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Transfer of Fourier multipliers into Schur
multipliers and sumsets in a discrete group

Stefan Neuwirth Eric Ricard

Abstract

We inspect the relationship between relative Fourier multipliers on
noncommutative Lebesgue-Orlicz spaces of a discrete group I" and relative
Toeplitz-Schur multipliers on Schatten-von-Neumann-Orlicz classes. Four
applications are given: lacunary sets; unconditional Schauder bases for
the subspace of a Lebesgue space determined by a given spectrum A C I';
the norm of the Hilbert transform and the Riesz projection on Schatten-
von-Neumann classes with exponent a power of 2; the norm of Toeplitz
Schur multipliers on Schatten-von-Neumann classes with exponent less
than 1.

1 Introduction

Let A be a subset of Z and let « be a bounded measurable function on the circle
T with Fourier spectrum in A: we write € LY, x ~ >7, 4 22", The matrix
of the associated operator y — zy on L? with respect to its trigonometric basis
is the Toeplitz matrix

1 0 -1

1 Zo 1 X2

(Ich)(r,c)EZXZ = 0 - To1 To X1
-1 T_9 T_1 X9

with support in A = {(r,¢) : 7 —c € A}.
This is an entry point to the interplay between harmonic analysis and op-
erator theory. In the general case of a discrete group I', the counterpart to
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a bounded measurable function is defined as a bounded operator on 2 whose
matrix has the form (z,.-1)(c)erxr for some sequence (2),er. This will be
the framework of the body of this article, while the introduction sticks to the
case I' = Z.

We are concerned with two kinds of multipliers. A sequence ¢ = (¢k)kea
defines

e the relative Fourier multiplication operator on trigonometric polynomials

with spectrum in A by
Z 2" Z xRzt (1)
keA keA

e the relative Schur multiplication operator on finite matrices with support
in A by
(xr,c)(r,c)GZXZ — (Sér,cxr,c)(T,C)GZXZ (2)

where Pr.c = Pr—c-

Marek Bozejko and Gero Fendler proved that these two multipliers have the
same norm. The operator (1) is nothing but the restriction of (2) to Toep-
litz matrices. They noted that it is automatically completely bounded: it has
the same norm when acting on trigonometric series with operator coefficients
Tk, and this permits to remove this restriction. Schur multiplication is also
automatically completely bounded.

This observation has been extended by Gilles Pisier to multipliers acting on
a translation invariant Lebesgue space L} and on the subspace Sg of elements

of a Schatten-von-Neumann class supported by /lll, respectively: it yields that
the complete norm of a relative Schur multiplier (2) remains bounded by the
complete norm of the relative Fourier multiplier (1).

But L% is not a subspace of Sﬁ, so that a relative Fourier multiplier may not
be viewed anymore as the restriction of a relative Schur multiplier to Toeplitz
matrices. We point out that this difficulty may be overcome by using Szeg6’s
limit theorem: a bounded measurable real function is the weak™ limit of the
normalised counting measure of eigenvalues of finite truncates of its Toeplitz
matrix. Note that other types of approximation are also available, as the com-
pletely positive approximation property and Reiter sequences combined with
complex interpolation: they are compared in Section 3 in terms of local embed-
dings of L? into SP. They are more canonical than Szegé’s limit theorem, but
give no access to general Orlicz norms.

Theorem 1.1. Let 1p: RT™ — RT be a continuous nondecreasing function van-
ishing only at 0. The norm of the following operators is equal:

e the relative Fourier multiplication operator (1) on the Lebesgue-Orlicz
space Lﬁ(Sw) of S¥-valued trigonometric series with spectrum in A;

e the relative Schur multiplication operator (2) on the Schatten-von-Neu-
mann-Orlicz class S;?(Sw) of SY-valued matrices with support in A.



Look at Theorem 2.5 for the precise statement in the general case of an
amenable group I, for which a block matrix variant of Szegé’s limit theorem in
the style of Erik Bédos [2], Theorem 2.1, is available.

