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On stability estimates in the Gel’fand-Calderon inverse problem
R.G. Novikov

CNRS (UMR 7641), Centre de Mathématiques Appliquées, Ecole Polytechnique,
91128 Palaiseau, France
e-mail: novikov@cmapx.polytechnique.fr

Abstract. We prove new global stability estimates for the Gel’fand-Calderon inverse
problem in 3D.

1. Introduction
We consider the equation

—AyY+ov(z)p =0, €D, (1.1)
where
D is an open bounded domain in R, d >2, dD € C?, v e L>=(D). (1.2)

Equation (1.1) arises, in particular, in quantum mechanics, acoustics, electrodynamics.
Formally, (1.1) looks as the Schrodinger equation with potential v at zero energy.
We consider the map ® such that

ooy = ®(,p) (13

for all sufficiently regular solutions v of (1.1) in D = D U dD, where v is the outward
normal to 0D. Here we assume also that

0 is not a Dirichlet eigenvalue for the operator — A +v in D. (1.4)

The map @ is called the Dirichlet-to-Neumann map for equation (1.1) and is considered
as boundary measurements for (physical model described by) (1.1).

We consider the following inverse boundary value problem for equation (1.1):

Problem 1.1. Given &, find v.

This problem can be considered as the Gel’fand inverse boundary value problem for
the Schrédinger equation at zero energy (see [9], [16]). This problem can be also considered
as a generalization of the Calderon problem of the electrical impedance tomography (see
[5], [23], [16]).

Concerning results given in the literature on Problem 1.1 (in its Calderon or Gel’fand
form) see [6], [11], [23], [10] (note added in proof), [16], [1], [14], [15], [3], [22], [13], [17],
[19], [12], [4], [21], [20] and references therein.

In particular, in [21] it was shown that the Alessandrini stability estimates of [1]
for Problem 1.1 in dimension d > 3 (see Theorem 2.1 of the next section) admit some
principle improvement. These new stability estimates (see Theorem 2.2 of the next section)
were found in [21] using methods developed in [17], [18], [19]. These methods include, in
particular: (1) the d-approach to inverse ”scattering” at zero energy in dimension d > 3,
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going back to [2], [10], and (2) the reduction of Problem 1.1 to inverse "scattering” at zero
energy, going back to [16].

However, a complete proof of the aforementioned new stability estimates for
Problem 1.1 in dimension d > 2 was given in [21] in the Born approximation (that is
in the linear approximation near zero potential) only. Besides, a scheme of proof of these
estimates was also mentioned in [21] for potentials with sufficiently small norm in dimension
d = 3. (In this scheme [21] refers, in particular, to results of [19].)

In the present work we give a complete proof of these new stability estimates
(Theorem 2.2 of the next section) in the general (or by other words global) case in dimension
d = 3. In this proof we use, in particular, results of the recent work [20].

2. Stability estimates
As in [21] we assume for simplicity that

D is an open bounded domain in Rd, oD e C?,

2.1
v E Wm’l(Rd) for some m > d, suppv C D, d > 2, 21
where
WY RY = {v: 9'v e LYRY), |J| <m}, meNUO, (2.2)
where
1y (x)
Je(Nu)?, |J Jiy 07v(2) = ——
cwuor, =3 R
Let
J
[ollna = max 1070], o (23)
Let
||A|| denote the norm of an operator (2.4)
A: L>®(0D) — L*°(0D). '
We recall that if vy, vy are potentials satisfying (1.2), (1.3), where D is fixed, then
®; — ®y is a compact operator in  L°°(9D), (2.5)

where @1, ®5 are the DtN maps for vy, ve respectively, see [16], [17]. Note also that
(2.1) = (1.2).

Theorem 2.1 (variation of the result of [1]). Let conditions (1.4), (2.1) hold for
potentials v1 and ve, where D is fized, d > 3. Let ||vj||m1 < N, j =1,2, for some N > 0.
Let ®1, @5 denote the DtN maps for vi, vs, respectively. Then

lor = v2ll e () < er(In(L + (|1 — @[ 7)™, (2.6)
where ¢; = ¢1(N,D,m), a1 = (m — d)/m, ||®1 — P3| is defined according to (2.4).

