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Abstract

Numerical computations of stationary states of fast-negaBose-Einstein condensates require
high spatial resolution due to the presence of a large nuwibguantized vortices. In this pa-
per we propose a low-order finite element method with meshptadty by metric control, as an
alternative approach to the commonly used high order (faifterence or spectral) approxima-
tion methods. The mesh adaptivity is used with twiietent numerical algorithms to compute
stationary vortex states: an imaginary time propagatiothotkand a Sobolev gradient descent
method. We first address the basic issue of the choice of tielaused to compute new metrics
for the mesh adaptivity and show that refinement using samelbusly the real and imaginary
part of the solution is successful. Mesh refinement using tré modulus of the solution as
adaptivity variable fails for complicated test cases. Tiwersuggest an optimized algorithm for
adapting the mesh during the evolution of the solution toldhe equilibrium state. Consider-
able computational time saving is obtained compared toumifmesh computations. The new
method is applied to computefficult cases relevant for physical experiments (large nealin
interaction constant and high rotation rates).

Key words:
Gross—Pitaevskii equation, finite element method, mesptaity, Bose-Einstein condensate,
vortex, Sobolev gradient, descent method.

1. Introduction

Recent researciferts in the field of condensed matter physics were devotduketstudy of
guantized vortices nucleated in a Bose-Einstein condeiB&C). Several groups have produced
vortices in diferent experimental set-upd [1.[2.[B[k[]. 6], leading to montheoretical and
numerical studies aimed at a better understanding of suchos@opic superfluid systems with
guantized vorticity.

Atypical experimental BEC configuration with quantizedtices is the rotating condensate.
The condensate is confined by a magnetic potential and setatdtion using a laser beam,
which can be assimilated to a spoon stirring a cup of tea. eStine solid body rotation is not
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possible in a superfluid system, the condensate has theedhetiween staying at rest and rotating
by nucleating quantized vortices. The number and shape rtitge depend on the rotational
frequency and the geometry of the trap. The fast rotatiomregds particularly interesting to
explore since a rich variety of scenarios are theoretiqaidicted: formation of giant (multi-
guantum) vortices, vortex lattice melting or quantum Héiets. This regime is experimentally
delicate to investigaté][{] §} 9], making numerical simiolas very appealing in depicting vortex
configurations for fast rotations.

However, numerical simulations of fast rotating condessate also very challenging for at
least two reasons. The firstficulty comes from the presence in a condensate of a large num-
ber of vortices when high rotation frequencies are reacledexample of such configuration
is illustrated in Fig.[J1 for a condensate trapped in a harmamagnetic potential. We recall
that a quantized vortex is a topological defect of the mampie wave function describing the

condensate: _
¥ = Vp(x.y,2 &>, (1)

wherep is the local atomic density arfithe phase. In other words = 0 in the core of the vortex
(no condensed atoms are present) and around the vortexettist®a frictionless superfluid flow
with a discontinuous phase field. As a consequence of thiseptiscontinuity, the circulation

around a vortex is quantized
h
r= dl=n— 2
95 v.dl =n—, 2)

wherev = %Lmve is the local velocity (defined by analogy with classical f&)ich is Planck’s
constantmthe atomic mass andan integer (the winding number). A numerical system has to
offer suficient spatial resolution, not only to capture the large gnad of the density in the
small-size vortex cores, but also to cope with phase diswaities that extend up to the edge
of the condensate (see Fig. 1). This explains the use intératiire of discretization methods
with high order spatial accuracy: Fourier spect@ [@, @], sixth-order finite dterences
(L3, [£4.[1}], sine-spectrd TLp,]17], Laguerre—Hermiteupsespectral[[]8], etc.

The second numericalftiiculty in computing such configurations comes from the nucagri
algorithm used to converge to stable states with vorticeasthdf the numerical algorithms
proposed in the literature use the so-call@aginary time propagatiownf the wave function.
A typical computation (Fig[|2) starts from an ad-hoc inigahfiguration and iteratively search
for a minimizer of the energy describing the system (suchhodt are described in the next
section). During the iterative process, the vortices mdéawlg in the condensate towards their
final equilibrium locations. Depending on the initial cotioln, new vortices could also enter
the condensate. This is the case in Hig. 2 where a convergeglutation for a lower value of
the nonlinear interaction constant is used as initial cthorali This evolution, calledmaginary
time evolutiorsince it has no physical relevance, has to be accuratelyiepby the numerical
system and brings up the question of the behavior of startiaramic mesh adaptivity methods
in this context. To the best of our knowledge, this questias wot addressed in the literature.

In this paper we tackle the two above mentionefiidilties by using a low-order finite el-
ement method with mesh adaptivity, as an alternative of coniynused high-order methods.
Finite element method have been already u@dﬂg, 20] to atevprtex states in rotating BEC,
but with fixed meshes. An attempt to adapt the mesh was ma]m){/ using a fixed computa-
tional domain with diferent mesh densities; finer meshes were initially set in soiaihs where
vortices are guessed to lie in the final equilibrium configora
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Figure 1: Example of fast rotating condensate (harmonppiray potentialg = 5000,Q/w, = 0.95) computed with the
present method. Contours of atomic dengifleft, low density in black) and phaggright) of the converged (stationary)
state. Note the dense Abrikosov vortex lattice and phaseuliguities joining the border of the condensate.
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Figure 2: lllustration of the imaginary time evolution ofetlsolution before reaching the converged state displayed in
Fig. ﬁ Energy decrease and contours of atomic depsity intermediate states. Note the nucleation of new vastice
and their rearrangement in a more and more regular Abrik@@ttge. The jumps in the energy evolution correspond to
mesh refinement.



