a semi-positive form whose cohomology class is rational, the coefficients ak.
are positives and rational, and H ; is the proper transform of H;, which can be assumed
to be equal to the total transform of Hj, since these hypersurfaces are generic.

Similarly, we write
AT (Yr) =) U (m)Yi
icl

where I! : RN — R are affine functions with positive and rational coefficients. The
relative canonical bundle of p is written as follows

Kg/x = Z ag(v/x [i].
iel

As in the previous section, we denote by ©p a current with minimal singularities
in the sense of Demailly of the class {Kx + Y;, + A} ; its p-inverse image can be

decomposed according to the set of (Y;), as follows :

(20) A (O1) = D ahn(m)[Yi] + Ay
il
where a’; (7) are positive real numbers, and where Ay is a closed positive current,

whose generic Lelong number along each of (Y;) is equal to zero.

A slight difficulty in what will follow is the fact that a-priori, we ignore the variation
of the quantity a’ ; (7x) with respect to k, but still it is a bounded sequence, and for
our purposes we can assume that a’ ;. (7x) — a’, as k — oo. We remark that at this
point there is no connection between a’ and the expected singularity a’ ; (70) of the
minimal current of the class {Kx + Y;, + A}.

We have the next statement, which is a first step towards the proof of the claim 2.1.

2.B.1 Lemma. Under the assumptions and notations above, there exists t°, ¢ € Q.
a family of affine forms r* : ]RH]XJH R with rational coefficients, and a set of strictly
normal crossings hypersurfaces (Yj)jeT C X such that

(L+mot)Ar+ > L)Y =Kz +5+ Y 7 (1 adn()) ¥ + Ay

iel,Ul, iel,
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where I = I, U1, U{0} is a partition of I, and where we use the next notations

(21) lA,’;(T) = (1+mot®)al . (m) + ai}, — %L —1(7)

/X

fori e I,,, as well as
(22) () = (14 mot®) (al s, () — @)

fori € I, ; we also denote by S = %. In addition, the following relations holds true
provided that k belongs to a well chosen subsequence of natural numbers.

(a) For each j € I,, U I, we have 0 < lﬁ,i(m) < (14 moto)aiﬁn(m) + a%/x.

(b) For each i € I, we have 0 < (73, aly, (Tk)) < 1 — e, where g is a positive real
number.

(¢) The bundle A is ample on X.
U

The approach we will follow for the proof is quite clear : first we determine the center
S by using the limit bundle Kx +Y;, + A, and then thanks to the fact that the family
of “incomplete linear systems” T}, we have just constructed is explicit enough, we can
describe in a very precise manner the variation of the coefficients when we replace
by 7.

Proof. To start with, we remark that for any real number ¢t we have the next numerical
identity (see [22] for similar considerations) :

(1+mot)A =K5 + Z(taig + (1) — (1 +mot)a’ ; (1h) — )172—1—

i€l

% x
(23) N
(A= + > F(m)[Hj]) + (1 = t)p*(A)

j=0
Next, we will modify the expression (23) above and replace p*(A) by

A= pr(A) =8,

iel

(where 6° > 0 and small enough). We still denote by [* the affine form obtained from [°
by adding the constant ¢°, and by a% the real number a% — ¢°, so that the cohomology
class is unchanged after the above substitution.

We note that if the perturbation (§%) is small enough, then the coefficients of Y;
above will still be strictly smaller than 1 for £ = 0, whereas for ¢ = 1, at least one of
these numbers is strictly greater than 1 (given the singularities of Z). Furthermore, it
is possible to choose the parameters (6°) such that the next quantities are distinct

i i i
1+ al, + 0% x I"(70)

i i
ax — moal,
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forall: e 1.

We consider the set I’ := {i € I : at — mga’, < 0} ; we cannot have I’ = I by the
choice of the point xg. For all £ > 0 we will have

(25) aiE - moafnin(m) <0
if i € I, as well as
(26) aiE - moafnin(m) >0

provided that i € T\ I'.
The quantity (24);cp + will be minimal for an unique index ¢ = 0, and we denote
by S the corresponding hypersurface. Then we have

(27) toak + 1'(1) — (14 moto)anin (Th) — Cbif);/x <1l-¢o

for every j # 0, where g9 < 1/4 is a positive real number. By the above considerations,
we have ty < 1, but it may happen that this quantity is non-rational-and this will
affect the rationality part of the lemma we want to obtain. In order to bypass this
difficulty, we will consider an approximation of it, which is accurate enough for our
further purposes.

For every rational number n > 0, let Zn € Q, such that ty — n < fn < to. We consider
the affine form

(28) f(ra) =1+ 1+ mOfn)a + aQ);/X - fna% —1%(7).

A quick computation shows the existence of a constant Cy > 0 such that
—Con < f (T amin (%)) < Con,

provided that k > k, is large enough.

By increasing C if necessary, we assume that CoA — Yy and CyA are very ample ;
we have

(1_5")2 - f(Tk’ aglin(Tk))?O = (f(7k7 aglin(Tk>) + C'077) (Cog - 570)-1—
1 ~ - I -
+(2—CO(1 —ty) = f (7, aﬂlin(m)))coA + 5 (1= 1) A =nCo(CoA = Y)
=N (T agnin (1)) H nr + V2 (7 agin (7)) H v o+

1 o o~ ~
+§(1 — tn)A — 7700(0014 — Yo)

(29)

where Hy 41 = Cog - % and respectively Hy o = Cog are generic hyperplane sec-
tions, and the corresponding f* are affine forms with rational coefficients defined by
the relation (29) above.
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We want the values of the affine forms f? to be positive and not too large when
computed on (Tk, CL?nin(Tk)), thus we define 7y to be a positive rational number such
that

(30) 1 —1p > 2C2n0

and such that %(1 — ?g)g + toAz — C’ono(Cog —Y)p) is ample (this condition will be
needed later). Let t° := t,, be any positive rational number in the interval [t — o, fo[ ;
with this choice, we note that we have

(31) 0 < f (7, abn (7)) < 1—1g
if k> k.
The next version of the inequality (27) holds, since t° < to,
(32) tYak + 1" (1) — (1 + mot®)a’ (1) — a%{«/X <1—¢p/2

for all ¢ # 0 and for all k > k,,.

There are still a few cosmetic modifications we have to operate, in order to replace
al . (m,) with a rational number independent of k.

Let ¢/ € Q, be a rational number, such that for each j € I\ {0} and every k large
enough, we have

(a) @ < apyn(7h) ;
(b) %k + 1" (1x) — (1 +mot®)q" — ag(v/
We rewrite the relation (23) with ¢t = t° in a modified form, according to (29).

< §1—€0/4.

(L +mot®) (Ar+ Y (ahn(m) — ¢)Yi]) = K¢ + S+

i€I1\{0}
+ Y (Pt +1(m) = (L mot®)g’ —aly, )Yit D (7 agin (7)) Hi + Ay
ieI\{0} J=0

~ 1 ~ ~
where A; = 5(1 - tO)A + %A= — Cono(CoA —Yy) is an ample Q-bundle, and where
we have replaced t°f7 by f7 for notation’s sake.
For k£ > 0, the coefficients

%L 4 1"(11) — (1 + mot®)q" — a%f/x

corresponding to Y; above will be assumed to be negative if ¢ € I, and positive if
i € I_ ; moreover, we can assume that I \ {0} = I, UI_. Then the identity above
becomes

(33)  (L+mot)Ax+ Y ZE(TR)[E]EKX-l-g-I- > (ks A (1)) Vi + Ay

iel,Ul, iel,
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where for i € Iy we introduce 7*(7,a) := t°a% + I*(7) — (1 + mot®)q" — ai’i/x’ and for
i=1,...,N+3, we have r’ := f'. We define I,, :==I_, and I, := I, U{1,..., N + 3}.