As it was mentioned in [21], Theorem 2.1 follows from formulas (3.9)-(3.11), (4.1) (of
Sections 3 and 4).
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A disadvantage of estimate (2.6) is that

a; <1 forany m >d evenif m is very great. (2.7)

Theorem 2.2. Let the assumptions of Theorem 2.1 hold. Then
lor = v2ll Lo (D) < ca(In(l + (|1 — @[ 7)) 72, (2.8)

where ca = co(N,D,m), ag = m — d, || ®1 — P2 is defined according to (2.4).
A principal advantage of estimate (2.8) in comparison with (2.6) is that

ag — +00 as m — 400, (2.9)

in contrast with (2.7).

In the Born approximation, that is in the linear approximation near zero potential,
Theorem 2.2 was proved in [21].

For sufficiently small N in dimension d = 3, a scheme of proof of Theorem 2.2 was
also mentioned in [21]. This scheme involves, in particular, results of [17], [19].

In the general (or by other words global) case Theorem 2.2 in dimension d = 3 is
proved in Section 7. This proof involves, in particular, results of [17], [20].

3. Faddeev functions
We consider the Faddeev functions G, ¢ and h (see [7], [8], [10], [16]):

vla) = e+ [ Gl =y k(). b, (3.1
ikx — 1€$d€

Gz, k)=e k g(z, k), g(z,k)=—(2m) d /Rd m) (3.2)

where z e R, k e 3,
S={keC’: K=k+. . +k=0} (3.3)
Wik, 1) = (27)~ /R ety (2)p(z, k)de, (3.4)

where (k,1) € O,

O={kex, leX: Imk=Iml} (3.5)

One can consider (3.1), (3.4) assuming that v is a sufficiently regular function on R? with

sufficient decay at infinity. For example, one can consider (3.1), (3.4) assuming that (1.2)

holds.
We recall that:
AG(z,k) =6(x), z€RY key; (3.6)

formula (3.1) at fixed k is considered as an equation for
W= (e, k), (3.7)

3
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where y is sought in L= (R%); as a corollary of (3.1),(3.2), (3.6), v satisfies (1.1); h of (3.4)
is a generalized ”scattering” amplitude in the complex domain at zero energy.

Note that, actually, G, ¥, h of (3.1)-(3.5) are zero energy restrictions of functions
introduced by Faddeev as extentions to the complex domain of some functions of the
classical scattering theory for the Schrodinger equation at positive energies. In addition,
G, 1, h in their zero energy restriction were considered for the first time in [2]. The
Faddeev functions G, 1, h were, actually, rediscovered in [2].

We recall also that, under the assumptions of Theorem 2.1,

p(x, k) =1 as |[Imk| — oo (uniformly in x) (3.8)
and, for any o > 1,
lju(x, k)| < o for [Imk|>ri(N,D,m,o), (3.9)
where z e RY, k e 3

b(p) = 1i hk,l) f RrR? 1
op) =, pehm _ Bk0) forany p€RY, (3.10)
[Im k|=|Iml|—oc0

o 03(D,m)N2
(k)| < BT e k) €O, p=k—1,
[0(p) = h(k, D] < or (k,1) p (3.11)
[ Imk| = |Iml| = p > ra(N,D,m),
where .
0(p) = (2—)d/ . eP*y(z)dz, pe R% (3.12)
7r

Results of the type (3.8), (3.9) go back to [2]. Results of the type (3.10), (3.11) (with
less precise right-hand side in (3.11)) go back to [10]. Estimates (3.8), (3.11) are related
also with some important Ls-estimate going back to [23] on the Green function g of (3.1).

Note also that in some considerations it is convenient to consider h on © as H on (2,
where

hk, 1) = H(k,k—1), (k1) €O,

H(k,p) = h(k,k —p), (k.p) € O, (3.13)

Q={keC peR?: k2 =0, p? =2kp}. (3.14)

For more information on properties of the Faddeev functions G, v, h, see [10], [17],
[20] and references therein.