An application of this theorem to the class of all unimodular Fourier multi-
pliers yields a transfer of lacunary subsets into lacunary matrix patterns. Call
A unconditional in LP if (2¥)ie 4 is an unconditional basis of L, and A uncon-
ditional in SP if the sequence (e,) qe 4 of elementary matrices is an unconditional
basis of S/Ii)" These properties are also known as A(max(2, p)) and o(p), respect-
ively; they have natural “complete” counterparts that are also known as A(p)ep
(K(p)ep if p < 2) and o(p)cp, respectively: see Definitions 4.1 and 4.2.

Corollary 1.2. If/i is unconditional in SP, then A is unconditional in LP. A
is completely unconditional in SP if and only if A is completely unconditional in
LP.

Look at Proposition 4.3 for the precise statement in the general case of a
discrete group I

The two most prominent multipliers are the Riesz projection and the Hilbert
transform. The first consists in letting ¢ be the indicator function of nonnegative
integers and transfers into the upper triangular truncation of matrices. The
second corresponds to the sign function and transfers into the Hilbert matrix
transform. We obtain the following partial results.

Theorem 1.3. The norm of the matriz Riesz projection and of the matrix
Hilbert transform on S¥(S¥) coincide with their norm on SY¥.

o If pis a power of 2, the norm of the matriz Hilbert transform on SP is
cot(m/2p).

e The norm of the matriz Riesz projection on S* is v/2.

The transfer technique lends itself naturally to the case where A contains a
sumset R+C' if subsets R’ and C” are extracted so that the r+c with r € R’ and
¢ € O are pairwise distinct, they may play the rdle of rows and columns. Here
are consequences of the conditionality of the sequence of elementary matrices
e, in SP for p # 2 and of the unboundedness of the Riesz transform on St and
S, respectively.

Theorem 1.4. If (z%)rea is a completely unconditional basis of L with p # 2,
then A does not contain sumsets R+ C of arbitrarily large sets.

o If LY admits some completely unconditional approximating sequence, or

e if the space Cx of continuous functions with spectrum in A admits some
unconditional approrimating sequence,

then A does not contain the sumset R+ C of two infinite sets.



The proof of the second part of this theorem consists in constructing infinite
subsets R’ and C’, and skipped block sums ) (Tx;,, — Tx;) of a given appro-
ximating sequence that act like the projection on the “upper triangular” part
of R’ + C'. Look at Proposition 4.8 and Theorem 7.4 for the precise statement
in the general case of a discrete group I

In the case of quasi-normed Schatten-von-Neumann classes SP with p < 1,
the transfer technique yields a new proof for the following result of Alexey
Alexandrov and Vladimir Peller.

Theorem 1.5. Let 0 < p < 1. The Fourier multiplier ¢ is contractive on LP or
on LP(SP) if and only if the Schur multiplier  is contractive on SP or on SP(SP),
if and only if the sequence @ is the Fourier transform of an atomic measure of
the form Y agd, on T with Y |ag|” < 1.

The emphasis put on relative Schur multipliers motivates the natural ques-
tion of how the norm of an elementary Schur multiplier, that is a rank 1 matrix
(0r.c) = (xrye), gets affected when the action of g is restricted to matrices with
a given support. The surprising answer is the following.

Theorem 1.6. Let [ C R x C and consider (2, )rer and (ye)ecec- The relative
Schur multiplier on S7° given by (TYc) (r.cyer has norm sup ;. oerlryel-

Let us finally describe the content of this article. Section 2 is devoted to
transfer techniques for Fourier and Schur multipliers provided by a block matrix
Szegd limit theorem. This theorem provides local embeddings of L¥ into S¥;
Section 3 shows how interpolation may be used to define such embeddings for
the scale of L” spaces. Section 4 is devoted to the transfer of lacunary sets
into lacunary matrix patterns; the unconditional constant of a set A is related
to the size of the sumsets it contains. Section 5 deals with Toeplitz Schur
multipliers for p < 1 and comments on the case p > 1. The Riesz projection
and the Hilbert transform are studied in Section 6. In Section 7, the presence
of sumsets in a spectrum A is shown to be an obstruction for the existence
of completely unconditional bases for L. The last section provides a norm-
preserving extension for partially specified rank 1 Schur multipliers.

