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The Cauchy problem for spirals moving
by mean curvature type motion

N. Forcadel! C. Imbert! and R. Monneau?®

July 12, 2010

Abstract

In this paper, we study the motion of spirals by mean curvature type motion in
a (two dimensional) plane. Our motivation comes from dislocation dynamics; in this
context, spirals appear when a screw dislocation line attains the surface of a crystal.
The first main result of this paper is a comparison principle for the corresponding quasi-
linear equation. As far as motion of spirals are concerned, the novelty and originality
of our setting and results come from the fact that, first, the singularity generated by
the fixed point of spirals is taken into account for the first time (to the best of our
knowledge), and second, spirals are studied in the whole space. We next prove that the
Cauchy problem is well-posed by constructing first a weak (viscosity) solution thanks
to Perron’s method. Our second main result concerns the existence of smooth solutions
for initial data satisfying additional conditions on their gradient.

AMS Classification: 35K55, 35K65, 35A05, 35D40

Keywords: spirals, motion of interfaces, comparison principle, quasi-linear parabolic equa-
tion, viscosity solutions, mean curvature motion.
1 Introduction

In this paper we are interested in curves (I';);~o in R? which are half lines attached at the
origin. These lines are assumed to move with normal velocity

(1.1) Vo=c+k

where & is the curvature of the line and ¢ > 0 is a given constant.
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1.1 Motivations and known results

Continuum mechanics. From the point of view of applications, the question of defining
the motion of spirals in a two dimensional space is motivated by the seminal paper of Burton,
Cabrera and Frank [f] where the growth of crystals with the vapour is studied. When a screw
dislocation line attains the boundary of the material, atoms are adsorbed on the surface in
such a way that a spiral is generated; moreover, under appropriate physical assumptions,
these authors prove that the geometric law governing the dynamics of the growth of the
spiral is precisely given by ([.]]) where —c denotes a critical value of the curvature. We
mention that there is an extensive literature in physics dealing with crystal growth in spiral
patterns.

Different mathematical approaches. First and foremost, defining geometric flows by
studying non-linear parabolic equations is an important topic both in analysis and geometry.
Giving references in such a general framework is out of the scope of this paper. As far as the
motion of spirals is concerned, the study of the dynamics of spirals have been attracting a lot
of attention for more than ten years. Different methods have been proposed and developed
in order to define solutions of the geometric law ([[.T). Here is a brief review: a phase-field
approach is first proposed in [M; the reader is also referred to [[3, [4]. Other approaches
have been used: for instance, “self-similar” spirals are constructed in [[J] by studying an
ODE. In [§], spirals moving in (compact) annuli with homogeneous Neumann boundary
condition are constructed. From a technical point of view, the classical parabolic theory is
used to construct smooth solutions of the associated PDE; in particular, gradient estimates
are derived. We point out that in [§], the geometric law is anisotropic, and is thus more
general than ([LLT). In [I9, [5], the geometric flow is studied by using the level-set approach
4, B, @] As in [§, the author of [[J] considers spirals that typically move into a (compact)
annulus and reaches the boundary perpendicularly.

The starting point of this paper is the following: to the best of our knowledge, no
geometric flow were constructed to describe the dynamics of spirals by mean curvature by
taking into account both the singularity of the pinned point and the unboundedness of the
domain.

Cauchy problem and large time asymptotics. We would like next to explain with
more details the main aims of our study. By parametrizing spirals, the geometric law ([L.1])
is translated into a quasi-linear parabolic equation whose coefficients are unbounded and
which is singular (in a sense that will be made precise later). Moreover, initial data are also
unbounded. In such a framework, we would like:

a. to construct a solution for the Cauchy problem;
b. to construct a steady state of the form At + ¢(r);

c. to prove that the solution of the Cauchy problem converges towards the steady state
as time goes to infinity.

This paper is concerned with point a.; points b. and c¢. will be addressed in [[].
As far as the Cauchy problem is concerned, it is convenient to work in the viscosity
solution framework since it is very easy to construct such a weak continuous solution as soon



as a comparison principle is available. Next, weak solutions are proved to be smooth by
deriving gradient estimates (with viscosity solution techniques too). We would like also to
shed some light on the fact that this notion of solution is also very useful when studying
large time asymptotics (and more generally to pass to the limit in such non-linear equations).
Indeed, convergence can be proved by using the half-relaxed limit techniques if one can prove
a comparison principle. See [] for more details.

To sum up, the two main contributions of this paper are: on one hand, the construction
of a smooth solution of the singular quasi-linear parabolic equation, and on the other hand
the proof of a comparison principle in the class of (unbounded) weak (viscosity) solutions.

1.2 The geometric formulation

In this section, we make precise the way spirals are defined. We will first define them as
parametrized curve.

Parametrization of spirals. We look for interfaces I" parametrized as follows: ' =
{r(0)e® : § € R} for some increasing function r defined in R onto [0, +0c). Because of the
monotonicity assumption on r, these curves can also be parametrized as: I' = {rei@(") >
0} for some increasing function © : [0, +00) — R. If now the spiral moves, i.e. evolves with
a time variable ¢ > 0, then the function © also depends on ¢t > 0. If now u(¢,7) denotes
—O(t,r), then the moving spiral is defined as follows

Definition 1.1 (Spirals). A (mowving) spiral is a family of curves (I'y);~o of the following
form

(1.2) Ly={re?:r>0,0eR, +u(t,r) =0}

for some function u : [0,400) X [0, 400) — R which is non-increasing with respect to r. This
curve is oriented by choosing the normal vector field equal to (—i + rd,u(t,r))e #®m),

Y

Figure 1: Motion of the spiral



A singular quasi-linear parabolic equation. With the previous definition in hand, the
geometric law ([L.1]) implies that @ satisfies

2 272 T
(1.3)  ru, =cy/1+r2u2 +a, ( o ur) y for (t,7) € (0, +00) x (0, 4+00)

14 r2u? 1+ r2u?

with the initial condition
(1.4) u(0,r) =1up(r) for r e (0,400).

Eq. (L3) is a quasi-linear evolution equation posed in the domain = (0,+o0c0). We say
that it is singular because there is an 7 in the left hand side of ([.3).

Remark that we do not impose any boundary condition for r = 0. This can be explained in
the following way: remark that the solutions of ([33) satisfy (at least formally) the following
boundary condition at the origin

0=c+2u, for =0

which is compatible with the comparison principle. In other words, the boundary condition
is embedded into the equation.

Different sets of coordinates can be considered. In particular, in view of the important
literature about mean curvature flows, it is natural to use Cartesian coordinates. More

precisely, if a(t,r) = U(t, X) with X € R?, then u satisfies ([.3) as soon as

_ ~ — L o — 1
Ut :C‘DxU| +DxU Dg(XU DxU

(where p = p/|p| and p* = (=pa,p1) for p = (p1,p2) € R?).

Link with the level-set approach. In view of ([.3), we see that our approach is closely
related to the level-set one. We recall that the level-set approach was introduced in [I6, , {;
in particular, it permits to construct an interface moving by mean curvature type motion,
that is to say satisfying the geometric law ([.1]). It consists in defining the interface I'; as
the O-level set of a function U (t,-) and in remarking that the geometric law is verified only
if U satisfies a non-linear evolution equation of parabolic type. In an informal way, we can
say that the quasi-linear evolution equation ([33)) is a "graph” equation associated with the
classical mean curvature equation (MCE), but written in polar coordinates.

