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New global stability estimates for the Gel’fand-Calderon inverse problem
R.G. Novikov

CNRS (UMR 7641), Centre de Mathématiques Appliquées, Ecole Polytechnique,
91128 Palaiseau, France
e-mail: novikov@cmap.polytechnique.fr

Abstract. We prove new global stability estimates for the Gel’fand-Calderon inverse
problem in 3D. For sufficiently regular potentials this result of the present work is a prin-
cipal improvement of the result of [G.Alessandrini, Stable determination of conductivity
by boundary measurements, Appl. Anal. 27 (1988), 153-172].

1. Introduction
We consider the equation

—AyY+ov(z)p =0, x€D, (1.1)
where
D is an open bounded domain in R, d>2, dD € C?, v e L>=(D). (1.2)

Equation (1.1) arises, in particular, in quantum mechanics, acoustics, electrodynamics.
Formally, (1.1) looks as the Schrodinger equation with potential v at zero energy.
We consider the map ® such that

0
oy = B(0p) (13

for all sufficiently regular solutions v of (1.1) in D = D U dD, where v is the outward
normal to 0D. Here we assume also that

0 is not a Dirichlet eigenvalue for the operator — A +4+wv in D. (1.4)

The map & is called the Dirichlet-to-Neumann map for equation (1.1) and is considered
as boundary measurements for (physical model described by) (1.1).

We consider the following inverse boundary value problem for equation (1.1):

Problem 1.1. Given &, find v.

This problem can be considered as the Gel’fand inverse boundary value problem for
the Schrédinger equation at zero energy (see [9], [16]). This problem can be also considered
as a generalization of the Calderon problem of the electrical impedance tomography (see
[5], [23], [16]).

We remind that the simplest interpretation of D, v and ® in the framework of the
electrical impedance tomography consists in the following (see, for example, [16], [14], [13]):
D is a body with isotropic conductivity o(x) (where o > opin > 0),

v(z) = (o(z)"V2A(0 ()2, 2 e D, (1.5)

gl/2
a—), (1.6)

d =g /2 (Aa_l/2 + ey
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where A is the Laplacian, A is the voltage-to-current map on 0D, and o~ /2, do'/2/0v
in (1.6) denote the multiplication operators by the functions 0—1/2}8” (801/2/6y)}8D,
respectively. In addition, (1.4) is always fulfilled if v is given by (1.5) (where ¢ > g > 0
and o is twice differential in L>°(D)).

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b) re-
construction, (c) stability.

Global uniqueness theorems for Problem 1.1 (in its Calderon or Gel’fand form) in
dimension d > 3 were obtained for the first time in [23] and [16]. In particular, according
to [16], under assumptions (1.2), (1.4), the map ® uniquely determines v.

A global reconstruction method for Problem 1.1 in dimension d > 3 was proposed for
the first time in [16]. In its simplest form, this method of [16] consists in reducing Problem
1.1 to Problem 4.1 via formulas and equations (5.1), (5.2) for vo = v, P2 = ¢, hy = h,
v1 =0, ¥1(x, k) = e** Ry(z,y,k) = G(x —y,k), by = 0 and in solving Problem 4.1 via
formula (4.10), see Sections 3,4 and 5 of the present paper.

Global stability estimates for Problem 1.1 in dimension d > 3 were given for the first
time in [1]. A variation of this result is presented as Theorem 2.1 of Section 2 of the present
paper.

We remind that in global results one does not assume that o or v is small in some
sense or that o or v is peicewise constant or piecewise real-analytic. For peicewise constant
or piecewise real-analytic o the first uniqueness results for the Calderon version of
Problem 1.1 in dimension d > 2 were given in [6], [11].

As regards global results given in the literature on Problem 1.1 in dimension d = 2,
the reader is refered to Corollary 2 of [16] and to [15], [13], [4] and to references given in
[4].

In the present work we continue studies of [16], [17], [19], [21], [20]. One of the main
purposes of these studies was developing an efficient reconstruction algorithm for
Problem 1.1 in dimension d = 3. Note that the aforementioned global reconstruction
method of [16] is fine in the sense that it consists in solving Fredholm linear integral
equations of the second type and using explicit formulas but this reconstruction is not
optimal with respect to its stability properties. An effectivization of this reconstruction
of [16] with respect to its stability properties was developed in [17], [19], [20]. In [21]
and in the present work we illustrate our progress in stability by proving new stability
estimates for Problem 1.1 in 3D and, in particular, by proving Theorem 2.2 of Section 2
in 3D. For sufficiently regular potentials this theorem is a principle improvement of the
aforementioned Alessandrini stability result of [1].

Note that algorithms developed in [17], [19], [20] for finding v from ® in 3D can be used
even if v has discontinuities. In this case these algorithms can be considered as methods
for finding the smooth part of v from ®. In particular, the global algorithms of [17], [20]
can be considered as methods for approximate finding the Fourier transform o(p), [p| < 2p,
from @ for sufficiently great p, where 0(p) is defined by (4.12), d = 3. However, for the case
when v is not smooth enough we did not manage yet to formalize our principle progress
of [20] in global stability as a rigorous mathematical theorem.

Note that in [21] our new stability estimates of Theorem 2.2 of the next section were
proved in the Born approximation (that is in the linear approximation near zero potential)
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only. Besides, a scheme of proof of these estimates was also mentioned in [21] for potentials
with sufficiently small norm in dimension d = 3. In the present work we give a complete
proof of Theorem 2.2 in the general (or by other words global) case in dimension d = 3.

Our new stabilty estimates for Problem 1.1 (that is the estimates of Theorem 2.2) are
presented and discussed in Section 2. In addition, relations between Theorems 2.1, 2.2 and
global reconstructions of [16], [17], [20] are explained in Section 3. The proof of Theorem
2.2 for the global case in 3D is given in Section 8.