It is important to note that the mesh adaptivity is also ofagjieterest for the simulation of
vortex states in type-1l superconductors. Such systemsdeseribed by the Ginzburg-Landau
(GL) macroscopic model that has close resemblance with fae@uation when high values
of the GL parameter (kappa) are considefedl [22]. Severalskegies [28[ 4] have set the
mathematical and algorithmic basis for the use of finite elehmethod to simulate vortex con-
figurations governed by the GL model (SE| [25] for a reviewdwiever, as mentioned iﬂ25],
using mesh adaptivity in computing vortex lattices withi@é&number of vortices is still a com-
putational challenge in this field too.

The purpose of the present approach is to use a dynamic megiivély that allows to
follow the evolution of vortices during the computation illnbnvergence. To this end, we start
by implementing in a low-order (piecewise linear) finiteraknt setting two dferent algorithms
to compute stationary vortex states: a classical methoelbas the imaginary-time propagation
of the wave function and a Sobolev gradient descent methoithéodirect minimization of the
energy functional. These two algorithms are describedeémé#xt section. Secti(ﬂ 3 presents the
finite element setting and the mesh adaptivity strategydasenetric control. Several numerical
experiments are designed in sectl])n 4. We start by answarenbasic question of the choice
of the variable used to adapt the mesh. In particular, we ghaivthe approach, that might
appear as natural, of refining the mesh following the atoreitsityp is not always successful.
Extensive numerical tests prove that refinement using samebusly the real and imaginary part
of the solution as adaptivity variables is the successfpi@gch. The new adaptive mesh strategy
is shown to bring an important computational time saving @eenputations using refined fixed
meshes. Finally, the proposed method is applied to compfiteudt cases, with large nonlinear
interaction constant and high rotation rates, that areaelefor physical experiments.

2. Numerical methods to compute minimizers of the Gross-Péaevskii energy

2.1. Mathematical problem

In the zero-temperature limit, a dilute gaseous BEC is nmattieally described by a macro-
scopic complex wave functiop(x), which spatial configuration is obtained by minimizing the
Gross—Pitaevskii (GP) energy. We consider a BEGlaftoms trapped in a magnetic potential
\7trap with radial symmetry and transverse trapping frequesngy The condensate is rotating
along thez-axis with the angular velocit2. It is common practice to scale the variables using

as characteristic length the harmonic-oscillator lertyth /m%, whereh is Planck’s constant

andmthe atomic mass of the gas. Using the scaling,x/d, u(r) = ¢(x)d*2/ YN, Q = Q/w,,
we obtain the non-dimensional energy (per particle) in tiatmg frame:

1 .
E(u) = f E|Vu|2 + ViraplUl? + g|ul4 — Qiu*(A'V)u, (3)
D
whereVyap = h—alavt,ap, andA = (y,—x,0). We denote by* the complex conjugate af. The

interactions between atoms are described by the corg;t:aﬁf%, with as the sswave scattering
length. The mass conservation constraint becomes in taisigc

f@ UP = u? = 1, @)
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where we denote by|| = ||/l 2p,c). Note that we have considered thgt) — 0, asr — oo and,
consequently, the condensate could be confined in a bourwsheaiadD.

We consider in the following the two-dimensional problenfined on® ¢ R2, with ho-
mogeneous Dirichlet boundary conditioms= 0 ondD. For given constant®, g and trapping
potential functionVirap, the minimizerug of the functional [[B) under the constraif} (4) is called
the ground state of the condensate. Local minima of the griangtional with energies larger
that E(ugy) are called excited (or metastable) states of the condensat

We present in the following two fferent methods to compute minimizers of the GP energy.

2.2. Imaginary time propagation: Runge-Kutta-Crank-Néom scheme
Most of the numerical algorithms proposed in the literatior&eompute minimizers of the

GP energy use the so-calledrmalized gradient flofLg]. It consists in applying the steepest
descent method for the unconstrained problem,

du  10E(u) Véu o

—=—-= = —— — VirapU — glU[“u + iIQA' VU, 5

ot 2 du 2 trap g| | ( )
to advance the solution € C from the discrete time levdl, to t,.1; the obtained predictor
0(r, th,1) is then normalized and used to set the solutiof atsatisfying the unitary norm con-
straint:

”;E:,En+1) . ®)
5 n+l)||
It is interesting to note tha[l(S) is commonly referred asithaginary time evolutiomquation,
since the right-hand side corresponds to the stationargg=itaevskii equation. The gradient
flow equation Kb) (or the relatecontinuous gradient flovequation, seem6]) can be viewed
as a heat equation in complex variables and, consequealfgdsby diferent classical time
integration schemes (Runge-Kutta-Fehlbérd [1D, 11], wacé Euler [1p] 79[ 17, 18], second-
order Strang time—splittind]tf[lw], etc.). We describeha following the combined Runge-
Kutta-Crank-Nicolson scheme that was successfully us@,] to compute stationary
three-dimensional BEC configurations foffdrent trapping potentials.