In order to investigate further the link with the level-approach, we can reformulate ([[.9)
by writing

[, = Upez{X € R? : (X)) +u(t, (X)) = 2kn}

where (r(X),60(X)) denotes the polar coordinates of a point X of the plan. We can even
write

[, ={XeR?*:0(X)+U(t,r(X)) =0}

by considering multivalued U’s and #’s. Such an approach is systematically developed in

3.



1.3 Main results

Before presenting our main results, we make the following additional assumption: without
loss of generality, we restrict the analysis to the case ¢ = 1. Indeed, rescaling time and space,
one can always reduce the study to this special case.

Our main result asserts the existence and the uniqueness of a smooth solution to the
Cauchy problem ([[.3)-([.4) and allows us to construct properly a geometric flow.

Theorem 1.2 (Existence and uniqueness for the Cauchy problem). Assume that ug €
L2 ([0, +00)) with (ug), € W2([0,4+00)), such that iy is non-increasing, and that it satis-

loc
fies the following compatibility condition

(1.5) 1 4 2(1p),(0) = 0.

Then there exists a unique continuous function: u : [0,+00) x [0,+00) which is C* in
]0, +00[x]0, +-00[, non-increasing with respect to r, which satisfies (L3)-(L4), and such that
there exists C' > 0 such that for allt > 0 and r > 0,

(1.6) la(t,r) — a(r)| < Ct.

Remark 1.3. The assumption on the reqularity of the initial data can be weakened but we
do not consider such generalizations in order to avoid further technicalities.

To prove such a result, we first construct a unique weak (viscosity) solution. We then
prove gradient estimates from which it is not difficult to derive that the weak (viscosity)
solution is in fact smooth; in particular, it thus satisfies the equation in a classical sense.

In order to construct a weak solution by viscosity solution techniques, we use Perron’s
method and we prove a comparison principle for the Cauchy problem ([.3)-([.4). Such a
uniqueness result is stated as follows:

Theorem 1.4 (Comparison principle for ([.3)). Assume that i is a Lipschitz continuous
function. Consider a sub-solution u and a super-solution v of ([J)-([-4) such that there
exist C1 > 0 such that for all t € [0,T] and r > 0,

(1.7) lu(t,r) —uo(r)| < Cy and |o(t,r) —up(r)| < Ch.
If u(0,r) < ue(r) <o(0,7) for allr >0, then u < v in (0,T) x (0,400).

Remark 1.5. The growth of the sub-solution u and the super-solution v is made precise by
assuming Condition ([L.7). Such a condition is motivated by the large time asymptotic study
carried out in [I]; indeed, we construct in [} a global solution of the form At + ug(r).

The proof of Theorem [4 is based on the doubling of variable method, which consists
in regularizing the sub- and super-solutions. Obviously, this is a difficulty here because the
curve is attached at the origin and the doubling of variables at the origin is not well defined.
To overcome this difficulty, we work with logarithmic coordinates x = Inr for r close to 0.
But then the equation becomes

Lu] = —e /1 +u2 with IL[u] :=e *u, + 6_23&% — Uy
u$



We then apply the doubling of variables in the x coordinates. There is a persistence of the
difficulty, because we have now to bound terms like

A= e_$\/1+u§—6_y@/1+v§

that can blow-up as x,y — —oo0. We are lucky enough to be able to show roughly speaking
that A can be controlled by I,[u] — I,[v], where the term —I,[u] = (V,, — k)e™"y/1 + u2 is
a natural nonlinear parabolic operator which contains in particular the curvature term. In
view of the study from [[], %o has to be chosen sub-linear in Cartesian coordinates and thus
so are the sub- and super-solutions to be compared. The second difficulty arises when passing
to logarithmic coordinates for large r’s; indeed, the sub-solution and the super-solution then
grow exponentially in x = Inr at infinity and we did not manage to adapt the previous
reasoning in this setting. There is for instance a similar difficulty to deal with the Mean
Curvature Motion equation. In this framework, for super-linear initial data, the uniqueness
of the solution is not known in full generality (see [[). In other words, the change of variables
do not seem to work far from the origin. We thus have to stick to Cartesian coordinates for
large r’s and see the equation in different coordinates when r is either small or large (see

Section [).

Organization of the article. In Section ], we recall the definition of viscosity solutions
for the quasi-linear evolution equation at stake in this paper. The change of variables that
we will use in the proof of the comparison principle is also made precise. In Section [, we
give the proof of Theorem [[.4 in the bounded case. The proof in the general case is given
in Section f]. In Section B.1], we prove Theorem [.Z: first, we construct a viscosity solution
by Perron’s method; second, we derive gradient estimates; third, we explain how to prove
that the viscosity solution is in fact a classical one. Finally, proofs of technical lemmas are
gathered in Appendix [A.

Notation. If a is a real number, a; denotes max(0,a). If p = (p1,p2) € R? p # 0, then p
denotes p/|p| and p* denotes (—pa, p1).

2 Preliminaries

2.1 Viscosity solutions for the main equation

In view of ([[.3), it is convenient to introduce the following notation

q2 rYy
(2.8) F(r,q,Y) =+/1+12¢% 4+ ¢ +

1+ 2q2 1+r2q2'

We first recall the notion of viscosity solution for an equation such as ([3).

Definition 2.1 (Viscosity solutions for ([-3)-([9)).

A lower semi-continuous (resp. upper semi-continuous) function u : [0, +00) x (0, 400) — R
is a (viscosity) super-solution (resp. sub-solution) of (LJ)-(IC4) if for any C? test function
¢ such that u — ¢ attains a local minimum (resp. mazimum) at (t,7) € [0, +00) x (0, +00),
we have



(i) Ift > 0:
rén > F(r, b, 60r) (p rén < Flr, on, %)).

(ii) If t = 0:
u(0,7) > up(r) <resp. u(0,r) < ﬁo('r’))

A continuous function u : [0, +00) x (0,+00) — R is a (viscosity) solution of (L.3)-(L.4) if
it 1s both a super-solution and a sub-solution.

Remark 2.2. We do not impose any condition at r = 0; in other words, it is not necessary
to impose a condition on the whole parabolic boundary of the domain. This is due to the
“singularity” of our equation at r = 0.

Remark 2.3. The Compatibility Condition ([L.H) can be written
(29) F(O, ({LO)T(O)a (QO)M(O)) =0.

Since we only deal with this weak notion of solution, (sub-/super-)solutions will always
refer to (sub-/super-)solutions in the viscosity sense.

When constructing solutions by Perron’s method, it is necessary to use the following
classical discontinuous stability result. The reader is referred to [B] for a proof.

Proposition 2.4 (Discontinuous stability). Consider a family (uq)aca of sub-solutions of
(L3)-(L4) which is uniformly bounded from above. Then the upper semi-continuous envelope

of SUPe 4 Ua 15 a sub-solution of ([J)-(L1).