In the next section we recall that Problem 1.1 (of Introduction) admits a reduction
to the following inverse ”scattering” problem:

Problem 3.1. Given & on O, find v on R%

4. Reduction of [16], [17]
Let conditions (1.2), (1.4) hold for potentials v; and ve, where D is fixed. Let ®;, 9,
h; denote the DtN map ® and the Faddeev functions v, h for v = v;, © = 1,2. Let also

4
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®,(z,y) denote the Schwartz kernel ®(z,y) of the integral operator ® for v = v;, i = 1, 2.
Then (see [17] for details):

ha(k.D) = (k) = (3)" [ [ ro~0)(@2 = 1) (o p)inlo dyds, (4.1)
oDoD
where (k,[) € ©;

¢2(’r7 k) = ¢1 (.T, k) + / A(CL’, Y, k)¢2(y7 k)dyv S 8D7 (42@)
oD
Az, y, k) = / Ri(z,z,k)(Py — ®1)(2,y)dz, z,y € OD, (4.2b)
oD

Rl(x7y7 k) = G(.T - Y, k) + %l‘%d G(.T ) kj)”l(z)Rl(zvyv k)dZ, T,y € Rd? (43)

where k € ¥. Note that: (4.1) is an explicit formula, (4.2a) is considered as an equation
for finding 13 on D from 11 on 9D and A on 0D x 9D for each fixed k, (4.2b) is an
explicit formula, (4.3) is an equation for finding Ry from G and vy, where G is the function
of (3.2).

Note that formulas and equations (4.1)-(4.3) for v; = 0 were given in [16] (see also
[10] (Note added in proof), [14], [15]). In this case hy = 0, 1, = e** Ry = G(x — y, k).
Formulas and equations (4.1)-(4.3) for the general case were given in [17].

Formulas and equations (4.1)-(4.3) with fixed background potential v, reduce Problem
1.1 (of Introduction) to Problem 3.1 (of Section 3).

5. Some considerations related with © and (2

5.1 Some subsets of © and ). Let

Br={peR": |pl<r}, 0B, ={peR": [p|=r}, (5.1

B, = B, U0B,, where r > 0. .

In addition to © of (3.5), we consider, in particular, the following its subsets:
O, ={(k,1) € ©: [Imk|=|Iml| < p},
b0, = {(k,1) € ©: |[Imk|=|Iml| = p},
0,=06,Ubo,, ) (5.2)
0, ={(k,1) €0\O,: k—1€ By},
b0, = {(k,1) €bO,: k—1¢€ By},
where p >0, 0 < 7 < 1, and B, is defined in (5.1).
In addition to € of (3.14), we consider, in particular, the following its subsets:
Q, ={(k,p) € : [Imk| < p},
b, ={(k,p) € Q: [Imk|=p},
Q,=Q,Ub0,, . (5.3)
Q5 = {(k,p) € N\Q, : p e By},

b, = {(k,p) € bQ, : p € By},

5
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where p > 0, 0 < 7 < 1, and B, is defined in (5.1).

Note that
Q~=06, Q,~0,, 112, ~bO,,
Q;?T ~ 07, b, ~bO, ,

pTI

or, more precisely,

(k,p) e Q= (k,k—p) €O, (k,))eO= (kk—1)eQ
and the same for ,, bQ2,, QF, bQ,
and O,, bO©,, O7°, bO, ,, respectively, in place of 2 and ©O.

p,T?

We consider also, in particular,

QU - {(k7p) € Q P g_ﬁ EU}?
Qe , =02 NQ,, by, = b, Ny,

p,T,V

where
L,={peR: p=tv, t e R},

vestl p>0,0<7<1.