If we write (E) under the general form

u(r, thet) =

ou
- = N(U) + L(u), (7)
ot
with A (u) containing non-linear terms at{u) linear terms, a combined three-step Runge-Kutta
and Crank-Nicolson readp |26 27]:
Ugs1 — U C
= = AN (U + BN (Ue) + 5 L (Ut + U, (8)

e
Crank-Nicolson

Runge-Kutta

wherek = 1,2, 3 are the substeps needed to advance the solutiontfrton,.;. The following
values for the coficients

8 5 3

al = 1_5’ aZ = 1_25 a3 = Z’ (9)
17 5
b1=0, by= ~50° b3 1 (20)
2 1
C1 = E, C2 C3 = =. (11)

15 - 15
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ensure the third-order accuracy in time for the Runge-Kp#itd and second-order overall accu-
racy. Note that the intermediate integration time valuesia£ t, + ccot, with ¢y + ¢ + ¢z = 1.
An important computational advantage is that the schemewisstorage and self-starting. In-
deed, sincd; = 0 the storage of the solutiari~! at the previous time-step is not necessary. For
numerical purposes, the equation to solve is written as:

1

(a _ % L) Ok = [N (Uk) + BN (Uk-1)] + L (Un), Gk = Uken — Uk, (12)

with the variational formulation: findx € H}(D, C) such that/v € H}(D, C),

I,

Depending on the choice of the linear operatorﬁh (7), we datinguish between ¢ierent
schemes. In[[19, 14, 15] the linear operator was defined irclmsical way: £(u) = V2(u).
We use in the following a dierent choice that resulted in a better stability of the saiem
LU) = V3(u)+iQAVu, (14)
Nu) = - [g|u|2 + Vtrap] u. (15)
For this method, the mass conservation constrﬂnt (4) Entékto account by using the discrete
normalization [[p).

%qu - C—Zk—E(Qk)V] = fz) (AN (k) + BN (Uk-1)) V + CeL(U)V. (13)

2.3. Direct minimization: Sobolev gradient descent method

Another method to compute stationary BEC states is to dyresinimize the GP energy
(E) using steepest descent methods. It is interesting ® that in the descent methoﬂ (5), the
right-hand side represents thé-gradient (orordinary gradient) of the energy functionaAn
important improvement of the convergence rate of the desoethod is obtained by replacing
the ordinary gradient with the gradient defined on the SabsfmceH(D, C). The reason
is that the use the Sobolev gradient is equivalent to a prbtioning of the ordinary gradient
method. The idea of introducing the Sobolev gradient in aelgsmethod was developed by J. W.
Neubergerin the 1970’s and is now used in several fields ofmigal analysis (seﬂlZ8]). Onthe
related topic of finding minima of the Ginzburg-Landau e ctional for superconductors
(B3, [24], the Sobolev gradient method was first presentegﬁRecent developments of the
method in a finite element setting include the minimizatiéisohrodinger [3P] or Ginzburg—
Landau type functional§ [B1].

In the framework of computing critical points of the GrosgaPBvskii energy with rotation,
a descent method based on theSobolev gradient was used E[@ 11], in conjunction with a
spectral method for the spatial discretization. |E [32] veedrequipped the Sobolev spadé
with a new inner scalar-product and used the associatedegitad improve the convergence of
the descent method for high rotation frequencies. The naeriproduct is

U, V), = f (U, v) +(Val, Vav), (16)
D
whereV, = V +iQA!, and(-,-) denotes the complex inner product. The new Hilbert space is
denoted byHA(D, C). Hence, theHa gradient of the energy functional satisfies the equation:
<V E,v>p,=< V2E,v> 2. a7

The numerical method introduced 32] consists in theofwlhg steps:
6



o We first compute the gradiemy,E. Observing that an equivalent definition of thig
scalar product is:

<UV >y, = f 1+ Q% + )| u,v) + (Vu, W) - 2Q(A' VU, V), (18)
D

we infer that the gradie@& = Vy,E could be directly computed frorﬂl?) as the solution
of the variational problem:

f |1+ Q% + 3| GV + VGV - 2iQAVGV = RHS  Yve HY(D,C),  (19)
D
where the right-hand-side term representsithgradient (in the weak form):

RHS= f Vuvv + 2 [Vtrap u+ (guP)u-— iQAtVu] V. (20)
D

e In order to satisfy the mass constraiﬂt (4), we project tlaeligntVy, E onto thetangent
spaceassociated to the constraint. In our case, we project oatii space of3’(u),
wheregs(u) = f@ lul?. The final expression (seE|32] for details) of the projettiat will
be used for numerical implementation is:

R(u,G)>

PunG =G - (U Ve VHas (21)
with R denoting the real part, angj, computed such as that
R{VH, VH, = B (U)V = R{U, V) 2. (22)
e The solution is finally advanced following the general desceethod:
u™t = u" - 6t Py, G(UN). (23)

It should be noted that the projection step ensures thatdhm of the initial condition () is
preserved through the iterative proc (23).

