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Null controllability of a parabolic system with a cubic coupling term

Jean-Michel Coron * Sergio Guerrero ' Lionel Rosier ¥

January 28, 2010

Abstract

We consider a system of two parabolic equations with a forcing control term present in one
equation and a cubic coupling term in the other one. We prove that the system is locally null
controllable.

Key words. Null controllability, parabolic system, nonlinear coupling, Carleman estimate,
return method.

1 Introduction

The control of coupled parabolic systems is a challenging issue, which has attracted the interest of
the control community in the last decade. Let € be a nonempty connected bounded subset of RY
of class C2. Let w be a nonempty open subset of . In [[] and [[], the authors identified sharp
conditions for the control of systems of the form

(1.1) wy = (DA+ A)w+ Bh,

where w = (w1, ..., wy) : Q — R¥ is the state to be controlled, h = h(t,-) : Q@ — RM is the control
input supported in w, and D : RN — R¥ is a diagonal operator, A : RV — RV and B : RM — RV
are linear maps. In general, the rank of B is less than IV, so that the controllability of the full
system depends strongly on the (linear) coupling present in the system. See [15, R0, 9] for related
results. See also [[[7] for boundary controls, [fJ] for some inverse problems and [§, B3, [J] for the
Stokes system.

Here, we are concerned with the control of semilinear parabolic systems in which the coupling
occurs through nonlinear terms only. More precisely, we study the control properties of systems of
the form

ug — Au = g(u,v) + hl, in (0,7) x Q,
(1.2) v — Av =u3+ Rv in (0,7) x Q,
u=0, v=0 on (0,7) x 01,

where g : R x R — R is a given function of class C* vanishing at (0,0) € R x R, R is a given real
number and 1, is the characteristic function of w. This a control system where, at time ¢ € [0, 7],
the state is (u(t,-),v(t,-)) : @ — R? and the control is h(t,-) : @ — R.
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The goal of this paper is to prove the local null controllability of system (|L.2)). Our main result
is as follows.

Theorem 1 There exists § > 0 such that, for every (ug,vo) € L>®(Q)? satisfying
l[uoll Lo () + llvoll e @) <6,

there exists a control h € L>®((0,T) x Q) such that the solution (u,v) € L>¥([0,T] x Q)2 of the
Cauchy problem

up — Au = g(u,v) + hl, in (0,T) x €,
v — Av=1u?+ Rv in (0,T) x Q,
(1.3)
u=0, v=0 on (0,T) x 09,
u(0,-) = uo(-), v(0,-) =wo(:) nQ,
satisfies
(1.4) uw(T,)=0 and o(T,-)=0 1inQ.

Let us give a system from Chemistry to which our result applies. A reaction-diffusion system
describing a reversible chemical reaction (see [§, fl, [[6]) takes the form

(1.5) w = Au—ak(u® —o™) in (0,7) x Q,
(1.6) vy = Av+bk(uF —o™) in (0,7) x €,

together with homogeneous Neumann boundary conditions. In ([.LF)-([L.f]), @ and b denote some
positive numbers, and k£ and m are positive integers. The corresponding reversible chemical reaction
reads kA = mB. Incorporating a forcing term 1,k in ([.J), we obtain a system of the form ([L.J)
when k£ = 3 and m = 1, so that Theorem [l may be applied. (In fact, Theorem [I| deals with Dirichlet
homogeneous boundary conditions, but the proof we give here can easily be adapted to deal with
homogeneous Neumann boundary conditions as well, and a scaling argument shows that one may
assume without loss of generality that b= 1/3).

Remark 2 In Theorem [l, it is not possible to replace u by u?. Indeed, by the mazimum principle,
for every (ug,vo) € L®(Q)? and for every h € L>=((0,T) x Q), the solution (u,v) € L>([0,T] x Q)?
of the Cauchy problem

up — Au = g(u,v) + hl, in (0,T) x €,
v — Av=1u%+ Ry in (0,T) x Q,
u=0, v=0 on (0,T) x 09,

u(0,) =up(), v(0,:) =wvo(-) inQ,

if it exists, satisfies
o(T,-) = v*(T,-) in Q,

where v* € L*([0,T] x Q) is the solution of the linear Cauchy problem
v —Av* = Rv*  in (0,T) x Q,
v =0 on (0,T) x 0,
v*(0,-) = vo() in Q.

In particular, by the (strong) maximum principle, if vo = 0 and vg # 0, then v(T,-) > 0 in Q. L.
Robbiano asked to the authors whether the result in Theorem [l, still with u? replaced by u?, could
be true if we consider complex-valued functions. The following result, whose proof is sketched in
Appendiz, shows that this is indeed the case.



Theorem 3 There exists § > 0 such that, for every (ug,vo) € L>(2;C)? satisfying

l[uoll Lo () + llvoll Lo @) <,

there exists a control h € L°°((0,T) x Q;C) such that the solution (u,v) € L>®([0,T] x Q;C)? of
the Cauchy problem

up — Au = g(u,v) + hl, in (0,T) x £,
v — Av =u? + Ruv in (0,T) x €,
(1.7)
u=0, v=0 on (0,T) x 09,
w(0,+) = up(+), v(0,:) =wvo(:) in€Q,
satisfies
(1.8) uw(T,)=0 and o(T,-)=0 1in Q.

When trying to prove a local null controllability result, the first thing to do is to look at the
null controllability of the linearized control system around 0. Here, the linearized control system
reads

up — Au = 9,9(0,0)u + 9,9(0,0)v + k1, in (0,7) x Q,
(1.9) vy — Av = Ru in (0,7) x €,
u=0, v=0 on (0,T) x 0.

Clearly the control h has no influence on v and, if v(0,-) # 0, then v(T, ) # 0. Hence the linearized
control system ([[.9) is not null controllable and this strategy cannot be applied to prove Theorem .

Our proof of Theorem [[ relies on the return method, a method introduced in [[L0] for a stabi-
lization problem and in [[L1]] for the controllability of the Euler equations of incompressible fluids
(see [, Chapter 6] and the references therein for other applications of this method). Applied to
the control system ([[.9), it consists in looking for a trajectory ((, ), h) of the control system ([[.9)
such that

(i) it goes from (0,0) to (0,0), i.e. u(0,-) =9(0,-) =u(T, ) =o(T,-) = 0;
(ii) the linearized control system around that trajectory is null controllable.