This is precisely the expression we seek ; the verification of the properties (a), (b) and
(¢) in the statement 2.B.1 is immediate, so we skip it. O

Concerning the formula (33), we note the following interesting facts. Let 7 € [0, 1]V
and a € R, ; we define the R-divisor

E(r,a):=(a% _+ (14 moto)a)§—|—

X/X
(34) 0) v
+1§( L+1(n)Y; +§ (1+mot®)q’ +a% )Y

As one can easily see, the support of the effective divisor E(7,a) is not necessarily
contractible with respect to f. ¢From the formulas (19), (20) and (33) we infer the
next numerical equivalence relation

E(Tk7 mln(Tk))+K + S + Z Tk: glm(Tk))?i + 1’4“1 =
(35) i€l

=1+ mot)u*(Kx + Y, +A)+ Ks x

and moreover we have the following correspondence between currents.
Let T € {Kx + Y;, + A} be a closed positive current ; then

Te{Kg+S+ > (e an(n))Yi + A}

i€l
defined by the formula
(36) (14 mot°)fa +ZaX/X ) — B(7r,adin () =T
i€l
is positive, because
E (7, apin (6)) < (14 mot®)t Z aX/X Yi]

in the sense of currents on X. In particular, this shows that the current

(37) Or = (L+mot)Ar+ > Ui (m)[Vi]

iel,Ul,

is a current with minimal singularities of the class

{Kg+ S5+ v (7h amn(m)Yi + A},

i€l
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We recall now the following result : there exists a birational map [ : X — X such that
the inverse image of S is equal to its proper transform, and such that for any set of
real numbers 0 < z* < 1 — ¢y we have

(Ke+ S+ 2'Y) = > Fa)Ei=Ke+ 5+ ) ()Y,
el J€e Jj€J2

where E; are Ji-exceptional, the 172 are mutually disjoint, and 7 are affine forms, such
that 7 (z) > 0 if and only if i € J,. We stress on the fact that in the formula above,
only the decomposition J; U.Js depends on the particular vector x we are dealing with,
provided that ey is fixed ; this is just a small variation on the very classical result
stating the same thing without pointing out the (in)dependence of the data (1, 7?) on
the particular sequence (z*). Therefore we will just refer to the arguments provided in
[14], from which the previous statement follows.

In our particular case, this translates as follows. There exists a map i : X - X )
together with a set of non-singular and mutually disjoint hypersurfaces (Y}) such that

)7

(38) [*(O) + Z lAj(Tk, Anin (1) [Bi] = Ko + 5 + Z ™ (7w, al s (76)Yi + (A

= jET,

where (77,17) are affine forms defined over Q, and (E;) are contracted by i ; we list
along the following lines the properties of the objects we have constructed so far, as an
introduction for the next subsection.

B.1 For each k large enough, we have

1—¢9 2> W(Tk,afnin(m)) > (0 and T’(Tk,afnin(m)) >0 ;

B.2 The class o(7x, ad;, (1)) = {Ke+S+> e, 7 (ks a?nin(Tk))lAfi +p*(A)} is pseu-
doeffective, and the Lelong number along S of its minimal singularity current is
equal to zero.

B.3 We have the next identity

KotS+ > 7 (ks abyin (7)) Vi + p* (4) =

JET,
(39) =i ((1+ mo)i* ({Kx + Yo, + A}) = B(ri, abn(m)) + K )+
+ Z /l\Z(Tkn a?nin<7-k))Ei
i€
for all £ > 0.

The analytic methods are now particularly useful, in the following context. By the non-
vanishing theorem in [22] and its consequences (cf. sections 2 and 3), the cohomology
class Oé(Tk, agﬂn(m)) contains an effective R-divisor, whose support does not contains
S. In particular, if we denote by

(40) O € Tk, ain (T)

min
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a current with minimal singularities in the above class, then its restriction to S denoted
by Oy is a well-defined closed positive current in the restriction of the class.

B.4 The restriction of the current O, to S can be written as follows (see [25])

(41) Oks == D Phin(Te)[Viis] + ks
Jj€Jdp
so the class o (7x, aly;, (Tk)) — { Zjer min (W (T, i (7)) pf;ﬂin(m) [?ﬂs]} is pseudo-
effective. ]

By using the properties B.1 —B.4, we will define next a set which encodes the sequence
Tk, together with the extension data for_the sections of the multiples of the bundle
K+ S+ Zjer 7 (Thy a2 (T8) Y5 + ,u*(A)|S. Next, by the induction hypothesis the
set we will define will turn out to be a rational polyhedron, and this will enable us to
finish the proof, and also to study the variation of the functions 7 — a2, (7). O

§2.C The induced polytope and its properties

We recall that our primary goal is to show that the elements of the sequence (%)
cannot be extremal points of €y 4, as soon as k is large enough. For example, it would
be enough to determine 7,9 € £y, 4 such that 7, belongs to the interior of the segment
[70, Tko]-

To this end, we will use the pseudoeffectivity criteria established in [22], in the next
framework. Let X be a projective manifold, and let S,Y; be a set of strictly normal
crossing hypersurfaces, such that Y; NY, = 0 if j # k. We fix a Q-bundle 4 on X,
such that for every § > 0, there exists a set 0 < 67 < § of positive real numbers, such

that A — > j 57 Y, is ample. Then we have the next statements, which are implicit in
[22].

2.C.1 Theorem [22]. Let 0 < 17 < 1 ; we assume that for all ¢ < 1, there exists a
current _ o
T. € {Kx+S+) _ vY; +4}
J

whose Lelong number along S is equal to zero, and such that T. > —ew, where w is
a Kdhler form on X. Then the class {Kx + 5+ ), VY, + A} contains an effective

R-divisor whose support does not include S.

One of the important tools in the proof of the theorem above is the statement (see [22],
the paragraph 1.H).

2.C.2 Theorem [22]. We assume that the numbers v’ above are rational ; there exists
a positive real € < 1 such that the following property holds true.

Any section v € H° (?, q(K+ _|__§ - Zj VY + A)g) extends to X, provided ihat
there exists T € {K++ S+ > 17Y; + A} a closed current whose restriction to S is
well-defined, such that T > —e/qw and such that

ordyjlg(u) > gmin (V(Tlg, Yj|§), yj> —c
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for all j. In particular, the bundle K+ + S+ Zj Vj7j + A is (pseudo)effective, if a
couple (u,T) as above exists.

We refer to [3], [6], [8], [9], [12], [15], [16], [21], [26], [27], [31], [32], [33], [34] and the
references therein for similar results/ideas.

Coming back to the discussion at the begining of this paragraph, we intend to use
the statement above in order to determine the point 749. The couple (7, u) with the
properties required by 2.C.2 will be obtained via the theorem 0.1 in lower dimensions ;
it is at this moment that the polytopes of Shokurov will play a crucial role. O

The definition of the following set is modeled after the properties B;j above, by decou-

pling the variables.

Let C' > 0 be an upper bound for the sequences (a2; (7)) and (anin(Tk)) )
finite upper bound indeed exists, thanks to the fact that the cohomology classes that
contains the currents having the above singularities belong to a bounded set in Psef (X)),

respectively Psef(S). We introduce the following set
&5 = {(r,a,p) € [0,1] x [0,C] x [0,C]!"*! : C.1 — C.4 below are satisfied }

C.1 We have N
1—¢g ZW(T,@) > 0 and lZ(T,CL) >0;

C.2 The cohomology class of the R-bundle

D(r,a,p) = Ks+ Y _ (F(r,a) = p') Vi + p*(A)
JET,
is pseudoeffective on S, where we denote by (z); := max(z,0) ;
C.3 We have the next numerical equivalence
Ko+ S+ Z 7i(r,a)Y; + i*(A) =
JET,

i ((1 + Omo) i (Kx + Y, + A}) — E(r,a) + K)?/X)) + Y P(ra)E
J€JIn

(we use the notation in (34)) ;

C.4 We have ord?ij(HD(T,a,p)H) = (p’ = 7(r, a))+ for each j € J,. O

Concerning the conditions above, our first claim is that the set £; defined just by the
conditions C.1 — C.3 is a rational polytope. Indeed, the requirements C.1 and C.3
are affine (in)equations, and the linear forms defining them have rational coefficients.
As for the condition C.2, we consider the set

Ei iy = A= (m)) € 0,1 — o] Ks + Y 1PYi + w*(4) € Psef(S)}.
jET,
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The induction hypothesis, together with the simple considerations at the end of the
section 1 show that 51/?/ o () is indeed a rational polytope, and then the condition C.3
reads as . .

(F(ra) =), € &7 5y

and thus the set & is a rational polytope ; we fix its vertices (75, a;, p;)j=1,....c, and
let d be its dimension.