2. Stability estimates
As in [21] we assume for simplicity that

D is an open bounded domain in Rd, oD € C’Q,

2.1
v E Wm’l(Rd) for some m > d, suppv C D, d > 2, 21
where
W™ RY = {v: 8've LYRY), |J|<m}, meNUO, (2.2)
where
ol (z)
Je(NU0), |J Jiy 07v(x) = ——
c o 1=3- R
Let
_ J
Jollna = s 1070l o (23)
Let
|A|| denote the norm of an operator (2.4)
A: L>®(0D) — L*=(0D). '
We recall that if vy, vy are potentials satisfying (1.2), (1.3), where D is fixed, then
$; — ®y is a compact operator in  L°°(9D), (2.5)

where @1, ®5 are the DtN maps for vy, ve respectively, see [16], [17]. Note also that
(2.1) = (1.2).

Theorem 2.1 (variation of the result of [1]). Let conditions (1.4), (2.1) hold for
potentials v1 and ve, where D is fized, d > 3. Let ||vj||m1 < N, j =1,2, for some N > 0.
Let ®1, @5 denote the DtN maps for vi, vs, respectively. Then

[o1 = sl ooy < e1(In(3 4[| @1 — o)) 7, (2.6)
where ¢; = ¢1(N,D,m), ay = (m — d)/m, ||®1 — P2 is defined according to (2.4).
As it was mentioned in [21], Theorem 2.1 follows from formulas (4.9)-(4.11), (5.1) (of

Sections 4 and 5).
A disadvantage of estimate (2.6) is that

a; <1 forany m >d even if m is very great. (2.7)
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Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Then
[or = v2ll Lo (D) < ca(In(3 + (|1 — B[ 7)) 72, (2.8)

where ca = co(N, D, m), ag = m — d, || ®1 — P2|| is defined according to (2.4).
A principal advantage of estimate (2.8) in comparison with (2.6) is that

ag — 400 as m — +00, (2.9)

in contrast with (2.7).

In the Born approximation, that is in the linear approximation near zero potential,
Theorem 2.2 was proved in [21].

For sufficiently small N in dimension d = 3, a scheme of proof of Theorem 2.2 was
also mentioned in [21]. This scheme involves, in particular, results of [17], [19].

In the general (or by other words global) case Theorem 2.2 in dimension d = 3 is proved
in Section 8. This proof involves, in particular, results of [17], [20]. We see no principal
difficulties (except restrictions in time) to give a similar proof in dimension d > 3.

We would like to mention that, under the assumptions of Theorems 2.1 and 2.2,
according to the Mandache results of [13], the estimate (2.8) can not hold with
as > m(2d — 1)/d. However, we think that this instability result of [13] can be sharpened
considerably and that in this sense our Theorem 2.2 is almost optimal already.

For additional information concerning stability and instability results given in the
literature for Problem 1.1 (in its Calderon or Gel’fand form) the reader is refered to [1],
[13], [21], [22] and references therein.

3. Theorems 2.1 and 2.2 and global reconstructions of [16], [17], [20]

In this section we explain relations between Theorems 2.1, 2.2 and global reconstruc-
tions of [16], [17], [20] for Problem 1.1, where we assume that dimension d = 3. (The case
d > 3 is similar to the case d = 3.) The scheme of the aforementioned global reconstruc-
tions consists in the following;:

® — hlo = 0 =0, (3.1)

where h is the Faddeev generalized scattering amplitude (at zero energy) defined in the
complex domain O (see formulas (4.4), (4.5), (4.1)-(4.3) of Section 4 for d = 3), E is an
appropriate subset of ©, for example = is the subset of ® with the imaginary part length
equal to p, ¥, ~ is an approximation to 0 on Ba,,

Vpr — 0 on By, as p — 400, (3.2)

where ¢ is the Fourier transform of v (see formula (4.12), d = 3), B, is the ball of the
radius r, 7 is a fixed parameter, 0 < 7 < 1.

3.1. Theorem 2.1 and global reconstructions of [16], [17]. For the case when
E =100, (see formulas (6.2)), (3.3a)
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h‘b@ is determined from @& via
P

(5.1),(5.2) considered for ve = v, ¥y =1, hy = h, (3.3b)
v1 =0, P (x, k) = e*, Ri(z,y,k) =Gz —y, k), h1 =0,

@P,T<p) = h(k(p),l(p)), p € Barp, T =1,
for some vector — functions k(p), I(p) (3.3¢)

such that k(p),l(p) € bO,, k(p) —I(p) =p,

reconstruction (3.1) was, actually, given in [16]. In this case (3.2) holds according to (4.10),
(4.11). (In the framework of [16] less precise version of (4.11) was known.)
General formulas and equations (5.1)-(5.3) for finding h’b@ from ® with known back-
P

ground potential v; Z 0 were given for the first time in [17]. If unknown potential v is

sufficiently close to some known background potential v; #Z 0, then formulas and equations

(5.1)-(5.3) considered for vy = v, 13 = 1, hy = h give more stable determination of h‘b@
p

from ® than these formulas and equations for v; = 0 (see [17] for more detailed discussion
of this issue).

Note that Theorem 2.1 follows from formulas (4.10), (4.11), (5.1) mentioned above in
connection with the versions of (3.1), (3.2) of [16], [17].

3.2. Theorem 2.2 and global reconstructions of [17], [20]. The main disadvantage
of the global reconstruction (3.1), (3.2) in the framework of [16], [17] is related with the
following two facts:

(1) The determination of h}: for = = bO,, or, more generally, for = C @p, ENbO, # 0
(see formulas (6.2)) from @ via formulas and equations (5.1)-(5.3) for vy = v, 19 = ¥,
hs = h with some known background potential v; is stable for relatively small p, but is
very unstable for p — 400 in the points of = with sufficiently great imaginary part (see
[17], [19], [20] for more detailed discussion of this issue).

(2) For v, » defined as in (3.3c) the decay of the error © — 9, ; on By, is very slow for
p — +oo (not faster than O(p~!) even for infinitely smooth compactly supported v) (see
[20] for more detailed discussion of this issue).

As a corollary, the global reconstruction (3.1), (3.2) in the framework of [16] and even
in the framework of [17] is not optimal with respect to its stability properties. A principle
effectivization of the global reconstruction (3.1), (3.2) with respect to its stability properties
was given in [20].