(5.4)

(5.6)

(5.7)

5.2. Coordinates on () for d = 3. In this subsection we assume that d = 3 in formulas

(3.5), (3.14), (5.1)-(5.7).
For p € R*\L,, we consider #(p) and w(p) such that

0(p),w(p) smoothly depend on p € R3\L,,,
take values in S?, and
0(p)p =0, w(p)p =0, O(p)w(p) =0,

where £, is defined by (5.7) (for d = 3).
Assumptions (5.8) imply that

wip) =2 X“j(p) for peR3\L,

or

w(p) = P2 O@)

— for p e R*\L,,
|

where x denotes vector product.
To satisfy (5.8), (5.9a) we can take

vXp

W(p) — b X|pﬁ(p), pe R3\£V.

Let 0,w satisfy (5.8). Then (according to [19]) the following formulas give
morphism between €, and (C\0) x (R*\L,):

0(p) =

|y xp|’

2k(0(p) + iw(p))

(k,p) — (\,p), where A= A(k,p) = il

Y

(5.8)

(5.9a)

(5.9b)

(5.10)

a diffeo-

(5.11a)
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(\p) = (kp). where k= k(A,p) = 51 (A p)O(P) + Ra (A p)(p) + 3.
ilp bl L (5:110)
51()‘7]7) A ()‘+ )\) KQ()‘vp): Z(A_X)7

where (k,p) € Q,, (A\,p) € (C\0) x (R*\£,)). In addition, formulas (5.11a), (5.11b) for A(k)
and k()\) at fixed p € R*\L, give a diffeomorphism between Z, = {k € C*: (k,p) € Q}
for fixed p and C\0.

In addition, for k and A of (5.11) we have that

1 1
[Imk| = p |(|)\| + |)\|) |Re k| = p |(|)\| + |)\|) (5.12)
where (k,p) € Q,, (A\,p) € (C\0) x (R*\L,).
Let
Ay ={(\p): N€D, ), peRNLY, (5.13)
Aprw ={(Ap): XEDyp, pERNL,, [pl < 27p},
bAp,'r,l/ = {()\7])) D AE 7;)/|p\7 p e RS\LV, |p| < 27‘/)},
where p>0,0<7<1,veS?
1
D, ={AeC\0: Z(|A|+|>\|—1) >r}y, >0, (5.14)
1
T, ={\eC: Z(|>\|+|A|—1):r}, r>1/2, (5.15)
L, is defined by (5.7) (for d = 3).
Note that N B N B
Ap777V_ApTVUApTU7 ApTI/mApTU:®7 (516)
bA, + = bA:jT b UDA, ),
where

A ={(\p): reD*

pyT IV

y D S BQT \'Cl/}a
N r/lpl P (5.17)
bAp T,V = {<)‘7p) : )‘ € T/‘p|7 p € BQ’T‘p\£V}7

1
DE={AeC\0: ~(AN+NH>r N <1},
4
1 (5.18)
F={reC: 7 AL+ ATH =7 AF <1, e > 12,

where p > 0, 7 €]0,1[, v € S?.
Using (5.12) one can see that formulas (5.11) give also the following diffeomorphisms

0 ~ <x> N
QN ~ Ay Q8 ~ Ay,

b - = OA, -0, (5.19)
Z;?p ={k € C’: (k,p) € QU\Qp} ~ D, forfixed p,

7
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where p > 0,0 < 7 < 1, v € S? (and where we use the definitions (5.3), (5.6), (5.13)).
In [19] A, p of (5.11) were used as coordinates on 2. In the present work we use them
also as coordinates on 2\, (or more precisely on £2,\€2,).

