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Scalar conservation laws with stochastic
forcing

A. Debussche and J. Vovelle
January 29, 2010

Abstract

We show that the Cauchy Problem for a randomly forced, periodic
multi-dimensional scalar first-order conservation law with additive or
multiplicative noise is well-posed: it admits a unique solution, charac-
terized by a kinetic formulation of the problem, which is the limit of
the solution of the stochastic parabolic approximation.

Keywords: Stochastic partial differential equations, conservation laws, ki-
netic formulation, entropy solutions.

1 Introduction

Let (2, F,P, (F:), (Bk(t))) be a stochastic basis and let 7" > 0. In this paper,
we study the first-order scalar conservation law with stochastic forcing

du + div(A(u))dt = ®(w)dW(t), z €TV, te (0,7). (1)

The equation is periodic in the space variable z: € TV where TV is the
N-dimensional torus. The flux function A in (f}) is supposed to be of class
C?: A € C*(R;RY) and its derivatives have at most polynomial growth. We
assume that W is a cylindrical Wiener process: W = )", ., Brei, where the
By are independent brownian processes and (e )> is a complete orthonormal
system in a Hilbert space H. For each u € R, ®(u): H — L*(T¥) is defined
by ®(u)er = gr(u) where g (-, u) is a regular function on TV. More precisely,
we assume g € C(TY x R), with the bounds

G*(z,u) = Y _ |gr(z,u)]* < Do(1 + |ul?), (2)
k>1

D gz, u) = gy, o) < Dillz = y[* + |u — vlh(ju — o)), (3)

k>1



where z,y € TV, u,v € R, and h is a continuous non-decreasing function
on Ry with A(0) = 0. Note in particular that, for each v € R, ®(u): H —
L*(TV) is Hilbert-Schmidt since ||gx (-, w)|| z2crvy < |lg(-, w)||oray and thus

D g )iy < Do(L + [ul?).

k>1

The Cauchy Problem, resp. the Cauchy-Dirichlet Problem, for the stochastic
equation ([)) in the case of an additive noise (¢ independent on u) has been
studied in [Kim03|, resp. [VWI(]. Existence and uniqueness of entropy
solutions are proved in both papers. The Cauchy Problem for the stochastic
equation ([l)) in case where the noise is multiplicative (and satisfies (B)-(f)
above) has been studied in [FN0§|. In [EN0g], uniqueness of (strong) entropy
solution is proved in any dimension, existence in dimension 1.

Our purpose here is to solve the Cauchy Problem for (f]) in any dimen-
sion. To that purpose, we use a notion of kinetic solution, as developed
by Lions, Perthame, Tadmor for deterministic first-order scalar conserva-
tion laws [LPT9]. A very basic reason to this approach is the fact that no
pathwise L> a priori estimates are known for ([l). Thus, viewing ([[) as an
extension of the deterministic first-order conservation law, we have to turn to
the L' theory developed for the latter, for which the kinetic formulation, once
conveniently adapted, is slightly better suited than the renormalized-entropy
formulation (developed in [CW99] for example).

There is also a definite technical advantage to the kinetic approach, for it
allows to keep track of the dissipation of the noise by solutions. For entropy
solutions, part of this information is lost and has to be recovered at some
stage (otherwise, the classical approach a la Kruzhkov [Kru7(] to Comparison
Theorem fails): accordingly, Feng and Nualart need to introduce a notion of
“strong” entropy solution, i.e. entropy solution satisfying the extra property
that is precisely lacking [FNOJ|. This technical difference between the notions
of kinetic and entropy solution already appears in the context of degenerate
parabolic equations: in the comparison of entropy solutions, it is necessary
to recover in a preliminary step the quantitative entropy dissipation due to
the second-order part in non-degeneracy zones (see Lemma 1 in [[Car99]). For
kinetic solutions, this preliminary step is unnecessary since this dissipation
is already encoded in the structure of the kinetic measure, (see Definition 2.2
in [CP0).

In the case of an additive noise, Kim [Kim0J] and Vallet and Wittbold [VWTI{]
introduce the auxiliary unknown w := u — ®W that satisfies the first-order



scalar conservation law
Oyw + div(B(x,t,w)) = 0, (4)

where the flux B(z,t,w) := A(w + ®(z)W(t)) is non-autonomous and has
limited (pathwise Holder-) regularity with respect to the variable ¢. Then
entropy solutions are defined on the basis of (). In this way it is actually
possible to avoid the use of It6 stochastic calculus.

In the case of an equation with a multiplicative noise, Feng and Nualart
define a notion of entropy solution by use of regular entropies and It6 For-
mula [FNO§]. They also define a notion of strong entropy solution, which
is an entropy solution satisfying an additional technical criterion. This ad-
ditional criterion is required to prove a comparison result between entropy
and strong entropy solution. As already mentioned, they are able to prove
existence of strong entropy solutions only in dimension one.

In all three papers [Kim03, FN0§, VW1(], existence is proved via approxi-

mation by stochastic parabolic equation. We will proceed similarly, c¢f. The-
orem [[J. Consequently, our notion of solution, defined in Definition J], hap-
pen to be equivalent to the notion of entropy solution used in [Kim03, [FN0Og,
VW], provided the convergence of the vanishing viscosity method has been
proved, hence in the context of [Kim03, VWI{] or in [FNO] in dimension
1f]. In fact, we prove that our notion of kinetic solution is also equivalent to
the notion of (mere — not strong) entropy solution of [FNO§|, whatever the
dimension, see section B.3.

Our main results states that under assumptions (B) and (fJ), there exists
a unique kinetic solution in any space dimension. Due to the equivalence
with entropy solution, we fill the gap left open in [FNO§|. Moreover, the use
of kinetic formulation considerably simplifies the arguments. For instance,
to construct a solution, only weak compactness of the viscous solutions is
necessary.

There are related problems to ([l). We refer to the references given in, e.g.
[Kim03, VW1{], in particular concerning the study of the deterministic in-
viscid Burgers equation with random initial datum. One of the important
question in the analysis of () (and, more precisely, in the analysis of the evo-
lution of the law of the solution process u(t)) is also the existence (unique-
ness, ergodic character, etc.) of an invariant measure. This question has

'note that we consider periodic boundary conditions here, unlike [Kim0d, FNO§, [VW1(].
However, our results extend to the whole Cauchy Problem or to the Cauchy-Dirichlet
Problem.




been fully addressed in [EKMS0(] for the inviscid periodic Burgers equation
in dimension 1 by use of the Hopf-Lax formula.

