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Abstract—This paper deals with the complete shaking force 
and shaking moment balancing of the position-orientation 
decoupled PAMINSA manipulator. The dynamic reaction 
forces on the manipulator’s base are eliminated by making the 
total mass center of the moving links stationary. The reaction 
moments on the frame are eliminated by optimal control of the 
end-effector, which rotates with prescribed velocity. The 
numerical simulations carried out using ADAMS software 
demonstrate that the balanced manipulators transmit no 
inertia loads to their bases. 

I. INTRODUCTION 

HE problem of mass balancing of mechanisms is of 
continuing interest to researchers and different 

approaches and solutions have been developed and 
documented [1-3]. But despite its long history, mechanism 
balancing theory continues to develop and new approaches 
and solutions are constantly being reported. A new field for 
their application is the design of mechanical systems for fast 
manipulation, which are very efficient for advanced robotic 
applications. The cancellation of the shaking force 
transmitted to the robot frame can be achieved by a 
traditional approach, which consists of the fixation of the 
total mass center of the manipulator moving links [4-10]. 
However, the cancellation of the shaking moment is a more 
complicated task. The literature review of works on shaking 
moment balancing shows that the methods can be classified 
into three principal groups: (i) shaking moment balancing 
using counter-rotations [11-15], (ii) shaking moment 
balancing by adding four bar linkages [16-20] and (iii) 
shaking moment balancing by optimal trajectory planning 
[21-23]. 

The aim of the first approach is to connect the 
counterweights with planetary gear trains, which generate 
counter-rotations. The disadvantage of such a balancing is 
the need for connection of gears to the oscillating links. The 
oscillations of the links of the mechanism will create noise 
unless expensive anti-backlash gears are used. 

The second approach is achieved by building a 
mechanical system out of modules – four-bar linkages or 
parallelepiped mechanisms. The linkages with prescribed 
geometric parameters allow the optimum redistribution of 
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the moving mass to achieve shaking moment balancing. The 
originality of such a solution is the balancing of the shaking 
moment without counter-rotations. However, balancing by 
using this method is only attained via a considerably 
complicated design. 

In the third approach the shaking moment is balanced 
through optimum motion planning. In study [21], a 3-DOFs 
manipulator is developed in order to carry out an in-plan 
positioning task in which a redundant degree of freedom is 
used for shaking moment balancing. The drawback of this 
approach consists of complementary actuation. It should be 
noted that the shaking moment of a force balanced 2-DOFs 
manipulator can be successfully cancelled by a 
complementary actuator mounted on the frame and rotated 
with prescribed velocity. Another approach based on the 
optimum motion planning has been developed for the 3-RRR 
parallel manipulator [22], in which the trajectory in the 
horizontal plane of the manipulator is imposed. The rotation 
of the platform is calculated in such a manner that the 
angular momentum of the parallel mechanism becomes 
constant. It should be noted that the legs of a force balanced 
manipulator have important masses and consequently inertia 
moment. The rotation of the platform is used for 
compensation of their moments. However, the platform of a 
3-RRR parallel manipulator cannot perform a full-cycle 
rotation, and as a result the rotary acceleration is limited. In 
our previous study [23] the complete shaking force and 
shaking moment of the SCARA robot with 4-DOF has been 
discussed. Reaction moments on the frame of the SCARA 
robot are eliminated by optimal control of the end-effector, 
which rotates with prescribed velocity. In the present paper 
such an approach is used for the balancing of the position-
orientation decoupled PAMINSA manipulator. 
 The paper is organized as follows. At first the concept of 
the manipulator is discussed. Then the shaking force and 
shaking moment balancing are considered. In the last part a 
numerical simulation carried out by using ADAMS software 
illustrates that the balanced manipulators transmit no inertia 
loads to their bases.    

II. POSITION-ORIENTATION DECOUPLED PAMINSA 

MANIPULATOR WITH 6-DOFS 

A. Shaking force and shaking moment  

PAMINSA (PArallel Manipulator of the INSA) mani-
pulators belong to a new family of partially decoupled 
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parallel robots having between three and six DOFs, which 
was recently developed at the I.N.S.A. of Rennes (France) 
[24-27]. The particularity of this family of manipulators is 
the decoupling of the displacements of the mobile platform 
in the horizontal plane from the translations along the 
vertical axis. 