6. An integral equation of [20] and some related formulas
In the main considerations of [20] it is assumed that d = 3 and the basic assumption
on v consists in the following condition on its Fourier transform:

NS LEO(RS) NC(R?) for some real p > 2, (6.1)
where 0 is defined by (3.12) (for d = 3),
Ly?(RY) = {u € L¥(R) :  |ufl, < +oo},

lull = ess sup (14 [p)* [u(p)l, 4 >0, (62)
peR?
and C denotes the space of continuous functions.
Note that
ve W™ RY) = o € LP(RY) NC(RY), 63)
[0/l < calm, d)[[v]lm,1 for p=m, .
where W™ !, L° are the spaces of (2.2), (6.2).
Let
H(X\,p) = H(k(X,p),p), (A,p) € (C\0) x (R°\L,), (6.4)
where H is the function of (3.13), A, p are the coordinates of Subsection 5.2 under assump-
tion (5.9a).
Let
L (Mpr) ={U € LN pro) = Ul < 00},
Upre = ess  sup L+ U, p>0, (6.5)
(>\7p)€AP,T,l/
where A, ;, is defined in (5.13), p > 0, 7 €]0,1[, v € S?, u>0.
Let v satisfy (6.1) and [|2]|, < C. Let
def _
n(C,p, 1) = a(p)C(lnp)?p™ <1, Inp > 2, (6.6)

where a(p) is the constant ¢o () of [20]. Let H(\, p) be defined by (6.4) and be considered
as a function on A, -, of (5.13). Then (see Section 4 of [20]):

H=H"+M,,.(H)+Q,,, T¢€]0,1], (6.7)
where
1 d
HO()‘7p) = 2—7” / H(C?]))C_—C)\? ()‘7p) S A;—,T,w (68&)
sl
Ad
HO()‘7p) = _2—7T'i H(C?]))C(Ci_c)\)? ()‘7p) S A;,T,U? (68b)
To/1v]
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where AT _ | T.* are defined in (5.17), (5.18) (and where the integrals along 7,* are taken

pPT, V)
in the counter-clock wise direction);

M, ,p) =M (U)(\p) =
dRe CdI
__// (U,U),(C,1) ‘ZC Amc, (\p)€AF, . (6.9a)
p/\p\
M,.. ,p) =M, (U)(\,p) =
1 AdRe CdIm ¢ _ 6.9
// U V)pr n) 2 p) € Ay (6.90)
p/lpl
(U1, U2),7(¢,p) = {x27pU1s X27pUs }(C,P), (C,0) € Apirv,
X2rpUj(k,p) = Uj(A(k,p),p), (k,p) € QX ., (6.10)

XQT/)U (k p) - 0 |p| Z 27—/)7 j = 1727

where U, Uy, U; are test functions on A, ., € is defined in (5.6), A(k, p) is defined in
(5.11a), {-, -} is defined by the formula

o0
pP,T,V

_ lpl [AP® — 1
{F1, P2} (\p) = —1_/( 2 (Cosw 1) - sing)x (6.11)

Fi(k(A,p), =&\ 0, 0)) Fa(k(X, p) + &N p, ), 0+ E(N, p, ))de,

p|

for (A\,p) € A,,, where Fy, Fy are test functions on Q\Q,, k(\,p) is defined in (5.11b),
A, . is defined in (5.13),

£\ p,¢) = Rek(\,p)(cosp — 1) + &+ (A, p) singp, (6.12)
1 _ Imk(/\7p) X RBIC()\,]))

where x in (6.13) denotes vector product;

H H®, Qpr € L2 (Aprs), (6.14)

WAy < TG (6.150)

i < Ty (1 i), (6.150)
2

10elllrn < =i s e 5 (6.15¢)

where 2 < ug < u, c5 is the constant by of [20], n(C, p, 1) is defined by (6.6).

9
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Following [20] we consider (6.7) as an approxiate integral equation for finding H on
A, ;. from H° on A, ;. with unknown remainder @, -.
Note also that if ¢ satisfies (6.1), then (see [19], [20])

H(\ p) — 0(p) as A — 0, (6.16)
H(\ p) = 0(p) as A — oo, '

where p € Ba,,\L,, H is defined by (6.4) and is considered as a function on A, - ., p > 0,
0<7<1 veS