Notation and terminology. Let T={z € C: |z| = 1}.

Given an index set C' and ¢ € C, e, is the sequence defined on C' as
the indicator function .} of the singleton {c}, so that (e.)cec is the canonical
Schauder basis of the Hilbert space of square summable sequences indexed by C,
denoted by ¢2,. We will use the notation ¢2 = E%I,Q,...,n} and (% = /3.

Given a product set I = RxC and g = (r, ¢), the indicator function e, = e, .
is the elementary matriz identified with the linear operator from (% to ¢% that
maps e, on e, and all other basis vectors on 0. The matriz coefficient at
coordinate g of a linear operator x from (¢ to (% is x4 = trejz and its matriz
representation is (xq)qeRXc = quRchqeq. The support or pattern of x
is{ge RxC:z,#0}.

The space of all bounded operators from (% to (% is denoted by B(¢%, (%),
and its subspace of compact operators is denoted by S*.



Let ¢: Rt — RT be a continuous nondecreasing function vanishing only
at 0. The Schatten-von-Neumann-Orlicz class S is the space of those compact
operators x from (%, to (% such that try)(|z|/a) < oo for some a > 0. If ¢ is
convex, then S¥ is a Banach space for the norm given by ||z|/g» = inf{a > 0 :
trep(|z|/a) < 1}. Otherwise, S¥ is a Fréchet space for the F-norm given by
lz]|g» = inf{a > 0: trep(|x|/a) < a} (see [26, Chapter 3].) This space may also
be constructed as the noncommutative Lebesgue-Orlicz space LY (tr) associated
to the von Neumann algebra B(¢(Z, (%) endowed with the normal faithful semi-
finite trace tr. If v is the power function ¢ + P, this space is denoted SP: if
p > 1, then ||z|js» = (tr |z[P)"/?; if p < 1, then ||z||sr = (tr |2|P)"/ 7).

If #C = # R = n, then B(¢Z, (%) identifies with the space of n x n matrices
denoted S2°, and we write S¥ for S¥. Let (R,, x C,,) be a sequence of finite sets
such that each element of R x C' eventually is in R,, X C,. Then the sequence

of operators P, : x — quRnan xq4eq tends pointwise to the identity on Sv.

For I C R x C', we define the space S}Z’ as the closed subspace of S¥ spanned
by (e4)qer: this coincides with the subspace of those € S¥ whose support is a
subset of I.

A relative Schur multiplier on S? is a sequence ¢ = (04)qer € C! such that
the associated Schur multiplication operator M, defined by e, — pq4e4 for g € 1
is bounded on S}p. The norm Hg||M(S¢) of p is defined as the norm of M,.
This norm is the supremum of the norIm of its restrictions to finite rectangle
sets R’ x C'. We used [30, 31] as a reference.

Let I be a discrete group with identity e. The reduced C*-algebra of I is
the closed subspace spanned by the left translations A, (the linear operators
defined on ¢% by A\yes = e,g) in B(¢%); we denote it by C, set in roman type.
The von Neumann algebra of I is its weak™ closure, endowed with the normal
faithful normalised finite trace 7 defined by 7(x) = z..; we denote it by L.
Let ¢o: Rt — RT be a continuous nondecreasing function vanishing only at 0:
we define the noncommutative Lebesgue-Orlicz space LY of I" as the completion
of L® with respect to the norm given by ||z||» = inf{a > 0: 7(¢(|z]/a)) < 1}
if ¢ is convex and with respect to the F-norm given byl||z||L» = inf{a > 0 :
T(¥(|z|/a)) < a} otherwise. If 1) is the power function ¢ — t¥, this space
is denoted LP: if p > 1, then |z|» = T(|I|p)1/p; if p < 1, then ||z||L» =
T(|I|p)1/(1+p). The Fourier coefficient of x at v is x, = 7(A\}x) = x, . and its
Fourier seriesis ) c x4 Ay. The spectrum of an element z is {y € I" : z # 0}.
Let X be the C*-algebra C or the space LY and let A C I': then we define X4 as
the closed subspace of X spanned by the A\, with v € A. We skip the general
question for which spaces X this coincides with the subspace of those x € X
whose spectrum is a subset of A, but note that this is the case if I" is an
amenable group (or if L has the QWEP by [15, Theorem 4.4]) and ) is the
power function ¢ — tP; note also that our definition of X4 makes it a subspace
of the heart of X: if x € X4, then 7(¢(|z|/a)) is finite for all a > 0.