Our analysis of ([]) uses the tools developed over the past thirty years for the
analysis of deterministic first-order scalar conservation laws, in particular the
notion of generalized solution. Thus, in Section [, we introduce the notion
of solution to () by use of the kinetic formulation, and complement it with
a notion of generalized solution. In Section [], we prove Theorem [LI], which
gives uniqueness (and comparison results) for solutions and also shows that
a generalized solution is actually necessarily a solution. This result is used
in Section [ we study the parabolic approximation to ([[) and show that it
converges to a generalized solution, hence to a solution. This gives existence
and uniqueness of a solution, Theorem [[J.

2 Kinetic solution

2.1 Definition

Definition 1 (Kinetic measure) We say that a map m from Q to the set
of non-negative finite measures over TV x [0,T] x R is a kinetic measure if

1. m is measurable, in the sense that for each ¢ € Cyo(TY x [0,T] x R),
(m,¢): Q@ — R is,

2. m vanishes for large £: if BS, = { € R, |¢| > R}, then

lim Em(TY x [0,T] x Bg) =0, (5)
R—+4o00

3. for all ¢ € Co(TYN x R), the process

t— o(z,&)dm(z, s,§)

TN x[0,¢] xR
15 predictible.
Definition 2 (Solution) Letuy € L°(TY). A measurable functionu: TV x

[0,7] x Q — R is said to be a solution to () with initial datum ug if (u(t))
is predictible, for all p > 1, there exists C, > 0 such that for a.e. t € [0,T],

[u(®) || Lr@xrry < Cp (6)



and if there exists a kinetic measure m such that f = 1,5¢ satisfies: for all
o € CHTN x [0,T) x R),

/0 (), Brp(t))dt + {fo, 9(0)) + / (1), al€) - V(b))
= — Z/O /TN gr(x,u(z, t)p(x, t,u(x, t))dedB(t)

k>1

1

_5/0 5 De(, t, ulz, 1)) G (z, u(x, ) dedt + m(Dep), (7)

a.s., where G* := 3" |gk|* and a(§) := A'(€).

In (@), fo(z,&) = luy@)>¢e. We have used the brackets (:,-) to denote the
duality between C>°(T" x R) and the space of distributions over TV x R. In
what follows, we will denote similarly the integral

(F,G) = /T ) /R Flz,€)G(z,€)dzde, F e IP(TY xR), G € LTV x R),

where 1 < p < 400 and ¢ is the conjugate exponent of p. In ([]) also, we
have indicated the dependence of g, and G? on u, which is actually absent
in the additive case and we have used (with ¢ = O¢) the shorthand m(¢)
for

m@) = [ ot edm(a ), ¢€CTY x 0.7] xR)
TN x[0,T]xR
Equation ([) is the weak form of the equation
. 1
(0 + al€) - V)Lusg = GuzeW + O(m — 5G0u=). (8)
We present now a formal derivation of equation (J) from ([]) in the casem =0
(see also Section [L], where we give a rigorous derivation of the kinetic for-
mulation at the level of the viscous approximation): it is essentially a conse-
quence of It6 Formula. Indeed, by the identity (L,s¢,6') := [; Luset (§)dE =
O(u) — O(—o0), satisfied for § € C*°(R), and by [t6 Formula, we have
1
d(1yse, 0') = 0'(u)(—a(u) - Vudt + dW) + 59"(u)G2dt
v 1
= —div(/ a(£)6'(£)dE)dt + 50”(u)G2dt + 6 (u)dW

1
= —diV((CL1U>§, 9/))dt — 5(0§(G25u:§), Hl)dt + <5u:§7 9')dW



Taking 6(¢) = ffoo ©, we then obtain the kinetic formulation with m = 0.
The measure m is sometimes (quite improperly if no action, or Lagrangian,
is precisely defined) interpreted as a Lagrange multiplier for the evolution of
f by O; + a-V under the constraint f = graph = 1,-¢. It comes into play
only when u becomes discontinuous (occurrence of shocks); in particular, it
does not appear in the computation above that requires some regularity of
u with respect to x to apply the chain-rule of differentiation.

2.2 Generalized solutions

With the purpose to prepare the proof of existence of solution, we introduce
the following definitions.

Definition 3 (Young measure) Let (X, \) be a finite measure space. Let
P1(R) denote the set of probability measures on R. We say that a map
v: X — Pi(R) is a Young measure on X, if, for all p € Cy(R), the map
z = v,(¢) from X to R is measurable. We say that a Young measure v
vanishes at infinity if, for every p > 1,

| [1eran©arne) < +. (9)

Definition 4 (Kinetic function) Let (X, \) be a finite measure space. A
measurable function f: X xR — [0, 1] is said to be a kinetic function if there
exists a Young measure v on X that vanishes at infinity such that, for A-a.e.

z€ X, forall € € R,
f(2,8) = v:(§, +00).

If f: X xR — [0,1] is a kinetic function, we denote by f the conjugate
function f:=1— f.

We also denote by x; the function defined by x;(z,&) = f(2,€) — Lose.
Contrary to f, this modification is integrable. Actually, it is decreasing
faster then any power of ¢ at infinity. Indeed,

—/ dv,, £ <0,
(70075}

/ dv,, £ > 0.
(§,+00)

6P [ W0t < [ [ 1CPda©an) <o (o)

6

Xr(2,6) =

Therefore



forall E e R, 1 < p < +o0.

We have the following compactness results (the proof is classical and reported
to appendix).

Theorem 5 (Compactness of Young measures) Let (X, )\) be a finite
measure space. Let (V™) be a sequence of Young measures on X satisfying
(@) uniformly for some p > 1:

sup [ leravzi©)an) < +x. (11)

Then there exists a Young measure v on X and a subsequence still denoted
(V™) such that, for all h € L'(X), for all ¢ € Cy(R),

Jim [ /¢> E)dv"(€)dA(z / /¢> Odv.()dN(z).  (12)

Corollary 6 (Compactness of kinetic functions) Let (X, \) be a finite
measure space. Let (f,) be a sequence of kinetic functions on X xR: f,(z,£) =
V&, 400) where v™ are Young measures on X satisfying ({I3). Then there
exists a kinetic function f on X xR such that f, — f in L>°(X xR) weak-*.

Note that if f is a kinetic function then 0 f = —v is non-negative. Observe
also that, in the context of Definition f, setting f = 1,-¢, we have O¢f =
—0u—ge and v := §,_¢ is a Young measure on 2 x TV x (0,7). The measure
v vanishes at infinity (it even satisfies the stronger condition ([J) below).
Therefore any solution will also be a generalized solution, according to the
definition below.