With this trajectory and a suitable fixed point theory at hand, one can hope to get the null
controllability stated in Theorem [. We shall see that this is indeed the case.

In a forthcoming paper [[[4], we investigate the case of more general nonlinear coupling terms.
In particular, this result can be applied to the chemical reaction system ([[.§)-([.) for any pair
(k,m) with k an odd integer and also to the internal control of the Ginzburg-Landau equation with
a control input taking real values. See [[d], [Rf] for the control of the Ginzburg-Landau equation
with a complex control input.

The paper is organized as follows. Section P is devoted to the construction of the trajectory
((w, ), h). In section [J, using some Carleman inequality, we prove that the linearized control system
around ((w, ), h) is null controllable (sub-section B-1)). Next, we deduce the local null controllability
around this trajectory by using the Kakutani fixed-point theorem (sub-section B.2). The appendix
contains a sketch of the proof of Theorem [



2 Construction of the trajectory ((u,v),h)

Let us define @ := (0,7) x Q. The goal of this section is to prove the existence of @ € C*°(Q),
U € C®(Q) and h € C*(Q) such that

(2.1) the supports of @, ¥ and h are compact and included in (0,T) X w,
(2.2) u — Au = g(u,v) +h in Q,

(2.3) Ty — AT =1+ RU in Q,

(2.4) uw# 0.

The existence of such 7 € C®(Q), v € C®(Q) and h € C*(Q) follows from the following
theorem.

Theorem 4 Let p > 0 and R be two constants. Then there exist two functions V : (t,x) €
R xRN — V(t,x) €ER and K : (t,z) € R x RN s K(t,x) € R such that

(2.5) Ve C®R xRY), and V(t,x) =0 for all (t,z) € R x RY with max(|t],|z|) > p,
(2.6) K e C®R xRY), and K(t,z) =0 for all (t,z) € R x RY with max(|t],|z]) > p,
(2.7) K #0,

(2.8) Vi = AV + RV + K°.

Indeed, let zg € w and let p > 0 be small enough so that
T
max(|t — 5\, |z — o)) < p=(t,z) € (0,T) x w.
Then, it suffices to define @ € C™(Q), v € C*(Q) and h € C(Q) by

T T
7%~ xo), v(t,x) =V (t — 0%~ x0), Y(t,x) € Q,

h:=u; — At — g(u,7) in Q.

u(t,x) == K(t —

Proof of Theorem M. Note first that we may assume without loss of generality that R = 0.
Indeed, setting 3 3
Vt,z)=e BV (t,z), K(t,z) = e PK(t,x),

then (R.§) is transformed into ) o
V, = AV + K3.
From now on, we assume that R = 0. We may also assume that p = 1. Indeed, if the construction
has been done for p =1 and R = 0, then for any p > 0 the functions

V(t,z) = V(p~2tp '), K(ta)=p sK(p 2t p la),

with support in [—p?, p?] x {|z| < p}, satisfy the equation V; = AV + K3. We assume from now
on that R =0 and that p = 1. Let r = |z|. We seek for a radial function V (¢,z) = v(t,r) fulfilling
the following properties

(2.9) v e C®MR xR, v(t,r) =0 for |t| = 1orr>1,
N -1

(2.10) k= (v — Uy — v)8 € C°(R x RT).

The smoothness of V' and K = (V; — AV)% at the points (¢,0), t € [—1,1] will follow from
additional properties of v (see below). As far as the construction of v is concerned, the idea is to



have a precise knowledge of the place where k vanishes, and a good “behavior” of v near the place
where k vanishes to ensure that k is of class C°°. For the function v we are going to construct, we
shall have

{(t,r); k(t,r) <0} ={(t,r); O0<A(t)/2 <71 <A(t)},
{(t,r); k(t,r) >0} ={(t,r); 0 <r < A(t)/2}.

See Figure [l

r = At)

Figure 1: {(¢,r); k(t,7) > 0} and {(¢,r); k(t,7) < 0}

Let us introduce a few notations. Let

(2.11) M) = e(1—tH2 |t <1,
1
2.12 o= e E <,
(212) folt) {0, Ny
where € > 0 is a (small) parameter chosen later. We search v in the form
3
i=0

where z := r/\(t), go is defined in Lemma [j (see below), and the functions f; = fi(t), 1 < i < 3,
and g; = gi(2), 1 < i < 3, defined during the proof, are in C*°(R) and fulfill

(2.14) supp f; C [-1,1],
1 61 4
2.1 cl2-2 -4+ 9
(2.15) supp 9 C [5 = 5,5 + 3]
In (R-17), 6 € (0,1/10) is a given number. Let us begin with the construction of g.
Lemma 5 There exists a function G € C*°([0,+00)) such that

(2.16) G(z):(z—%)?’ for %—5<z<%+5,
(2.17) (z — %)G(z) >0 for 0<z<l1, z# %,



and such that the solution gg to the Cauchy problem
N-—-1

(2.18) 90" (2) + . 90’ (2) = G(2), z>0,

(2.19) 90(1) = go(1) =0,

satisfies

(2.20) g(z) = 1-22if 0<z<5,

(2:21) w(z) = e T2 1-6<z<],

(2.22) go(z) = 04f z>1.

Proof of Lemma [§. Note first that by (R.1§), (.20) to (.29), we have

(2.23)
—2N if 0 <z <,

1
G(2) = 9 [-2N(1—2%)72 = 822(1 — 22) 3 + 422(1 — 22) 4] e 1-77 if1-6<z<1,

0 if z > 1.

and hence only the values of G on [§,3 — ] and on [} + 6,1 — 4] remain to be defined. Let

G € C*®(0,+cc) be any function satisfying (R.14) and (B.23), and denote by go the solution of
(19)-(:19). Clearly, (B-21))-(B-29) are satisfied. Finally, it is clear that (2:2() holds if and only if
go(07) =1 and ¢{(0") = 0. Note that (R.1§) may be written as follows:
1 _
Using (R.19), this gives upon integration
1

(2.25) —2Ngl(2) = / sV LG (s) ds.

4
This imposes the condition

(2.26) /01 sV 1G(s)ds = 0.