3. Finite element spatial discretization and mesh adaptity

The finite element implementation uses the free softwareFeBt+ [E], which proposes
a large variety of triangular finite elements (linear anddratic Lagrangian elements, discon-
tinuousP?!, Raviart-Thomas elements, etc.) to solve partifiedential equations (PDE) in two
dimensions (2D). FreeFer is an integrated product with its own high level programmamg
guage with a syntax close to mathematical formulationsefFeex+ was recently used to test
algorithms for the minimization of Schrodinger or Ginzgukandau functionalsﬁk@l}.



3.1. FreeFem+ implementation

It is very easy to implement the variational formulationsasated to the above described
algorithms using FreeFerm. We outline here the main features of the finite element imple-
tation that were helpful in writingféicient FreeFem+ scripts. Let7}, be a family of triangula-
tions of the domairD. We assume thafy, is a regular family in the sense of Ciarl34], with
h > 0 belonging to a generalized sequence converging to zeraléivete byP'(T) the space of
polynomial functions on triangleB € 71, of degree not exceedirig> 1 . We also introduce the
finite element approximation spaces:

Wi, = {wh € CO(D); whlr € PI(T), VT € 7T}, (24)

and
V) = {Wh e W Whlr, = O}. (25)

The finite dimensional sspac&»!;'1 is a subspace dﬂé(Z)) and therefore will be used to discretize
the variational formulations previously written. We usetlie following P* (I = 1, piecewise
linear) finite elements to approximate the solution a4 eepresentation of the nonlinear terms.
It is interesting to note that FreeFem allows to switch toP? (I = 2, piecewise quadratic) finite
elements by a simple change of the definition of the geneiitefalement spac\A/r'].

An efficient implementation of the algorithms described in thevimgs section is obtained
using the pre-computation of the complex matrices assextiat linear systems. For the imagi-
nary time propagation method, the integral fo@ (13) leads¢ following linear system:

1 c ¢
5AM + EkAG - EKAQ Qx = Al (&N + biNk_1) — cAs Uk + CAgUk, (26)

whereUy is the solution vector at substépof the Runge—Kutta method arf@k = Uy,1 — Ux.
Denoting byw‘h the basis functions of the spa‘af#, the matrices in@G) are defined in the classical
way usingl = 1:

Admp = f (W)W (27)
Dn
(Achmp = f@ VD), (28)
Aodmp = (i) f (AT (W) ) (W) (29)
Dp

Nonlinear termd\, corresponding tqzjrS), are computed with higher accuraaygP* finite
elements. The (non squared) mam'ﬂﬁ is consequently computed as:

(Al mp = f@ (W)W . (30)

Previous two-dimensional integrals are computed usingtadifder quadrature formula. If the
imaginary time advancementis conducted with fixed size sitap, a further optimization comes
from the storage of the three matrices of the linear systamesponding to each substep of the
Runge—Kutta integration procedure.



For the Sobolev gradient method, the discrete forn{ df (18pbees:
AsG = A},.Ny + AgUp — 2A0U,, (31)

with N, corresponding to &* representation of nonlinear termé\arap + g|un|2) Un. The matrix
As of the linear system:

(As)mp = f@ |1+ Q2% + 30| (Wi)m (Wh)p + VWEmY (Wh)p — 2IQ(AV)(WE) p(Wedm.  (32)

is computed by a fifth order quadrature formula. An importesputational tine saving is
obtained if the matriX\s is stored and factorized before the time lopg (23).

The last point to emphasize concerning the Freefeimplementation is that all previous
equations are solved in complex variables. As a consequémeeorresponding matrices also
have complex elements. The approach useEh [30], basec@earation of the real and imag-
inary part of the unknown variable, results in considerdélger computational times. Besides,
this separation is not possible when computingthegradient from [(19).

3.2. Adaptive mesh refinement strategy

Mesh adaptivity by metric control is a standard functidfeced by FreeFemw. Details on
the ingredients used in the metric mesh adaptation can belfiou[33,[36[3]7[ 39 34, #0]. The
key idea is to modify the scalar product used in an automatismgenerator to evaluate distance
and volume, in order to construct equilateral elementsraicg to a new adequate metric. The
scalar product is based on the evaluation of the Hesglaof the variables of the problem.
Indeed, for aP* discretization of a variablg, the interpolation error is bounded by:

& = |y —hxlo < csup sup [H(XI(Y-2.(y-2) (33)

TeTh XY,zeT

wherellpy is theP?! interpolate ofy, | ()| is the Hessian of at pointx after being made positive
definite, and. denotes the dot product. We can infer that, if we generaiagus Delaunay
procedure (e.g.|I$8]), a mesh with edges close to the uniitheim the metricM = % the
interpolation erro€ will be equally distributed over the edgasof the mesh. More precisely,
we have

1
%a,-TMai <1 (34)

The previous approach could be generalized for a vectoabiay = [y1, v2]. After computing
the metricsM; and M, for each variable, we define an metric intersecidn= M; N M5, such
that the unit ball ofM is included in the intersection of the two unit balls of medrivl, and
M;. For this purpose, we use the procedure defineﬁh [39]./1f_alndvi', (i,j = 1,2) be the

eigenvalues and eigenvectors/f, j = 1, 2. The intersection metrid\%() is defined by
M= M (35)

where M; (resp. Mg) has the same eigenvectors th&fi, (resp. M, ) but with eigenvalues
defined by:

A= max@h v Mavd), =12 (36)
9



FreeFem+ uses mesh generation tools developed ih [3B, 39] with thelhothat the De-
launay mesh generation procedure introduces an extraicnt® keep the new mesh nodes and
connectivity maps unchanged as much as possible when therjired mesh by the new metric
is similar to the previous mesh. This reduces the pertubatintroduced when the solution is
embedded by interpolation from the old mesh to the new one.