For each k = 1,...,G, we define Dy := D(7k, ar, pr). It is a pseudoeffective Q-line
bundle, and therefore it is effective, by the non-vanishing theorem [2], [22]. The Cox
ring associated to (Dy) is finitely generated, by induction, and therefore for each SA/J-‘ g
the associated asymptotic vanishing order function is piecewise affine, by the result [11]
recalled in the section 1.

M
We consider a decomposition of & = U C into standard simplexes, such that the
k=1
functions below
(42) (Tva7p> - (f?i(7-7 CL) _p1)+
and
(43) (r.0.p) = ordg s (ID(r.a, )]

becomes affine when restricted to any Cr ; we remark that the existence of such a
decomposition is slightly different from the assertion in the statement 1.2, but it can
be seen to follow, by a quick linear algebra argument. Thus, the equation C.4 imposes
affine requirements on the parameters (7, a, p), and in conclusion, we have just proved
the next statement.

2.C.3 Lemma. The set &g defined by the relation C.1 — C.4 above is a rational
polytope. O

We stress on the fact that the extension of the function “ord” to the R-divisors we
are using in C.4 depends on the polytope &7 ; hopefully, this will not cause too much
confusion.

We denote by (Tj, aj, pj)j cK the vertices of &5 ; they have rational coordinates, and
for the purposes of the next corollary we can assume that they are independent in the
affine sense- this can always be achieved modulo a subdivision.

Given a point (T, a, ,0) € &g, we can write it as follows

(44) (r,a,0) = D N (75, a5, p)),

jeK
where ) y Aj = 1 ; moreover, if the coordinates of the vector above are rational, then

its affine coordinates ();) are rational as well.

The main use of the linear structure of the set £ 5 is revealed by the next statement,
which can be seen as a uniform non-vanishing, see also [2], [3].
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2.C.4 Proposition. There exists an integer qo € Z with the following property : let

(Tvaap) € g|S:

be a point with rational coordinates, and let q € Z, be a common denominator of its
affine coordinates (\;) in the equality (44). Then the bundle

aqo(Ks + Z (T, @)?us + M*(K))

jET,

has a section whose vanishing order along the set i}i‘s is exactly qqop’.

Proof. We consider the Q-bundle D(Tj, aj, pj) corresponding to a vertex of &g. Its
asymptotic vanishing order at the generic point of Y; g is given by the condition C.4,
that is to say Ordﬁmg(HD(Tjﬂjvl)jH) = (p’ - ?j(Tj,aj))+. Since by induction we
already know that the ring associated to D(Tj, aj, pj) is finitely generated, we obtain a
sectipn u; of the bundle qu(Tj, aj, pj) such whose vanishing order on Yj g is equal to
q; (p* — 7 (75, aj))+, for each ¢ € J,. Then we obtain -by twisting with an appropriate
divisor- a section

vj € H' <Sa 0 (Ks+ ) 7™ (rj,05) Vs + u*(g)))
ke,

whose vanishing order at the generic point of 17'“ s is equal to g;p’, for each i € J,.
The section we seek is obtained by convex combination of the v;, so the proposition is
proved.

The same argument shows that for any point (T,CL, p) S 5| s, we can construct an
effective R-divisor 2 € {Kg + Zkejp?k(ﬂ a)Yys + p*(A)} whose vanishing order
along f’m‘ s is equal to p™, for every m € J,,. O
Our next goal is to show that we have (Tk,aglin(Tk),pmin(Tk)) € &g ; this will be

the consequence of a more general result. Before stating it, we introduce one more
notation.

Let
(45) g c[0,1]Y x [0,C]

(where C' is the constant fixed at the begining of this paragraph) be the set described
by the following three conditions.

C.5 We have 0 < 7'(1,a) <1 —¢q for all i € Ip
C.6 The class {K + 5+ )¢, 7i(r,a)Y; + *(A)} is pseudoeffective.

C.7 We denote by O(r,a) € {Kg+ 5+ e, 7i(r,a)Y; + i*(A)} the current with

minimal singularities ; then we have V(@min (1,a), S) =0.
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An important remark is that the set G is compact and convex : the fact that it is
convex is immediate from its definition, whereas its closeness is a direct consequence
of the theorem 2.C.1.

As it was recalled just before the property B.4 above, the restriction (:)(7‘, a)s is
well defined, and we decompose the restriction current as follows

(46) O(r,a)is = Y phin(T,a)Y;s + As(T,a),
JE€EJp

where the Lelong number of As(7,a) on each Y} g is equal to zero. Therefore, by the
previous equality we define the function

J.
Pmin : §— Rl_|_p| ;

0

7 mln

if 7 € €y, is an element such that (7 (7)) € G, then we use the notation

(47) Pinin (T) °= Plnin (T Gonin (7))

and we remark that this is consistent with the notations in B.4 for 7 = 74, an element
of our initial sequence.

If the point (7,a) € G has rational coordinates, then by the results in [22] we know that
pl . (T,a) € Q, for any j € J,. An important result of this subsection is the following
statement.

2.C.5 Proposition. We assume that the requirements C.1 and C.3 are fulfilled by
some element (1,a) € GNQTN . Then the point (T, @y Pmin (T, a)) belongs to the polytope
&s. In particular, we have (Ti, ad;, (Tk), pmin(Tk)) € &5 for all k € Zy such that the
coordinates of T, are rational.

Proof. By the relation (46), we obtain

Z anin(Taa)?ﬂS‘i‘AS(T,a = Ks + Z T,a Y|S—|—u (A)
jer ]EJ

and therefore we have

Z (pfnin<7—7 CL) - ﬁ(ﬂ @))Jr?us + AS<T7 CL) EK*S + Z (?L‘(Tv a) - pfnin(Tv a))_i_?ﬂS‘i‘

J€Jp Jj€Jp

In conclusion, the Q-bundle D(T, @y Prnin (T, a)) is pseudoeffective, and this proves that
the point (7‘, @y Prin (T, a)) verifies the condition C.2.

Let ug be a section of the bundle

9(Ks+ Y (F1(7,0) = plin(m,0)), Yiis + 1% (4)) ;
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such an object defines canonically a section u of the bundle

Ks+z (7, a)Yijs + 1 (A))

whose zero set contains the divisor »_;c ;. min{p’ . (1,a),7(T, a))}?i|5. But then the

section u admits an extension to X, by 2.C.2 (see also [1], [12], [14]), so in particular
we have

(48) Ord?jms(HD(T @y Prnin (T, a))||> (pmm(T, a) — (T, a))+

for all j € J, because the metric induced by the extension of u is more singular than
the metric with minimal singularities of the corresponding bundle.

The ring of sections associated to D(T, @y Prin (T, a)) is finitely generated by induc-
tion, therefore we have

Ord{/\jms (HD(T7 a, prnin(Ty CL)) ||>I/(@0—(T, CL),Y/; N S)

where we denote by ©,(7,a) the current associated to the algebra of sections of the
bundle D(T, @, Pmin (T, a)), i.e. the current with minimal singularities in the sense of
Siu, whose definition was recalled in the paragraph 1.

Next, the closed positive current

@(7_7 a)\S - Z min{pfnin(ﬂ a)7?/i(7—7 a)}[?i\S] S {D(Tv a, pmin(Tv a))}

i€,

is certainly more singular than the current with minimal singularities of the class above.

Summing up the previous considerations, we have shown that the quantity we are

interested in (pf;nin(T, a) —7(7,a) . is smaller than the generic Lelong number of the

current ©,(7,a) on Y/’; NS, and greater than the generic Lelong number of the current
with minimal singularities of the class {D (7, a, pmin(7,a))} along Y; N S.

Since the bundle D(T, @y Pmin (T, a)) can be written as Kg + Ly, where Ly, is big and
klt, the current with minimal singularities in the sense of Siu coincides with the current
with minimal singularities in the sense of Demailly, as it was established in [22] ; in
conclusion, the relation (48) becomes an equality, and 2.C.5 is proved. O

Remark. Following the articles [14], [19], one can avoid the use of the closed positive
currents in the definition of the coefficients p! . (7,a). Nevertheless, we prefer the
approach explained above, since the notion of metric with minimal singularities is
meaningful in a very general context, as soon as the cohomology class in question is
pseudoeffective. O

We will assume from now on that each 75 has rational coordinates, unless explicitly
specified otherwise. The sequence (Tk) converges to the limit 7y for which no rationality
assumption is made.
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The following corollary is similar to the results established in [19], and can be seen as
a consequence of the preceding arguments, together with elementary convex geometry
considerations. The main idea of the proof goes back at least to [14] (see the paragraph
concerning the rationality of the restricted algebras ; see equally [22] for a use of this
idea in analytic setting).