Note that, if (2.26) holds, then, by (2.25),

1 ? N-1
(2.27) gh(z) = N /0 sV THG(s) ds,
which, combined to (R.23), yields
gh(2) = —22,0 < 2 < 6,

and g (0") = 0. Integrating (R.27) on [z, 1] and using (2.19), (2.23), (B-26) and an integration by
parts, we obtain, for 0 < z < 4,

1 y
(2.28) W) = — / lel( /0 SN1G(s) ds)dy

1
2—-N

1
2 2 .
/Z yGy)dy — 5—«» if N#2,
(2.29) =

1
/ y(Iny)G(y)dy — 22°In 2 if N =2.

6



Then go(0") = 1 provided that

1
/0 yG(y)dy =2— N if N #2,
(2.30)

1
/ y(lny)G(y)dy =1 if N =2.
0

It is then an easy exercice to extend G on [5, 3 — 6] U [3 + 4,1 — §] in such a way that G is smooth
and (2.17), (2.26) and (R.30) are satisfied. This concludes the proof of Lemma [, [ |

Let us turn now to the definition of the functions f; and g; for 1 < i < 3. Let (¢, z) ranges over
(—=1,1) x (0,1), so that (¢,r) ranges over the domain

O:={(t,r); —1<t<l, 0<r <At}

Differentiating in (R.13), we obtain

3
=> (figi— zgfl))7
=0

3
N—-1 2@ N1 @)
Upp + , Ur—izg)‘ fz(gi + > g; ),

where f; := df;/dt and gi(j) :=d/g;/dz?. Let us introduce the function ¥V = V(t, z) defined by

V = )\Z[UTT + NT_ 1’07« - ”Ut]
: N-1 : :
(2:31) = Y lilg? + =——a") + 2AMfig" - Nfigil.
=0

We aim to define f; and g; so that

V=V,=V,.,=0 for —-1<t<l, z=

N =N =

>cfy for —-1<t<l, z=
for some constant ¢ > 0. By (2.14), (R.18) and (2.31)),

V(g = sl () — Xfao(3)

2

+;[fi(g§2’<%> F2v - 1 (b) + I

5) )\sz‘gi(%)]-

We impose the condition

N1
(2.32) a5

5) for1<i<3,0<j<2

] ifi=1andj=2,
| 0  otherwise,

It follows that ) )
V(s 3) = 3Aool ) (5) = Xfogol3) +



The function f; is then defined by

(2.33) fi1:= —%)\j\fogél)(%) - )\2f090(%),
so that
(2.34) V(- %) =0on (—1,1).

Differentiating with respect to z in (R.31) yields, using once more (R.13),
Vo = foGD 4 2A fogl + (M fo — A2 fo)gl!

’ 5 N-1(@ N-1g4 e -
(2.35) +> i + — g — — o)+ 22 fig® + i = 32 fi)gV).
=1

We infer from (m), (-32) and (m) that

Vlog) = 3 (3) + Ao — 220)a(3) + (T2 il (3)) + AN — 1)+ 1),

We impose the condition

@1, 1 ifi=2
(2.36) 9i ( )_{ 0 if e {1,3},

and define fo as

(2.37) fa = ~LA(@N = 1)+ 200 + Mol () + (Ao — M fo)al ()]
It follows that

(2.38) V(. %) =0on (—1,1).

Differentiating (R.35) with respect to z, we get

Voo = foGP + 22 fogl? + @20 fo — A2 fo)g?)

3

N -1 N -1 N -1 :

+ Z[fz(g§4) + 79§3) —2— g +2 3 g + 2AA fig™)
i=1

(2.39) A~ N2,

which, together with (2:16), (2-32) and (P.30), leads to

(240) Vaal5) = 5Moal? () + (Mo — X fo)gl? ()
3
+(> fig§4)(%)) +2(N—=1)f, —8(N —=1)f; + %)\)\fg + (22X f1 — A2 f1).
=1

We impose the condition

1if i = 3,
(2.41) PO
0if i€ {1,2}.

8



and define f3 as

f = [N 1)+ AN+ (A - 8(V 1) fi ~ Ny
(242) FM g (3) + (@M o = Vol ()]
This gives
(2.43) Voo (s %) =0on (—1,1).

By @10) and (E39), we have, for (1,2) € (—1,1) x (4 — 8,4 + ),

V... =6fo + R,
where
R = Z)‘}‘fog(()4) + (83X fo — Azfo)gt()g)
+Z3:[fz'(9i(5) + %gzw — 3% ®3) N 1 2(2) B GNZZ 1g§1))
(244) +2AM gl + (BN = X f)gl)

Let C denote various constants independent of ¢, ¢, and z, which may vary from line to line. We
claim that

(2.45) R| < Ce2fy for (¢, 2) € (—1,1)x(%—5,%+6).

First, we have that
. . 3 . .
IR < C(IAfol + X1 fol + D (il + INAfl + NI fil).
=1

Since
(2.46) Mfo = —4e2t(1 =23 fo, Nfo = —2e%(1 — %)% fo,
one may write for each i € {1,...,3}

fit) = e2pi(t,€) fo(t),

where p; € R[t,¢]. Therefore, there exists some constant C' > 0 such that
. . 3 .
M fol + X1 fol + D (il + N1 fil) < Cfo,
i=1

and (2.45) follows. We infer that for e small enough

1 1

Voo 2 (6-C*)fo > fo  for (t,2) € [-1,1] x (5 =85 +9).

In view of the definitions of V and of f; for 1 < i < 3, we may write

(2.47) V(t,2) = fot) Y Pi(t)k;(2) =: fo(t)A(t, 2),

J=1



where p > 1, P; € R[t], k; € C*°([0,+00)). Since

A Yy T ) — A *y A e — ) =
(72) Z(72) zz(72) 0
while ) )
Azzz(taz) >1 for (t,z) c [—1’ 1] X (5 — 4, 5 + 5),
we conclude that we can write
1 1 1
(2.48) At 2) = (2 — 5)3¢(t,z) for t € [-1,1], z€ (5 = 0,5 +9),

where ¢ € C®([—1,1]; x ( — 6,1 +6).) and
1 1
o(t,z) >0for t € [-1,1], z € (5 —5,54_5)_

From (R.1§), (R.1§), (2.31) and (R.47) we have that, for t € [~1,1] and |z — %\ > g,

A(t,2) = G+ 2\hgl) — )\2%90,
0

which, combined to (B-4q) and (B.17), yields
|A(t, 2) — G| < Ce%|G(2)).
It follows that for € > 0 small enough,
(2.49) At 2)] > %\G(z)\ S0forte[-1,1], =€, % “Oui
Gathering (P.48)-(2-49) we obtain that
A2V = A2 fo (DAL, 2) = B(t, 2)%, t € (—1,1), z € [0,1),

for some B € C*°((—1,1) x [0,1)). Define now V(¢,z) by

3

From (£.19) and (R.20) we have that

2

V(t,z) = fo(t)(1 - >|\§(|t)) for || < S|A(2)].
Combined with (R.11), (.19) and (P.21)), this yields
(2.50) Ve C®(R x RY).