The mesh adaptivity strategy used in this work is based orfattethat the energy of the
solution decreases during the computation to attain aglaterresponding to a local minima
(see Fig[]2). Since we generally use a convergence critfifi4,[15[32] based on the relative
change of the energy of the solutiait,, = (En.1 — En)/En < &, we monitor the same quantity
to trigger the mesh adaptivity procedure following the redgbrithm:

1. choose a sequence of decreasing valiies &, that represent threshold values for the
mesh adaptivity;

2. seti=1;

3. if &1 < 6E, < & andsE, > &, call the mesh adaptivity proceduriixe solutionu is
interpolated on the new mesh and normalized to satisfy titanymorm constraint;

4. if step 3 was performeN,q > 1 times, increasetoi + 1. Limiting the number of mesh
refinements for the same threshold, is necessary sincemf2sthe interpolation on the
new refined mesh and the normalization of the solution coedd lto an increase of the
value ofSE;.

As an example, for the computation displayed in Fﬂ;s. 1|}mzb2‘jxed the convergence thresh-
old to e. = 10°8 and mesh refinement threshold valueg te {10°6,5- 10°7,2.5- 107, 10°8}.
The number of calls for the mesh refinement procedureMggs= 3 for each fixed threshold.
We can notice in Fig|:|2 the jump in the energy evolution whenrttesh refinement was applied,
resulting in a faster convergence to the final value of thegne

An essential question that remains when defining the mesteraént procedure is the choice
of the mesh adaptivity variabje Since vortices are characterized by small cores in whieh th
atomic density rapidly decreases to zero in the vortex ceittenay appear obvious to use as
mesh refinement variabje = |u|, the modulus of the wave function. We prove by extensive
numerical tests described in the next section that thiscgmpr is not always successful. In
exchange, the adaptivity strategy considering simultasigdhe real and imaginary part of the
solution to compute the metricse. y = [ur, U], proved dfective in capturing the right solution
with an important reduction of the computational time conepido fixed mesh calculations. This
strategy was applied in computing the complex vortex comndijon displayed in Fig[|1.

4. Numerical experiments

In computing stationary states of rotating Bose-Einsteimdensates, the initial conditiag
plays a crucial role. It was theoretically proved[41]tthaa real-time evolution of the rotating
condensate, the number of vortices attained by the contéedepend upon the rotation history
of the trap and on the number of vortices present in the caatennitially. This observation
also holds for the imaginary-time evolution: for the samtation frequency, dierent stationary
states, characterized by closed values of the energy, dmultbtained starting from filerent
initial conditions.

Three types of initial conditions are generally used for patng stationary states in a rotat-
ing BEC: (i) condensate without vortices, with a wave function distitouderived from a phys-

10



ical model, called the Thomas-Fermi approximatii); condensate described by the Thomas-
Fermi model on which vortices could be artificially superspd using an mathematical ansatz;
(iii) initial state set equal to a converged state forfeedeént rotation frequenc® or a diterent
interaction constarg. The computation depicted in Figﬁ. 1 zﬂud 2 was performed fer5000
and started from a converged state obtainedfer2000.

The Thomas-Fermi approximation consists in neglectingctiveribution of the kinetic en-
ergy in the strong interaction regime (large valuegpfA simplified energy functional is ob-
tained:

Enlp) = f Viagli? + D1, (37)
D

with a minimizer corresponding to the so-called Thomagyfratomic density:

— 2 = M — Vtrap
pre(r) = ul ( 9 )+ s (38)

wherey is the chemical potential. Singeis a Lagrange multiplier, a relation that allows to
computeu is obtained by imposing the mass constrainfif (38). Theiriondition is finally set
to uo(X,y) = VpTF(X7 y).

This modelis also useful in estimating the necessary siteeafomputational domain. When
a rotationQ is applied, the Thomas-Fermi approximati(38) stands Wik, replaced by:

2p2
Ver (1) = Varapl0) ~ 5~ (39

The resulting radiu?, corresponding to the point whep@ = 0, is used to estimate the size
of the domainD in simulations (p > R) .

Initial conditions with vortices are obtained by superiming to the Thomas-Fermi wave
function distribution a simple ansatz for the vortgx[fL3,[1%]. For example, an initial condition
with N, vortices of radius, and centers>(,, y';,),i =1,...,Nyis obtained by imposing

Ny
Uo(%Y) = Vorey) | | ubtxy), (40)
i=1

ul(x,y) = \/0.5 {1 +tanh

2 m]} exp(6). (41)
&

where ¢, ) are polar coordinates in the framework centereddaty{). Note that the ansatz is
written for singly quantized vortices (winding number ebpoal ).