A relative Fourier multiplier on X, is a sequence ¢ = (¢)yea € C such
that the associated Fourier multiplication operator M, defined by A, — ¢, A,



for v € A is bounded on X 4. The norm [|p||ln(x,) of ¢ is defined as the norm
of M. Fourier multipliers on the whole of the C*-algebra C are also called
multipliers of the Fourier algebra A(I") (which may be identified with L'); they
form the set M(A(I)).

The space S¥(S¥) is the space of those compact operators x from ¢? @ 22,
to £2 @ (% such that ||z|gvgv) = inf{a : tr@try(|z|/a) < 1}: it is the non-
commutative Lebesgue-Orlicz space L¥ (tr @ tr) associated to the von Neumann
algebra B((?) @ B(¢%,¢%). One may think of S¥(S¥) as the S¥-valued Schatten-
von-Neumann class: we define the matrix coefficient of x at ¢ by z, = (Idgs ®@tr)
((Idg2 @ ef)x) € SY and its matrix representation by > gerxc Tq®eq. The sup-

port of x and the subspace S}/’ (S¥) are defined in the same way as S}/’.
Similarly, the space L¥ (tr ®7) is the noncommutative Lebesgue-Orlicz space
associated to the von Neumann algebra B(¢?) ® L™ = L*°(tr®7). One may
think of LY (tr ®7) as the S¥-valued noncommutative Lebesgue space: we define
the Fourier coefficient of x at v by 2, = (Idge ® 7)((Ide2 ® X:)z) € S¥ and its
Fourier series by Z'ye Ty ® Ay; the spectrum of x is defined accordingly. The

subspace Lﬁ(tr ®7) is the closed subspace of LY (tr ®7) spanned by the z @ A,
with € S¥ and v € A.

An operator 17" on S}/’ is bounded on S}Z’(Sw) if the linear operator Idge @ T
defined by r @ y — x @ T(y) for x € S¥ and y in S? on finite tensors extends
to a bounded operator Idgy ® 7" on S}Z’(Sw). The norm of a Schur multiplier o
on S?(Sw) is defined as the norm of Idgsy ® M,. Similar definitions hold for an
operator T' on Llﬁ; the norm of a Fourier multiplier ¢ on Llﬁ (tr ®7) is the norm
of Idg ® M, on Lﬁ(tr ®T).

Let ¢ be the power function ¢ +— P with p > 1: the norms on SP(SP)
and LP(tr ®7) describe the canonical operator space structure on SP and L2,
respectively: see [30, Corollary 1.4]; we should rather use the notation SP[S?]
and SP[LP]. This explains the following terminology. An operator 7" on S% is
completely bounded (c.b. for short) if Idg» ® T is bounded on S}(SP); the norm
of Idg» ® T is the complete norm of T (compare [30, Lemma 1.7].) The complete
norm [|o||y,, (s#y of a Schur multiplier ¢ is defined as the complete norm of M,.
Note that the complete norm of a Schur multiplier o on S7° is equal to its norm
(28, Theorem 3.2]: [|o|n,,(s32) = [loflm(ss). The complete norm |||y, w7y of
a Fourier multiplier ¢ is defined as the complete norm of M,. The complete
norm of an operator 1" on C, is the norm of Idge ®7T" on the subspace of S ® C
spanned by the z®\, with z € S and v € A; in the case A = I', ¢ is also called
a c.b. multiplier of the Fourier algebra A(I") and one writes ¢ € Mcp(A(I)); if
I is amenable, the complete norm of a Fourier multiplier ¢ on C, is equal to
its norm [7, Corollary 1.8]: [lgllni. c) = llhicc)-

An element whose norm is at most 1 is contractive, and if its complete norm
is at most 1, it is completely contractive.