2.C.6 Corollary. Up to the choice of a subsequence, for all k > 0, there exists an
element Tio € Ey,a such that :

(i) The point 1, belongs to the interior of the segment [Tg,mo} ;
0

min

(i) For each T € [70, ko), we have (T, ad;,

defined in (47) are affine on [T(),Tko}.

(ii) The restriction of the function T — a%; (T) to the segment 1o, ko] is affine.

(1)) € G, and the functions T — piﬂin(T)

Proof. By the proposition 2.C.5 we have (75, al, (Tk), pmin(Tx)) € &5, for any k> 0 ;
again, we can assume that the vertices (75, a;, p;);j=1,..d+1 of &|s are affinely indepen-
dent (by passing to a subdivision of the polytope if necessary).

The affine coordinates of the point (Tk, al. (1), pmin(Tk)) are written as follows

d+1

(Tkv a?nin(Tk>7 pmin(Tk)) = Z )‘{3(7-37 aj, p])7
=1

where )\i are positive rational numbers, such that > y /\‘,1 = 1. For each index j, we
can assume that limy_, )\i = )\‘é, and we consider the corresponding point

d+1

(7'07@07/)0) = Z)\%<Tj,aj7,0j) € 5|S’
j=1

where the first component is indeed 7y, since 7, — 79.

The function 7 — a2, (7) defined on Ey 4 is convex and bounded, therefore we
have
(49) a9 < Apin (T0)-

Next, due to the possible non-rationality of the coordinates of Vj := (/\‘é), we will use
a few classical results from diophantine approximation theory (see [2], [19], [22] for
similar considerations).

Let 7 > 0 be a positive real ; then there exists a finite set of vectors V,, = ()\%8)
such that :

A.1We have _; /\%s = 1, and moreover the )\%S are positive rational numbers ;

A.2For each s, we have ¢,||Vo) — Vys|| < n, where ¢, is a positive integer, such that
qns s € Ly, for each j ;
A.3We have Vy = > o, V)5, where oy, are positive real numbers, such that ) oy = 1.

A.4 For each s, the point 7,5 := ), )\ﬁlsﬂ- belongs to the minimal rational affine subspace
A(79) € RY which contains 7.
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We use the coordinates of the vectors V;s in order to define a point in the polytope
&|s, as follows
d+1

(7-773’ Qps, pns) = Z )\%S(Tj7 g, p])7
j=1

By the proposition 2.C.4, there exists a section u,, of the bundle

qoQns (KS + Z (?(i<7—7]57 CL'r]s)i/\;;|,5’ + /Jz*(g))

jET,

whose vanishing order on Yj g is precisely qogys pf7 o

The theorem 2.C.2 implies that the section u,, admits an extension to X. Indeed,
the current 7' in 2.C.2 is obtained by moving the current O (see B.4) into the class
{Kx + 5+ Xiey, (W(Tns,ans)f@ + pu*(A)} ; the loss of positivity induced by this
operation is of order O(||7x, — Tys|| + %, (Tk) — ans|). We equally have the inequality
Ins|Pps — Prmin (Tk)| < Cn provided that k > k,), and therefore the assertion A.2 together
with the relation

d+1
(Tk7 a?nin(Tk)7 prnin(Tk:)) - (TO7 ao, PO) = Z )\%(Tj7 aj, p])
j=1
shows that the hypothesis of 2.C.2 are satisfied as soon as 1 is small enough and k is
large enough.

Therefore, for all indexes s we have (7,5, a,s) € G provided that n < 1 ; it follows
that the divisor of zeroes of w,, is greater than

q09ns Z Pinin (s, ans)[Yj|s],
JEJIp

and this translates as
(50) ,0375 > anin(Tnsa ans)

for every i € J,.
Furthermore, we have (Tns,ans, pns) € &g and thus the numerical relation C.3

shows that the extension of the section u,s to X induces a closed positive current in
the class {Kx +Y;,, +A}, whose Lelong number along S is equal to a,, ; in particular,
we have 7, € £y, 4 and moreover

(51) aps 2> a?nin(7n8>'

By combining (49), (51) and A.3 we infer that

aglin(TO) Z ao Z Z asaglin(TW5>
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and therefore we have
_ 0 2 :
(52> &775 - amin(Tn8)7 mln Aslypnin 7-778

thanks to the convexity of the function a¥ . : we equally have

min ’

(53) po > Z O‘spimin(Tn& ans)-

S

For further use, we formulate next some conclusions of the arguments provided so far.
(a) We have a,s = a®, (7,s), as stated in (52).

min

(b) If 7 € A(7p) belongs to the convex hull C,, of (1), then 7 € Ey 4 ; in addition,
the relation (52) implies that the function 7 — a2, () is affine on C,. This is
an immediate consequence of the relation (52), together with elementary convexity
arguments.

(¢) For each T € @y, we have (7,a%;,(7)) € §, and moreover, the function T — pPuin(T)

is affine on a small open set £ C €, containing the point 79. Indeed, by the property
(a) we obtain (7, al;, (7ys)) € G for all the indexes s, and combined with the fact
that the function a2, is affine on C,, this shows the first part of (c), plus the
convexity of the functions 7 — p‘;in(T) on the set €,. The next observation is that
we have (To,a?nin(m), pmin(To)) € &5 as a consequence of the proposition 2.C.5.
Finally, the fact that this functions are locally affine near 7y is obtained by using
the diophantime approximation procedure A.1-A.4 described above for the point

(TO:ag]in(T()):pmin(TO))-
Next, we introduce the notation Vj, := ()\i), and we consider the vector gy (Vns - Vk).
Its norm is smaller than 27, provided that k > k, is large enough. But then there

exists a positive integer g;, and of a vector V,; such that the coordinates of gV, ; are
integers, and such that we have

(54) ns (Vns - Vk) = q1/7s (Vk - Vn/s)

(see e.g. [2], or “any good book on diophantine approximation”). The relation (54)
together with the fact that the coordinates of q7’73 V,s are integers implies in particular
that the coordinates of V,, are positive rational numbers, and that their sum is equal
to 1.

Then we consider the vector

(55> (7-1,737 ns» p775 : Z /\ns Tj» Qg pJ)
Jjeh

where (A7) are the coordinates of V.. The same extension arguments which were

used a few lines above for (7'775, s, ,07,5) will show in the first place that ( Tpss @ S) €g.
We also obtain that Kx + Y, + A € Psef(X) together with

(56) a >a. (77



§2 Proof of (i) 27
and
(57) Pris Z Pruin (Ther ).
The relation (54) implies that

/
qu /

dns
Vi = —— Vs +
" q7’]$ Q7/75 e

B qns + q'f’]s

for every s, and therefore we obtain

dns

T q;IS ( / /
Ins + Qs

(Tos: Qs pys) + m Ty Uss Pps) -

<58) (Tk? a?nin(ﬁc)? pmin(Tk)) =

The convexity of the function a¥ . , together with the relations (52) and (56) shows that
r _ 0 /

min?
this function is in fact affine on the segment [7;)s, T,;S} , and that we have a; ; = ap;. (7).

As in the claim (c) above, this implies in the first place that the functions
T pﬁnin<7—)

are convex on the segment [7,5,7/,]. When combined with the inequalities (50), (57)
and with the relation (58), we obtain that they are affine on the segment [, T{IS}, for
every s.

The obvious consequence of these considerations is the existence of a point 79 €
Ey, 4, such that 7, belongs to the interior of segment [7'0, Tko}, and for which the prop-
erties (ii) and (iii) in the statement 2.C.6 holds. Indeed, we obtain 74y as a convex
combination of points lying on the segments [7'775,7‘,/78} ; we do not provide further
details, but nevertheless the corollary is completely proved. O

In conclusion, the proof of the first point of 0.1 is finished ; we derive next some easy
applications of the preceding techniques/results.