The main new result of [20] consists in stable construction of some v, , on Ba,, from
h on bO©, , C bO, (see definitions (6.2)) in such a way that

6(p) — 0,7 (p)] < C(m, o, T)N2(1 + |p|)~Ho p=(m=#o)

(3.4)
for p € Barp, p> p1 and fixed 7 €]0, 7],
under the assumptions that
v € W™HR?), ||v]lm.1 < N (see definitions (2.2),(2.3)), (3.5)

m>27 QSMO <m, T1:7-1<m7/1107N)7 1 :pl(m7M07N)7
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where C(m, po,7), T1(m, po, N), p1(m,po, N) are special constants and, in particular,
0 < 71 < 1, see Theorem 2.1 of [20]. The scheme of this construction of [20] consists in the
following:

h}bew — H}bQP,T — H|,,

pPT,V

— H° —H,, onA,.,, (3.6)

‘Apmu

— Upr on Barp.

Here h‘b@ and H‘bQ are related by (4.13) (see also the definitions of b0, , and b€, -
given in (6.2), (6.3)), H‘bA is defined in terms of H‘bQ by means of (7.4) (where
bA, ;. is defined in (6.13)), HO‘AP,W is defined in terms of H‘bAp’w by (7.8) (see also

formulas (6.13), (6.16)), H, - is defined as the solution of (7.7) for H on A, - ,,, where @, -
is replaced by zero in (7.7), finally, 0, ; on Ba,, is defined as 0, , = @ZT or as iy, =7, .,
where -

ﬁl;’_n-(p) = )1\13%) HP,T()‘7p)7 ( )
- 3.7
Upr(p) = lim Hy 7 (A, p),

where definitions (3.7) are similar to formulas (7.16). For more detailed discussion of (3.6)
see Section 5 of [20].
Note that in [20] we deal with approximate finding v from h‘b@ in a similar way with

approximate finding v from the scattering amplitude f at fixed energy E of [18]. The
parameter p of [20] plays the role of the parameter v/E of [18].

One can see that for sufficiently regular potentials v that is for v € W™1 (R?’), where m
is sufficiently great, and for 9, ; constructed from h}b@p _via (3.6) as in [20] the decay rate

of the error & — 0, , on Ba,, is O(p~(™~2)) as p — +oo (see (3.4) for yy = 2) and is much
faster than for v, ; given by (3.3c) as in [16], [17]. Therefore, for Problem 1.1 in dimension
d = 3 the global reconstruction of [20] (using also (5.1)-(5.3) for finding h‘b@ from @ as

in [17]) has much more optimal stability properties than the global reconstructions of [16],
[17].

Therefore, Theorem 1.2 illustrating the progress in global stability of [17], [20] is much
more optimal than Theorem 1.1 related with global reconstruction results of [16] and [17]
only.

4. Faddeev functions
We consider the Faddeev functions G, ¢ and h (see [7], [8], [10], [16]):

vle) = e+ [ Gl =y (). b, (4.1)
_ ika _ —d e'srdg
G(ka) =€ g(ka)7 g(ka)_ (27'(') /]Rd 62-1-2]{?67 (42)
where = € Rd, ke,
S={keC?: K=K+ .. . +k=0} (4.3)
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h(k,l) = (27r)_d/ e o(x)y(a, k) da, (4.4)
R

where (k,1) € O,
O={kex, lex: Imk=Inl). (4.5)

One can consider (4.1), (4.4) assuming that v is a sufficiently regular function on R? with
sufficient decay at infinity. For example, one can consider (4.1), (4.4) assuming that (1.2)
holds.
We recall that:
AG(z, k) =6(z), zeR?, ke, (4.6)

formula (4.1) at fixed k is considered as an equation for

= e p(z, k), (4.7)

where y is sought in L™ (R%); as a corollary of (4.1),(4.2), (4.6), 1 satisfies (1.1); h of (4.4)
is a generalized ”scattering” amplitude in the complex domain at zero energy.

Note that, actually, G, ¥, h of (4.1)-(4.5) are zero energy restrictions of functions
introduced by Faddeev as extentions to the complex domain of some functions of the
classical scattering theory for the Schrodinger equation at positive energies. In addition,
G, 1, h in their zero energy restriction were considered for the first time in [2]. The
Faddeev functions G, ¥, h were, actually, rediscovered in [2].

We recall also that, under the assumptions of Theorem 2.1,

u(x, k) — 1 as [Imk| — oo (uniformly in x) (4.8)
and, for any o > 1,
lju(x, k)| < o for [Imk|>ri(N,D,m,o), (4.9)
where = € Rd, kel
o(p) = lim h(k,l) for any p e RY, (4.10)

[Im k|=|Iml|—oc0

~ Cg(D,Tﬂ)NQ
—h(k,l)| < ———— for (k,))e®, p=Fk—1I,
[o(p) = h(k, D) < or (k,1) p (4.11)
[Imk| = |Iml| = p>ry(N,D,m),
where .
o(p) = (2—)d/ ] P y(x)dr, pe R (4.12)
7r

Results of the type (4.8), (4.9) go back to [2]. Results of the type (4.10), (4.11) (with
less precise right-hand side in (4.11)) go back to [10]. Estimates (4.8), (4.11) are related
also with some important Lo-estimate going back to [23] on the Green function g of (4.1).
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Note also that in some considerations it is convenient to consider h on © as H on (2,
where

hk, )= H(k,k—1), (k1) €O,

H(k,p) = h(k,k —p), (k,p) € Q, (4.13)

Q={keC peR?: k=0, p? =2kp}. (4.14)

For more information on properties of the Faddeev functions G, ¢, h, see [10], [17],
[20] and references therein.

In the next section we recall that Problem 1.1 (of Introduction) admits a reduction
to the following inverse ”scattering” problem:

Problem 4.1. Given h on ©, find v on R%.