2.2 A change of unknown function

We will make use of the following change of unknown function: u(t,x) = u(t,r) with x = Inr
satisfies for all £ > 0 and z € R

(2.10) Uy = e /1 +u + e Fu, +e : lfx 5
uZB

submitted to the initial condition: for all z € R,
(2.11) u(0,2) = up(x)

where uy(z) = ug(e*). Eq. (B.10) can be rewritten u; = F(x, ug, u,,) with

(2.12) Flz,p,X)=e"\/14+p*+e > p+e

1+p?
Remark that functions F' and F are related by the following formula

1 -
(2.13) F(r,ug, upy) = —F(r, Uy, ) -
r

Since the function In is increasing and maps (0, +00) onto R, we have the following elemen-
tary lemma which will be used repeatedly throughout the paper.
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Lemma 2.5 (Change of variables). A function @ is a solution of ([.L3)-(:4) if and only if
the corresponding function u is a solution of (B.10)-(B.11]) with ug(x) = tg(e”).

The reader is referred to [ (for instance) for a proof of such a result. When proving
the comparison principle in the general case, we will also have to use Cartesian coordinates.
From a technical point of view, the following lemma is needed.

Lemma 2.6 (Coming back to the Cartesian coordinates). We consider a subsolution u (resp.
supersolution v) of (R10)-(R11) and we define the function U (resp. V) : (0, +00) x R* — R
by

Ut,X)=0(X)+u(t,z(X)) (resp. V(t,Y)=0(Y)+u(t,z(Y)))

where (0(Z),x(Z)) is defined such that Z = e*@+i0Z) £ 0. Then U (resp. V) is sub-solution
(resp. super-solution) of

Dw* Dwt
wy = |[Dw| + U p2y 2l
w(0,z) = 0(X) + up(x(X)).
Proof. Straightforward. O

Remark 2.7. In Lemma [2.8, for Z # 0, the angle 0(Z) is only defined modulo 27, but is
locally uniquely defined by continuity. Then DO, D*0 are always uniquely defined.

3 A comparison principle for bounded solutions

As explained in the introduction, we first prove a comparison principle for ([.3) in the class
of bounded weak (viscosity) solutions. In compare with classical comparison results for
geometric equations (see for instance [f], B, [, B]), the difficulty is to handle the singularity
at the origin (r = 0).

Theorem 3.1 (Comparison principle for (R.10)-(R.11)). Assume that ug is Lipschitz contin-
uous. Consider a bounded sub-solution u and a bounded super-solution v of (B.10)-(R.11)).
Then u < v in (0, +00) X R.

Proof of Theorem B.]. We classically fix T' > 0 and argue by contradiction by assuming that

M= sup (u(t,z)—ov(t,z)) > 0.
0<t<T,xeR

This means that there exist ¢* > 0 and z* € R such that
uw(t',x*) —o(t*,z*) > M/2 > 0.

We then consider the following approximation of M

—_ )2 2
Mgo& — sup {U(t,l‘) _'U(t,y) _eKt(:L‘ y) _ Ui —O[:L‘—}
0<t<T,z,ycR 2¢ T —t 2

where €, , 1) are small parameters and K > 0 is a large constant which depends on parameters
and which will be fixed later.



Penalization. Since u and v are bounded functions, this supremum is attained at a point
(t,z,y). By optimality of (¢, z,y), we have in particular

2
u(t,r) —v(t,y) — e~ (@ 25y) - Tn_t - Oz%

*) 2
>, a) ol 2) - e — a2l > s

for @ and 7 small enough (only depending on M). In particular,

N2 2
EI 6T <l + ol

Hence, there exists a constant Cy only depending on ||ul|« and ||v||s such that
(3.15) |z —y| < Cov/e and «a|z| < Cova.

In the remaining of the proof, € is fixed (even if we will choose it small enough) and a goes
to 0 (even if it is not necessary to pass to the limit).

Initial condition. Assume first that ¢ = 0. In this case, we use the fact that ug is Lipschitz
continuous and (B.13) in order to get

M

3 S (@) = uo(y) < | Duollcl =yl < Coll Duollwov/e

which is absurd for € small enough (depending only on M, Cy and || Dug||o)-

Viscosity inequalities. It is convenient to define

(v — y)eKt'
€

In view of the previous discussion, we can assume that, for ¢ small enough, we have t > 0
for all @ > 0 small enough (independent on €). We thus can write two viscosity inequalities.
We now use the Jensen-Ishii Lemma [f] in order to get, for all ; > 0, four real numbers

a,b, A, B such that

A+«
3.16 a < e"1+(p+ax)+e *(ptar)+e F———
(3.16) < (o anl + e (p+ o) + e
- -2 -2

(3.17) b > e V\1+p*P+e ¥p+te y1+p2.
Moreover a, b satisfy the following inequality

U ki@ —y)?
3.18 —b>——— + Ke"'—=—
(3.18) TV TR T

and for any 7; > 0 small enough, there exists two reals A, B satisfying the following matrix

| lit
inequality Lo K -
< -
{0 —B]— €<1+71)[—1 1 ]

9



This matrix inequality implies

Kt
(3.19) AG < BE + (14 )6 - &)’

for all &,& € R. The remaining of the proof consists in proving the following lemma.

Lemma 3.2 (Getting a contradiction). Assume that v and v satisfy (B.15), (B.16), (B-17),
(BI]) and (BI19). Thenn <0.

This is the desired contradiction and the proof of the comparison principle in the bounded
case is complete. O

It remains to prove Lemma B.2.

Remark 3.3. Inequality (B.1§) is in fact an equality. However, we will use later Lemma
with an inequality.

Proof of Lemma [B.3. We first combine (B.Ig) and (B.I7) and we obtain

2
l‘_
% + KeKt% <e "V1+ (p+ax)?—e Y1+ p?

2

<|>67 xax+ (6721 o 672y)p+672x

«Q
L Af£?2 _ Be?
1+ (p+ ax)? +AG fy

where &2 = e (14 (p+ax)?) "' and £ = e"*(14p?)~". We next use (B-1J) and elementary
computations in order to get, after rearranging terms,

(&

Ui we(@ —y)? —20+ Kt 2z—y\L — Y
oy ekt I 1— y
TR (1) —

oKt
<eflax|+e Far e Fa+/1+pie T —e V) + ?(1 +y1) (& — &)
Using (B.I75), we can write

—(1— 62@—@!)):” ; J_ (2 + 05(1))@_7}>2

where o.(1) denotes a function H of € which only depend on Cj in (B:I3) and such that
H(e) — 0 as e — 0. We thus get from the previous inequality

+ eKt(K+ (4+ 05(1))6—23[:) (l‘ ;ey)Q

< e o)+ e a4+ e Fa

U
T2

(3.20)

Kt
FVIEPR(E =)+ (L m) (& - &)

The remaining of the proof consists in controlling terms from the right hand side by terms
from the left hand side.

Let us explain in an informal way how we will proceed. Roughly speaking, the second
non-negative term of the left hand side of (B.20) will permit us to control error terms in the
right hand side generated from the difference z —y. We will thus be left with error terms
generated from the penalization ax?. For o small enough, they will be controlled by nT 2.