On the other hand, it follows from (R.1§), (2.29), (B.31), (2.47), (B-49) and (£.49) that

A2V = A 2oz — )30~ ) e TR 2) for (1,2) € (—1,1) X [0,1)

for some function ¢ € C*°([—1,1] x [0,1]) with |¢(¢,2)| = n > 0 on [—1,1] x [0,1]. We observe that
the function

1

1 1 2 4 _%1_ﬁ 1
(2:51) A7V = (PR35 - - ) Fe TR e )

DN |

r
A

10



when extended by 0 for [t| > 1 or r > A(t), is of class C* on Ry X [0, +00),. Therefore

1 _ 2y kg 2l
(AV_W)3(t7x) - ()‘ 2V) (t7 )\(t))

is of class C™® on R x RV \ ([~1,1] x {0}), and on a neighborhood of (—1,1) x {0} by (B.5() and
the fact that

(AV = V;)(t,0) = —2Ne2(1 — t2) "4 fo(t) + 2t(1 — t2) "2 fo(t) < 0

for & > 0 small enough. The smoothness of (v; — Av)/? near (£1,0) follows from (:13) and (B-51)).
The proof of Theorem [ is complete. [ |

3 Local null controllability around the trajectory ((u,7),h)

We consider the trajectory ((@,7),h) of the control system ([L.9) constructed in section P Let
((u,v),h) : Q = R? x R, and let ((¢1,(2),h) := ((u —%,v —T),h —h). Then ((u,v),h) is a
trajectory of ([.9) if and only if (((1, (), h) fulfills

Cre — AG = G11(C1,¢2) + Gi2(C1, (2) ¢ +hl, in(0,T)xQ,

(3.1) G2t — Ale = G21(C1, ¢2)¢1 + G22(C1,(2)¢2 in (0,7) x €,
=0, =0 on (0,T) x 09,
where
Gn(Cl,CQ t 1‘ = / - )‘Cl t x +u(t .%') Cg(t,x) —i—ﬁ(t,x)) dA

C (t,x) i G(t,x) #0,
1

9(¢1 + 7, & +7) — g(u, (2 + )
), Ca(t, z) +0(t, x)) if (1(t,z) =0,

1

Glg(cl,gg)(t,x) = /0%(H(t,m),)\gg(t,m)—i—@(t,x))d)\
) {g(“’gﬁgg(“’v)(am) if Co(t2) £ 0,
Opg(u(t, z),v(t,x)) if (o(t,x) =0,

Ga1(C1,¢2) = (30 + 3uC1 + (1),
and G2(C1,¢) =R

Note that

(3.2) G21(0,0) = 3@°.

11



By (2:4) and (B.9), there exist t; € (0,T), t2 € (0,T), a nonempty open subset wg of  and M > 0
such that

(3.3) wo Cw, t1 < 19,

(3.4) Gion (0,0)(t, ) > %,V(t,x) € (i, 1s) X wo.

Increasing M > 0 if necessary, we may also assume that

M

(3.5) 1G35(0,0)l| (@) < = V(3. ) € {1,2)%.

It is therefore natural to study the null controllability of the following linear systems

Gt —AG =an(t,z)(1 + a2(t,z)a + k1, in (0,7) x €,
(3.6) Cot — AQ2 = a1 (t, x)C1 + ax(t, z)¢ in (0,7) x €,

(=0, (=0 on (0,T) x 09,
under the following assumptions

1
(37) a21(t,$) = ﬁ,V(t,Cﬂ) € (tlatQ) X Wo-

(3.8) llaijl| oo (@) < M, ¥(i, ) € {1,2}%.

We will do this study in sub-section B.]. In sub-section B.9, we deduce from this study the local

null controllability around the trajectory ((@,v),h), and therefore get Theorem [I]

3.1 Null controllability of a family of linear control systems

Let € be the set of (a11,a12,a21,a2) € L>®(Q)* such that (B.7) and (B.§) hold. The goal of this
sub-section is to prove the following lemma.

Lemma 6 There exists C > 0 such that, for every (ai1,a12,a21,a22) € £ and for every (ay,az) €
L%(Q)2, there exists a control h € L*=(Q) satisfying

(3.9) 17l (@) < Clllarllz) + llazllr2()
such that the solution to the Cauchy problem

Ct—AG =an(t,x)( +az(t,z)le + hl, in(0,T) xQ,

(3.10) Gt — Al = a2 (t,2)C1 + axn(t, z)¢ in (0,T) x Q,
=0, =0 on (0,T) x 99,
€1(0,-) = a1, (2(0,) = g in §Q,

satisfies

(3.11) G(T,-) =0 and ((T,-) = 0.

Note that the coeflicients a i, are in L>°(Q), so that we have existence and uniqueness of solutions
of (B-10) in C°([0,77; L*(2)*)NL2(0,T; H'(2)?). In order to prove Lemma§, we take h(t,-) = 0 for
every t € (0,%1). Note that there then exists C' > 0 such that, for for every (ai1,a12,a91,a22) € €
and for every (a1, as) € L?(Q)?, the solution to the Cauchy problem (B.I0) satisfies

(a1, a3)ll 22 < Cll(a1; a2)r2()2:
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with
(a1, 03) == (Cu(t1, ), Ga(t1, -)-
Then, our goal will be to find h : (t1,t2) x Q — R satisfying
(3.12) 1Al Lo ((t1,t2)x ) < CUICL (L )2 @) + G (1, ) 22 @)
such that the solution ({1, (2) of the Cauchy problem

Gt —AG =an(t,z)( + ara(t, z)e + hl,  in (t1,t2) X Q,

(3.13) Cot — AQo = ag(t, )1 + a2 (t, x)¢o in (t1,t2) x Q,
. Cl =0, ¢=0 on (tl,tg) X aQ,
Cl(th') :0[{7 CZ(th') :OC; in Q7
satisfies
(3.14) Ci(t2,-) = 0 and G(ta, ) = 0.