5. Reduction of [16], [17] of Problem 1.1 to Problem 4.1
Let conditions (1.2), (1.4) hold for potentials v; and vo, where D is fixed. Let ®;, v,
h; denote the DtN map ® and the Faddeev functions v, h for v = v;, © = 1,2. Let also

®,(z,y) denote the Schwartz kernel ®(z,y) of the integral operator ® for v = v;, i = 1, 2.
Then (see [17] for details):

ha(k.D) = (k) = (3)" [ [ ro~0(@2 = @) p)inlo dyda, (5.1)

0DoD

where (k,[) € ©;

a(a k) =1 (k) + | Afw.y 0y, W)y, @ € 0D, (5.20)
oD
Az, y, k) = / Ri(z,z,k)(Py — 1) (2,y)dz, x,y € OD, (5.20)
oD

Rl(x7y7 k) = G(CE - Y, k) + /I&d G(CE -z k)vl(z)Rl(z7y7 k)d27 T,y € Rd? (53)

where k € ¥. Note that: (5.1) is an explicit formula, (5.2a) is considered as an equation
for finding ¢ on 0D from 1 on 0D and A on 0D x 0D for each fixed k, (5.2b) is an
explicit formula, (5.3) is an equation for finding Ry from G and vy, where G is the function
of (4.2).

Note that formulas and equations (5.1)-(5.3) for v; = 0 were given in [16] (see also
[10] (Note added in proof), [14], [15]). In this case hy = 0, 11 = e?** Ry = G(x — y, k).
Formulas and equations (5.1)-(5.3) for the general case were given in [17].

Formulas and equations (5.1)-(5.3) with fixed background potential v, reduce Problem
1.1 (of Introduction) to Problem 4.1 (of Section 4). In this connection we consider (5.1)-
(5.3) for vo = v, Y9 = b, hy = h and this reduction consists of the following steps:
(1) v1 = ®q, Y1, Ry, hy via formulas and equations of the diret problem for vy;
(2) @, @1, Ri|,p,op.s — A via (5.2b);
(3)

3) A, ¢1}8D><E — ¢}8D><E via (5.2a);
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(4) P, ¥l yp s ©lopys: @ @1 — hovia (5.1).
Here, on the step (4) we find h on © for the unknown potential v of Problem 1.1.

6. Some considerations related with © and

6.1 Some subsets of © and 2. Let

BT:{pERd: Ip| <}, 8BT:{pERd: Ip| = r},

- (6.1)
B, = B,.U0B,, where r > 0.

In addition to © of (4.5), we consider, in particular, the following its subsets:

0, ={(k,l) € ©: [Imk| = |Iml| < p},

b0, = {(k,1) € ©: |[Imk|=|Iml| = p},

0,=06,Ubo,, (6.2)
0%, ={(k,1) €©\O,: k—1l€ By},

b0, ={(k,1) €60, : k—1€ By},

where p > 0, 0 < 7 < 1, and B, is defined in (6.1).
In addition to € of (4.14), we consider, in particular, the following its subsets:

0, = {(kp) €9 |Imk| < p},
1, = {(k,p) € Q' |Tmk| = pl,

Q, =Q,UbQ,, (6.3)
Q;?r = {(k,p) € Q\Qp 1 pe BQPT}v

b, = {(k,p) € bQ, : p € Bap:},

where p >0, 0 < 7 < 1, and B, is defined in (6.1).

Note that
Q~=06, Q,~0,, 112, ~bO,,

QF, =07, b, ~b0,, (6.4)
or, more precisely,
(k,p) e Q= (k,k—p) €O, (k,))eO= (kk—1)eQ
and the same for ,, bQ2,, QF, bQ, (6.5)
and ©,, b©,, ©77, bO, -, respectively, in place of  and ©.
We consider also, in particular,
Q, ={(k,p)eQ: p¢ L}, (6.6)
O, =90 Ny, 02,7, =0, -NQ,,
where
L,={peR’: p=ty, t € R}, (6.7)

9
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vesStTl p>0,0<7<1.

6.2. Coordinates on ) for d = 3. In this subsection we assume that d = 3 in formulas
(4.5), (4.14), (6.1)-(6.7).
For p € R*\L, we consider A(p) and w(p) such that

0(p),w(p) smoothly depend on p € R3\L,,
take values in S*, and (6.8)
0(p)p =0, wp)p =0, O(p)w(p) =0,

where £, is defined by (6.7) (for d = 3).
Assumptions (6.8) imply that

0
w(p) = d ><|p|(p) for p € R*\L, (6.9a)

or .
wip) = -2 X‘ ‘(p) for peR3\L,, (6.9b)

where x denotes vector product.
To satisfy (6.8), (6.9a) we can take
op) = 2L () = X0 e g, (6.10)
v % p| |

Let 0,w satisfy (6.8). Then (according to [19]) the following formulas give a diffeo-
morphism between €, and (C\0) x (R*\L,):

2k(0(p) + iw(p))

(k,p) — (\,p), where A= A(k,p) = i) , (6.11a)
(A, p) = (k,p), where k=k(\p)=r1(\p)0(p)+ r2(\,p)w(p) + g,
ilp| pl,, 1 (6.115)
51()‘7])) A ()‘+ )\) KQ()‘vp): Z(A_X)7

where (k,p) € Q,, (A, p) € (C\0) x (R*\£,). In addition, formulas (6.11a), (6.11b) for A(k)
and k(\) at fixed p € R*\L, give a diffeomorphism between Z, = {k € C* : (k,p) € Q}
for fixed p and C\0.

In addition, for k and A of (6.11) we have that

1

1 Il
) |R6k‘| (|)‘| + |)\|)

I
[ Imk| = Al +
iRy

(6.12)

where (k,p) € Q,, (A\,p) € (C\0) x (R*\L,).

10
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Let
APaV = {()‘7p) CAE Dp/|p|7 pE RB\EU}, (613)
Aprw={\p): XED,)p, pERNL,, |p| <27p},
bAprw ={(\p): NE T,y pERNL,, |p| <27p},

where p>0,0<7<1,veS?