10



First estimate. We first study the difference (£, — &,)*. It involves both the difference
x —y and the error term az?. We use (B.15) in order to get

& =& = <\/1—|—(p+oz:1:)2 B V1 +p2>

e " e " e "
( VIt @+ar)?  /14p? VIHp 142
< (T e oz + (14 y2)e > (1 — e*7¥)?
= (147 e o> + (1+)e > (1 + o (1) (x — y)?

IN

_|_

)2

for some v, > 0 to be fixed later. Hence

Kt ) eth2:v . )
(321) (1 4m)(& - &) € ——(1+ W1 +27)lax
Kt—2x
+——— 1+ o)1+ )1+ )@ —y)*
We now fix €, 7, and v, small enough so that
(3.22) 214+ o0 ()1 + 7)1 +7) < (44 0(1)) — 1.

Combining (B.20), (B.21)) and (B.29), and using (B.17), we obtain

Ui Kt —2z (1’ - 9)2
2 — + K+ -
(3 3) ; T € ( e ) P

< e "lax|+e *ar +e *a+ Cvefzx@\ax\
€
+V1I+pPe™ —e)

where C, only depends on 71,72, 7" and Cj.
Second estimate. Thanks to (B.1]), we first write
el —eV=e"1l—-e""Y) <2z -1y

We next obtain for some small 3 > 0 (to be chosen later)

Kt
VIFP (e =) <2670 — y|—/@e PR 4 o —yP
et 2w/ 2 —2Kt 2 1 2
<— (mse (e o —y’) + 93w — yP?)

Koz [T — Y i ieKt|x -yl
V3 €

<e **(v3€) + 73€

We choose K > 2max(2, ec ') and 73 in the interval (%, min(3, e ')) in order to get from
the previous inequality the following estimate

_ 2
(3.24) V1itpHe ™ —e V) <e Fa+ (K + e_%)_p: 5 o
€

11



Conclusion. We combine (B:23) and (B.24)) in order to get
% <e lax|+ e (ozx + 20 + C,Y@\Ozx\)
Pick now a > 0 such that for z < —a,

ex\x|—%+2<0.

In order to get a contradiction, we finally distinguish two cases.

CASE 1: x, < —a FOR SOME ay — 0. We choose n large enough so that CV\/;T" < %
we get

1
% < e #(e"lax| + ax + 2o + 5\0@\) <0
which implies n < 0.
CASE 2: x > —a FOR a SMALL ENOUGH. We use (B.13) and get
U Va Va

ﬁ S 62a((2 + C,YT)|(II‘| + 20() S €2a((2 + C,YT

and we let a — 0 to get n < 0 in this case too. The proof of Lemma .9 is now complete. [J

)Cov/a +2a)

4 Comparison principle for sub-linear solutions

Proof of Theorem [[.4. Thanks to the change of unknown function described in Subsec-
tion .4, we can consider the functions u and v defined on (0,+o0c) x R which are sub-
and super-solutions of (B.I(). We can either prove that @ < o in (0, 400) x (0, +00) or that
u <win (0,400) x R.

For 6 € R, we define

Ult,z,0) =0+ u(t,z) and V(t,z,0) =0+ v(t, x).
Note that U and V' are respectively sub and super-solution of

DW+ DW+
2z DWW ———.
|DW| |DW |

(4.25) Wi(t,z,0) = e *|DW|+ e *DW -e; + e~

We fix T" > 0 and we argue by contradiction by assuming that

M= sup {U(t,z,0)—V(t,z,0)} >0.
t€[0,7],z,0€R
In order to use the doubling variable technique, we need a smooth interpolation function ¥
between polar coordinates for small r’s and Cartesian coordinates for large r’s. Precisely,
we choose U as follows.

Lemma 4.1 (Interpolation between logarithmic and Cartesian coordinates). There exists a
smooth (C*) function 1 : R* — R3 such that

U(z,0+2m) =(x,0)
(4.26) P(x,0) = (z,e") it <0
P(x,0) =(0,e%?) if z>1

12



and such that there exists two constants o9 > 0 and my, > 0 such that for x <1 and 0 € R,
(4.27) U(x,0) = (a,b) with |b| <e
and such that for all x,y,0,0, if |Y(x,0) —Y(y,0)| < & and |0 — o| < 5, then

(4.28) W(z,0) — ¥(y, 0)|
(4.29) | Dy (a,0)" @ (¥(x,0) — ¥(y, 0))]

where ® is defined for a p tensor A = (A;,

myl|(z,8) = (y,0)],

>
> my|(z,0) = (y,0)|

i,) and a q tensor B = (B;,

(A O B)i,.ip-rijorja = Z Aiyr g1k Brjon g
The proof of this lemma is given in Appendix [.

Penalization. We consider the following approximation of M

(4.30) M., = sup {U(t, z,0) —V(t,y,0)

t€[0,7],z,0,y,0€R

k(@ 0) =Yy, 0)]* 1 ™? o« 5
DV 1y et

where ¢, o, are small parameters and K > 0 is a large constant to be fixed later. For «
and 7 small enough we remark that M., > % > (. In order to prove that the maximum
M., is attained, we need the following lemma whose proof is postponed until Appendix [A.

Lemma 4.2 (A priori estimates). There exists a constant Cy > 0 such that the following
estimate holds true for any z,y,0,0 € R

we|V(@,0) =y, o)
4e

1 T\ 2
0—o| < —<9— ——)
| O'| ~ CQ+28 | O'| 3 N

[uo(z) —uo(y)] < Cy+e

Using this lemma, we then deduce that

0) — 2 2
(431) Ult,a,0) — V(t,y,0) — <1 )Qf(y"’)' —g(\e—o—\_g)+

< u(t, 2) = wo(@)| + [o(t,y) = uo(y)| + 10 = o] + uo(2) = uo(y)|
ORI YL
2e € 3/

76) _¢(y70)|2 1 T\ 2
< _ xe|¥(@ o ol =Ty
<20, +20, — ¢ - o (\e o] 3)+

Using the 2m-periodicity of ¢, the maximum is achieved for § € [0,27]. Then, using the
previous estimate and the fact that —a(¢y(x,0))*> — —oo as |z| — oo, we deduce that the
maximum is reached at some point that we still denote (¢, x,6,y,0).

13



Penalization estimates. Using Estimate ([.31)) and the fact that M., > 0, we deduce
that there exists a constant Cy = 4(C} + Cy) such that

- 2
(4.32) a(v(z,0))” + é (100l - g)i ML) 2€¢(y, N < q

On the one hand, an immediate consequence of this estimate is that

0—o] <2
2

for £ small enough. On the other hand, we deduce from ([.:33) and ([.23)

|6 — o + |z — yP?
My
2e
Hence, we have |0 — 0| < 7 for & small enough so that the constraint |§ — o| < % is not
saturated. We can also choose ¢ small enough so that

1
— < —.
|z yl_2

< Cy.

In the sequel of the proof, we will also need a better estimate on the term a(v(x))?;

precisely, we need to know that a (i (z))? — 0 as a« — 0. Even if such a result is classical
(see [H]), we give details for the reader’s convenience. To prove this, we introduce

@, 8) — vy, 0)
2e

ME,O - sup {U(tv x, 0) - V(t7 Y, U)

t€[0,T),x,0,y,0€R
1 T 2 n
(10—l - _> _
€ (| U| 3/+ T — t}
which is finite thanks to ([.31)).