Definition 7 (Generalized solution) Let fy: Q x TV x R — [0,1] be a
kinetic function. A measurable function f: Q x TV x [0,T] x R — [0,1]
is said to be a generalized solution to ([1) with initial datum fo if (f(t)) is
predictible and is a kinetic function such that: for all p > 1, there ewists
Cp > 1 such that for a.e. t € (0,T)

B[ [l <c, (13)



where v := —0:f, and if there exists a kinetic measure m such that for all

o € CHTN x [0,T) x R),

T

/ (1), Do)t + (fo, 9(0)) + / (1), al€) - Vip(t)) dt

= / /T N / g2, €)p(x, t, €)duy 4 (€)dad S (t) (14)
) /0 /T . /R Oep(,t,8)G* (2, )y 1y (E)dxdl + m(Dep), a.s.

Observe that, if f is a generalized solution such that f = 1,-¢, then u(t, z) =
Jo xr(@,t,€)dE, hence w is predictible. Moreover, v = §,—¢ and

B[ lutoris =8 [ [ (€6

Condition (B) is thus contained in the condition ([[3J).

We conclude this chapter with a remark about the time continuity of the
solution (see also [[CGI(] and references therein on this subject). Generalized
solutions are a useful and natural tool for the analysis of weak solutions to ([l]),
1.e. solutions that are weak with respect to space and time, but the process
of relaxation that generalizes the notion of solution introduces additional
difficulties regarding the question of time continuity of solutions. To illustrate
this fact, let us consider for example the following equation (the “Collapse”

equation in the Transport-Collapse method of Brenier [Bre8T], Bre83))

Of(t) = Lywse — f, u(t):= /RXf(t)(f)dfa (15)

with initial datum fy(§) a kinetic function. Integrating ([[F) with respect to
¢ shows that u = ug is constant and gives

f) =e"fo+ (1= e )Ly,

i.e. f(t) is describing the progressive and continuous “collapse” from fy to
1,,>¢. It is also simple to show that

13
w(t,€) = [ (= 1(0.0)C >0

—00

for all ¢, &, and, more generally,

£
/ (F(7,0) = F(£,O)C > 0, Vr > LVE € R, (16)

—00



so that f satisfies O,f = Jd¢m, m > 0. Now erase an interval [t;, 5] in the
evolution of f. Then

9(t) = f(1) = [(O) L) (t) + [(E+t2 = 1) L1, 100y (1)

satisfies
Bug — Dern + ( (L) — F(E))O(E — 1)
13
—9n, n(t,€) == (L, €) + / (F(tsC) = F(t1, CO))ACH(t — 1),

By ([@), n is non-negative, but, unless fo = 1,,>¢, ¢ is discontinuous at ¢t = ;.
In the analysis of a generalized solution f, we thus first show the existence
of modifications f* and f~ of f being respectively right- and left-continuous
everywhere and we work on f* in most of the proof of uniqueness and re-
duction (Theorem [[1]). Finally, we obtain the time-continuity of solutions in

Corollary [3.

2.3 Left and right limits of generalized solution

We show in the following proposition that, almost surely, any generalized
solution admits possibly different left and right weak limits at any point
t € [0,T]. This property is important to prove a comparison principle which
allows to prove uniqueness. Also, it allows us to see that the weak form ([[4)
of the equation satisfied by a generalized solution can be strengthened. We
write below a formulation which is weak only with respect to x and &.

Note that we obtain continuity with respect to time of solutions in Corol-
lary [[d below.

Proposition 8 (Left and right weak limits) Let fy be a kinetic initial
datum. Let f be a generalized solution to ([]) with initial datum fy. Then
f admits almost surely left and right limits at all point t, € [0,T]. More
precisely, for all t, € [0,T] there exists some kinetic functions f** on Q x
TN x R such that P-a.s.

<f(t* - 8)7@) — <f*’77()0>

and
(fte+e)0) = {77, 9)
as € — 0 for all p € CHTYN x R). Moreover, almost surely,

P — gy = — / ep(x, &)1y (Hdm(z, 1,6).  (17)
TN x[0,T]xR

9



In particular, almost surely, the set of t. € [0,T] such that f*>~ # f** is
countable.

In the following, for a generalized solution f, we define f* by f*(t.) =
[*%, t, € [0, T]. Note that, since we are dealing with a filtration associated
to brownian motions, f* are also predictible. Also f = f* = f~ almost
everywhere in time and we can take any of them in an integral with respect
to the Lebesgue measure or in a stochastic integral. On the contrary, if the
integration is with respect to a measure - typically a kinetic measure in this
article -, the integral is not well defined for f and may differ if one chooses
ftorf.

Proof of Proposition B. The set of test functions C}(TY x R) (endowed
with the topology of the uniform convergence on any compact of the functions
and their first derivatives) is separable and we fix a dense countable subset
D,. For all o € CHTN x R), a.s., the map

Tt [ 156)a(0) Vi
> | [, [ oot aniandans

= t [, [ oeele. G v duds (19

is continuous on [0, 7. Consequently: a.s., for all ¢ € Dy, J, is continuous
on [0, T].

For test functions of the form (z,¢, &) — o(x,&)a(t), a € CL([0,T]), ¢ € Dy,
Fubini Theorem and the weak formulation ([4) give

T
/ g, () (t)dt + (fo, ¢)(0) = (m, Oep) (), (19)

0
where g,(t) = (f(t),p) — J,(t). This shows that 0,9, is a Radon measure
on (0,7, i.e. the function g, € BV(0,7T). In particular it admits left and
right limits at all points ¢, € [0,7]. Since J, is continuous, this also holds
for (f,¢): for all ¢, € [0, 7], the limits

() (tt) = Tan(f, ) (8) and (F, ) (1) = (£, 2) 1)

exist. Note that:
1 txte 1 tx
et =t~ [T g0 (L) =ln= [ o

10



Let (¢,) } 0. By the uniform in time integrability condition ([J) and Corol-
lary f], there exist a kinetic functions f** on Q x TV x R and subsequences
(€,%) such that

1 s 1 lite +
L / fdi— o = [ pwa— gt
A t

Ent
k
weakly-x in L>(Q2 x TV x R) as k — +o00. We deduce:
(fro)(tt) = (f*7, ) and (f, ) (t.—) = (f"7, ¢).

1
Taking for « the hat function a(t) = B min((t—t.+¢)", (t—t.—e)7) in ([J),

we obtain ([7) at the limit [¢ — 0]. In particular, almost surely, f** = f*~
whenever m has no atom at ¢,.