We present in the following étierent types of numerical experiments. We start with test
cases reflecting two fierent imaginary time evolutiongi) the number of vortices at conver-
gence remains the same as in the initial condit{@hnew vortices enter the condensate. These
experiments will serve to testftierent strategies for mesh adaptivity and to ascertain the co
puting time gain @fered by the present method. Finally, the method is used t@atencomplex
configurations relevant for physical rotating condensates

We also mention that the converged final state is charaettby its energ¥(u) and angular
momentum_,(u) which gives a measure of the rotation:

L,(u) = f@ R (iu"(A'V)u). (42)
11



4.1. Numerical experiment 1

In laboratory experiments, the condensate is typicallffioed by a harmonic trapping poten-
tial Virap = 1%/2. Itis easy to see fronﬂBQ) that this potential sets a uppend for the rotation
frequency, since faf2 = 1 the centrifugal force balances the trapping force and dinéicement
of the condensate vanishes. To overcome this limitatidterint forms of the trapping potential
are currently studied, experimentally and theoreticale use in this experiment a combined
harmonic-plus-quartic potentidl J4R,] 4] {5] 43] thatatichigh rotation frequencies.

We set the following parameters of the simulation

g=500 Viap=r?/2+r%/4, Q=2 (43)

The computational domain is circular of radRsax = 1.25-R2, where the Thomas-Fermi radius
is for this casdR2 = 3.4. The initial mesh is generated usiNy= 200 equally distributed points
on the border of the domain.

——&—— adapt |U] M=200
——a—— adapt [Ur, Uil M=200
——@—— no-adapt M=200
——&—— no-adapt M=400

— —p — 6thorderFD

12.8

12.6
12.4
©)
L
12.2
12
o b
11.80 50 100 .~ 150 200 250 300
iterations

Figure 3:Computation fog = 500 Q = 2 and combined harmonic-plus-quartic trapping potentrafial condition with

6 vortices artificially placed at.B- R. Energy evolution for constant mesh anételient adaptive mesh computations;
the result obtained with a 6th order finitefférence method is also plotted for comparison. Density ewmatful|) for
initial and converged solution (low density in black).

The computation is depicted in Fig] 3. The initial conditicontains an array of 6 singly
quantized vortices equally distributed on the circle ofuad.5-R. The converged state contains
the same number of vortices, but with larger cores tharaihjtset, and placed closer to the center
of the condensate, at3B- R. Two computations with fixed mest( = 200 andM = 400)
are run and compared to adaptive mesh computations usingaps\aty variabley = |u] and
x = [ur, ui], respectively. Convergence test is setsf, < 2 - 10°° for all computations and
threshold values for mesh refinement are chosea as{102,10°3,104, 10 10°%. Three
mesh refinements are done for each threshild € 3).
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It is interesting to note from Fig[| 3 the monotone decreast®fenergy which is typical
for the steepest descent method. This evolution is fieceed by the projection method for
the unitary norm constraint, as showed for the computatiemsg fixed meshes. The mesh
refinement results in a jump in the energy evolution curvedapévity thresholds. As already
stated, this is the consequence of the interpolation ongherefined mesh and the normalization
of the interpolated solution. Such jumps are naturally lésile close to the convergence, when
small variations of the energy are monitored.

In order to assess for the correct behavior of the numerysaém, we also compare present
finite element results with those obtained using a high ofidée difference method. For this
purpose, the imaginary time-propagation method presétm'&mbtio was implemented using
for the spatial discretization a 6th order compact finiteedence scheme thaffers spectral-like
accuracy [44]. The method has similarities with that useffLth [L4,[1F] to compute stationary
vortex states in a three-dimensional BEC. The finitéedénce method uses a squared computa-
tional domain of size Rnax and a uniform mesh of 10% 105 grid points. The constant mesh
sizesx = ¢y = 0.08 thus becomes similar to the minimum edge size of the firfalae finite
element grid mi, = 0.08).

All computations lead to identical configurations of the fir@nverged state, as represented
in Fig. B A detailed comparison between finite element aritefatifference results isftered in
Fig. B The finite element grid contains initially 7054 trig@s and ends with an adapted mesh
with 3722 triangles, while the finite flerence mesh has a fixed size of 11025 grid points. A
zoom inside the zone containing two neighboring vorticetheffinal configuration shows that
contours of the atomic density| are almost identical. It should be noted that in adapting the
finite element mesh, one could impose the valuesfgk andhnyi,, which are the maximum and,
respectively, the minimum edge size of the triangular maRbducing the value dfiyax will
result in a finer mesh and smoother contour lines, compataliteose obtained with the high
order finite diference discretization. However, the present comparisomig than satisfactory
with a final finite element grid using almost 3 times less gridhgs than the finite dierence
setting.