We remark that M., < M., and that M, , is non-decreasing when a decreases to zero.
We then deduce that there exists L such that M., — L as @ — 0. A simple computation
then gives that

%W(%@f <M.a—-M,—0 as a—0
and then
(4.33) g(i/}(:C, 0))> =0 as a—0.

\)

Initial condition. We now prove the following lemma.

Lemma 4.3 (Avoiding ¢t = 0). For € small enough, we have t > 0 for all « > 0 small
enough.

Proof. We argue by contradiction. Assume that t = 0. We then distinguish two cases.
If the corresponding = and y are small (z < 2 and y < 2) then, since wuq is Lipschitz
continuous and ([L.2§) holds true, there exists a constant Ly > 0 such that

¥ (@, 0) =y, o))

M
0< 7 S Ma,oc SU(O,ZL‘,@) - V(O7y’0) -

2e
z,0) — (y,0)]?
<Lol@,0) - (y,0)| — m, /B = 0:7)
2
< LO 5
_2m¢

14



which is absurd for € small enough.
The other case corresponds to large x and y (z > 1 and y > 1). In this case, since g is
Lipschitz continuous, we know that there exists a constant L; > 0 such that

0<M
-2

< M., <|U0,2,0) = V(0,y,0)| < |0 — | + Li]e” — €”|.

Using the fact

o= o+ ler = e < (oo L) [600) = vl o)l < (5 + L) VEoV2
My, My,

we get a contradiction for € small enough. O

Thanks to Lemma (.3, we will now write two viscosity inequalities, combine them and
exhibit a contradiction. We recall that we have to distinguish cases in order to determine
properly in which coordinates viscosity inequalities must be written (see the Introduction).

Case 1: There exists «,, — 0 such that x > % and y > % We set X = % and
Y = e¥ti?. Consider U and V defined in Lemma B.. Remark that, even if §(X) is defined
modulo 27, the quantity (X ) —6(Y) is well defined (for |X|, Y| > e and |[X —Y| < 3) and
thus so is U(t, X) — V(¢,Y). Recall also that U,V are respectively sub and supersolutions
of the following equation

wy = |Dw| + Dw - Dw-Dw

Moreover, using the explicit form of 1, we get that

M {U(t X) - V(t,Y) eKt|X Y- Zxp - }
go T Sup ) - V) — A = - = — 0.
t€[0,7],X,Y €R2\ By (0) 2e 2 T—t
Moreover, —|DxU| < —‘71| (in the viscosity sense). We set
X-Y
p=-—">°K"
£

We now use the Jensen-Ishii Lemma [[] in order to get four real number a, b, A, B such that

@+aXV<
Ip + aX|
1 1

Y

ip|  |pl

(p+aX)*

a < |pt+aX|+ Prax]’

al)

b > |p|+

Moreover, p satisfies the following estimate

1
(4.34) lp+aX| > m, Ip| >

a, b satisty the following equality

a—b=



and A, B satisfy the following matrix inequality

A0 ] _2M[ 1 I
0 —B |~ ¢ -1 I |-
This matrix inequality implies

26Kt
61— &)

(4.35) At < BEG + =

for all &, & € R%. Subtracting the two viscosity inequalities, we then get

U (p+aX)t (p+aX): pt pt
— <|p+aX|—|p|+a+ ——B—
17 Ip + aX| Ip + aX]| ip|  [p|
2Kt X 2
<ol X|+a+ = (p+a —fg
€ lp+aX| |p
2
2eKt aX p aX 2
</Cov/a +a+ p +2<—7)
€ (&) p| |p+ [aX]|

8€Kt o 2
<VCova +a+— (a|X])

where we have used successively (.39), (32) and ([£34). Recalling, by (E:33) that o|X|? =

0a(1), we get a contradiction for o small enough.

Case 2: There exists «, — 0 such that » < —% and y < —%. Using the explicit
form of ¢ and the fact that U(¢t,x,0) = 0 +u(t,z) and V(¢,y,0) = 0 + v(t,y) with v and v

respectively sub and super-solution of (P.I0]), we remark that

Kt W)(x/ae) - ¢(y/70)|2 _ g‘l’/‘Q o n
Tt

M., = sup {u(t',2) —v(t',y) —e

«
10— 2y,
Vaty 2 2 o3

Moreover, the maximum is reached at (¢, x,y), where we recall that (¢,z,0,y,0) is the point
of maximum in (f:30). Using the Jensen-Ishii Lemma [fl], we then deduce the existence, for
all v; > 0, of four real numbers a, b, A, B such that

A+«
a < e*J1+pt+ar)2+e Ppt+ar)+e r——0 —
< (v anP + el +an) + o
B
b > e Y4/1 2 —2y —2y
> e +p-+e “p+te 15,2
where
_$—yeKt

5
These inequalities are exactly (B.Iq) and (B.I7). Moreover a, b satisfy the following equality

n Kt|1/}<x79) _¢<y70)|2 Ui Kt‘x_y|2
IS B > Kokt T Y1
¢ T—1p ¢ 2 ST TR T

16



which implies (B.1§); moreover, A, B satisfy the following matrix inequality

H —OB} SeTKt(H%)[—H _11}

This inequality implies (B.19). Eventually, ([£.39), the fact that 2 < 0, y < 0 and Lemma [L1]
imply (B-IH) (with a different constant). We thus can apply Lemma B3 and deduce the
desired contradiction.

Case 3: There exists a,, — 0 such that —1 < z,y < 2. Since 0,0 € [—m, 3], there
then exists M, > 0 (only depending on the function ) such that for all z € [—1,2] and
6 € [—m,3n],

(4.36) [¥(x,0)| + [ DY (=, 0)] + | D*(, 0)] + |D*(x,0)| < My.

For simplicity of notation, we denote (z,0) by & and (y, o) by y. We next define

Kt 6Kt

€ _ _ _ _ _
pe = —D(@)" © (V@) —¥(y)) and py = —D(H)" © ((z) - ().
We have pz, p; € R? and we set (e, e3) a basis of R%
Lemma 4.4 (Combining viscosity inequalities for a = 0). We have for o =0
=12 2€Kt

xr —
(4.37) % + Kmiem% < e pz| — e V|py| + e pz-er —e Hpy e+

(1 + 1)

where

—

L = (@) -9 o (DQQZJ(f)eng “e 7 pk — D*(p)e pp ¢ p) )

T, = |Do@epE - Due nt|

Proof. Recall that U and V are respectively sub and super-solution of (f.25) and use the
Jensen-Ishii Lemma [[] in order to deduce that there exist two real numbers a,b and two
2 x 2 real matrices A, B such that

a < €_x|135c| + 6_%13@ s €1

+e L (A a(0(@) © D*0(@) + DU © Du(a)

5
|Dz|

b > e Vpy|+e ¥pyer+e P
Pyl |pgl

where
Pz =Dpz+ QD@Z)@)T © @Z)(j)
Remark that , since DU = DyV = 1, there exists dy > 0 such that

Pz >0 >0 and pz; > dp > 0.
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Moreover a, b satisfy the following equality

o i [Y(@) =P
R PR 2e

and A, B satisfy the following matrix inequality

{A 0 ] o2 H<¢<x>—¢<y>>@D%<x> 0 ]