We consider the following data (similar to the set-up in the introduction). Let
L C R” be a rational polytope, and for let 7 : R” — R be a set of affine forms
defined over Q, where j = 2,...N. We assume that 0 < [7(f) < 1 — &, for all § €
L, where ¢q is a positive real number. If the point 7 := (1,l2(9), ...,lN(Q)) belongs
to €y, 4, then we denote by T'(f) the current with minimal singularities in the class

N

Kx+Y+ Z 7(0)Y; + A. We have the next statement (cf. [19], and implicitly [2]),
j=2

which will be useful in the next paragraph.

2.C.7 Corollary.

a) We consider the set
El={0eL:(L,1*0),...IN0)) € Ev,a, v(T(9),Y1) =0}

Then E' is a rational polytope.
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b) We assume furthermore that the hypersurfaces (Y;);x1 are mutually disjoint, and
that A is not necessarily ample, but it has the next property : for each § > 0, there
exists § > &7 > 0 such that A— >t e'Y; is ample. Asin (46), we define the functions

0 — pf;ﬂin(e) by the restriction of T'(0) to Yy ; then pfnin are piecewise affine on EL.

Proof. The part a) of the preceding statement is a direct consequence of the just
finished proof of 0.1.

Indeed, £' above is a renamed version of the set § which was considered page 21-22,
so in the first place it is closed. The analysis of its extremal points is carried out as
above, without any modification ; in fact, it is much simpler, since we already have
the (analogue of the) set S above. The substitute for the polytope &g -previously
constructed by using of the sequence (73)- is defined as follows.

We denote by 8|1Y1 the set of elements (6, p) € E! x [0, C]¥ ! such that :

N
e The class a(f, p) := {Ky, + Z (F(0) - pj)+Yj|y1 + A} is pseudoeffective ;
j=2
e We have ordy,ny; (||a(6, p)||) = (p7 — zj(e))+.
As in 2.C.3 we verify that 8|1Y1 is a rational polytope, which contains the points
(q,pmin(q)) for any ¢ € £' N Q", see 2.C.4. We conclude by the (analogue of the)
corollary 2.C.6. O

For the proof of the part b), the polytope structure of £! will be crucial.

Let 6 € &' be an arbitrary point. We consider the intersection of £! with the
minimal affine subspace in R" defined over Q, which contains € ; this rational polytope
is denoted by A(f) C €. Since (¢, pmin(q)) € 5|1Y1 for any rational point ¢ € A(6) we

deduce that (6, pf;ﬂin(Q)) € €|1Y1, by a limit argument.

Next, we remark that for an arbitrary sequence (6;) C €' converging to 6, such
that ), # 0y there exists a sequence 0y, C £ such that 6;, belongs to the interior of
the segment [0y, ox] and moreover the restriction of the function p’ . to the above
segment is affine (again, modulo the choice of a subsequence). This claim was already
verified in 2.C.6 if the coordinates of the points 0, are rational ; we remark that the
only use of the rationality was to infer that

(58> (ek: pmin(9k>) € g|1Y1 .

The relation (58) was shown to hold a few lines ago regardless to the rationality of
the components of 0, thanks to the polytope structure of & 1. The claim concerning
the restriction of p! . to a segment [, Opx] follows as in the proof of 2.C.6 above, up
to simple modifications which will not be detailed here. Another consequence of these
arguments is the continuity of the functions puyi, up to the boundary of £*.

Let f : £1 — [0, C] be one of the functions pﬂnn we are interested in ; it is continuous
and convex, by the preceding considerations. We consider the epigraph of f, defined
as

Epi(f) == {(v,y) € €' x [0,C]: y > f(v)}.
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We have just proved that for any sequence of points (6;) C £! converging to 6, there
exists a kg > 0 such that for any k > ko, the restriction of f to a segment [0, ko]
containing 6 in its interior is affine. This implies that Epi(f) can only have finitely
many extremal points on the graph of f, so it follows that Epi(f) is a polytope (the
set Epi(f) is closed, thanks to the continuity of f). This in turn is equivalent to the
fact that the function f is polyhedral (or piecewise affine), which is what we wanted
to prove. |

We note that there exists a subdivision of £! into rational polytopes say Cj,, such that
the restriction of ppyi, to each Ci is affine. The rationality assertion is a consequence of
the fact that the function puyi, is locally affine when restricted to the minimal rational
affine space containing an arbitrary point 6. O

§3 Proof of (ii)

The approach we will follow for the second part of the theorem 0.1 is somehow similar
to the arguments presented in [14]. We recall the next notation

A(X) = D H0<X,k(KX-|— D lf(e)YjJrA))

(m,0)ely j=1..N

where the data (I'y,1?) in the formula above is defined as follows :

(i) The functions I : R” — R are linear forms with rational coefficients ;

(ii) There exists an r-dimensional rational polytope £ C R" such that
(ii.1) We have 0 < 19(0) < 1 — g for all @ € £, where &g is a positive real.

(ii.2) The bundle Kx + Y 1(0)Y; + A € Psef(X) for all 6 € L.
j=1...N

(iii) The multi-index d = (d°, ..., d") € Z"!, where each d’ is divisible enough ;

(i4) A couple (m,0) € T'y if and only if § € £L N Q" and moreover mf* € diZ, for
k=0,1,....,r (by convention, we put 6° := 1).

We remark that a decomposition of the polytope £ into simplexes induce a decomposi-

tion of the algebra A, (X) as a direct sum, so we can assume that £ is a r-dimensional

simplex, generated by the vertices &1, ...,&,41 ; by hypothesis, the coordinates (5}-)0f
each ¢; is a rational number.

For each point 6 € £ we can define its affine coordinates

r+1

(59) 0="> 1¢
j=1

where 7/ > 0 and > ; 7’ = 1. The relation (59) above implies that each 7’ is an affine
function of the coordinates of 6 (with respect to the canonical basis of R").

The Q-bundle Kx + Z;V:l 1V (&)Y; + A is pseudoeffective for each k =1,...,r + 1,
thanks to the property (ii). By the non-vanishing theorem [2], [22] there exists an
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effective Q-divisor
N
=3 aly,

Jj=1

(60)

[1]

linearly equivalent with K x + Zjvzl 17 (&)Y; + A (strictly speaking, this is not entirely
correct, since the support of the zero set of the section Zj is not obliged to be contained
in (Yj), but it becomes so after a blow-up ; we do not detail this step here, since it is
completely standard).

We notice that we can assume that =y # 0 for all k = 1,...,r + 1. Indeed, assume that
say Z,4+1 = 0 ; then we can reduce the study of the algebra A, (X) to a smaller rank
algebra, as follows (see [2]).

Let a € L ; we can write it as a convex combination
a=(1-n"a+7" 4

where 0; belongs to the polytope whose vertices are &1, ...,&,. Since Z,41 = 0, we infer
that the bundle Kx + Zj\]:l l7(&-4+1)Y; + A is linearly equivalent to zero, and then the

current 1
71“—‘,—1 @rnin (Oé)

T :=
I—n

belongs to the class {Kx + Z;V:l (a1)Y; + A} (we denote by Omin(c) the current

with minimal singularities of the class { Kx + Zj\]:l /(a)Y;+ A}). We clearly have the
equality
Omin(a) = (1 - 77r+1)T

which in turn implies that
@min(a) = (1 - nr+1)@min(al)

so the finite generation of the algebra A, (X) is obtained by induction on r, under the
assumption above (we do no treat the case r = 1 separately, since it is completely
similar to the general case). O

Hence we will assume for the rest of our arguments that 5, # Oforall k =1, ...,7+1,
and let mg be a positive integer, multiple of the denominators of a{c,S; and of the
coefficients of (17). We obtain a non-zero section

N
(61) s € HO (X, mo(Kx + Y U(&)Y; + 4))
j=1
whose zeroes divisor is mg=y.

Our approach for the finite generation statement 0.1 (ii) is based upon the next simple
result.
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3.1 Proposition. Let 6 > 0 be a positive real number. We assume that there exists an
integer do € Z4 divisible enough, and a finite set of sections

N
o € HO(X,mp(Kx + Y _U(6x)Y; + A))

j=1
where k =1, ..., K and (mg, 0) € T'q such that the next requirements are satisfied.

(R.1) There exists a finite set of points ag € L, together with the positive reals § >
dq > 0 such that L C UyB(ay, dy), where B(ag,dq) is the ball in R centered at
g with radius 65 with respect to the norm ||0]| := sup; [67].