We thus have proved the result for ¢ € D;. Since Dy is dense in C} (TV x R),
it is easy to see that in fact everything holds a.s. for every ¢ € CH(TY x R).
|

Taking in ([4) a test function of the form (z,s,&) — ¢(x,&)a(s) where « is
the function

1, s <t,
s—1
a(s)=¢ 1-— t<s<t+e,
€
0, t+¢e <s,

we obtain at the limit [e — 0]: for all t € [0,T] and ¢ € CH(TV x R),

L), o+ o)+ / (F(s), al€) - Vio)ds

k/ /TN/ 9%, ) (7, &) vz »(£)drd i (s)

_5/0 /TN/R8£‘P<557£)G2<5€af)d7/(m,s)(§)dxds+<m,8£gp>([0,t]), a.s
(20)

where {m,26)(0.6) = | o e (. 5.6)

11



3 Comparison, uniqueness, entropy solution
and regularity

3.1 Doubling of variables

In this paragraph, we prove a technical proposition relating two generalized
solutions f;, i« = 1,2 of the equation

du; + div(A(u,))dt = O (u;)dW. (21)
Proposition 9 Let f;, i = 1,2, be generalized solution to ([21). Then, for

0 <t < T, and non-negative test functions p € C*(TV), v € C=(R), we
have

/TN /Rz x—y)(E = O fi (2, 1,8) f5 (y, 1, ¢)dédCdudy
<E [ [ oo =0l ~ Oole. O oy, Odedcdrdy +1,+ 1o, (22
(TV)? JR?

where

I, = E/ / fi(2,5,€) faly, s, O)(al(€) — a(Q)w (€ — ()déd¢
0 (’EN)Q R2
- Vap(z — y)drdyds

and

1 t
b=y [ o [ [ ve=o

XY gr(w, &) = gy, OPdv, @ vy (&, ¢)dwdyds.

k>1

Remark 10 FEach term in (23) is finite. Let us for instance consider the
first one on the right hand side. Let us introduce the auxiliary functions

_ /:¢(s)ds, ¥a(C) = / ;¢1<s>d§

which are well-defined since 1 is compactly supported. Note that both 1, and
Vo vanish at —oo. When & — 400, ¥ remains bounded while 1y has linear
growth. To lighten notations, we omit the index 0. Let us set fo =1— fy. In

12



the case where fi and fy correspond to kinetic solutions, i.e. fi = 1,,>¢, we
compute (forgetting the dependence upon t and x): fo(¢) = 1y,<¢ and

g (€ =€) f1(€) f2(¢)dEAC = tha(ur — uy).

In the case of generalized solutions, we introduce the integrable modifications
Xfi Offi7 1= 172

f1<§) = Xfi (g) + 10>£7 JE2<C) = IOSC — Xf2 (C)

Accordingly, we have, by explicit integration:

[t = 0RO =~ [ b€ = Onn(@xn(o)dsds
+ [ @€ = [ nOxnl-0dc+ i) (23)

Each term in the right hand-side of ([23) is indeed finite by ([I4).

Proof of Proposition @: Set Gi(z,&) = > 07, lgr(z,&)| and G3(y,¢) =
>onet gk (v, QI Let gy € C2(TY x Re) and ¢y € C2(T) x Re). By (R0),

we have
(fi7 (), 01) = (fr0. 1) + F1(t) + (M1, 1) ([0, t])

A== [ [ [ oot @dsis

k>1

with

and

(n, Bepn) (0, 1]) = / (f1.a- Vir)ds
w5 [ [ [ oG @dnds — . dkoi)(0.1),

Similarly

(f5 (@), 02) = (f2,0,p2) + Fa(t) — (Mo, Oep2) ([0, 1])

with

0= [ [ [ ouaeuti? @rtoasets

k>1

13



and
(i, Do) (0, 1]) = — / (o a - Vipa)ds

1 t
5 | [ [ocGrat, y(drds — (ma.tees) (0.0
2Jo Jov Jr ’
Set a(z,&,y,¢) = p1(x,&)pa(y, ¢). Using Ito formula for F(t) Fy(t), integra-

tion by parts for functions of finite variation (see for instance [RY99], chapter
0) for (mq, Oep1) ([0, t]) (Mo, Oe2) ([0, t]), the following formula

(in, Oeipn) (0. ) Fa(t) = / (7in, Oeipn) (0, s])dFa(s) + / Fy(5) (7, Bepn) (ds),

which is easy to obtain since F5 is continuous, and a similar formula for
(Ma, Oepa) ([0, ]) Fi(t), we obtain that

(FE (), o) (f5 (1), 2) = ((FTF () F57 (1), )
satisfies
E((fF () (1), @) = ({(frofa0 @)
- E/ /TN)2 g fifo(a(€) - Vi + a(C) - V) adéd(dadyds

+—E/ / 0§af2(s)Gde(1x o(§)dCdzdyds
2 0 J(TN)2 JR2 ’

1 t
——E// //8<af1(s)G§dV(2xS)(C)dfdyd:cds
2 0 (’EN)Q R2 JR ’
t
[ [ [ Guaadit 2 @dudy
0o Javy2 Jr2 Jr ’ ’

_E/O /(TN)2 . fof (8)Oeadmy (z, s, €)d(dy
—HE/O /(TN)2 . f1 (8)0cadmy(y, s, ()dédx (24)

where G 2(z,y;€,C) == > oy 96(%, &) gk(y, ¢) and ((-,-)) denotes the duality
distribution over T2 xR, x ']I‘Tyv xR¢. By adensity argument, (B4) remains true
for any test-function v € C2°(TY xR, x Tév xR¢). Using similar arguments as
in Remark [[(, the assumption that « is compactly supported can be relaxed
thanks to the condition at infinity (fJ) on m; and ([]) on v*, i = 1,2. Using
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truncates of o, we obtain that (24) remains true if a € Cp°(TY xRe x T} xRe)
is compactly supported in a neighborhood of the diagonal

{(z,&,2,6);2 € TV, £ € R},

We then take o = py) where p = p(x—y), ¥ = ¥(§ — (). Note the remarkable
identities

(Vo + Vy)a=0, (+d)a=0. (25)

In particular, the last term in (B4) is
t
E/ / f1 (8)0cadédzdms(y, s, Q)
0 (']TN)Q R2