Finally, we take h(t,-) = 0 for every t € (to,T). Of course, this construction provides a control
h € L*((0,T) x ) driving the solution of (B.10) to (0,0) at time ¢ = T. In paragraph we
prove the existence of h : (t1,t2) x Q — R satisfying the required property but with a L2-bound

instead of (B.19). In paragraph we deal with the condition (B.12). For the sake of simplicity,
in these two paragraphs, we write (0,7) instead of (¢1,t2) and @ instead of (¢1,t2) x €.

3.1.1 Controls in L2

The goal of this paragraph is to prove a null controllability result for the linear control systems
(B.10) with L? controls.

Lemma 7 There exists C > 0 such that, for every (ai1,a12,a21,a22) € £ and for every (ay,az) €
L2(2)?, there exists a control h € L?(Q) satisfying

1Pll2@) < Cllanllze ) + llozllza@)
such that the solution to the Cauchy problem (B.10) satisfies (B.11).

In order to prove Lemma [], we consider the associated adjoint system
—p1t — Apr = an(t, x)p1 + axn(t,x)ps  in (0,7) x Q,
—pa — Apz = arz(t,)e1 + axn(t,z)ps  in (0,T) x €,
p1 =0, p2=0 on (0,T) x 09,
®1 (T7 ) = QOLT('% (pQ(Tv ) = 9027T(') in Q’

(3.15)

and set ¢ := (1, p2). For this system, we intend to prove the following observability inequality:

(3.16) / 10(0, 2)|2 d < c// (1|2 da dt.
Q (0,T)xwo

(]

From estimate (B.16), with C' > 0 independent of (ai1,a12,a21,a22) € &, it is classical to deduce
Lemma [].
Let us recall the following Carleman inequality, proved in [BT, Chapter 1], for the heat equation
with Dirichlet boundary conditions.
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Lemma 8 Let n(t) =t~ YT —t)~'. Let w1 be a nonempty open set included in ). There exist
a constant C' > 0 and a function p € C*(Q; (0,+00)) such that, for every z € H(0,T; L*(Q)) N
L2(0,T; H?(2)) and for every s > C,

// e (5|2 + sl V2] + (sm) 7 (1A= + |=4])) da de
(0,T)x2

C // e P@N®) |2, + Azda dt + // e P@M® (s)3 |22 d dt | .
(0,T)xQ (0,T)xw1

For w; we take a nonempty open set of RY whose closure (in RY) is included in wp. Unless
otherwise specified, we denote by C' various positive constants varying from line to line which may
depend of Q, wy, w1, T, p, M and of other variables which will be specified later on. However
they are independent of (a11, a12,a21, a22) € &, of (w11, p2,7), and of other variables which will be
specified later on.

We start by applying (B.17) to ¢ and s (solution of (B.19)):

J[ O s+ sniTel? + (sn) (1Al + o) e
(0,T)x2

(3.17)

C <// e PO (g1 (8, 2)p1 + ani (t, 2)pa|* + ara(t, o)1 + asa(t, x)ps|*)du dt
0T

T / / &S0 (5)3 o dr
(O,T)le

for every s > C. Using (B.§) and taking s large enough, we have

// e~ PO () + sn|Vel” + (sm) " (1@ + |e])) dadi
(0,T)x

<C / / e~ (sm)3|o|? da dit,
(O,T)le

for every s > C'. Finally, we estimate the local integral of . We multiply the first equation in
(B19) by x(x)e 70 (s7)% 23, where
(3.19) x € C%(Q; [0, +00)), the support of y is included in wy and x = 1 in wy.

(3.18)

Integrating in (0,7") X wy, this gives:

[ antto@e 0 ol dede
(OT)XUJQ
(3.20)
- / / X(@)e 0 (573005 (— o1 ¢ — Apy — any (1, x)py) diz .
(O,T)XUJQ

Thanks to (B.4) and (B.19), the integral in the left hand side of (B.20) is bounded from below by

c! // e=*P@N®) (510)3| 0o |? daz dit.
(O,T)le

Let us now estimate the integral in the right hand side of () Let ¢ € (0,1). From now on the
constant C' > 0 may depend on ¢ € (0,1). Using (B.§) (for ( = (1,1)), we have that

// X(m)e_Sp(x)"(t) (sn)ggpgan(t, x)p1 dx dt
(0,T)xwo

<e // e~ P@N®) (513 |9|? da: dt + C // e~ @) (51)3 |01 | daz dt.
(0,T)xQ (0,1 xwo
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Next, for the time derivative term, we integrate by parts with respect to t. We get
(3.22)

[ e O s o dd
(0,T)xwo

= / / x(@)e™ P (s7)3 09 4 o1 da dt + / / x(@) (e @) (s7)3),09 1 du dt.
(OvT) Xwo (O,T) Xwo

Using that |(e=*P@(®) (s1)3),| < Cste @M (#)5 and Cauchy-Schwarz’s inequality, we can esti-
mate this term in the following way

// X(x)e*s”(m)”(t) (sn)3<p2 1 ¢ dxdt
(O,T)XUJQ

(3.23) <e / / e PO (s1) "1 (|a,e® + (sm)*|p2]?) da dit
(0,T)x

e / / &P (5)7 |2 da d,
(O,T)Xwo

for s > C. Finally, for the integral term with A1 we integrate by parts twice with respect to = to
get

] @O sy Mgt =~ [ Aa)e OO ) a) o1 s
(0,7)xwo (0,T)xwo

Using that
|A(x(@)e M0 (s7)20q) | < Cem M0 (s) (| Apa| + 51| Vipa| + (s1)°[p2]); (¢,7) € (0,T) x wo,

in the previous identity together with Cauchy-Schwarz’s inequality, we deduce that

- // X(x)e_SP(”C)"(t) (577)3@2 Ay dx dt
(O,T)Xwo
2 <eff O (Al RVl + (o)) o
s X

+C // e~ P@N®) (51)7|01|? da dt.
(O,T)Xwo

Combining inequalities (B.21)), (B.29) and (B.24) with (B.1§) and (B.20), and taking & € (0,1) small

enough, we obtain

/ / &S0 ()30l + sl Vol + (sm) " (1 A@P + [e]?) dr
(0,T)xQ

(3.25)
<cC / / &S0 (5)7 |12 dx d,
(0,7)xwo

for every s > C. From this estimate and taking into account the dissipation (in time) of the heat
system (B.15), one gets for s large enough