0 —-B € 0 —((z) = (7)) © D*Y(7)
+ { DY(z)" ® Di(E)  —Dv(y)” © Dy(z) ] }
—Dy(y)" © Dy(z)  Dy(y)" © Dy(y) '
This implies

2€Kt

Ag-€< BC-C+ {w@) (@) © D(E)E - € — (&) — (7)) © DV(F)C - ¢
+ |Dy(z)€ — Dw<y><\2}

for all £, ¢ € R% Combining the two viscosity inequalities and using the fact that |¢(z) —
Y(y)| > my|z — y|, we obtain

w12
T — N B o~ _
2 ke I <ol |+ e — Py e
+ae™ 5L (9(@) © DY(r) + DY(@) Do (7)) 7
2eKt _
+ 6 (7, + 1)

where Z; and Z, are defined respectively as Z; and Z, with p; replaced by pz. Remarking
that there exists a constant C' > 0 such that

—2z ﬁ%
[P

(6(2) © D2(3) + Do) Du(x)) L2

e “pz| + 6_2931592 -e1 + |ae =
| Pz
2

< e "lpsl + € pz €1 + Ca (ID*$(2)* + [DY(@)]* + 9 (2)]°)
< e |ps| + e Fps e + 3MiCa
and
7y — Tu| + | — Ib| <C|pt —p%)
Dz — Pz 1 1
<o\ ' + |pal
|Dz| |pa:| |pz|
<c|Pazpe| ’ pz| — |Ps]
50
— Pz
<2C
50
2C%
<
=5
and sending a — 0 (recall that z, 7 ly in a compact domain), we get ({£.37). O
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Lemma 4.5 (Estimate on Z;). There exists a constant C such that
(4.38) 7| < Cilz —y/?
Proof. In order to prove ([.3§), we write

71|

10(@) — (@) <|(D*(z) — D*(5))e"pt - e~ pa|

+| D?1)
+| D?1)

(e —e y)pm e ” %I

v (@)
(e

D) g (77— ey

+D*@)epg e (pF =1y ) I

Thanks to ([.36) and max(|z|, |y|) < 2, we have

|D*)(z) = D*0(g)] < Mylz —gl,
e —e¥| < eflz—gl.
We also have the following important estimate
Pz — Py 1
[ ) < + |pg] —
! |ps] b |px\ [Py
<|Pz =Py ‘Ipy [Pz
|ps] [P
<9 Pz — Dy
[Pzl
<oz | Dy(z) — DY(@)l1¢(®) — ()]
mylz — g
2M?2
<=z g
My,

where we have used the fact that |pz| > eTKtm¢|3_3 — y| (see (E£29)). This finally gives that
there exists a constant C (depending on m, and M,,) such that (fE3§) holds true. O

Using the fact that |pz|, |py| < CeTKt\:E — y|, we can prove in a similar way the following
lemma.

Lemma 4.6 (Remaining estimates). There exist three positive constants Cy, Cs and C such
that

T, < Colz -yl

oKt

¢ lpel = lpl < Cs?ﬁ? — 97,
2 2 — el 2
e pzrer—e Ypy-ep < 04?|f—@| .
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Use now Lemmas [l.] and [L.g in order to derive from ([.37) the following inequality

n Kt|5f_3j|2 et 12
7 HEmeT T Ol
with C = C, + Cy + C5 + Cy. Choosing K > %, we get a contradiction. O

5 Construction of a classical solution

5.1 Barriers and Perron’s method

Before constructing solutions of ([[.J) submitted to the initial condition ([[.4), we first con-
struct appropriate barrier functions.

Proposition 5.1 (Barriers for the Cauchy problem). Assume i, € W>>([0,+00)) with
ug satisfying (LH). There exists a constant C > 0 such that u=(t,r) = uo(r) £ Ct are
respectively a super- and a sub-solution of ([.3)-(L4).

Proof. 1t is enough to prove that the following quantity is finite
_ 1, - B B
C= sup — ’F(T‘, (UO)T‘(T)7 (UO)T’T(T))’ :
r>0 T

Use (B.9) to obtain
é = maX(C_'l, 62)

with
O = swp |F(T7(ﬂ0)r(r),(ﬂ0)w(r))—F((J,(fLO)r(O),(ﬂo)w(O))l’
rel0,1] r
O =y PO 0@). @) ()]
re[l,4+o00) r

By using the regularity of F' and g, it is now easy to see that both quantities are finite and
only depend on . O

We now construct a viscosity solution for ([.J)-([.4) which is very classical with the
results we have in hand, namely the strong comparison principle and the existence of barriers.
However, we give a precise statement and a detailed proof for the sake of completeness.

Proposition 5.2. Under the assumptions of Theorem [[.3, there exists a unique viscosity

solution @ of ([L3)-([.4) such that ([.G) holds true.

Proof. In view of Lemma P27, it is enough to construct a solution u of (B-I0) satisfying (2-17))
with ug(z) = ug(exp z).
Consider the set

S ={v:(0,4+00) x R — R, sub-solution of (2I7) s.t. v <wu™}.

Remark that it is not empty since u~ € S (where u*(¢,z) = u*(¢,r) with z = Inr). We
now consider the upper envelope u of (t,7) + sup,csv(t,7). By Proposition R4, it is a
sub-solution of (B.I0). The following lemma derives from the general theory of viscosity
solutions as presented in [f] for instance.
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Lemma 5.3. The lower envelope u, of u is a super-solution of (2.10).

We recall that the proof of this lemma proceeds by contradiction and consists in con-
structing a so-called bump function around the point the function u, is not a super-solution
of the equation. The contradiction comes from the maximality of u in S.

Since for all v € S,

up(z) — Ct < v < wp(z) + Ct,
we conclude that
up(z) = u.(0,2) = u(0, ).

We now use the comparison principle and get u < u, in (0,7") xR for all 7" > 0. Since u, < u
by construction, we deduce that v = u, is a solution of (-I0). The comparison principle
also ensures that the solution we constructed is unique. The proof of Proposition f.9 is now
complete. O

5.2 Gradient estimates

In this subsection, we derive gradient estimates for the viscosity solution u of ([[.3) con-
structed in Proposition p.2.

Proposition 5.4. Consider a non-increasing function uy € Li°.([0,+00)) with (ug), €

W2([0, +00)) such that ([CF) holds true. We denote by Lo the Lipschitz constant of .
Let @ be the viscosity solution u of (L3)-(ILA) satisfying (L7). Then @ is also Lipschitz con-
tinuous (with Lipschitz constant with respect to x, equal to max(1, Ly)) and non-increasing
with respect to r for all times t > 0: YVt > 0, Vr > 0,

(5.39) —max(1, Ly) < u,(t,r) <0

moreover, it is C-Lipschitz continuous with respect to t for all v > 0 where C denotes the
constant appearing in Proposition 1.

Proof. Proving (b.39) is equivalent to prove that the solution u of (R.10) satisfies the following
gradient estimate: Vt > 0, Vo € R,

(5.40) — Loe® < ug(t,z) <0

where Ly = max(1, Ly). We will prove each inequality separately. Since @ is sublinear, there
exists ', > 0 such that for all x € R

lu(t, z)] < Cu(1+€").