1
D, ={AeC\0: Z(|A|+|>\|—1) >7r}, >0, (6.14)
1
T=eC: Z(A+NT)=r} r=1/2, (6.15)
L, is defined by (6.7) (for d = 3).
Note that N B N -
Apﬂ':y = Ap,T,u U Ap,T,w Ap,T,u N Ap,r,y - ®7 (616)
bA, + = bA;rmV UbA, . .
where N N
A, = {(A\,p): A€ Dp/\pl’ p € Barp\Ly}, (6.17)
Ay, ={(Ap): AET ., p€Ba,\Lo},
1
D ={AeC\0: (A[+ATH)>r AF <1},
(6.18)

1
To={xeC: A+ =, AFE <1} r> 12,

where p > 0, 7 €]0,1[, v € S?.
Using (6.12) one can see that formulas (6.11) give also the following diffeomorphisms

0 ~ (x ~
Qy\Qp ~ Ap,u? Qp,T,u ~ Apﬂ':’/’

b1 A A, 1, (6.19)

Z;?p ={k € C’: (k,p) € QU\Qp} ~ D, forfixed p,

where p > 0,0 < 7 < 1, v € S? (and where we use the definitions (6.3), (6.6), (6.13)).
In [19] A, p of (6.11) were used as coordinates on €2. In the present work we use them
also as coordinates on 2\, (or more precisely on £2,\$2,).

7. An integral equation of [20] and some related formulas
In the main considerations of [20] it is assumed that d = 3 and the basic assumption
on v consists in the following condition on its Fourier transform:

NS LEO(RS) NC(R?) for some real p > 2, (7.1)
where 0 is defined by (4.12) (for d = 3),
Lyr(RY) = {ue L¥RY) : lull, < +o0},

|l = ess sup (1+ |p[)*|u(p)], w© >0,
peR?

11
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and C denotes the space of continuous functions.

Note that
ve W™ RY) = o € L?(RY) NC(RY),

. (7.3)
[0l < calm, d)[[vllm,1 for p=m,
where W1, L are the spaces of (2.2), (7.2).
Let
H(X\,p) = H(k(A,p),p), (Ap) € (C\0) x (R°\L,), (7.4)
where H is the function of (4.13), A, p are the coordinates of Subsection 6.2 under assump-
tion (6.9a).
Let
LA prn) ={U € L®(Aprp) = [IUN]pr < 00},
TN prs = s sup (L+[p)* U )], >0, (7.5)
()\,p)GAp,-r,u
where A, , , is defined in (6.13), p > 0, 7 €]0,1[, v € S?, pu > 0.
Let v satisfy (7.1) and [|2]/, < C. Let
def _
n(C,p, 1) = a(p)C(lnp)®p™ <1, Inp>2, (7.6)

where a(p) is the constant ¢o () of [20]. Let H(\, p) be defined by (7.4) and be considered
as a function on A, -, of (6.13). Then (see Section 5 of [20]):

H = H° 4 Mo () + @y, 7 €)0,1], (7.7)
where
1 d¢
0 - +
B0 = 5 [ HED S (op e AL, (780
7-;;|P|
1 AdC
H(\,p) = —— H —, (A AL 7.8b
() =5 [ HCHZ o O €A (7.80)
Tor1m
where AZ_ 7, are defined in (6.17), (6.18) (and where the integrals along 7, are taken

in the counter-clock wise direction);

M, - ,p) =M (U)(\,p) =
“// (U, U)pr () ZEESERE 3y e nF (7.94)
C—A P
p/\p\
M, - ,p) =M, (U)(\,p) =
1 AdRe CdIm ¢ - 9
// (U, U)pr(Cp) —— R , (Ap)EA, ., (7.9b)
p/lpl

12
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(U17 UQ)P,T(C7P) = {XQTPUL XQTPUé}(CJ?), (C?p) S Ap,T,V7
X2rpUj(k,p) = Uj(A(k,p),p), (k,p) € Q3% ,, (7.10)
XQTpU]/'(k7p) = 07 |p| > 2T:07 J = 1727

o is defined in (6.6), A(k, p) is defined in

where U, Uy, Us are test functions on A, - ., Q>

(6.11a), {-, -} is defined by the formula

T

— f @ |)\|2 —1 coS — —_ MSiIl
FLmyop) == [ (5 eosg— 1) = Blsing) (711)

—Tr

Fl(k(/\7p)7 _g(/\7p7 90)>F2(k;(>‘7p> + €(>‘7p7 (,0)7]7 + €(>‘7p7 @))d%

for (\,p) € A,,, where Fy, Fy are test functions on Q\Q,, k(\,p) is defined in (6.11b),
A, . is defined in (6.13),

E(Np, ) = Rek(X,p)(cosp — 1) + k= (X, p) sin g, (7.12)
1 _ Imk(\ p) x Rek(A, p)

where x in (7.13) denotes vector product;

H H°,Qpr € LY (Apr), (7.14)
C
H||lprpg < ————, 7.15a
H | p, 7 = 0(Cop ) (7.15a)
c ¢5(po)C
HONprpo < 1+ : 7.15b
I o.rs 1—77(C,p,u)( 1—77(C,p,u)) (7.150)
3cs(jug) C2
1@y s{ko) (7.150)

<
pyTopo = (1 —n(C, p, u))2(1 + 27p)k—ho’

where 2 < pg < u, c5 is the constant by of [20], n(C, p, 1) is defined by (7.6).

Following [20] we consider (7.7) as an approxiate integral equation for finding H on
A, -, from H° on A, -, with unknown remainder @, -.

Note also that if © satisfies (7.1), then (see [19], [20])

H(\ p)—0(p) as A =0,

H(\ p) — 9(p) as X\ — o0, (7.16)

where p € Ba,,\L,, H is defined by (7.4) and is considered as a function on A, - ., p > 0,
0<7<1l,rveSi

8. Proof of Theorem 2.2 for d =3

Our proof of Theorem 2.2 for d = 3 is based on formulas (7.16) of Section 7 and on
Lemma 8.4 given below in the present section. In turn, Lemma 8.4 follows from formula
(7.3) of Section 7 and from Lemmas 8.1, 8.2, 8.3 given below in the present section. In
turn:

13
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(1) Lemma 8.1 follows from some estimates and Lemmas of [20] related with studies of
the non-linear integral equation given as equation (7.7) of the present paper;

(2) Lemma 8.2 does not follow immediately from results of preceding works and its proof
is given in Section 9;

(3) Lemma 8.3 follows from formulas (4.9), (5.1) and from definitions, see Section 9 for
proof of this lemma.