(3.26) 00 Megp <C [[ e (o) P,
(O,T)Xwo

which gives (B.16). Note that the constant C' in (B.26) may depend on s at this time. The proof of
Lemma [] is finished. [ ]
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3.1.2 Controls in L

Let us remark that the proof in this sub-section follows ideas of [f]. Let € € (0,1). In this sub-
section the constants C' > 0 do not depend on ¢ € (0,1). We choose s > 0 large enough so that
(B:29) (and therefore also (B-26)) holds. Let (v, aq) € L?(Q)?. Let us consider, for each ¢ > 0, the

extremal problem

1 1
3.27 inf - sp(@n(®) (s~ T| |2 da dt + —||C(T, -)||2
(3:27) heL2((0.1)xw0) 2//(0,T)Xwoe (sm) IR dedt + 20T Iz e,

where ¢ := (1, (2) is the solution of (B.6) satisfying the initial condition
(3.28) G1(0,-) = a1, &(0,-) = as.

We clearly have that there exists a (unique) solution of ([3:27) h® with (e5/(®)1() (s1)=7)1/2pe
belonging to L?((0,T) x wp). We extend h® to all of Q by letting h° := 0 in (0,7) x (2 \ wp). Let
us call €% := (C£,¢5) the solution of (B.) associated to h° with, again, the initial condition (B.2§).
The necessary condition of minimum yields

(3.29) // e*P@N®) (sp)~ThE b dx dt + 1/ CS(T) - ¢(T)dx =0 Yhe L*(0,T) x wp),
(O,T)Xwo € Q

where ¢ := ((1,(2) is the solution of

Gt —AG =an(t,z)(1 + ar2(t, x)¢e + hl,, in (0,T) x Q,

(3.30) Cot — AGe = ag1(t, 2)C1 + axn(t, z)(o in (0,7) x Q,
‘ =0 G=0 on (0,7) x 09,
Cl(oa ) = CQ(Oa ) =0 in €.

Let us now introduce (43, ¢5) the solution of the following homogeneous adjoint system:

( _(pit - A(pi = all(taw)(pi + a2 (t7.%')g0§ in (07T) X Qa

—54 — Aps = aia(t, 2)e] +axn(t,z)es  in (0,T) x €,

(3.31) ©f =5 =0 on (0,7T) x 09,

1
o (T,-) = —EC‘E(T, ) in Q.
Then, the duality properties between ¢® and ( provides

1
e o= [[ - hgjasa
€ Q (O,T)XUJO
which, combined with (B:29), yields

/ / h ¢S da dt = / / P @) (sp)~ThE hdaw dt  Yh e L*((0,T) x w).
(0,T)xwo (0,T) xwo

Consequently, we can identify A®:
(3.32) he = e P@M® (s) 751,

From the systems fulfilled by (¢ and ¢ we find, using (B.32),

1 —Splx
S = [ e O )P drde+ [ 60,9 ads
€ (O,T)XUJO Q
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with a := (a1, a2). Inequality (B.26) used for ¢° tells us that
IO Mg < C [ e ()T,
(0,T)xwo
so, using once more (B.39),
1 Spl\xT —
(3-33) g\|C8(Ta M2z + (e PE®) (sm) 7)1/2h8||%2((0,T)><w0) < CllalZ2 (-

Consequently, we deduce the existence of a control h such that (e5*(*)1) (sn)=")1/2h € L2((0,T) x
wp) (whose corresponding solution we denote by () such that ((7',-) = 0 and

(3.34) (e (s7) ") 2| 2 (0.7 ) < Clidl 22

Let us finally bound the L°°-norm of the control h®. For this, we develop now a boot-strap
argument.

o Let

¢€,0 — efsp(:v)n(t)/Q (877)71/2@5,

we,l — efsp(:v)n(t)/Q (877)75/2(,08 _ 1 zws,O.

(sm)

Let £(R%;R?) be the vector space of linear maps from R? into itself. Using (B.31]), one easily checks
that ¢=! fulfills a backward heat system with homogeneous Dirichlet boundary condition and final
null condition of the following form:

—ft — Ayt =d; i (0,T) x Q,

(3.35) el =0 on (0,T) x 99,
= (T,) =0 in

with

(3.36) di(t,@) = As(t, @)™ + (sn) "' V90 - Vp,

where A; € L>(Q; L(R?;R?)) satisfy (see in particular (B.§))
(3.37) A1l Lo (@i c®2r2) < C.
In (B.3d) and in the following, we use the notation
(VO -Vp)(t,z) := (VOy(t,x) - Vp(x), Vs (t,z) - Vp(x)), for 6 = (61,6:) : Q — R>.
Thanks to (B:25), (B39), (B-33), (B-36) and (B.37),
(3.38) dy € L*(Q)? and ||di| 2> < Clla 22

For r € [1,400), let X, := L™(0,T; W?2"(Q)%) n WbH(0,T; L™ (2)?). We denote by || - ||, its usual
norm. Let X, := L>®(0,T; W1H*(Q))2. We denote by || - || x.. the usual L>-norm. Let

(3.39) pr = 2.

From (B.39), (B-33), (B-39) and a standard parabolic regularity theorem, we have

(3.40) Vo e Xy, 109 Ix,, < Cllallzz)e-
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e For k € N\ {0}, let

Yok i e @n)/2 gy -1/2-2k e 1 W70,

(sm)?*
Let us define, by induction on k, a sequence (pk)ren fo} of elements of [2, +oc] by
(N+2)pp—1 .
- ifpp_1 < N+2,
_ N+2—pry Pr—1
Pk 2pg—1 if pp1=N+2,
400 ifpr_1>N+2.
One easily checks that
- If N =2, with [ € N\ {0}, one has
N +2
=2——————— ifk<l+2
PE=2N kg NPT

Pl+2 = 2(N +2)7
pr = +oo, Vk > 1 + 3.

- If N=2l+1, with [ € N, one has

N +2
N —-2(k-2)
pr = +oo, Vk > 1 + 2.