Step 1: u is non-increasing with respect to r. This is equivalent to prove that w is
non-increasing with respect to x. This is the reason why we will prove the following

My = sup {u(t,x) - U(t, y)} < 0.
te(0,7),z>yeR

We argue by contradiction by assuming that My > 0 and we exhibit a contradiction. There
then exists (t*,2*,y*) € (0,7) x R? such that u(t*, z*) — u(t*,y*) > 0. Hence the following
supremum

Q@ o n
M, = sup {ut,:p —u(t,y ——xQ——yZ——}
t€(0,T),a>yeR t,2) (t9) 2 2 T—1
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is also positive for a and 1 small enough (only depending on My and (t*, z*, y*)).
Using the fact that, by assumption on uy,

(5.41) u(t, r) —u(t,y) < ult, ) — to(w) + to(x) — to(y) + to(y) — ult,y) < 2C)

and the fact that —%xZ — %yQ — —o0 as & — £oo or y — +00o, we deduce that the supremum
is achieved at a point (¢, z,y) such that ¢t € (0,7) and = > y.

Moreover, we deduce using (b.41]) and the fact that M, > 0, that there exists a constant
Cp := 4C" such that x and y satisfy the following inequality

ar? + ay® < C.

Thanks to Jensen-Ishii’s Lemma (see e.g. [H]), we conclude that there exist a,b, X, Y € R
such that

X
a < e V14 a2a?+e Xax + (3_235ﬁ

1+ o222’
Y —«
_ —92 —2
b > e VV1+a?y? —e Yay+e y71+a2y2’
] X 0
_ I < 0.
S e Eh [0 —Y]—O

Substracting the viscosity inequalities and using the last line yield

% <e V14 a2 —e V1 +a2y?+e Palr+1)+e Pa(y+1)

We remark that the function z — e~ 2?(z + 1) is bounded by %e, hence

5.42 i <e *V1+ 222 — e Y\/1 + 042’3/2 T ae
T2

Since

0<e®™Vi+a2x2<e "\/1+aly—0 asx — +00

we deduce that there exists xq > 0 such that for all x > =z,

(5.43) e V11 a2z <

- 27T?%

We set yp = —z¢p < 0 and we distinguish three cases:
Case 1: There exists «,, — 0 such that x,, > x,.

Injecting (B-43) in (p-43), we deduce that

1 < a,e.

.44 —
(5.44) 5 <

Taking a,, small enough, we get a contradiction.

Case 2: There exists «,, — 0 such that x,, < xq and y,, > vo.
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In this case, we have yy < y, < x, < x9. Hence, up to extract a subsequence, there
exists T and y with > ¢ such that z,, — Z and y,, — §. Sending a,, — 0 in (5.49), we get

— <
T2 —

which is absurd.

Case 3: There exists «,, — 0 such that x,, <z and y,, < yo.
Remarking that |z,| < |y,|, we deduce using (p.47) that
Ui

ﬁgane

which is absurd for «,, small enough.

Step 2: @ is Lo-Lipschitz continuous with respect to r. This is equivalent to prove
that
My = sup  {u(t,x) + Loe” — u(t,y) — Lo’} <O0.
te(0,7),x<yeR
We argue by contradiction by assuming that My > 0 and we exhibit a contradiction. The
following supremum

M, = sup {u(t, z) — u(t,y) + Loe® — Loe? — g %yQ - L}

te(0,T),2<y€eR 2 T—t

is also positive for v and 7 small enough.
Using the fact that, by assumption on uy,
(5.45)
u(t, z)—u(t,y)+Loe"—Loe? < u(t,z)—ug(z)+io(x)—1io(y)+iio(y)—u(t, y)+Loe* —Loe? < 2C,

and the fact that —%xZ — %yQ — —o0 as & — £oo or y — +00o, we deduce that the supremum
is achieved at a point (¢, x,y) such that t € (0,7) and = > y.

Moreover, we deduce using (5.47) and the fact that M, > 0, that there exists a constant
Cp := 4C" such that x and y satisfy the following inequality

ar? + ay® < C.

Thanks to Jensen-Ishii’s Lemma (see e.g. [H]), we conclude that there exist a,b, X, Y € R
such that

- _ X — Lope® +a
—x T —2z r w2 ’
a < e \/1+(—Loe +aw)? + e (—Loe" + ax) te 1+ (=Loe® + ax)?’
— — Y—Eoey—a
b > eiy\/1+ Loe¥ + ay)? — e (Loe? + ay) + e = ;
> (Lo Y) (Lo y) 1+ (Loe”™ + ay)?
n X 0
I B <0.
a—>b T =02 [0 _Y}_O
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Substracting the viscosity inequalities and using the last line yield

i/ <e_x\/1 + (Loe® — ax)? — e_y\/l + (Loe¥ + ay)? + ae ™ (z + 1) + ae @ (y + 1)

T2 —
Zoe_x n Eoey
1+ (Loe® — ax)? 1+ (Loe® + ay)?

— Loe ™ + Loe ¥ —

Using the fact that the function z — /1 4+ 22 and z — H% are 1-Lipschitz, we deduce
that

% <e "1+ LEe2 — e ¥\ /1 + L% + e “a((1 + Lo)|z| + xe ™ + ™)

I_zoeim n Eoey
15 (Loe)? T 1+ (Loe™)?

+ae (14 Lo)ly| +ye ¥ +e¥) — Loe ™ + Loe ¥ —

Remarking that the function z — e *((1 + Lo)|z| + ze=* + ¢7*) is bounded by a constant

C3, we have

% <2C3a+g(x) — g(y)

x|/ 79 o = Eoe_“*’
g(.’lf):e 1+Lg€2 —L0€ —W

We now rewrite ¢ in the following way

/ I Lo
— —2x 2 —T
g(x) =\/e=22 + L2 — Loe o Lk

where

eI I
Jem f L4 Lyes e + Liew
(1-13) L Ly

= — + = = — =
/ o2 + L%64x + Loea: /e—2x + L% + Loe—x er + Lge?’m

and use the fact that Ly > 1 to deduce that ¢ is non-decreasing. Hence, we finally get

% S 2030[

which is absurd for « small enough.

It remains to prove that @ is C-Lipschitz continuous with respect to . To do so, we fix
h > 0 and we consider the following functions:

un(t,r) = a(t + h,r) — Ch and a"(t,r) = a(t + h,r) + Ch.
Remark that @, and u" satisfy (). Moreover, Proposition f-1] implies that
1, (0,7) < dg(r) < a"(0,7).

Thanks to the comparison principle, we conclude that ;, < @ < @" in [0, +00)?; since h is
arbitrary, we thus conclude that u is C-Lipschitz continuous with respect to t. The proof of
Propositon p.4 is now complete. O
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It is now very easy to derive Theorem [[.3 from Propositions p.9 and .4

Proof of Theorem [[.3. Consider the viscosity solution @ given by Proposition p.2. This
function is continuous. Moreover, thanks to Proposition p.4, @; and 4, are bounded in
the viscosity sense; hence w is Lipschitz continuous. In particular, there exists a set
N C (0;400) x (0,400) of null measure such that for all (t,7) ¢ N, @ is differentiable

at (t,r).