— _E/O /(TN)2 . f1 (8)0:adédxdms(y, s, ()

t
__E / / / adi= (€)dedmy(y, 5,¢) < 0
0 ('H‘N)Q R2

since a > 0. The symmetric term

_E/O /(’]TN)2 g fof (8)Oeadmy (z, s, €)d(dy

¢
:—E// / ozdl/;’;r((’)dydml(x,s,f)
0 (’EN)Q R2

is, similarly, non-positive. Consequently, we have

EAT @0 F (1), ) < ((frofao, @) + 1, + 1y, (26)

where
I,:= —E/ / fifo(a(€) - Vi + a(C) - V) adéd(dadyds
0 (TN)Q R2

and

1 ¢ =
I, = —E/ / 0§af2(5)Gfdu(lx7s) (&)d{dxdyds
2 0 (TN)2 R2

1 t
— 5IE/ / / /8<af1(S)ngy(zm)(odfdyd:cds
0 Jny2 Jr2 Jr

t
_E/ / / / G pady, (£)dv; (()dxdy.
0 (']1‘N)2 r2 JR

15



Equation (28) is indeed equation (22) for f;" since, by (B3),
L=k [ [ [ A€ - a)- Vaadedcdrdyds
o JN)2 Jr2

and, by (P9) also and integration by parts,

= —E/ / (G + G5 = 2G2)dv, , @ v (&, ¢)dadyds
TN)2 JR?

g [ e e~ el P ot

k>0

To obtain the result for f;, we take t, 1 ¢, write (B2 for f;"(¢,) and let
n — oo.

3.2 Uniqueness, reduction of generalized solution

In this section we use Proposition J above to deduce the uniqueness of solu-
tions and the reduction of generalized solutions to solutions.

Theorem 11 (Uniqueness, Reduction) Let uy € L>®(Q)). Assume (§)-
@). Then, there is at most one solution with initial datum ug to ([1). Besides,
any generalized solution f is actually a solution, i.e. if f is a generalized
solution to ([]) with initial datum 1,,~¢, then there exists a solution u to (1)
with initial datum ug such that f(x,t,£) = ly@y>e a.s., for a.e. (x,t,§).
Moreover u has left and right limit at any point in the sense of LP(TN) for
any p > 1 and, for any t € [0,T], fF(x,t,&) = Ly +)>e a.., for a.e. (x,§).

Corollary 12 (Continuity in time) Let uy € L>*(Q). Assume [3)-@).
Then, for every p € [1,400), the solution u to ([) with initial datum uy has
almost surely continuous trajectories in LP(TY).

Proof of Theorem [[1: Consider first the additive case: ®(u) independent
on u. Let f;, i = 1,2 be two generalized solutions to (fll). Then, we use (B2)
with g;, independent on £ and (. By ([), the last term I, is bounded by
tD
SHles [ e = uple — y)dady.
'H‘N)Q

We then take ¢ := 15 and p = p. where (¢5) and (p.) are approximations to
the identity on R and T respectively to obtain

tD
I, < 71525—1. (27)

16



Let ¢ € [0, 7] and let (¢,) | ¢ be such that ([3) is satisfied for v = v"" at t,.
Then 17, being the weak-limit (in the sense of ([J)) of 1)} satisfies ([3).

x,t

Similarly for v“~. In particular, by ([{), x £ (1) 18 integrable on TV x R and

B[ [ 5t B e
_E / / pe — y)0s(€ — ) f (0,1, €) Fb (£, €)ddC dudy + mo(e, ),
(TN)2 JR2

where lim, 5,0 7:(¢,0) = 0. To conclude, we need a bound on the term I,.
Since a has at most polynomial growth, there exists C' > 0, p > 1, such that

la(€) —a(Q)] <T(&QIE—¢l, T, ¢) =CA+ I~ + <),

Supposing additionally that 15(&) = d 141 (671€) where 1); is supported in
(—=1,1), this gives

Li<e [ S L L Qe ~ Cluste = 1Vl — ) ldedcdadyic

By integration by parts with respect to (£, (), we deduce

' T 1 2 o
<E [ [ T, 805 € QI apte — ey
where o e
’I‘ — :[1 / / / _ !/ /_ / d /d /.
(€0 /< | Tl - Cluste - hagac
It is shown below that T admits the bound
T(£,¢) < C(L+[E]P +[¢]P)d. (28)

!and 1? vanish at infinity, we then obtain, for a given constant C,,

<630 ([ 9apdalae)
'H‘N

It follows that, for possibly a different C,,

Since v

I1,| <tC,oe". (29)
We then gather (P7), (B9) and (B3) to deduce for ¢t € [0, T

IE/TN/Rff(t)fzi(t)dxdf < ANAf1’0f2’0dxd£+r<8’5)’ (30)
17



TD
where the remainder r(s §) is r(e,8) = TCyoe™' + 71525_1 + (e, 0) +
no(g, ). Taking § = £%/% and letting € — 0 gives

E /T ) /R [ (05 (t)dade < /T ) /R Frofoodzde. (31)

Assume that f is a generalized solution to ([l) with initial datum 1,,~¢. Since
fo is the (translated) Heavyside function 1,,~¢, we have the identity ffo = 0.
Taking f, = fo = f in (B1)), we deduce f£(1 — f*) =0 a.e., i.e. f£e{0,1}
a.e. The fact that —0 f is a Young measure then gives the conclusion: indeed,
by Fubini Theorem, for any ¢ € [0, 7], there is a set E; of full measure in
TV x Q such that, for (z,w) € E;, f*(x,t,& w) € {0,1} for a.e. £ € R. Recall
that —0 f *(x,t,-,w) is a probability measure on R so that, necessarily, there
exists ut(z,t,w) € R such that fi(t 2,6,w) = Lyt (p1.)>¢ for almost every
(z,&,w). In particular, u® = [, (fF — 1¢s)d¢ for almost every (z,w).

The discussion after Definition [ tells us that f* is solution to ([l) implies
that u® is a solution to ([l). Since f = fT a.e., this shows the reduction of
generalized solutions to solutions.

Write for p > 1, t,s € [0, 7],

d\é*\”
+ Pd £(z,t)> 1u¢$8 2> déd
R Ty L O —
AN/d|€| tag)_fi(l‘asag))dgdl‘.

By ([ld) and Proposition B, we deduce that ut = u~ except at a countable
set of t and at these points u* have left and right limits. Setting v = u*
yield the second part of the result.

If now u; and uy are two solutions to ([), we deduce from (B1)) with f; = 1,,¢
and from the identity

/ 1U1>51U2>5d£ = (ul - u2)+
R
the contraction property

E||(ui (t) = uy (6)) ereny < Ell(uro — z0) [l zagem). (32)

This implies the L!-contraction property, comparison and uniqueness of so-
lutions.