DE =2 itk <1+2,

In particular

N
(3.41) pr = +o00,Vk > 5 + 3.
We now use an induction argument on k. We assume that
k— k—
(3.42) Yokl ¢ Xy, and |[9> 1”ka_1 < CHaHLz(Q)2,
(now C is allowed to depend on k) and that ¢**~! fulfills a heat system of the following form:

—OPM T AR =y i (0,7) x @

(3.43) Pkl =0 on (0,T) x 0,
YRU(T, ) =0 in Q,

with

(3.44) d—1(t,x) = Ag_1 (6, 2)5F 2 + (sm) T VYSF 2 U,

where A1 € L®(Q; L(R?;R?)) satisfies

(3.45) [ A1l oo (@ser2p2)) < C.

Note that we have just proved above that this induction assumption holds for £k = 2. Using
(B-43) and (B.44), one gets that )= fulfills the following backward heat system with homogeneous
Dirichlet boundary condition and final null condition:

—pSF — AysE =d;, in (0,T) x €,
(3.46) Yok =0 on (0,T) x 08,
YT, ) =0 in Q,

18



with
(3.47) di.(t, ) = Ag(t, 2)F 1 1 (sp) 1wkl v,
where Ay : Q — L(R?;R?) is defined by

Yo

Id denoting the identity map of R?. From (B.45) and (B.4§), one gets that

(349) Ak S LOO(Q, ﬁ(R2,R2)) and ”Ak”LC’O(Q;L(RQ;RQ)) < C.
Let us recall the following embeddings between Sobolev spaces (see, e.g., B4, Lemma 3.3, p. 80]).
Lemma 9 Let p € (1,+00).

(i) If p < N + 2, let
o (N +2)p
TN+2—p

Then X, is continuously embedded in L"(0,T; WL (Q)?).
(ii) If p= N + 2, for every r € [1,400), X,, is continuously embedded in L"(0,T; W' ()?).
(iii) If p > N + 2, X, is continuously embedded in L>(0,T; W1 (Q)?).

Applying Lemma | with p = p_1 and using (B.43), we get that

(3.50) YRt e LPE(0, T; WHPR(€)%) and (|95 Lo o mawrtoon 2y < Clledl L2 @2
From (B.47), (B.49) and (B.50), we have
(351) dk S ka(Q)z and ”dk”LPk(Q)2 < C”aHLQ(Q)Q-

Using (B.46), (B.5]) and a classical parabolic regularity theorem (see, e.g., [P4, Theorem 9.1 p.
341-342], and (iii) of Lemma [ if py, = 4+00), we have

(3.52) U € Xy, and [67x,, < Cllal 2.

Hence (B.53) holds for every positive integer k. Let us choose an integer k such that k > (N/2) + 3.
Then using (B.47]) and (B.53) we get that

(3.53) $=F € L°(Q)? and [[¢=F|| oo ()2 < Cllarl| p2(ny2-

This shows that the control defined in (B.32) is bounded in L*°(Q) independently of £ by
Cllalp2(q)2- This concludes the proof of Lemma B

3.2 Local null controllability around the trajectory ((u,v), h)

Let v > 0 be small enough so that, for every z = (21,22) € L=(Q)?,

(3.54) (12l Lo ()2 < v) = ((Gu1(21, 22), Gr2(21, 22), G21 (21, 22), Gz (21, 22)) € E).

(The existence of such a v > 0 follows from (B.4) and (B.H).) Let Z be the set of z = (z1,22) €
L>(Q)? such that [|z]| 1o (g)2 < v. By (B.54) and Lemma [, there exists Co > 0 such that, for every
z = (21,22) € Z and for every (a1, as) € L>®(Q2)?, there exists a control h € L>®(Q) satisfying

(3.55) 1Pl @) < ColllenllLz(e) + ezl @),
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such that the solution ({3, (2) to the Cauchy problem

Cip — AG = Gii(z1, 22)C + Gia(21,22)C2 + bl in (0,T) x €,

(3.56) Cot — Al = Gai(21, 22)C1 + Gaa(21, 22)C2 in (0,7) x Q,
. =0, =0 on (0,T) x 0,
€1(0,) = a1, (2(0,°) = a2 in Q,

satisfies (B.11]). We now define a set-valued mapping B : Z — L*®(Q)? as follows. Fix first any
(a1,a2) € L®(Q)%. For any z = (21,22) € Z, B(z) is the set of (¢1,(2) € L>®(Q)? such that, for
some h € L*®(Q) fulfilling (B.53), (¢1,¢2) is the solution of (B.56) and this solution satisfies (B.11]).
As we have just pointed out, B(z) is never empty. Theorem [ will be proved if one can check that
the set-valued mapping z — B(z) has a fixed point (i.e. a point z such that z € B(z)) taking profit
of the additional hypothesis (a1, a2)[/fe ()2 is small enough. To get the existence of this fixed
point, we apply Kakutani’s fixed point theorem (see, e.g., 21, Theorem 9.B, page 452]): if

(i) for every z € Z, B(z) is a nonempty closed convex subset of L*°(Q)?;

(ii) there exists a convex compact set K C Z such that

(3.57) B(z) C K,Vz € Z;

(iii) B is upper semi-continuous in L>(Q)?, i.e., for every closed subset A of Z, B~1(A) := {z €
Z; B(z) N A # 0} is closed (see, e.g., [B7, Definition 9.3, page 450]);

then there exists z € Z such that z € B(z).
Clearly (i) holds. Let us prove that (ii) holds. By standard estimates and using (B.55), there
exists C7 > 0 such that

(3.58) 1€z @2 < Crlllenllzoe () + ezl (), V2 € Z, V¢ € B(2).

From now on we assume that (ag,as) € L(2)? satisfies

v
(3.59) la][re (@) + llezlze@) < o
From (B:5§) and (B-59), one has

(3.60) B(z)C Z,Vz € Z.

Let (A1, A2) € L*(Q)? be the solution to the following Cauchy problem:

>‘1,t — A)\l =0 in (O,T) X Q,

)\27 —A)\QZO in O,T XQ,
(3.61) ' 1)

)\1 = 0, )\2 =0 on (O,T) X 89,

)\1(0, ) =1, )\2(0, ) = (9 in Q.

Let ¢§ := (1 — A1 and ¢ := (2 — A2. Then ({f, ¢3) is the solution to the following Cauchy problem

¢y~ AG = Dy in (0,7) x €,

s, — AG = D, in (0,7) x €,
(3.62) 3 3 (0,T)

(=0, =0 on (0,T) x 09,

¢1(0,-) =0,¢(0,:) =0 inQ,
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with

(3.63) Dy := Gii(z1, 22)C1 + Gia2(z1, 22)C2 + hly,
(3.64) Dy =Gy (21, ZZ)Cl + GQQ(Zl, ZQ)CQ.