Thanks to the equation
(5.46) u; — a(r, u, )ty = f(r,a,) for (t,r) € (0,400) x (0,400)
with

i) = e Sl = VT e, () )

1+ r2u?’ 1+ r2u?
we also have that w,, is locally bounded in the viscosity sense. This implies that « is locally
C1! with respect to r, and in particular, we derive from Alexandrov’s theorem [f, p. 242]
that for all ¢ > 0 there exists a set N; C [0, 4+00) of null measure such that for all r ¢ N,
u(t,-) is twice differentiable with respect to r, i.e. there exist p, A € R such that for p in a
neighborhood of r, we have

(5.47) i(t,p) = t, 1) + plp — ) + A~ ) 4 ol(p — 7)?).

From N and {N;};0, we can construct a set N C (0; +00) x (0; +00) of null measure such
that for all (¢,r) ¢ N, wu is differentiable with respect to time and space at (¢,7) and there
exists A € R such that (p.47) holds true. We conclude that

(s, p) = u(t,r) + 0a(t, )5 — 1) + Byalt, 1) (p — 1) + 3 Alp — 1) + of(p— ) +ols — ).

In particular, (5.44) holds true for (¢,7) ¢ N.

We deduce from the previous discussion that u; — @,, = f € Ly, holds true almost
everywhere, and thus in the sense of distributions. From the standard interior estimates for
parabolic equations, we get that @ € W2 for any 1 < p < +oo. Then from the Sobolev

loc
embedding (see Lemma 3.3 in [[Z]), we get that for p > 3, and @« = 1 — 3/p, we have

— o, /2
u, € C " .

We now use that (5:44) holds almost everywhere. Therefore we can apply the standard
interior Schauder theory (in Holder spaces) for parabolic equations. This shows that u €

24a,1+a/2
Cloc

which ends the proof of the theorem.
U

. Bootstrapping, we finally get that u € C}°

locy

A Appendix: proofs of technical lemmas

In this section, we prove Lemmas L] and [£.2.
Proof of Lemma [[-]. We look for 1) under the following form: for z,6 € R,
U(@,0) = (1= u(x))(w,e”) + () (0, ")

where ¢ : R — R is increasing, smooth (C*) and such that «(z) =0 if z <0 and ¢(z) = 1 if
x > 1. Remark that ([:26) and ({.27) are readily satisfied.

It remains to prove ([.2§) and (.29). Let us first find € > 0 and m,, > 0 such that for
all z,y,0, 0 such that |(z,0) — (y,0)| <€, we have ([.2§) and ([.29).
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Study of ([28). It is convenient to use the following notation: ¥ (x,0) = (¢1(x), da(x)e®).
We first write ([.2§) in terms of ¢;:

|01(2) — 1(y)| + |d2() — P2(y) cos(0 — o)| + ¢2(y)[ sin(0 — o)| = my(|z —y| + |0 — o)

(we used a different norm in R* and m,, is changed accordingly). It is enough to prove

|01(x) = d1(y)] + |da(2) — P2(y)| + P2(y) (| sin| — 1 + cos)(f — o)
> my(|r =yl + 0 — of).

We choose € < 1 and we remark that such an inequality is clear if z < —1 or x > 2. Through
a Taylor expansion and using the fact that ¢o(y) > 1, this reduces to check that

min__inf _ (164 ()| + |6 ()], 1) = 2m,

which reduces to

weil(flofl){laﬁi(ﬂf)l +g5(2)[} > 0.

For z far from 0, a simple computation shows that ¢4(z) > «(z)e” and this permits us to
conclude. For z in a neighborhood of 0, ¢|(x) = 1+ o(1) and ¢,(z) = O(x) and we can
conclude in this case too.

Study of (£:29). We next write (£:29) in terms of ¢;

(A1) [@(x,y) + ¢5(x)2(y) (1 — cos(6 — 0))| + [da(2)d2(y)]] sin(0 — o)
> py(lz —y[+10 = ol)

where
D(z,y) = ¢1(2)(d1(x) — 1(y)) + d(2)(P2(x) — Pa(y))-

Once again, such the previous inequality is true for z ¢ (—1,2) and for = € (—1,2), we
choose my, such that

xei%fl){¢i($))2 + (92(2))2} = 2my,.

The same reasoning as above applies here too.

Reduction to the case: |(z,0) — (y,0)| < e. It remains to prove that for € > 0 given,

we can find §, > 0 such that, as soon as |¢(x,0) — ¥(y,0)| < 0y and |6 — o < 7, then

|(z,0) — (y,0)| <e. We argue by contradiction by assuming that there exists ¢y > 0 and two
sequences (z,,0,) and (y,, 0,) such that

m
en_n<_
0a— 00l < 5

T = Y| + 100 — 00| > €

¢1(xn) - le(yn) —0

cos(0p, — 04)P2(2n) — G2(yn) — 0
¢o(xy) sin(6,, — 0,) — 0
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as n — 00. Since ¢9 is bounded from below by 1, we deduce that sin(6,, — o,,) — 0. Up to
a subsequence, we can assume that 6, — 0, — 0 and we thus deduce that 6 = 0. Hence,
|Zn, — yn| > % for large n’s. Thanks to a Taylor expansion in 6, — 0, we can also get that
¢2(2,) — P2(yn) — 0. Because |z, —y,| > %, we then get that z,, and y,, remain in a bounded
interval. We can thus assume that =, — =z, and y, — y.. Finally, we have ¢;(z.) = ¢;(y«)
fori = 1,2 and |z, —y.| >> 2 which is impossible. The proof of the lemma is now complete.

U

Proof of Lemma [.3. The second estimate is satisfied if Cy is chosen such that

2
Cy > sup r—(r——) )
>0 3/ +
We now prove the first estimate. We distinguish three cases:

Case 1: z <1 and y < 1. In this case, ¢* and e¥ are bounded and the definition of ug in
terms of the Lipschitz continuous function uy implies

uo(x) — uo(y)| < C

for some constant C' > 0.

Case 2: (r<landy >1)or (z>1andy <1). The two cases can be treated similarly
and we assume here that * < 1 and y > 1. In that case (z,0) = (a,b) with a € R and
b € C with |b] < e (see (E27)) and ¥ (y, o) = (0,e¥T7). Moreover, there exists a constant C'
such that

|uo(2) — uo(y)] < C(1 +¢).

We also have

[¥(@,0) — ¥y, 0)| =v/a? + [ev+ie —b]?

>Vt — b
>e — |b|
>e¥ —e.
Hence,
luo(z) —uo(y)] < C(l+e)+Cle’ —e)
Kt
< C(l+4e)+ C?ee Bt 4+ Z—(ey - 6)2
€
oft
< Cll+e+0)+ (@, 0) — ¢y, o)f

which gives the desired estimate.
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Case 3: v > 1 and y > 1. In this case,

and

[U(@,0) — Uy, o)| = e — 7 > e — e

|uo(x) = uo(y)] < Lugle” — €],

where L,,, is the Lipschitz constant of %y. Hence, 5 is chosen such that

1
Cy > sup Ly, 7 — —r2

r>0 4e

The proof is now complete. O
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