(R.2) Let u be a section of the bundle m(K x +Xim1N 7(0)Y;+A) such that (m,0) €
Iy and moreover m@? € dood’Zy for all j = 0,...,r ; we assume that 0 €
B(as, ds). Then we have

u=u + Z )\da.?pl ®...®0}€§p’“
p€el(m,0)

where 1(m, @) is the set of multi-indezxes p such that

> mipr =m, > pemib =mb,

and the section uy satisfies the vanishing conditions ordy, (u1) > mds, for any
r+1
integer 1 < q < N such that Z n"(as)al # 0.

m=1

Then the algebra A, (X) is finitely generated. O

Proof. We denote by A=) (X)) the truncation of A,.(X) corresponding to the degrees m
which satisfy the arithmetic conditions in Ra. A first observation is that the integer myg
in (61) can be assumed to be a multiple of d,. We will prove next that A,.(X) is finitely
generated by the elements (o), (sx), together with a finite number of pluricanonical
sections of small degree.
N
To this end, let u be a section of m (K x + Z (0)Y;+ A), such that |6 —as|| < 6.
j=1
By hypothesis we have u = P(01,...,0n) + u; where u; has the vanishing properties
stated in R.2. We can assume that

(62) moy > H}%x{moa%}

since otherwise u belongs to a fixed, finite subset of A,(«d“’)(X ).

Let k be an integer such that n*(a;) # 0. According to the hypothesis of the
proposition, we have ordy, (u1) > d1m in particular for all the indexes ¢ such that Y
belongs to the support of Z;. Then the section u; can be written as

Ul = SKUk
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and we verify next that there exists some k for which the section v; above belongs to

the truncation of the algebra A,.(X) as fixed in the preceding proposition-because we
are willing to use the induction on the degree of u. In any case we have

v € HO(X, (m —mo)(Kx + > VP(0)Y; + A))
j=1,...,.N

where 0’ is defined by the relation
(63) mo&k + (m —mg)’ = mé.

Our goal is to show that for some index k the point 6’ belongs to the polytope £. We
remark that the affine coordinates of ' are given by

icphy — ™M j
) = i ()
if j # k and
k/nt mﬂk(Q) — My
TI (9 ) - )
m — my
so we will have ' € L if
(64) mn®(0) > my.

If the inequality (64) fails to hold for all k£ such that n*(a1) # 0, then we obtain an
upper bound for m, because |6 — a1 < d1, so we will have

m < Com + dmy

and of course we can assume that C'9; < 1. Therefore, unless m is smaller than a fixed
constant, there exists an index k for which the inequality (64) is verified ; moreover,
the relations (m — mg)0"”7 € dod’Z follows from (63).

In conclusion, the section vy belongs to Agad‘”)(X ), and the finite generation of this
algebra is deduced by induction on the degree m. Thus, the proposition is completely

proved, since the d., power of any section of A,.(X) belongs to Agnd‘”)(X ). O

83.A The first step

The construction of the generators (o;) will be performed by induction on dim(X), by
using the compactness of £ ; we begin by fixing an arbitrary point o € L.

By a suitable convex combination of the set of effective Q-divisors = corresponding
to the vertices of £ we obtain

N N
(65) Kx+) ()Y +A=> r'()Y;

j=1 i=1
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where 7¢(0) := Z;i n(0)al, > 0 is an affine form with rational coefficients, for each i,
cf. (59), (60).

Let ¢ be a real number ; we consider the following identity, taken from [19] (which
is nothing but the threshold of the Q-divisor constructed in (65) with respect to the

measure in the language used in [22]) :

dX
I1 ‘O'ij‘lj(O‘O)

N N
(1-|—t>(Kx+le(a/0)Yj+A) EKx-i-Z(lj(Oéo)'i‘tTj(OéQ)Y} + A.

Jj=1 J=1

The procedure we will describe next can be used under more general hypothesis on the
linear forms (7,17) ; the precise requirements are the following.

Initial data. There exists t,6° € Ry such that we have
ri(0) >0, 17(0)+tr’(6) >0

if |0 — o] < 6% and t > t°. Moreover we have I (ag) +t°17 (o) < 1 for allj =1, ..., N,
and 17 () > 0 for each j € Aap). O

We consider the set A(ag) := {j € J : r7(ag) # 0} ; thanks to the ampleness of A we
can assume that the following quantities
~ 11
(66) § o 1=l
r7(ao)

are distinct, for j € A(ap).

The smallest among the real numbers above is assumed to be ¢l ; therefore there
exists €1 > 0 such that
(67) V(ag) + {irj(ao) <l—-g
for all j # 1 ; we also have

(68) M) + tir () = 1,

SO we can write

N N
L+t (Kx + Y V(ao)V;+A) =Kx +Y1+ > (F(ao) + 117 ()Y, + A.
J=1 j=2

We have t° < ¢, and it may happen that ¢1 is not rational, so during the next lines

we will construct a rational approximation ¢! of t~1, and we will determine a real § > 0
such that

N N,
L+t (Kx + Y V(O +A) = Kx +Y1 + > U(0)Y; + Ay,

j=1 =2
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~ ~ 9
where [7 are linear forms with rational coefficients, such that 0 < 17(f) < 1 — 51 if
10 — ap|| < 9.

In order to achieve this, we will use the same arguments as in the paragraph 2.B.

Let 7,8 be positive real numbers and let t! € [(1 — )t!,t}] N Q. For any 6 € £ such
that ||0 — apl| < 9, a quick computation shows that we have

(69) ¥ (o) + 11 (ag) — ¥ (0) — 119 (0)| < C(#1) (7 + 9)
where C' ({i) > 1 is a constant depending on t1. The first requirement we impose to &
and v is

(70) ) (v +6) < 2

and then we will have

if |0 — apl] <6 and j # 1.
The next conditions on ¢,y are needed in order to transform the expression (l L)+
tr1(0) —1)Y1 + A. Let

lo := max 1l (ag) < 1
j

and let C'4 be a positive and divisible enough integer, such that
(71) Ca(l—1p) >2

and such that C4A +Y;,CaA —Y; and C4A are very ample line bundles. Let g >
C(tY)(y + d) be a rational number ; we have

(72) (1'(0) + 1 (0) — 1) Y + A= > INTI(O)H; +1/24

j=1

where Hyy1, Hyio, Hyis are respectively generic hyperplane sections of the linear
systems |Y7 + CaAl,|C4A —Y1| and |C4A|, and where we define

’ZVN+1(9> — l1(9> + t1T1(9> —1+q, 'ZVN+2(9> =q,

and )
TN+3 = (1 g1 411 -9
N30) = (1+ ST 1'(0) —t'r'(0) — 2¢)

We choose now the parameters as follows

€1 1 204 — 1 ) < 1
AC(H1) 1204C(t1) 2Ca (1 — min; I¥(ag))/ ~ 2

(73) 7' := min (

q := &1 and let t! be any rational number contained in the interval [(1 — 71)51, ﬁ] ; we
do not yet fix §, but instead impose the condition § < '. The first two quantities in
(73) are dictated by (70) and the bounds we wish to impose to the affine forms V17,
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In conclusion, we have the linear equivalence relation

N N+3 _
(74) L+t (Ex + Y FO)Y;+A) =Kx +Yi+ > U(0)Y; + Ay,
J=1 j=2

where A; = 1/2A, and l?(@) = 19(0) +t'ri(0) for j =2,...,N.

As a motivation for what will follow, we recall that in order to be able to apply the
proposition 3.1 above, we have to show in particular that the algebra A,.(X) is finitely
generated modulo the sections whose normalized vanishing order along Y7 is greater
than a fixed constant. Thus, it is natural to consider the expression

N N+3
: A+t ) (Kx + > V(O +A) —0Vi =Kx + Y1+ Y B(0)Y;+
J=1 j=2
+4;, — 0"ty

where the additional parameter §”+! corresponds to the normalized vanishing order
along Y;. The last part in the formula (75) can be written as follows

(76) Ap — 0"y = 07N (204 A1 — Y1) + (1/2 = 2C40" 1) Ay + 1/2A;.

Next we define ! by the next equality

1
1 Del o= —
(77) (1+t)e TN
and then we have
N N+5 _
(78) (1+t')(Kx + Z VO)Y;+A) -0 =Kx+ Y1 + Z 17(0,0" 1Y, + Ay
j=1 j=2

where the forms/hypersurfaces corresponding to j = N + 4, N + 5 are obtained via
(76), and Ay = 1/4A. The choice of €' as in (77), together with (73) and the fact that
tt > (1 —4Ht! implies

(79) (o) > 2t MNag) + it (a) > 2(1 4 tH)eh.