7. Proof of Theorem 2.2 for d =3
Lemma 7.1. Let v; satisfy (6.1) and ||0;||, < C, where i =1,2. Let

0<7 S 7_1(#7”07 Ca 5)7 1Y Z Pl(ﬂ,ﬂoa Ca 5)7 (71)

where 11, p1 are the constants of Section 4 of [20] and where 6 = 1/2, 2 < pog < p. Then

where H;, HY, Q', _ are the functions of (6.4), (6.7), (6.8), (6.14), (6.15) forv =v;,i =1,2.
In addition,

||| Hy — Hy| < 2(|||HY — HY||

PsT 0 —

P,T, o + |||Qf2),7' - Q}),’T PJ:HO)? (7'2)

2
Q20 = QL e < —acsli0)C_
\T p,TIHIP,T, 0 — (1_|_27-IO)H—H0

(7.3)
In connection with (7.1) we remind that 7 €]0, 1] is sufficiently small and p; is sufficiently
great, see [20)].

Lemma 7.1 follows from estimates mentioned as estimates (6.14), (6.15) of the present

paper (see estimates (3.3), (4.20), (4.22) of [20]) and from Lemmas 4.4, 4.5 and estimates
(4.36) of [20].

Lemma 7.2. Let v; satisfy (6.1) and ||0;||, < C, where i =1,2. Let
n(C, po, ) <1/2, Inpy > 2, (7.4)
where n is defined in (6.6). Let
O<t0<1, 2<po<p, p=2py, T=10/2.
Then

I1H2 — HY||

pormo < (€6 +4c7 (10, 70, P0) O X p0,70,0.m (H2 = H)lll po,70,10 (7.5)
where H;, HY are the functions of (6.4), (6.8) for v =v;, i = 1,2, Xpy.r.p.r 15 the charac-
teristic function of A,y 7.0 \Ap rv, Co is defined by (8.9), c7 is the constant cg of [20] (that
is c7(p, T, p) = 3b1 ()72 + 4ba (1) p~ 1 + 4b3 (1) T, where by, ba, bz are the constants of [20]).

10



On stability estimates estimates in the Gel’fand-Calderon inverse problem

Note that
A, - CApyryw under the assumptions that p=2pg, 7=19/2, 0 <19 <1, p>0.
(7.6)
Lemma 7.2 is proved in Section 8.
Lemma 7.3. Let the assumptions of Theorem 2.1 hold (for d = 3). Let
po > 11(N,D,m,o) for some o >1, (7.7)
where ry is the number of (3.9). Let 0 < 79 < 1, 0 < o, p = 2po, T = 70/2. Then
11X po o0 (2 = H1)llpo,mou0 < €507 @ — @1|(1 + p)H, (7.8)
where
= (2m) ¢ = :
@) [ do, L= masal, (7.9)
oD
|®o — @1|| is defined according to (2.4), Xpg,70.p,7>» H1, Ha are the same that in (7.5).
Lemma 7.3 is proved in Section 8.
Lemma 7.4. Let the assumptions of Theorem 2.1 hold (for d = 3). Let
0<7_§7_2(m7l1’07N)7 prQ(mnu()aNaDvO-)? (710)
where 2 < pg < m, o > 1, and 19, py are constants such that (7.10) implies that
T< T (m7 Ko, C4(m7 3>N7 1/2)7 P > P1 (m7 Ko, C4(m7 3)N7 1/2>7 (711&)
r <172, nles(m, 3N, p/2,m) < 1/2, In(p/2) > 2, (7.110)
p/2>r1(N,D,m,o), (7.11c)

where 1, p1, 1, 1 are the same that in (7.1), (7.4), (7.7), c4 is the constant of (6.3). Then

[Hy — Hi||pr o < co(N, Dym, g, 0, 7)e2E0pH0 || g — @y || + c10(N, m, pg, 7)p~ (M1,

(7.12)

where cg, c19 are some constants which can be given explicitly.

Lemma 7.4 follows from formula (6.3) and Lemmas 7.1, 7.2, 7.3.