Lemma 8.1. Let v; satisfy (7.1) and ||0;||, < C, wherei=1,2. Let

0<7 <7, po,C,0), p=> pi(u, o, C,9), (8.1)

where 11, p1 are the constants of Section 4 of [20] and where 6 =1/2, 2 < pug < p. Then

l.mp0): (8.2)

where H;, HY, Q', _ are the functions of (7.4), (7.7), (7.8), (7.14), (7.15) forv = v;, i = 1,2,

)

- M p 7o @5 defined as in (7.5). In addition,

[ Hz — Hal < 2(|||1H3 - HY||

P57 o PyTy 0 + H‘Qiﬂ' - Q;,T

24c¢5(110) C?
(14 27p)H—to-

Q7+ = Qprlllpire < (8.3)

In connection with (8.1) we remind that 71 €]0, 1] is sufficiently small and p; is sufficiently
great, see [20].

Lemma 8.1 follows from estimates mentioned as estimates (7.14), (7.15) of the present
paper (see estimates (4.3), (5.20), (5.22) of [20]) and from Lemmas A.1, A.2, A.3 and
estimate (A.5) (see Appendix to the present paper).

Lemma 8.2. Let v; satisfy (7.1) and ||0;||, < C, where i =1,2. Let
n(C, po, ) < 1/2, Inpg > 2, (8.4)
where n is defined in (7.6). Let
O<t0<1, 2<po<p, p=2py, T=10/2.
Then

|||H§ - H?H PRNTIINS (ce + 4cr(po, To, PO)C>Apo,p,uov (8.5)
def

Apo,p,uo = |||Xpo,p(H2 - H1)|||po,um (8~6)

where H;, HY are the functions of (4.13), (7.8) forv = v;, i = 1,2, X, ., is the characteristic

function of L\, |1 || prp0 i1 (8.5) is defined as in (7.5), ||| - || pg. 10 in (8.6) is defined

as in (A.12) of Appendix, cg is defined by (9.9), c7 is the constant cs of [20] (that is

cr(p, 7, p) = 3by ()72 + 4bo(p)p~t + 4bs ()T, where by, ba, bz are the constants of [20]).
Lemma 8.2 is proved in Section 9.

14
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Lemma 8.3. Let the assumptions of Theorem 2.1 hold (for d = 3). Let
po > 11(N,D,m,o) for some o >1, (8.7)
where ry is the number of (4.9). Let 0 < 179 < 1, 0 < po, p = 2po, T = 170/2. Then
Bpspna < 50?803 — D1+ 29)0, (5.5)

where A, 5 ., s defined by (8.6),

cg = (2m) ™4 / de, L= max ||, (8.9)
oD

| P2 — @4 is defined according to (2.4).
Lemma 8.3 is proved in Section 9.

Lemma 8.4. Let the assumptions of Theorem 2.1 hold (for d = 3). Let
0<7_§7_2(m7l1’07N)7 prQ(mnu()aNaDvO-)? (810)

where 2 < pg < m, o > 1, and 1o, py are constants such that (8.10) implies that

T < 1 (m, o, ca(m, 3)N,1/2), p > p1(m, po, ca(m,3)N,1/2), (8.11a)
" <172, nles(m, 3N, p/2,m) < 1/2, In(p/2) > 2 (8.110)
p/2>7r1(N,D,m,o), (8.11c¢)

where 71, p1, N, 1 are the same that in (8.1), (8.4), (8.7), c4 is the constant of (7.3). Then

|||H2 - H1|| PyT, 10 S CQ(N7D7m7,u070-7 T)eZLppuqu)Q - (I)l” + 610<N7 m, /1’077-):0_(m_u0)7

(8.12)

where cg, c19 are some constants which can be given explicitly.

Lemma 8.4 follows from formula (7.3) and Lemmas 8.1, 8.2, 8.3.

The final part of the proof of Theorem 2.2 for d = 3 consists of the following. Using
the inverse Fourier transform formula

o@) = [ o)y, @ e R (8.13)
RS
we have that
[v1 = v2|[Lee(py < sup | [ e”P*(b2(p) — D1(p))dp| <
wed ., (8.14)
Ii(r) + Iz(r) for any r >0,

15
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where

(8.15)

Using (7.3), (7.5), (7.14) for H, (7.16) we obtain that

|62(p) — 01(p)| < |||Ha — Hilllp,r2(1+ [p]) > (8.16)

for |p| < 27p, at least, under the assumptions of Lemma 8.4 for pug = 2.
Using (7.3) we obtain that

[02(p) — 01.(p)| < 2e4(m, 3)N(L+[p))™™, peR’. (8.17)
Using (8.14)-(8.17) we have that

lv1 = vallpee(p) < 11(27p) + I2(27p) <
dp dp

[|Hz — Hill|p,7,2 / m”c‘*(m’sw / WS (8.18)

Ip|<27p Ip|>27p
8mey(m,3)N 1

8 _H - H T 9
7T7'p||| 2 1|||p7 2+ (m_ 3)(27_)m_3 pm—3

at least, under the assumptions of Lemma 8.4 for puy = 2.
Under the assumptions of Lemma 8.4 for py = 2, using (8.18) and (8.12) we obtain
that

””Ul — UQ”Loo(D) S cu(N,D,m,a, T)€2Lpp3”q32 — q)lH + Clg(N,m,T)p_(m_B), (819)

where c11, c12 are related in a simple way with cg, ¢1¢ for pg = 2.
Let now

1l -«

—7 0 0= 21— @2, p=BIn(3+457), (8.20)

o 6]07 1[7 B =

where ¢ is so small that p > pa(m,2, N, D,o), where ps is the constant of (8.10). Then,
due to (8.19),