Now we fix 6! < 4! small enough in order to insure that

(80) ri(0) > &t 1NO) +thrt(0) > (1 +th)et

for any 6 € £ such that || — ag|| < §'. This implies that

(81) 1Y0) +tri(6) > (1 +t)eh.

for any t > t1. If 0 < 071 < (1 + t!)e! and [|0 — ag]] < 6! we notice that 0 <
1(0,0" ) <1—¢e1/2. O
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After all this preliminaries, we introduce the following algebra. We first define the
polytope L' C £ x [0, e'(1+ tl)} given by the couples (6, 7 +!) satisfying the following
conditions :

(a) We have [|0 — ap| < 61 ;
(b) The bundle Kx + Y7 + ZN+5 17(0,0"1)Y; + Az € Psef(X), and its generic Lelong
number across Y7 is equal to zero.

The fact that indeed £’ is a polytope is a consequence of the corollary 2.C.7.

Now we recall that in the definition of the algebra A,(X) we use the element
d = (d°...,d") € Z"! in order to define the set I'y. Let n; be an integer such

that L ¢z ; we introduce the following set
1+t
= {m'0) 00 = (0,07 e /0@, m e m'6+ e 7}
and the associated algebra
N+5
82)  An(Xa):= @B H(X,m(Kx+Yi+ Z 13(0")Y; + Ag)).

(m’,0")€r,

We remark that the previous definition is meaningful, as soon as n; is divisible enough.
We also remark the asymmetry of the arithmetic conditions imposed to 8 and "' in
the definition of I'/; ; the reasons for this are easily guessed from the formulas (77)-(78),
and they will appear even more clearly in a moment.

Let A,;1(X, o)y, be the restricted algebra associated to A,11(X,ag) ; we have
the next simple consequence of 2.C.7.

3.A.1 Lemma. The restricted algebra A, 1(X,ao)|y, is finitely generated. O

Proof. Our first observation is that the coefficients of Y; above verify the inequality
0 <li(0) <1—¢€/2, for each 0" € L', as a consequence of the definitions/choices

previously made. In this context, there exists a birational map u : X — X such that
-up to a subdivision of £’- we have

N+5
p(Kx+ Y+ 3 DO+ A2)) + S UOVE = K +Vi+ Y D), +4"(42)
j=1 el el

where the hypersurfaces Y/’; corresponding to I, are mutually disjoint, and the p-proper
transform of Y7 is equal to its total inverse image (again, we refer to the arguments in
[14] for the existence of p).

As it was already discussed in the first paragraph of the present article (and also
[1], [14]), via the map p we can easily identify a truncation of the restricted algebra
Ari1(X, o))y, , as follows.

For each ¢’ € £/~’ the current with minimal singularities corresponding to the bundle
Kx+Y)+ Z;:;s 17(0")Y; + Ay admits a well-defined restriction to Y7, and let p? . (0")
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be the Lelong number of this restriction at the generic point of Y}}y,. By the corollary

2.C.7, the functions pﬂnn are piecewise affine, defined over Q, and let py be an integer,
which is a multiple of all the denominators of their coefficients. Then the pg-truncation
of the restricted algebra A, 1(X, ap)y; is isomorphic to

) A= @ (VK + 3 BE) ), Vg + 0t (42)).

(m/ﬁ/)gl";od JeEIlL

where the set I, in the expression above is defined as (m’, ') € T, such that

n1

/ek dk
m € Po 1o

Z+7

if 0 < k <r and m'0"t! € pgZ. By induction, the algebra A is finitely generated, and
then the restricted algebra has the same property ; thus the lemma 3.A.1 is completely
proved. O

3.A.2 Remark. By the construction of the algebra A, 1(X, ap) we infer the following
fact, which will play an important role for the rest of the proof of 0.1. Let

N—i—5~
ve HO(X,m'(Kx + Y1+ Y U(0)Y; + Ap))
j=1

be an element of this algebra. We have 6’ = (#,07"!), and we consider the section

I or+1
u::v®a§€?1m9 ;

we denote by oy, the canonical section associated to Y;. The above definition is
legitimate, since by the definition of I, we have m’6" 1 € Z,..
The claim is that we have
ue A (X)

and indeed this is obvious, since by the relation (78) we have

ue H(X,m/(1+t")(Kx + ) _V(0)Y; + A)

j=1
as well as 0 € £ and m/(1 +¢1)07 € nyd’Z, for j =0, ..., 7. O

Before explaining the end of our proof, we will discuss next the impact of the finite
generation of the restricted algebra A, 1(X,ag)y; on the properties of our initial
object A, (X).

Let A&””(X) be the truncation of A, (X), corresponding to the set (m,0) € I'y
such that m@* € n,;d*Z, for k = 0,...,r (where the integer n; is the same as the one
appearing in the construction of the algebra A,11(X, ap) a few lines above). Let

N
we H (X, m(Kx + Y _V(0)Y; + A))

Jj=1
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be an element of .Ainl)(X), such that ||§ — ap|| < 8. We write m = (1 + t!)m/ where
m’ € 7 thanks to the fact that m € (1 + ¢')Z. By the formula (74), the section u
becomes an element of the group

N+3
(84) HO(X,m/(Kx +Yi+ Y _ 1(0)Y; + Ay))
j=2

(because we tacitly assume that n, is divisible enough). Let k; be the vanishing order
of u along the hypersurface Y7 ; we have

u = nglul

If =+ > !, then we stop ; if not, we observe that u; is a section of the bundle
m

N+5
m' (Kx + Y1 + Zlﬂ )Y, + As),

j=1
where 71 = k/m/. In other words, u; is an element of A, 1 (X, ap), as one can deduce
from the relations (a), (b) and the definition of I",.

We denote by (31, ..., Bk the generators of the restricted algebra A, 1(X, ao)jy;, and
then we have

u1:ZAp i@’”@ ®B®pK+UY1uz

where ko > 1 and where the restriction of us to Y7 is non-identically zero.

If B, € H° (X, mj, (KX +Y; —l—Z;V:tS 17 (0,)Y; +A2)> , then the equality above implies
that

K
m’(@, gr—i—l) = Zpkm;€<9k, 62—1—1)
k=1

so we have

91”—1—1 Zp mker—l—l
For k=1, ..., K, we define

N
r+1 .
Wi = B @ oyt € HO<X, (L+t)m), (Kx + 31 (6,)Y; +A)).
j=1
Thanks to the remark 3.A.2 above, we have wy, € A 1)(X) and we get

Again, if > ¢!, then we stop ; if not, we repeat the same procedure with wus.

k1 + ko
m
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In conclusion, after a finite number of steps, we can write

(%) u= Z AP ® . @ WP 4+ U%malu[g];

where w9 is a section of the bundle m(Kx + Z;V:l V(0)Y; + A) — me'Y.

Therefore, after this first step we have shown that our algebra verifies a consistent
part of the requirements of the proposition 3.1. O

§3.B Iteration scheme
We turn now our attention to the sections of the algebra A, (X), whose normalized
vanishing order along Y is greater than e?.

Let t > t! ; we have the identity

1+ (Ex+ Y U (0)Y;+A—c'V1) =Kx + (I'(0) + tr' () — (1 +t)e') Y1+
(85) =1
+ > (PO +trI(0)Y; + A

JEJj#1

In order to make the exposition a bit cleaner, we introduce further notations :
ol}:=0and r} := 77, if j # 1, and

1

oll:=1'—clandrl :=r! —¢l for j=1.

Then we observe that we have
(86) r3(0) = 0, 1(6) +tr3(6) 2 0
for any 6 € £ such that [|§ — ag|| < &1, and for any ¢ > t!. For j = 1, we remark that

this is a consequence of the inequality (81), whose importance appear clearly at this
moment.

We also note that we have
(87) B(ag) +t'r(ag) <1, r2(ap) >0

for all j =1,...,N and p € A(ap). Therefore, after the first step, the new affine forms
(13,73) are satisfying the assumptions in the “initial data” of the preceding section.