Fig. 1a shows a CAD model of a new PAMINSA 
architecture with 6 DOFs. The parallel structure of this 
manipulator has only three DOF for displacements of the 
platform along the x, y and z axes. With regard to the 
orientation of the end-effector, a serial wrist with 3 DOF is 
mounted on the platform. As in the previous architectures of 
PAMINSA manipulators, each leg of the PAMINSA is 
realized by a pantograph mechanism (Fig. 1b) with two 
input points Ai and Bi, and one output point Ci (i = 1, 2, 3). 
Each input point Ai is connected with the revolute actuator 
Mi by means of a prismatic guide mounted on a rotating link. 
This type of architecture allows the generation of 
translations in the horizontal plane by use of the rotating 
actuators M1 and M3 and the vertical translations by the 
linear actuator Mv. Thus, the displacements (x, y) of point P 
of the platform in the horizontal plane Oxy (respectively the 
translations along the x- and y-axes) are independent of the 
vertical translations z. 

This implies that kinematic models controlling the 
displacement of the manipulator can be divided into two 
parts:  
- one model for the displacements in the horizontal plane 

(Fig. 2a);  this model is equivalent to a 3-RPR manipulator 
with two actuated revolute joints and two parallel legs. On 
this drawing, the displacement of pairs M’i (or H’i) 
corresponds to the displacement of both passive pairs Mi  
(or Hi) and the pantograph linkage; 

- one model for the translations along the vertical axis (Fig. 
2b) equivalent to the model for the vertical translations of 
a pantograph linkage (k is the magnification factor of the 
pantograph linkage). 
The advantages of such a design concept have been 

discussed in [26, 27]. 
The PAMINSA manipulators are aimed at high-load 

carrying applications, but could also be used in different 
applications, such as pick-and-place or micro-manipulation 
(as long as the magnification factor of the pantograph 
linkages does not scale up the displacements but, on the con-
trary, scales down the movement). 

As depicted above, the parallel structure has only three 
translational DOFs. In order to ensure the three orientational 
DOFs, a serial wrist is added to the platform (Fig. 3). This 
wrist has three rotations which can be represented by 
expressing the direction cosines in terms of z0-x1-z2 Euler 
angles This wrist will be used in order to balance the 
shaking moments during the displacements of the structure. 
 

 

(a) 

 

(b) 

Fig. 1. The hybrid PAMINSA manipulator. (a) PAMINSA with 6 DOF. 
(b) Kinematic chain of each leg of the PAMINSA structure 

 

 
(a) 

 

(b) 

Fig. 2. Kinematic models for the manipulator under study. (a) Equivalent 
model for planar movements. (b) Equivalent model for vertical 
translations 



  

  
(a) (b) 

Fig. 3. The 3-DOF serial wrist mounted on the platform. (a) CAD view. 
(b) Kinematic model. 

 

The positions of the centers of masses Sji of the links (j = 
1 to 8 and i = 1, 2, 3) are considered at the middle of each 
link. Moreover, it is assumed that the centers of masses Swi 
of the wrist links are located at point P. 

Therefore, for this mechanism, the shaking force F and 
shaking moment M applied on the base can be computed 
using the general equations: 
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where 
- mpl represents the mass of the platform with the wrist; 
- P represents the acceleration of the end-effector; 
- mji and Iji, represent the mass and the inertia matrix 

(expressed in the base frame) of the j-th limb of leg i, 
respectively; 

- Sji represents the acceleration of the centre of masses of 
the j-th limb of leg i; 

- ji is the vector of rotational velocities of the j-th limb of 
leg i; 

- Iwi represents the inertia matrix expressed in the base 
frame of the i-th link of the wrist; 

- wi is the vector of rotational velocities of the i-th link of 
the wrist. 

Developing and simplifying (1), the expression of the 
force F can be rewritten under the form: 
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where Ci, Ei, S5i represent the acceleration of points Ci, S5i 
and Ei, and: 
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where k = BiFi/DiFi is the magnification factor of the 
pantograph linkage. 