In the multiplicative case (® depending on u), the reasoning is similar, except
that there is an additional term in the bound on I,. More precisely, by

18



Hypothesis (f) we obtain in place of (B7) the estimate

TDy 51, D

[, < 121 =31}
b= 2

where

L = / /TN |, ¥s& = Ole = CIh(le = (v, @ V2 (€, ¢)dadydo.
Choosing 15(&) = 61y (671€) with ¢, compactly supported gives

L < T§)182 51 o TDiCh(d)

Gy =swplen @l (3)
§eR

TD,Cyh(5)

We deduce (BU) with a remainder term r'(g, ) := r(e,0) + 5

conclude the proof as in the additive case.

and

There remains to prove (R§): setting {” = & — (', we have
+o0o
o=/ | D(E" + ¢, Il € ) dC’
¢ |€7]<6,6" <€—¢!
£+6
<C "+ ¢’ é
< /C Lomax T(E+ (¢

)
<c [ gt er s
¢

which gives (P§). =

Proof of Corollary [[2: set f = 1,-¢. Let us first show the continuity at
t = 0. We apply ([7), which reads, at t = 0,

<f+(0) — Lup>e, p) = <a§m0> ©),

where mg is the restriction of m to TV x {0} x R. In particular, by the
condition at infinity () on m, we have: almost surely, for a.e. x € TV,

/Rf07+<x7 g) - 1U0>5d§ = 0.
We then write
u*(2,0) = / (O (2, €) — Lse)dE = / (Lug(aroe — Lome)d€ = up(2).
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This gives continuity at ¢ = 0, indeed we already know that u converges to
u™(0) in LP(TV).

To prove similar results at time ¢, € (0,7), we consider ¢, as the origin of
time: indeed it follows from ([[4) and Proposition. f that

T

/t (1), Brp(B)dt + (f~ (L) plt) + / (1), a€) - Vip(t)) dt
—=> [ [, [ ale.00ptatdvne)dnapite

1 T
—5/ / /3580(%t,S)GQ(%S)dV(m,t)(f)dxdt+m(1[t*,ﬂ8§<ﬁ)-
te JTN JR

In other words, t — f(t. 4+ t) is a generalized solution to ([)) on [0,7 — t,]
with initial datum f~(¢,) = 1, )>¢. We obtain u*(t.) = v~ (t.) and the
result follows. m

3.3 Entropy solutions

For deterministic first-order scalar conservation laws, the notion of entropy
solution was introduced by Kruzhkov [Kru7(] prior to the notion of kinetic
solution [LPT94]. For the first-order scalar conservation law with stochastic
forcing, a corresponding notion of weak entropy solution has been introduced

by Feng and Nualart [FNOgJ:

Definition 13 (Weak entropy solution) A measurable function u: TV x
[0,T] x Q — R is said to be a weak entropy solution to () if (u(t)) is an
adapted L?(TN)-valued process, for all p > 1, there exists C,, > 0 such that
for a.e. t €10,T],

[u(®)]| Loxryy < Gy
and for all convex n € C*(R), for all non-negative & € C*(TYN), for all
0<s<t<T,

t

(n(u(t)),0) — (n(u(s)),0) < [ (q(u(r)), VO)dr

s

=3 [ttt ). 0a8) + 5 [ (Gl ). )

k>17%

a.s., where q(u) = [, a(&)n'(£)dE.
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An entropy solution is a kinetic solution and vice versa. Let us introduce an
auxiliary definition:

Definition 14 (Time-weak weak entropy solution) Let uy, € L>(Q).
A measurable function u: TV x [0,T] x Q — R is said to be a time-weak
weak entropy solution to (1) with initial datum uo if (u(t)) is an adapted
L*(TN)-valued process, for all p > 1, there exists C,, > 0 such that for a.e.
t 10,77,

|u()] Loy < Cp

and for all convex n € C*(R), for all non-negative p € CHTN x [0,T)),

/0 (n(u), p)dr + (n(uo), p(0)) + / (a(us), Vp)dr
> _Z/o <gk(~7u(7’))n/(u(7’)),p)dﬁk(r)—%/O <G2<'aU<T))77//(u(7’)),p)dr,

k>1

(34)

a.s., where q(u) = [ a(&)n'(§)dE.

Proposition 15 (Entropy and kinetic solutions) Let ug € L*(2). For
a measurable function u: TN x [0,T] x Q — R, it is equivalent to be a kinetic
solution to ([1), i.e. a solution in the sense of Definition [3, and a time-weak
weak solution.

The proof of the proposition is classical. Choosing test functions ¢(z,t,§) =
p(z,t)n' (&) in ([]) and using the inequality mn” > 0 gives (B4). Conversely,
starting from (B4), one defines the measure m (actually 9im) by

mlp @) = / (n(u), dupydr + (nuo), p(0)) + / (q(w), Vp)dr

. / (o) (), )P (r) + / (G2, u(r)) (ulr)), p)dr,

and then derives ([]]). See [Per03 for precise references.

It is clear also that a weak entropy solution, satisfying u(0) = wg, is a time-
weak entropy solution, while, for the converse assertion, time-continuity of
the solution is required. We have seen that a kinetic solution is continuous
in time, it follows that it is indeed a weak entropy solution.
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3.4 Spatial regularity

To conclude this paragraph and our applications of Proposition [J, we give a
result on the spatial regularity of the solution. To that purpose, we introduce
two semi-norms that measure the W7!-regularity of a function u € L*(T")

(0 €(0,1)): we set
u(x
// ul ‘NJro da:dy,

TN TN

and

1
= swp [ [ jule) = utw)lp.(o — sy
0<e<2Dy €
TN TN
where (p.) is a fixed regularizing kernel: p.(z) = e Vp(e~tz|) where p is
supported in the ball B(0,1) of RY. We define W1(T) as the subspace of

u € LY(TY) with finite norm
HUHWJ,I(TN) = ”'LL”LI(TN) —i—po(u)

Lemma 16 (Comparison of the W7! semi-norms) Leto € (0,1). There
exists C' depending on o, p, N such that, for all 0 < s < o, for all u €
LY(TV),

py(u) < CpZ(u),  p(u) < Py (w).

o— 5
Proof: we have

ol o o]l Lo
g_aps@j - y) < cN+o 1\5’3 yl<e < |3j _ y‘N—f—a’

hence p§(u) < Cp?(u). Multiplying the inequality

= [ [ 1ute) - ol o () ity < 0

TN TN

by e1*(*=%) and integrating over ¢ € (|z — y|,2Dy) where Dy = /N is the
diameter of [0, 1]V, we obtain the second inequality. m