We consider the quantities
(88) t) =

for j € A(ap) ; we remark that the smallest of them is strictly greater than ¢!, by the
inequality (87).
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The procedure described in 3.A applied in the current setting will give the numbers
72,82, e and t? > t! such that the next relations are verified

1
2\ 2 . -
(89) (1+t%)e? = i
and
(90) r2(0) > 2, 12(0) + tr?(0) > (1 + )2

for any § € L such that ||§ — ag|| < 62 and for any ¢t > t2. The integer jp is the
index for which the minimum of the quantities (88) is achieved ; we note that we have
j2 € A(Oé()).

We observe that we are not forced to increase the constant C'4, because the condition
Ca (1 — max; l%(ao)) > 1 is automatically satisfied, since 15 < 17. Also, we will get the
analogue of the relation (78) as follows

N -
A+ (Kx+ Y BOYV+A4) -0V = Kx+Yi+ Y B0+ 4
e J=1,..,N+5,j#j2

With this data, we introduce the analogue of the algebra A, 1(X, ap), and at the end
of the second step, we will obtain the following conclusion. If jo = 1, then we get
the finite generation of the algebra A,.(X) locally near the point (a-priori chosen) ay,
modulo sections having the normalized vanishing order along Y; greater than € + es.
If not, the same conclusion holds, modulo sections with normalized vanishing order
greater than €; along Y; and greater than e? along Yj,.

The rest is clear : we keep on iterating the procedure above, so assume that we have
performed this say k£ times. This means that for each 1 < p < k£ we have constructed
the following objects.

(a) We have the linear forms 7 and 77, such that
(91) llj; =1 — Z ed, rg =7 — Z el
qeN;,q<p—1 q€h;,q<p—1

where we have ¢ € A; if and only if the index j achieve the minimum of the
expressions (88) at the ¢ step.

(b) We obtain a set of real numbers (7P, 07, P, tP) such that

1-1
min ﬂztpztp_l, (1 +tP)eP ::L
i=LeoN ol (ag) 4C 4
and such that
(92) rl(6) >0, ©(0)+trl(6) >0

together with

ri(ao) >0, () > eP, li}' (0) + trgp (0) > (1 +1t)eP
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if |0 — || < 0P, t > tP and g € A(y) ; we denote by j, the index for which the
minimum of the quantities (88) is achieved at the begining of the step p.

(c) We have the identity
N
1+°)(Kx + Y _B(O)Y; +A) -0y, =
(93) = N
=Kx +Y; + > 1(60,07)Y; + As.
Gj=1,.,N+5,j#j,

(d) We define the polytope £, C L x [0,eP(1 + t*)] given by the couples (6,67 1)
satisfying the following conditions :

(d") We have [|0 — ag]| < 6P ;

(d"”) The bundle Kx +Yj, + 3., 15(0,0"T1)Y; + Ay € Psef(X), and its generic
Lelong number across Yj is equal to zero.

(e) Let n, be an integer which is divisible enough, such that € 7 ; we introduce

Mp
1+1¢P
the following set

Ty == {m' 0) 0 = 0,07+ € LyA @, o € LWz, o ez

and the associated algebra

Ari1(X 00p) = P HO(X,m!(Kx +7j, + Zlﬂ )Y; + Ag)).
(m/,0")er, (p) J#Jp

We note that the divisibility constraints we have to impose to n, also depends on

the previous steps, as m’6’ must clear the denominators of the coefficients of of I}
for ¢ =1,...,N + 5 ; in particular, we require n,e? € Z for each ¢ < p. However,
the total number of such constraints is finite. O

As we did after the proof of the lemma 3.A.1, we explain next the progression we have
achieved in the direction of the lemma 3.1 after k > 2 iterations.

In the first place, the analogue of the remark 3.A.2 reads in the iterated context as
follows. Let
ve H(X,m'(Kx +Y, +Zzﬂ Y + As))
J#Tk

be an element of A, 11(X, ap; k). Then we define

r+1
U —v®a®m9 ®1_[a®mE

where m := (1 4+ t*)m’ ; we remark that the above expressions are meaningful, by the
divisibility properties of the (n,) in the point (e). The observation is that the section
u above belongs to the algebra A,.(X) ; the verification is immediate.
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Next, we define n¥ := HI;:1 ny, and let A&nk)(X) be the truncation of A, (X),
corresponding to the set (m, ) € I'q such that mé* € n*d*Z, for s = 0,...,r. Let

o€ H'(X,m(Ex +) U(0)Y; + A))

j=1

be an element of .A(n )(X) ; we assume that [|§ — ap|| < min; 6. By the relation (%),
the sectlon o can be written as a polynomial of a fixed number of generators, plus
O'g)ma o[9), Where
N
o € H' (X, m(Kx + > _1(0)Y; + A)).

J=1

Let v be the vanishing order of o5 along the hypersurface Yj,. If v/m > €2, then we
stop ; if not, there exists a section

g € HO(X,m® (Kx +Y, + Zzﬂ )Y; + As))
J#J2

such that

T19) = 0y, V2]

where m = (1 + t?)m® (thanks to the relations (93) above). In other words, the
section vy becomes an element of the algebra A, 1(X, ao;2).

The procedure descrlbed at the end of 3.A will show that the section u is equiv-
alent with 0®m€ Ug’me o3}, modulo a polynomial of a finite number of generators
(correspondlng to the finite generation of the restricted algebras of A, 1(X, ag) and
.Ar+1<X, Qp, 2))

In conclusion, after k steps we obtain

S S m mk
(1) u—Z)\Swl '@ . @WRT 4o ¢! © . @ 0P ® upppa).

The following lemma shows that if £ > 0, then the hypothesis of 3.1 will be fulfilled.

3.B.1 Lemma. After a finite number of iterations of the procedure above, each j €
A(ap) will be the index for which the minimum of the quantities (88) is obtained.

Proof. We argue by contradiction : assume that there exists an index jg € A(ag) such
that the minimum of (88) is not obtained for j = jp, for any number of iterations. Then
we infer that the sequence (¢¥) is bounded, because at each step t* is a minimum, in
particular smaller than

1-— ljo (Oé())

(94) 7o (ag)
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and this quantity will be unchanged during the whole iteration process. Then the
relation (92) gives a lower bound for €, and this contradicts the positivity of rg’ for
some index j, for which the cardinal of the set A; is large enough. Thus the lemma is
proved, and so it is the theorem 0.1. O

3.B.2 Remark. Unfortunately, the arguments provided in this section in order to infer
the finite generation statement depends too much on the fact that we have the strict
positivity term A in the boundary. This is a minor difficulty, and can be bypassed by
a modified version of the statements 2.C.1, respectively 2.C.2 (which will be discussed
elsewhere). However, it seems to us that the severe obstacle in order to remove the
ampleness A from 0.1 is the identification and analysis of the restricted algebra. O

3.B.3 Remark. In the finite generation paragraph 10 of the article [19], starting
from (the analogue of) A,.(X) it is proposed an ingenious construction of an enlarged
algebra in order to conclude. It seems to us that the arguments presented this paper
are incomplete, for the reasons we will detail next.

The enlarged algebra used (on pages 39-40 of [19]) can be expressed as

Rji= P H(X,q(Kx+F+Y (o — fu(r)Fr+ A))
(¢,7:p)€C; k]

where the set C; is given by the following conditions :
(1) 7 € A, where A is the standard simplex in RY ;

(2) For each k # j we have 0, (1) < pr — fr(7) < 1, where 0, and f, are affine functions
of 7 with rational coefficients ;

(3) We have ¢ € R, such that for each k # j we have gpr € Z,, and moreover
q(1+ f;(7)) € Z4 (we stress on the fact that j is a fixed index).

If we denote by (75, p;) the vertices of the polytope described by the conditions (1)
and (2) above, then the affine coordinates of a point (7, p) can be written as

(1,p) = Z AP (Tp, Pp)-

Now if ¢ is a rational number satisfying (3), in general it does not follows that for all
p we have

» 1
(1) g\t € d—OZ

where dy is some fixed integer.

In conclusion, the restricted algebra associated to R; is far too general in order to
apply the results which are proved in [19]-in order to use them, the relation (ft) is
needed.

The approach we have presented in this survey avoids exactly this rationality issue,
due to the fact that we only perform a finite number of iterations, and each iteration
needs only a finite number of arithmetic conditions for the order of truncation of the
initial algebra. O
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