K]
K :%;.m

A
VKA
PAVA WA v

RN
QK

Figure 4: Computational case depicted in Fiﬂ 3. Comparison betwkendsults obtained with the finite element
method forM = 200 and mesh adaptivity using= [ur, u;] and the 6th order finite fierence method with a 106105
equally spaced grid. Details of the contours of the atomitsig|u| and corresponding grids (dashed lines for the finite
difference results).
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Sobolev gradient method Imaginary time method
Run case M Ni E(u) | LJu) | iter | CPU | E(u) | Ly(u) | iter | CPU
adapt [y, u] | 200 | 3722 | 11.87| 5.118| 232 | 55 | 11.87| 5.112| 139 | 54
adapt [u[] 200 | 2586 | 12.04| 5.095| 241 | 44 | 12.02| 5.088| 142 | 40
no-adapt 200 | 7054 | 11.98| 5.126| 223 | 72 | 11.91| 5.085| 75 43
no-adapt 400 | 27674| 11.91| 5.169| 243 | 315 | 11.83| 5.125| 92 | 211

Table 1: Q = 2: run cases corresponding to the numerical experimentiebin Fig. [|3 Parameters of the initial
mesh (number of pointd placed on the border of the circular domain to generate thghraad number of triangles
N:), energyE(u) and angular momentur,(u) of the final state, and computationdlieiency (number of iterations and
computationaCPU time).

The exact values of the ener@(u) and angular momenturn,(u) characterizing the final
state are shown in Tab[] 1. Compared to the fixed mesh computasing a refined mesh
(M = 400), the adaptivity strategy using two variablgs= [u;, u]) gives the closest energy
value.We can also see from Fiﬁl 3 that this is also the case when aorgpaith the 6th order
finite difference resultMeanwhile, this adaptive mesh strategy results in a contiput time
reduction by a factor of 6 for the Sobolev gradient methodltand factor of 4 for the imaginary
time propagation method. Tatfle 1 also shows that the two ricadenethods used to compute
stationary states behave similarly. Since this is also #ise ¢or all subsequent numerical exper-
iments, we discuss in the following, for the sake of simpjiadnly the results obtained with the
Sobolev gradient method. This method has also the advatdgaglew a constant time step for
different mesh densities (see aIE [32]).

The mesh evolution for the two adaptivity strategies carotleed in Fig.[li. Only meshes
for the first ¢ = 107?) and final € = 107°) thresholds are represented. It can be easily seen
that adaptivity taking into account only the modulus of tbiiSon results in a very dense mesh
in the center of vortices. Adaptivity following the real aimdaginary part of the solution also
generates a refined mesh in the core of vortices, but alsosedeash from vortices towards the
border of the condensate. This allows to have a better reptatson of the phase of the solution
(as previously pointed out when discussing IE|g. 1). We seadlin the following that this feature
is crucial for the success of the adaptivity strategy whenencomplicated cases are computed.
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Figure 5: Mesh evolution during the computation for expemnl (see Fig[|3). Firse(= 1072) and final € = 107°)
refined meshes are represented for the adaptive mesh gtusiegy = |u| (a and b) and = [uy, ui] (c and d).

4.2. Numerical experiment 2

In this experiment, we consider the same parameters as pariexent 1 and increase the
rotation frequency t@ = 2.5. The initial condition is the converged state previouslynputed
for Q = 2. For this case, new vortices are nucleated inside the osatke and the final state
contains a second circle of 10 vortices. Figl]e 6 shows thbt thhe adaptive mesh strategy
based ony = [ur, U] converges to a similar stationary state as the computasing the fixed
refined meshi§l = 400). This is also visible from Talﬂ 2, when comparing theugalof the
energy and angular momentum of the final state. In exchangsh mefinement using = |u|
do not allow the nucleation of new vortices; as a consequéeheesnergy of the system is not
decreasing and the final state has the same configuratioe @sttal condition. It is important
to note from Tab[|2 that the successful adaptive mesh syratlgvs a tremendous (factor of 10)

gain of computational time.
The explanation for the failure of the adaptive method basdely on the modulus of the

solution is dfered in Fig.[|7. A computation is subject to inherent numépeaturbations that
will trigger the nucleation of new vortices. Such pertuibas usually have small amplitudes,
and the refinement based on the modulus of the solution witigdénem since the mesh size in
these regions is not small enough to capture them. The adap#sh strategy using= [u;, u;]
generates refined meshes over larger regions than the coogticks (see Figsﬂ 7c arﬂj 7d) and
consequently allow the nucleation of new vortices.
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Figure 6: Computation fag = 500 Q = 2.5 and combined harmonic-plus-quartic trapping potenGaimputations start
from the converged state obtained for= 2. Energy evolution for constant mesM (= 400, dashed line) andféerent
adaptive mesh computationg: = |u| (dash-dot line) ang = [ur, u;] (solid line). Density contours|\) for initial and
converged solution (low density in black).

An intriguing question that one could raise after analyzignerical experiments 1 and 2
is whether the adaptive mesh strategy based on the modutusdcessful if the perturbation
necessary to nucleate vortices are present in the initradiion. This question is addressed by
performing computations starting from an initial conditizvith three arrays containing 6, 12,
and 36 vortices, respectively. The external circle of wadiplays the role of a dense perturba-
tion field that could trigger vortices for this high rotatifrequency. Figurﬂs shows that, once
again, only the adaptive mesh strategy considering simedtasly the real and imaginary pert
of the solution is successfullhe converged configuration for this computation is veryilsim
to that obtained when using a refinéd & 400, hni, = 0.0506) fixed mesh or a 6th order finite
difference method using a 125125 uniformly spaced gridsk = sy = 0.053).