Theorem 17 (W% !l-regularity) Let ug € L>(TY), let u: TV x (0, +00) x
Q — R be the solution to ([) with initial datum uy. Assume that h satisfies

h(s) < C8°, §<1, 0<a. (35)
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Set ¢ = min (ler—aa’ %) Then, there exists a constant C' such that, for all
t >0, we have

Ep; (u(t)) < C(Epy(uo) +1). (36)

In particular, for all 0 < s < o, there exists a constant Cs > 0 such that for
t>0,
Eflu()|lwsi vy < Cs([[uollwerrny + 1)

Proof: the last assertion is proved as follows: by Lemma [[, (Bg) implies
Ep®(u(t)) < Cs(p”(up) + t). Poincaré Inequality gives

ult) — /T _ultyde

Since E [ u(t)dz = E [y uodz, we obtain a bound on the L'-norm of u:

< Cop®(u(t)).

L1(TN)

w11 rvy < Cs(p(w0) +t + ol av)),

hence El[u(t)||ws1 vy < Cs(|luo|lwerrvy+t). To prove (BE), we apply Prop.
with fi = fo = Lyse, p = p°, ¥ = 5. Since O¢l,>¢ = —du—¢ is a Radon
measure with mass 1, we have

B /() ool — y)(u(e, 1) — uly,1))* dudy

<E /( ) / pe( — yY)s(€ — O)Luwn>e(l — Ly =c)daedydédC + &
TN)Y2 JR2

and
E /( . / e — Y)Vs(€ — () Lug@)se (1 — Lugy)>c)dadydédC
TN)2 JR2
< E/ pe( — y)(uo(z) — uo(y)) " dedy + 6.
(TN)?
We deduce that
E/ pe(z —y)(u(z,t) — uly,t) dxdy
(TN)2

<E [ p(o— y)lun(o) - uoly)) dudy +1,+ 1, + 25
(TN)2
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As in (B3)-(B9), we have
I, <tO(e*5 ' +h(d)), 1, <tCée,

hence
B /( e =), ) — uly, )y
TN 2
<E / Pl — ) (uo(x) — woly)) dady + (C(25 + h(5) + 6e) + 26,
(TN)?

By optimization in d, using (BY), we obtain (BG). m

4 Existence

4.1 The parabolic approximation, kinetic formulation

Let ug € L®(TY). To prove the existence of a solution to ([) with initial
datum wug, we show the convergence of the parabolic approximation

du + div(A(u"))dt — nAutdt = @, (u")dW(t), t>0,z€ TV,
{ u(x,0) = wup(x), zeTV.

(37)
Where @, is a suitable Lipschitz approximation of ¢ satisfying (B, () uni-
formly. We define ¢/ and G" as in the case n = 0.
It is shown in [GROQ that equation (B7) has a unique L?(T") valued continu-
ous solution provided p is large enough and uy € LP(T), hence in particular
for ug € L>°(T"). Moreover, it is also shown in [[GRO{] that using It6 Formula
one can prove that u” satisfies the energy inequality

t
[ (£) 22 v, + 20E / [V]2a g ds

t
< Blualay + B [ 160 ads. (9
By (B) and Gronwall Lemma, we easily derive
t
El|u"(t)[|72(zv) + 7715‘3/0 IVa"|[72rnyds < C(T)(Elluoll 7oy + 1) (39)
Also, for p > 2, by It6 Formula applied to |u|’ and a martingale inequality
T
E ( sup ||u”<t>||ip<w>) i [ [P v Pdsd: < Covun 7).
te[0,T 0 JTN
(40)
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Proposition 18 (Kinetic formulation) Let ug € L>(TY) and let u” be
the solution to ([B7). Then [ := L1, satisfies: for all o € CHTYN x[0,T) x
R),
T T
| @001t + o) + [ (0)a(6) - Violt) — nde0)
0 0

=S [ ] [t et i@t

k>1

1 T
) /0 /T . /R Dep(x,1,6)Go(x, E)dv], ) (E)dadt +m" (Dep), (41)
a.s., where fo(£) = Lyyse and, for ¢ € Co(TN x [0,T] x R),

VLo = burery, m(0) = / o t, ", £) )|V Pt
T

N x[0,T]xR

Note that the measure m" is explicitly known here: m” = n|Vu"|?6,n_¢.

Proof: By Ito Formula, we have, for § € C*(R) with polynomial growth at
+o0,

AL, ) 1= d [ Lo ()€ = db(u")
R
1
= 0'(u")(—a(u) - Vu"dt + nAu'dt + O, (u")dW) + 59”(u")Gidt.

We rewrite the first term as
w”
—0' (u")a(u") - Vu = —div {/ a(§)9’(£)d§} = —div(alyse, '),
0
the second term as
0" (u"nAu" = nAd(u")dt — n|Vu"|?0" (u")
= NA(Lunsg, 0)dt + (0e(n|Vu"*bun—c), 0')

to obtain the kinetic formulation

d(]-un>§, 0/) — —le[(alun>§, 0’)]dt + nA(lun>§, 0/)dt

1
+ @0V P — 5 Gure), )t + 3 (Bure, Vi) (42)

k>1
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Taking 0(§) = ffoo S, we then obtain () with the test function / in place
of ¢'. Since the test functions ¢(x,&) = a(z)B(§) form a dense subset of
Ce(TN x R), () follows. m

Equation () is close to the kinetic equation ([]) satisfied by the solution
to (). For n — 0, we lose the precise structure of m” = n|Vu"|*§,n—¢ and
obtain a solution u to ([]). More precisely, we will prove the

Theorem 19 (Convergence of the parabolic approximation) Letuy €
L>=(TN). There exists a unique solution u to ([) with initial datum uy which
is the strong limit of (u") as n — 0: for every T > 0, for every 1 < p < +o0,

}]%EHUW - UHLP(TNx(o,T)) = 0. (43)

The proof of Theorem [[9 is quite a straightforward consequence of both the
result of reduction of generalized solution to solution - Theorem [[]] - and the
a priori estimates derived in the following section.

4.1.1 A priori estimates

We denote indifferently by C), various constants that may depend on p €
[1,4+00), on ug, on the noise and on the terminal time 7', but not on 7 € (0, 1).