Note that there exists Cy > 0 such that

(3.65) HDIHLO‘J(Q) + ||D2||LOO(Q) < Oy, Vz e Z,Y( € B(z).

From (B.69), (B.67) and a classical parabolic regularity theorem (see, e.g., [24, Lemma 3.3 p. 80
and Theorem 9.1 p. 341-342]), ¢* := ({f,¢3) € CY(Q)? and there exists C3 > 0 such that, for every
z € Z and for every ¢ € B(z),

(3.66) IC¥(t, ) — (', 2))) < Cs(jt —t')V% + o — 2|) V(t,z) € Q, V(t, ') € Q.

Let K* be the set of (* = ((},¢3) € C°(Q)? such that (B.64) holds. Then (A1, o)+ K* is a compact
convex subset of L>°(Q)? and

(3.67) B(Z) C ()\1,)\2)+K*,VZ € Z.

Then K := ((A1, \2) + K*) N Z is a convex compact subset of Z such that (B.57) holds.

Let us finally prove the upper semi-continuity of B. Let A be a closed subset of Z. Let (2¥)ren
be a sequence of elements in Z, let (Ck)keN be a sequence of elements in L>°(Q)?, and let z € Z be
such that

(3.68) 2F = 2 in L%(Q) as k — 400,

(3.69) ke A, VEk eN,

(3.70) ¢k € B(z%), Vk € N.

By (B.70), for every k € N there exists a control h* € L>®(Q) satisfying
(3.71) 15[l (@) < Colllet iz + llazllzao).

(see (B5)) such that ¢¥ = (¢F, %) is the solution of the Cauchy problem
Cle = AL = Gu(h,2)C + Gz, )G + 0w in (0.7) x @,

(3.72) 5y — AL = Gor (2], 25)CF + Gaa(21, 25)C5 in (0,7) x €,
F=0, ¢=0 on (0,T) x 0,
¢F0,-) = a1, ¢5(0,) = ay in Q,

and this solution satisfies

(3.73) H(T,-) =0, ¢3(T, ) = 0.

From (ii) and (B.71]), there exists a strictly increasing sequence (k;);en of integers, h € L>(Q) and
¢ € Z such that

(3.74) h* — b for the weak-* topology on L=(Q) as | — +oo0,
(3.75) ¢kt ¢ in L®(Q)? as | — +o0.

Note that, since A is closed, (B.69) and (B.7) imply that { € A. Hence, in order to prove (iii), it
suffices to check that

(3.76) ¢ € B(2).

Letting | — +oc in (B.73) and (B.73), and using (B.6§), (B.74) and (B.7H), we get (B.11]) and (B.56).
(The two equalities in (B.11]) and the two last equalities of (B.56) have to be understood as equalities
in L2(Q), for ¢ — ¢ in X5.) Letting | — 400 in (B.71)) and using (B.74), we get (B.5H). Hence
(B-7) holds. This concludes the proof of (iii) and of Theorem [I. [ |
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4 Appendix: Sketch of the proof of Theorem B.

As the proof is very similar to those of Theorem [, we limit ourselves to pointing out the only
differences. First, Lemma ] should be replaced by

Lemma 10 There exists a function G € C*([0, +00); C) such that

1 1 1
(4.77) Gz)=(2—2)% for ——d6<z<=+9,
2 2 2
1
(4.78) ImG(z) <0 for 0<z< 5 0,
1
(4.79) ReG(z) > ImG(z) >0 for 5 +i<z<1-90

and such that the solution gg to the Cauchy problem

(4.80) 0"(2) + g (2) = Gz), 2 >0
(4.81) go(1) = go(1) = 0,

satisfies

(4.82) go(z) = 1=22if 0<z<5,

(4.83) o(z) = eTTif 1-5<z<1,
(4.84) o(z) = 0if 2> 1.

3

The proof is carried out in the same way as for Lemma [J. Note that the conditions (R.26) and
(B:30Q) are easily satisfied thanks to the change of sign of Re G and Im G. Theorem [ is still true
for some functions V : (t,z) € Rx RN +— V(t,r) € C and K : (t,2) € Rx RN s K(t,z) € C when

(B9) is replaced by
Vi=AV + RV + V2

In the proof, we consider the same functions A(t) and fo(t) and search v(¢,7) in the form

2

v(t,r) = fi(t)gi(2).

1=0

f1, f2,91, g2 are defined in the same way as for Theorem [f, so that

DN | =

V=V,=0 for —1<t<1, z=
1
Ve =2f0+R for —-1<t<1, |z—§|<5
with |R| < Ce%fy. Letting A(t, z) = fo(t)"'V(t, 2), we have that
1, 11
Alt,z) = (z — 5) o(t,z) fortel-1,1], z € (5 -4, 3 +9)
where ¢ € C®([-1,1]; x (3 — 4,1 +6)) and
1 1
Re ¢(t,x) > fo(t) forte[-1,1], z € (5 -9, 3 +0).

On the other hand
|A(t,2) — G| < Ce*|G(2)]
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for -1 <t < 1and |z— 3| >6/2. Using ([E79), (E79), it is then clear that for e small enough
we have A(t,z) ¢ iR* for —1 <t < 1, z € (0,1) \ {3}. Defining the square root as an analytic
function on the complement of iR, we see that A\72V = A "2fy(t)A(t,z) = B(t,2)? for some
B € C*((—1,1) x [0,1)). The end of the construction of (V, K) is as in the proof of Theorem .
In the study of the local null controllability around the trajectory ((u,v), h), the functions G;; are
defined in the same way, except

G21(C1,¢2) = 2u + (1.

Therefore, (B.4) and (B.7) have to be changed respectively into
|III1 GQl(O, 0)(t,£ﬂ)| > V(t,x) S (tl,tg) X W,

]Im agl(t,m)] = V(t,x) S (tl,tg) X wo,

SRS

Note that the functions in the control systems are complex-valued, so that we have to conjugate
the coefficients in the right hand side of the adjoint system (B.15). To estimate the local integral
of @9, we multiply the first equation in (B.I5) by x(z)e=*®1(®) (s1)3%5 (where @3 stands for the
conjugate of ¢3), and take the absolute value of the imaginary part of the left hand side of (B.2().
The remaining part of the proof is the same as for Theorem 1.
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