The final part of the proof of Theorem 2.2 for d = 3 consists of the following. Under
the assumptions of Lemma 7.4 for pg = 2, we have that

dp
- — 4
P2 / (1+|p|)?

|v1 = val|peo(py < ||| H2 — Hy|

[p|<2pT
2¢4(m,3)N / <
1+ \p\ (7.13)
lp|>2p7
8mwcy(m,3)N 1
87T/)T|||H2 - H1|| psT,2 + (m _ 3)(27.)m—3 pm—3 -

c11(N, D, m, 0, 7)e?LP p3|| @y — O1 || + c12(N, m, 7)p~ (M=),

11
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where c11, c12 are related in a simple way with cg, ¢19 for g = 2. To obtain (7.13) we
used also (6.3), (6.5), (6.16) and the inverse Fourier transform formula

v(z) = /e_im@(p)dp, z € R (7.14)
RS
Let now
1—a
o 6]07 1[7 B = T? o= ||(p1 - @2”7 p= 6111(1 + 5_1)7 (715)

where § is so small that p > pa(m,2, N, D, o), where ps is the constant of (7.10). Then,
due to (7.13),

|v1 = va||peo(py < c11(N, D,m, o, 7)(1 + S H2LB(BIn(1 4+ 671))36+
c1a(N, Dym, 7)(BIn(1+671)) =073 =

cii(N,D,m,o,7)B3(1 4+ 6)1*6*(In(1 + 6 1))>+

ci2(N, D,m, 7)B~ M= (In(1 + 6~ 1))~ (m=3),

(7.16)

where o, 7 are the same that in (7.10) for py = 2 and where «, 5 and § are the same that
in (7.15).
Using (7.16) we obtain that

lor = v2]| Ly < c13(N, D,m)(In(1 + [[1 — Do ~H)) =" (7.17)

for 0 = || &1 — P2f| < do(IN, D, m), where dy is sufficiently small positive constant. Estimate

(7.17) in the general case (with modified ¢13) follows from (7.17) for

§ = ||®1 — P2f| < do(N, D, m) and the property that ||v;||ze(py < cra(m)N (for d = 3).
Thus, Theorem 2.2 for d = 3 is proved.

8. Proofs of Lemmas 7.2 and 7.3

Proof of Lemma 7.2. Using the maximum principle for holomorphic functions it is
sufficient to prove that

sup (1 + [p))*|HI(A(LF0),p) — HY(A(1 F0),p)| <
(\p)EbAL -, (8.1)

(CG + 467(/’[/07 TO? pO)C)H‘XpOﬂ_Oap:T(HQ - Hl)‘HPOﬂ'O:HO’

where DAY, bAS_, are defined in (5.17) (and where HP(A(1 —0),p), i = 1,2, are
considered for (A, p) € bA} . HP(A(1+0),p), i = 1,2, are considered for (A, p) € bA_ ).
Using (6.8) and the Sohotsky-Plemelj formula, we have that
1 d¢
HO(A(1 - = — H((,p)——F—— + H(A A bA 2
( ( 0),])) 27TZ (C?p)é-_ )\(1 +0) + ( 7p)7 ( 7p) e pP,T,V? (8 a‘)
T+
o/ lpl
muu+m)——i—/ m<) MG L HOL), (\p) € AT, (8.2)
7p - 27T2 7p C(C_ )\(1 _O)) 7p 9 7p P,T,V .
i

12
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In addition, using the Cauchy-Green formula we have that

d¢
1) =50 [ HCH =75+ /Hcp (3.30)
Tivl T
0H ((,p) dRe(dIm( "
L] TR e,
po/lpl\ r/lpl
1 dC 1 Ad¢
p_/lpl 7-p/lzol
O0H ((,p) AddRe(dIm( _
] TR e

po/lpl\ r/lpl

(where the integrals along 7,* are taken in the counter- clockwise direction). In addition
(see formulas (3.22), (3.23), (4.8), (4.14) of [20]),