In order to estimate the variable dynamic loads 
transmitted to the base of PAMINSA, we carried out the 
simulations using ADAMS software. For this purpose, a 
standard cycle of pick-and-place motion (25×300 mm in 0.5 
s) for a fifth-order polynomial trajectory with the following 
initial and final locations xi = 0.48 m, xf = 0.48 m and yi = 
−0.1 m, yf = 0.2 m with constant orientation of the wrist 
equal to zero. The geometric and inertia parameters of the 
robot are the following: 
- parameters for the position of points Mi and Ji: a = 0.1 m, 

b = 0.175 m, c = 0.42 m, d = 0.1 m, e = 0.05 m and f = 
0.12 m ; 
- magnification factor of the pantograph: k = 3; 
- lengths of the links of the pantograph linkages: BiGi = 

0.442 m, AiEi = DiFi = 0.42 m, CiEi =k AiFi = 0.63 m, CiJi 
= 0.0275 m, MiS5i = 0.15 m, MiOi = 0.308 m; 
- mass of the platform with the wrist: mpl  = 4.41 kg; 
- masses of the links of the pantograph linkages:  

m1i = 0.622 kg, m2i = m3i = 0.406 kg, m4i =  0.107 kg, m5i = 
0.436 kg, m6i = 0.921 kg, m7i = 1.2 kg, m8i = 0.305 kg; 

- terms of the inertia matrices of the links of the pantograph 
linkages:  

2)1( kg/m0012.0XXJ , 2)1( kg/m048.0YYJ , 2)5( kg/m02.0YYJ , 
2)5( kg/m0006.0XXJ , 2)3()2( kg/m0038.0 XXXX JJ , 

2)3()2( kg/m02.0 YYYY JJ , 2)4( kg/m0008.0XXJ , 
2)4( kg/m003.0YYJ  , 2)6( kg/m003.0XXJ , 
2)6( kg/m071.0YYJ . 

- terms of the inertia matrices of the links of the wrist:  
2)1( kg/m019.0w

XXJ , 2)1( kg/m337.0w
YYJ , 

2)2( kg/m039.0w
XXJ , 2)2( kg/m63.2w

YYJ , 
2)3( kg/m088.0w

XXJ , 2)3( kg/m35.3w
YYJ . 

Fig. 4 shows the shaking force and moment variations of 
the unbalanced robot computed with ADAMS (in solid line). 

B. Shaking force and shaking moment balancing 

The shaking force can be balanced by cancelling the 
terms mCi1, mCi2, mS5i and mEi. This can be achieved by the 
redistribution of the centres of masses of the moving links, 
i.e.: 
- for the cancellation of terms mCi1 and mEi, by the addition 

of counterweights mCP1i and mCP2i positioned, by example, 
at points Ai and Fi respectively, 



  

- for canceling the effects of term mS5i, by adding a 
counterweight mCP3i on the link 5i positioned, by example, 
at points Li such as OLi = OOi + r OiS5i, r < 0. 

 

- for canceling the effects of term mCi2, by adding 
counterweights undergoing similar but opposite 
movements to the end-effector motion.  
With the added counterweights and the supplementary 

system, equations (6) to (9) can be rewritten as: 
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which leads to the expressions of the masses of the 
counterweights: 
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The effects of counterweights on shaking force and 
shaking moment are shown in Fig. 4 (with a dashed line). 
For the manipulator under study, the masses of the 
counterweights are mCP1i = 4.49 kg, mCP2i = 1.69 kg, and 
mCP3i = 0.436 kg (taking into account that r = −1). Note that, 
although the added masses allow cancelling of the shaking 
force, there is an increase of about 35% in the shaking 
moment around the z-axis. Concerning the shaking moment 
around x and y axes, the values before and after mass 
balancing are similar. 

After force balancing, the expression of the shaking 
moment Mbal becomes: 
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The expression of M is given in equation (2). 
The term M of equation (17) depends on a free parameter 
rot
wristM , which defines the orientations of the end-effector 

between its initial and final positions, but which does not 
have any influence on the prescribed trajectory. 