[v1 — v2|| L (py < c11(N, Dym, o, 7)(3+ 6 )28 (BIn(3 + 671))36+
c12(N, D, m,7)(BIn(3 46 1))~ (m=3) =

c11(N,D,m,o,7)B%(1 4 36) %6 (In(3 + 6 1))+

c12(N, D, m, T)B_(m_?’)(ln(3+ 5—1))_(m_3),

(8.21)
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where o, 7 are the same that in (8.10) for py = 2 and where «, 5 and § are the same that
n (8.20).
Using (8.21) we obtain that

lor = v2]| oe () < exs(N, Dym)(In(3 + || @1 — @of| 1)) "7 (8.22)

for 0 = || &1 — P2| < 6o(IV, D, m), where dy is sufficiently small positive constant. Estimate

(8.22) in the general case (with modified ¢13) follows from (8.22) for

§ = ||®1 — 2f| < do(N, D, m) and the property that ||v;||ze~(p) < c1a(m)N (for d = 3).
Thus, Theorem 2.2 for d = 3 is proved.

9. Proofs of Lemmas 8.2 and 8.3

Proof of Lemma 8.2. Using the maximum principle for holomorphic functions it is
sufficient to prove that

sup (14 [p))*°[Hy(A(1 F 0),p) = HY (M1 F0),p)| <
(APIEBAZ -, (9.1)
(CG + 407(:“07 70, PO)C)APOJLM()?
where DAY, DAJ_, are deﬁned in (6.17) (and where H?(A(1 — 0),p), i = 1,2, are

Con51dered for (A, p) € bAS, ,, H)(M(140),p), i = 1,2, are considered for (A, p) € bA
Using (7.8) and the Sohotsky-Plemelj formula, we have that

pTV)

1 d¢
Tj/\p\
S AC .
o/l

In addition, using the Cauchy-Green formula we have that

d¢
2 =5 [ HCD =11 / e S CED
Tp/\p\ p/\p\
OH(C,p) dReCdIm(
L] TR e,
po/lpl\ p/lpl
1 AdC 1 G
A7) / e eyt =l B0 e B CED
To/1v] To/ el
OH(C,p) MReCdIm( B
/ / o Ccn - APEM

/Ipl\ r/lpl

17
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(where the integrals along 7,* are taken in the counter- clockwise direction). In addition
(see equation (A.11) of Appendix),

OH (¢, p)
TZ ={H,H}(,p), (C;p) € Aporo,vs (9.4)
where H((, p) in the left-hand side of (9.4) is defined according to (7.4), H in the right-hand
side of (9.4) is the function of (4.13), {-,-} is defined by (7.11).

Using (9.2), (9.3) we obtain that

HOA(1 — / HCP25 (9.50)
po/\p\
OH(C,p) dReCdIm(
L] TR e,
po/\P\\ r/lpl
o AC
H00+0.0) =~ [ HCD 5 (9.50)
oo /1ol
1 OH (¢, p) AdReCdIm¢ )
] Sy e
Do /191 Pyl
Using (9.5), (9.4) for H® = H?, H = H;, i = 1,2, we obtain that:
(Hy — HY)(A(1 = 0),p) = AT(\,p) + BT (A, p), (9.6a)
AH(Ap) = — / (Ha — Hy)(C.p) —2
b 270 2 1 » P C_ )\7
po/\p\
T\ p) = ——/ / ({Hz—H1,H2}+{H1,H2—Hl})(C,P)%,
po/\p\\ p/lpl
where (X, p) € DA ;
(H3 — HY)(A(140),p) = A~ (\,p) + B~ (A, p), (9.6b)
N AdC
=g [ G
po/lpl
“(Ap) = ——/ [ (e )+ i ) (6 M
0/\10\\ r/lpl

18



New global stability estimates for the Gel’fand-Calderon inverse problem

where (A, p) € bA;

p7T7U‘
Estimates (9.1) follow from formulas (9.6) and from the estimates

|Ai()\7p)‘ < c6(1+ ‘p‘)_HOApo,p,uov (A p) € AT

P,T,V)

|Bi()\7p)‘ S 467(/1’077-07/)0)0(1 + |p|)_HOAPO,P:HO7 <A7p) S bA;)l:,T,IN

where
cg = sup —Q(T>
rel1/2,400[ 4(1) — q(21)’
1 .1/2
o) = 20(1— (1— 25)").
Note that

0<cs<(2v3-3)71,
where ¢ is defined by (9.9). Estimate (9.10) follows from the formulas

1 B 1—(1—(1/4)7)"/?
T2 77 A0 1-(-n2
1-—7)2<1-@1/2)r, 1—1/4)7 >a(l—(1/4)7)+1—a,

a=2(2-V3), 7€)0,1].

Ce

Estimates (9.7) follow from the property that
(¢,p) €Ay 7y If C€ 7;[/'17', Ip| <271p, p=2py >0, T=10/2, 0 <719 <1,
the properties that

H; € C(Apyros UbNyy 1), i =1,2,
|<H2 - Hl)()‘7p)‘ < (1 + |p|)_MOAPO,Paum O‘?p) € bAPo,ToaV

(see formulas (A.8), (A.9), (A.12), (6.19), (7.4)) and from the formulas

O[S I S I S B (6

o J KNC—=A  2x ) |¢ =N = q(r) —q(2r)’
T T

(9.9)

(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)

A€ T, N € T,h,r > 1/2. In turn, formulas (9.15) follow from the property that
2~ e T if 2 € 7,7 and from the formula that ¢(r) is the radius of 7,*, where r > 1/2.

Estimates (9.8) follow from formulas (A.8), (A.9) (for p = po), formula (8.4),

Lemma A.5 (for p = pg, i = o), Lemma A.6 (for p = pg) and the property

\e 7;3“)‘ C D;';/m if (\,p) €bAL, ., p=2py>0, T=179/2, 0< 7o <L

Lemma 8.2 is proved.
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Proof of Lemma 8.3. Using (A.12), the formulas
QO~0, Q,~0, Q,~6,
(see (6.4)), and formulas (6.2), (4.13), we have that

Dpopo < sup (14 [k = 1))"[ha(k, 1) — hi(k,1)], (9.17)
(k.)€6,\Op,

where A, is defined by (8.6), h1, ho are the functions of Section 5.