%E}P) = (H, H) oo (¢, P)s (C,D) € Apy 7o 0 (8.4)

where (-,-), » is defined by (6.10).
Using (8.2), (8.3) we obtain that

HO(A(1 — / H(Cp) 2y (8.50)
po/\p\
0H ((,p) dReCdIm(
L] TR e,
po/\P\\ p/lpl
0 )\dC
HO(A(L+0),p / H(C S (8.50)
Too /101
1 0H ((,p) AddRe(dIm( _
N 5@ AR ) €
Do /101 \Poy 1ol
Using (8.5), (8.4) for H® = H?, H = H;, i = 1,2, we obtain that:
(Hy — HY)(A(1 = 0),p) = A*(\,p) + B*(\,p), (8.6a)
d
A Op) =5 / (Ha ~ (G0 72
T oo /1v]
dRe(dI
(A, p) _——/ / ((HQ—H1,H2>po,ro+(H1,H2—H1)po,ro)(<,p)%,

po/\P\\ r/lpl

13
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where (\,p) € bAT

T V)

(Hy — HY)(A(1+0),p) = A~(A\,p) + B~ (A, p), (8.6b)
oL . NiC
=g [ G
po/\p\
B == [ [ (U B+ (= ) ) () G

po/lpl\ p/lpl

where (A, p) € bA

p,T V"
Estimates (8. 1) follow from formulas (8.6) and from the estimates

[A*(\p)| < es(1+[p)) ™A, (A,p) €bA, 8.7)
|B=(\,p)| < der(po, 0, p0)CA,  (A,p) AT,
where
_ q(r)
cg = sup _
re]l/2,4o00[ q(r) — Q(2T> (8.9)
1/2
A= |||Xpo,7'0,p;T(H2 - H1>|||po,7'0,u0' (810)
Note that
0<ce<(2vV3-3)71 (8.11)

where ¢g is defined by (8.9). Estimate (8.11) follows from the formulas

1 1—(1—(1/4)r)'/?
E— = 8.12
Cgq 1_20_7 g 721]101?1[ 1_(1_7_)1/2 ’ ( )
1-7)2<1-(1/2)r, 1—1/49)7 >a(l—(1/4)7)+1—aq, (8.13)
a=2(2-+3), 7€)0,1].
Estimates (8.7) follow from formula (7.6), the properties that
H; e C(APO,TO,V U bApoﬂ'oﬂ/)v (8.14)

[Hi (A p)| < (L [pD) ™[ Hilllpo 70,0 (AD) € gm0 UbA gy 0y 1= 1,2,

(see formulas (3.2), (3.3) of [20] for H and formulas (5.3), (5.6), (5.13), (5.19), (6.4), (6.5)
of the present paper for Q5° ,, A, ; ., H and L;°(A, -, )) and from the formulas

pPyT, V0
L A 2 I T S a(r)
ICII¢ — A o ¢ — N < q(r) — q(2r)’ (8.15)
7:“_ 7~T+

14
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A€ T, N €T,h,r>1/2. In turn, formulas (8.15) follow from the property that
2=l e 77 if 2 € 7,7 and from the formula that g(r) is the radius of 7,7, where r > 1/2.
Estimates (8.8) follow from the proof of estimates (7.8), (7.9) of [20] and from the
formulas (6.15a) (for p = pg, 7 = 70), (7.4), (7.6), (8.14) of the present paper.
Lemma 7.2 is proved.

Proof of Lemma 7.3. Using formulas (6.4), (6.5), the formulas

~ ()OO e Yee) o0 A~ o'}
Apr=Q =Qr.NQ, QF ~6r

P P,T,V

(see (5.19), (5.6), (5.4)), and formulas (5.2), (3.13), we have that

A< sup  ho(k, 1) = ha(k, D)1, (8.16)

(kﬂl)eép\epoz
[k—l]<27p

where A is defined by (8.10), hy, ho are the functions of Section 4.

Estimate (7.8) follows from formulas (8.16), (4.1), (3.7), (3.9), the property that
|k —1| < pin (8.16) (since 7 < 1/2 due to the assumptions of Lemma 7.3) and the property
that |e?*®| < el |el®| < ePE for k,1 € ©,, z € OD.

Lemma 7.3 is proved.
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