1. Estimate of m”: we analyze the kinetic measure m" = n|Vu"|*d,n—¢. By
(B9), we have a uniform bound Em”(T¥ x [0,T] x R) < C. Furthermore, the
second term in the left hand-side of ([H0) is E [1x (71, [§1P2dm" (2, £,€), s0
we have

E | EPdm?(z,,6) < C,. (44)
TN x[0,T]xR

We also have the improved estimate, for p > 0,

2

E|[ ePrdmi(a,1,6)| <G, (45)
TN x[0,T]xR

To prove ([F), we apply Ito Formula to ¢ (u?), ¥(£) := |£[* 2

dip(u") — div(F)dt + m" (u")|[Vu"|*dt = o' (u") D, (u")dW + %w”(u”)Gidt,
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where F := foun a(§)Y'(§)dE — nVi(u). It follows

T
//nw"(u")|Vu”|2d:Edt
o Jrv
T
< [ wudr+Y / & (W) g, u)drd By (1)
™ p>1 70 JTN

1

T
+ = / G (z, u")y" (u")dxdt.
2 0 TN

Taking the square, then expectation, we deduce by Ito isometry

T
7 9
T T
+2E/0 Z AN gk(l',u”)w’(u”)d:p /0 . G2($aun)1/),/(un)dxdt

k>1

2

2
E <2E

2 2

dt+E

By (B), (B0) and Cauchy-Schwarz inequality, we obtain ([]).
2. Estimate on v": By the bound (f{) on «” in LP, we have, for ¢t € (0,7),

P,
B[ [ raz©n<a, (46)

and, in particular,

E /0 : /T i /R €[Pdu? (&) dwdt < C,. (47)

4.1.2 Generalized solution

Consider a sequence (1,) J 0. We use the a priori bounds derived in the
preceding subsection to deduce, up to subsequences:

1. by ({7) and Theorem [j and Corollary [ respectively, the convergence
v™ — v (in the sense of ([J)) and the convergence f7 — f in L>(£ x
TV x (0,T) x R)-weak-*. Besides, the bound ([[{) is stable: v satisfies

([3).

2. Let M, denote the space of bounded Borel measures over TV x [0, T] xR
(with norm given by the total variation of measures), i.e. the dual space
of Cj, the set of continuous bounded functions on TV x [0, 7] x R. Then
L*(Q; M,) is the dual space of L*(2, Cy). By (B5) with p = 0, we have,
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up to subsequence, the convergence m” — m in L?(Q; M,)-weak star.
In particular, we have, for any k£ > 0,

E / wmin(|EP, k)dm(z, t, €)
TN x[0,T]xR

_ lm E / min((¢[?, k)dm™ (z, 1, €) < C.
TN x[0,T]xR

n—-+o00

by (fE4), hence m vanishes at infinity, i.e. satisfies ([).
Let ¢ € Co(TY x R) and set 2"(t) := fTNx[o,t}xR o(x, &)dm™(x, s, &),
a € L*(Q), v € L*([0,T]), then, by Fubini’s Theorem,

E (a /0 Tfy(t):c"(t)dt) _E (a /T R COLOTEE s,g)) |

where I'(s) = fST v(t)dt. Since I' is continuous, and by weak conver-
gence of m"", we have

E (a /0 : 7(t)x"(t)dt) S E (a /0 Tv(t)x(t)dt) ,

£(t) = / oz, €)dim(z, 5,€).
TN x[0,¢] xR

Since tensor functions are dense in L*(2 x [0, T]), we obtain the weak
convergence r,, — x in L*(2 x [0, T]). In particular, since the space of
predictible process is weakly-closed, z is predictible.

where

At the limit [n — +o0] in ([H]), we obtain ([4), so f is a generalized solution
to ([]) with initial datum 1,,-.

4.1.3 Conclusion: proof of Theorem [L9

By Theorem [[1], there corresponds a solution u to this f: f = 1,-¢. This
proves the existence of a solution u to ([]), unique by Theorem [[1. Besides,
owing to the particular structure of f” and f, we have

[[u™ ||L2(TN><(OT ||u||L2(TN><(OT / /TN/QS [ — f)dédxdt

and (using the bound on " in L3(TV))

C
E / /. /5 e D @ldede <
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It follows that u” converges in norm to u in the Hilbert space L*(TV x
(0,7) x ). Using the weak convergence, we deduce the strong convergence.
Since u is unique, the whole sequence actually converges. This gives the
result of the theorem for p = 2. The case of general p follows from the bound
on u" in LY for arbitrary ¢ and Holder Inequality. m

A Proof of Theorem 5 and Corollary

Let h € L'(X) be non-negative. By the condition at infinity ([[T]), the se-
quence of measure (v}') defined by

[o©an© = [ n6) [ o@az©i oeam

is tight. By Prokhorov Theorem, there exists a subsequence still denoted
(') that converges weakly in the sense of measure to a measure v, on R
having the same mass as the measures (v}):

v (R) = /X h(2)dz. (48)

Since L'(X) is separable and h — v} is uniformly continuous in the sense
that

i (0) = i (@) < IR = P¥ |y 1@ llewmy

for all ¢ € Cy(R), standard diagonal and limiting arguments give v} — vy,
along a subsequence independent on the choice of h € LY(X). At fixed
¢ € Cy(R), the estimate 0 < v,(¢) < ||hf|L1(x)l|®]lc,m) and the linearity of
h +— v, (¢) show that

Vh(éb):/xh(Z)g(Z’ o)z, g d)ll=x) < l9lleym)-

Besides, g(-,¢) > 0 a.e. since v,(¢) > 0 for non-negative h, and ¢ — g(-, ¢)
is linear. Consequently, for a.e. z € X, we have

9z, 8) = / o(6)dv. ()

where v, is non-negative finite measure on R. By ([§), v.(R) = 1. At last, v
vanishes at infinity since

/X/R‘f\l’duz(f)d)\(z)Slimsup/X/R|£|pdV?(§)d)\(z) < +00.

n—-+40o
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This concludes the proof of the Theorem. To prove Corollary f we start from
the weak convergence v — v, (h € L'(X) being fixed). This implies

Vi?(éuv +OO) — Vh(gv +OO)

at all points & except the atomic points of 1,, that are at most countable,
hence of zero measure. It follows in particular that

/R VR (€, +00)g(€)dE — / unl(€, +o0)g(€)de

for all g € L'(R). In other words, we have
fu(z, ) H (2,€)dEdA(z) — f(z,8)H (z,§)dsdA(z)  (49)
X xR X xR

for all H € L'(X xR) of the form H(z,&) = h(z)g(€). This implies the result
since tensor functions are dense in L'(X x R). m
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