Thus, we have to adjust the rotations of the wrist in order 
to cancel the shaking moment. However, according to 
equation (17), which is nonlinear, the expressions of the 
rotations are difficult to compute. Therefore it is preferable 
to compute the values of the rotation angles starting from the 

 
 
 

 
 
  

 
 
  

(a) (b) (c) 

   

(d) (e) (f) 
Fig. 4 Shaking force before (solid line) and after (dashed line) balancing and shaking moment  before (solid line) and after force-balancing (dashed line). 
(a) Shaking force along x-axis. (b) Shaking force along y-axis. (c) Shaking force along z-axis. (c) Shaking moment around x-axis. (e) Shaking moment 
around y-axis. (f) Shaking moment around z-axis. 



  

expression of the angular momentum H of the mechanism. 
Thus, H can be written in the following form: 

 rot
wristHDH   (18) 

with D and rot
wristH the angular momentums of PAMINSA and 

of the wrist, respectively. 
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where 
- VP represents the velocity of the end-effector, 
- VSji represents the velocity of the centre of masses of the 

j-th limb of leg i. 

For reason of brevity, their expressions are not given in 
here. 

In order to cancel the shaking moment of the mechanism, 
its angular moment H has to be constant. Thus, considering 
that H should be equal to zero, the following condition will 
be achieved: 

DH rot
wrist   (21) 

Simplifying the expression of rot
wristH , one can rewrite this 

term as a linear combination of the angular velocities of the 
actuators of the wrist: 

 Twrist  NH rot   (22) 

with 
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where Iwi is the inertia matrix of the i-th link of the wrist, 0ij 
corresponds to the zero matrix with i lines and j columns, E3 
is a rotation matrix: 

),(),(3 xz  RotRotE  .  (24) 

Thus, by introducing equation (23) into relation (21), it is 
possible to determine the trajectory of the wrist, which can 
cancel the angular momentum, and as a result, the shaking 
moment: 

DN 1],,[ T 
  (25) 

Taking into account that matrix N depends on the angles 
of rotation of the wrist, the value of  and  at time t can 
be found by a numerical integration: 
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(a) 

 

(b) 

 

(c) 

Fig. 5. Rotations of the wrist used for canceling the shaking moment. (a) 
Angle . (b) Angle . (c) Angle .. 

 
where t corresponds to the integration step, and the values 
of the angles and angular velocities at time t – t are 
considered known. 

For the examined manipulator, we determine the required 
rotations of the end-effector, which makes it possible to 
cancel shaking moment (Fig. 5). 

It should be noted that the moment of inertia of link 3 of 
the wrist is relatively small compared to the moments of 
inertia of the robot links. Thus, to ensure the balancing of 
the shaking moment, it is necessary that it makes several full 
revolutions during the motion of the robot in the horizontal 
plane.  

Finally, note that in practice there are small deviations 
from the ideal zero reaction. Sources of such deviations 
include manufacturing errors, friction and clearances in the 
joints and drive actuators, as well as manipulator 
unbalancing due to a payload. However, in all of these 
cases, the proposed balancing method will eliminate the 
most significant base reactions due to the accelerating links 
of the robot. 



  

III. CONCLUSION 

A new field of shaking force and shaking moment 
balancing is in the development of fast parallel 
manipulators, which are very efficient for advanced robotic 
applications. In this paper, a shaking force and shaking 
moment balancing solution is developed for the position-
orientation decoupled PAMINSA manipulator. The shaking 
forces of the manipulator in the horizontal plane are 
eliminated via optimum redistribution of masses, making the 
total mass center of the moving links stationary. With regard 
to the vertical inertia forces, the opposite motion of the end-
effector and counterweights is applied. The shaking moment 
on the frame of the manipulator are eliminated by optimal 
control of the decoupled orientation motion. Numerical 
simulations carried out using ADAMS software show that 
after such a balancing, the manipulator transmits no inertia 
loads to its surroundings, i.e., the sum of all ground bearing 
forces and their moments are eliminated.  
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