Estimate (8.8) follows from formulas (9.17), (5.1), (4.7), (4.9), the property that
|k — 1| < 2p for (k1) € ©, and the property that |e?*Z| < ePl| |el2| < efL for k,l € ©,,
x € 0D.

Lemma 8.3 is proved.

Appendix

In this appendix we remind some results of [20] used in Sections 8 and 9 of the present
work.

Consider the equation

U=U"+M,.(U), p>0, 7€]0,1], (A1)

for unknown U, where U°, U are functions on A, , defined in (6.13), M, , is the map
defined by (7.9).
In particular, (7.7) can be written as (A.1) with U = H, UY = H' + Q, ..

Lemma A.1. Let p>0,v € S? 7€]0,1[, p > 2 and 0 < 7 < (2¢7(, 7, p)) ', where
c7 is the constant cg of [20] (that is c7 (i, T, p) = 3by ()72 +4bo (1) p~t +4bs ()T , where by,
b, bs are the constants of [20]). Let U° € L>=(A, ;) and |||U°||,+,. < /2 (see definition
(7.5)). Then equation (A.1) is uniquely solvable for U € L>=(A, +.), |||U|||pr,n < 7, and
U can be found by the method of successive approximations, in addition,

r(2¢7(p, 7, p)r)"

U = (M r00)" (O] TR et

n € N, (A.2)

P =

where M, ; ;o denotes the map U — U® + M, .(U).
Lemma A.1 corresponds to Lemma 4.4 of [20].

~ Lemma A.2. Let the assumptions of Lemma A.1 be fulfilled. Let also
UY e LNy ), WU prp <7/2, and U denote the solution of (A.1) with U replaced
by U°, where U € L*=(A, +.), |[|U|llp.r.u < 7. Then

T = Ulllpirae < (1= 2e2(p, 7, p)r) MU = T°|

PR (A.3)

Lemma A.2 corresponds to Lemma 4.5 of [20].
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Let

e 2 2b 2

P = ¢ + o) 2 (1 : - )’ (A.4)
L=n(C,pp) (1 =n(C,p, ) (1+ 27p)H—o

where C > 0, p > €2, 2 < ug < p, 7 €]0,1[,  is defined as in (7.6), by is the constant of

[20] (that is bg(p) = 7= (by(p)n1 + ba(p)ng + bz(u)ns), where by, ba, bz are the constants

of [20] and n1, ng, n3 are the constants of Lemma 11.1 of [19]). In addition, from estimates
(7.14), (7.15) of the present paper (see estimates (3.3), (4.20), (4.22) of [20]) it follows that

|||H|||p,7',uo < Tmin

: (A.5)
H||p,r 0 + 11Qp,rlll im0 < Tmin/2-
Lemma A.3. Let C > 0,2 < pp < p, 0<d <1,
0<r S Tl(unu()vov 5)7 1Y Z Pl(MaHO,C, 5)7 (A6)

where 11, p1 are the constants of (4.36) of [20] (in particular, 71 €]0, 1] is sufficiently small
and p; is sufficiently great). Then

0 <n(C,p,p) <9,

(A7)
0< 207(#07 T, P)Tmin(ﬂa Mo, Ty P C) < 4.

Lemma A.3 corresponds to estimates (4.36) of [20].

Lemma A.4. Let v satisfy (7.1), |||, < C, p satisfy (7.6). Let H be the function of
(4.13). Then:

HeC(Q\Q,), (A.8)
C
op) = Nm H(kp), pe R?, (4.10)
(k,p)EQ

where C denotes the space of continuous functions, €, 1, are defined in (4.14), (6.3), n is
defined as in (7.6), |k| = ((Rek)? + (Imk)?)/2;

0
ﬁH(kj(Avp%p) = {H7 H}()\,])), (>‘7P> € Apﬂ/a (A]']')
where k(\, p) is defined in (6.11b), A, , is defined in (6.13), {-,-} is defined by (7.11).
Lemma A.4 corresponds to formulas (3.2)-(3.4), (3.22) of [20]. Let
L (0\Q,) = {U € L=(Q\Q,) : [[IU]llp,n < +00},

[Ull[p =ess  sup  (1+[p))*|U(k,p)|, p>0, p>0,
(k.p)EQ\D,

(A.12)
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where Q, Q, are defined in (4.14), (6.3).

Lemma A.5. Let Uy,U; € LZO(Q\Q,,), where p > 0, u > 2. Let {-,-} be defined by
(7.11). Then

{U17 UQ} € Lloc?cal<ApyV)7 (Alg)
Ul 11Uz
. Ua )] < IR R el o )
for almost all (A\,p) € A,., b, |, |p|) = (A.14)
(T IS NP 01 R
(AP +1)2 AP+ [pl(A+ A7) A+ [pl(A+ A7) )

where A, ,, is defined in (6.13), by, b, bs are the constants of [20].
Lemma A.5 corresponds to estimates (3.26), (3.27) of [20].

Consider
o _ (gP+s
Ul(Ca 5) = (|<‘2 + 1)2’ UQ(C’ 8) o K|2(1 + S(K‘ + K|_1))2, (A.15)
s
4G 8) = T s(e + 1)
where ( € C, s > 0.
Note that 3
0 < b(p, Al [p]) < Z wyu; (A [p)), (A.16)

where b is the function of (A.14), (A\,p) € A, ., p >0, p > 2.
Lemma A.6. Let uq,us,us be defined by (A.15). Then:
|A| dRe (dIm ¢ / dRe(dIm ¢
ui((,8) 7 —————— = [ u;((,8)——, A7
IR e AT D

D, D
j=1231r>1/2, AeD,”, s>0,

(3/0x(pl/p)?  forj=1
[ TS < gy forg=2 (Ads)

i 2mpl/p for j=3,

p/lpl

0<|p|<2mp,0<T<1,\€E D;—/Ip\’ where DF are defined in (6.18).
Lemma A.6 corresponds to formulas (7.2), (7.10) of [20].
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