Initial condition 1 Initial condition 2

Run case M N E(u) | Lz(u) | iter CPU | E(u) | Lz(u) | iter | CPU
adapt [ir,u] | 200 | 8968 | 6.08 | 11.95| 1266 | 321 | 5.94 | 12.87| 222 | 195
adapt [ul] 200 | 2540 | 9.43 | 5.41 | 456 33 | 7.14 | 11.30| 3280 | 947
no-adapt 400 | 27654 | 6.23 | 12.81| 3041 | 3368 | 6.31 | 13.01| 249 | 327

Table 2:Q = 2.5. Same legend as for talﬂe 1. Initial condition 1 is the coyee state obtained f&@ = 2 (Fig. B) and
initial condition 2 contains an artificially generated staiith 3 arrays of vortices (Fig[l 8).
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Figure 8: Computations with the same parameters as in Fﬂg. 6, butrgfanbw from an artificial initial condition
containing three arrays of vortices. Only the adaptivitatetgy withy = [ur, u;] allows to obtain a correct final state,
which is almost identical to the configuration obtained vaittefined fixed mesh\ = 400) or a 6th order finite fierence
(FD) method with a 125 125 uniform grid.
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4.3. Condensates with giant vortex or dense vortex lattice

In order to assess for théfieiency of our numerical system, we consider in this sectiom t
cases closer to experimental configurations. Such caséficailtito compute since they involve
high values for the atomic interaction constgrandor rotation frequency2.

The first case considers the condensate trapped in the higrplas-quartic potentiaml3),
but with higher atomic interaction constagt= 1000. Figur€[|9 shows the evolution of the sta-
tionary state of the condensate when the rotation frequisnicigcreased. Vortices in the center
of the condensate progressively merge to form a giant héde, @lled giant vortex. This in-
triguing configuration has been intensively studied in thesical literature[[44, 14, 15, #3]. The
adaptive mesh refinement is very useful in computing sucbscsisice the atomic density in a
large zone in the center of the condensate is close to zera.cAssequence, large triangles are
generated in the center of the condensate, while the meshhly mefined in the annulus zone,
where vortices nucleate. For instance, the simulatiofdfer 4 started with an initial mesh with
N; = 18670 triangles and ended with a fine mesh vith= 69 859 triangles. For reference, a
constant mesh thati@rs a similar mesh density in the annular zone is obtaineMifer600 and
containsN; = 108 212 triangles, since all the computational domain idyfimeeshed.

Figure 9: Condensate trapped in a harmonic-plus-quartienpial @ = 1000). Two- and three-dimensional represen-
tation of the atomic density contours (low density in blafidk)increasing values of the rotation frequeriey Note the
formation of a giant vortex (hole) in the center of the corsiga.

The second configuration considers the case, displayedym E.l ancI]Z, of the condensate
trapped in harmonic potential and rotatingtat= 0.95. We recall that for this case the rotation
frequency cannot exceed = 1. The dificulty for this case is to increase the atomic interac-
tion constanty that sets the amplitude of the nonlinear term. Fidute 10lajspthe converged
configurations for increasing = 500Q 10000 and 15000. The condensate becomes larger with
increasingy, and, consequently, contains more and more vortices thet@e into a regular tri-
angular lattice (or Abrikosov lattice). The large numbewoftices present in the condensate
requires refined meshes making the computations very costy reference, the final refined
meshes contain, for the three cadész= 238 262, 405 405, and, 620 706 triangles, respectively.
Nevertheless, such computations performed with FreeReramain dordable on a single pro-
cessor computer.
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g=10000 g=15000

Figure 10: Condensate trapped in a harmonic poterfilak (0.95). Two- and three-dimensional representation of the
atomic density contours (low density in black) for incregsivalues of the atomic interaction constant Note the
increase of the number of vortices with increasing valueg of

5. Summary

We have shown in this work that low-order finite element mdthwith mesh adaptivity
are a valid alternative of commonly used high-order methodsomputing stationary vortex
states of a fast-rotating Bose-Einstein condensate. Thsh mefinement using metric control
proved éfective in computing diicult cases with a large number of vortices or with giant warte
We showed by extensive numerical tests that adaptive mestegy using simultaneously the
real and imaginary part of the solution to compute metricthes successful approach. The
strategy based only on the modulus of the solution faile¢éonplicated test cases. Affective
algorithm for mesh adaptivity was proposed, with an impartsomputational time reduction
over computations using refined fixed meshes.

The present finite element discretization with mesh adiyptivas tested with two numerical
methods for computing stationary states: a Sobolev gradestent method for direct minimiza-
tion of the energy functional and a method based on the inaagiime propagation of the wave
function describing the condensate. The method is, howef/arore general interest, and could
be used in conjunction with fierent numerical methods for computing imaginary or reaketim
evolution of superfluid systems with vortices, such as noggBose-Einstein condensates or type
Il superconductordn this context, it is interesting to mention that, after iresent manuscript
had been completed, the recent review pa@r [25] was braaghir attention. Among the re-
maining issues in developing numerical methods for conmgutortex states in superconductors,
adaptive methods were consideredm [25] as challengingusecof the complicated patterns of
the solution with vortices. The necessity to refine the mesthonly around vortex cores was
intuitively recalled when discussing thefldirent patterns displayed by the the real and imagi-
nary parts of the solution. The present study confirms in ssemse this intuition andfkers
an dfective method to answer the challenging question of comgugolutions with quantized
vortices.
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