If I' is abelian, let G be its dual group and endow it with its unique normal-
ised Haar measure m: then the Fourier transform identifies the C*-algebra C as
the space of continuous functions on G, L as the space of classes of bounded



measurable functions on (G,m), LY as the Lebesgue-Orlicz space of classes
of ¢-integrable functions on (G,m), 7(z) as [, z(g)dm(g), L¥(tr®7) as the
S¥-valued Lebesgue-Orlicz space L¥(S¥) and ., as &(7).

2 Transfer between Fourier and Schur multipli-
ers

Let A be a subset of a discrete group I" and let ¢ be a relative Fourier multiplier
on Cy, the closed subspace spanned by (Ay),e4 in the reduced C*-algebra of I'.
Let © € C4: the matrix of z is constant down the diagonals in the sense that for
every (r,c) € I'X I, &y = Tpe—1,e = Tp.—1; We say that x is a Toeplitz operator
on ¢%.. Furthermore, the matrix of the Fourier product M, of ¢ with x is given
by (My)y.c = @re-1y. .. This shows that if weset A = {(r,¢) e I'x " :r¢™' €
A} and ¢y = @1, then Mz is the Schur product Mg of ¢ with 2. We have
transferred the Fourier multiplier ¢ into the Schur multiplier ¢: this shows at
once that the norm of the Fourier multiplier ¢ on C, is the norm of the Schur
multiplier ¢ on the subspace of Toeplitz elements of B(¢%) with support in A,
and that the same holds for complete norms.

We shall now give us the means to generalise this identification to the setting
of Lebesgue-Orlicz spaces LY: we shall bypass the main obstacle, that LY may
not be considered as a subspace of S¥, by the Szegd limit theorem as stated by
Erik Bédos [2, Theorem 10].

As we want to compute complete norms of multipliers, we shall generalise
the Szegd limit theorem to the block matrix case, not considered in [2]. Let us
first recall the scalar case. Consider a discrete amenable group I": it admits a
Folner averaging net of sets (I',), that is,

e cach I, is a finite subset of I
o #(yILAL) =o(#1,) for each v € I'.

Each set I, corresponds to the orthogonal projection p, of ¢% onto its (# I,)-
dimensional subspace of sequences supported by I',. The truncate of a selfadjoint
operator y € B(¢%.) with respect to I, is y, = p,yp,: it has # I, eigenvalues «;,
counted with multiplicities, and its normalised counting measure of eigenvalues

is
1 # 1,
L= S,
8 #FL;J

If y is a Toeplitz operator, that is, if y € L*°, Erik Bédos [2, Theorem 10] proves
that (p,) converges weak™ to the spectral measure of y with respect to 7, which
is the unique Borel probability measure @ on R such that

($(y)) = / ¥(0)du(a)



for every continuous function v on R that tends to zero at infinity. If I" is
abelian, then y may be identified as the class of a real-valued bounded measur-
able function on the group G dual to I" and p is the distribution of y.

The matrix Szegd limit theorem is the analogue of this result for selfadjoint
elements y € So° ® L, whose S5 -valued spectral measure p is defined by

L@wmmmm:4@%®ﬂw@»

The orthogonal projection p, = Idsz @ p, defines the truncate y, = p,yp, €
500 ®B(€2ﬂ), and the SS°-valued normalised counting measure of eigenvalues p,

by

/¢@u%@m ((w.)-

#1,
Theorem 2.1 (Matrix Szegd limit theorem). Let I' be a discrete amenable
group and let (I,) be a Folner averaging net for I'. Let y be a selfadjoint
element of S2° @ L. The net (u,) of S$°-valued normalised counting measures
of eigenvalues of the truncates of y with respect to I, converges in the weak”
topology to the spectral measure of y:

A¢mmmm»+m@®rwwn

for every continuous function v on R that tends to zero at infinity.

Sketch of proof. Let us first suppose that y € S7° ® C: we may suppose that
Yy = Z’yEF Yy @ Ay with only a finite number of the y., € S5° nonzero: the S:°-
valued matrix of y, for the canonical basis of K%L is (Ypc—1)(reyer, xr, - It suffices
to prove that

tr
) 214 () 3)
for every k. This is trivial if £ = 0. If £ = 1, then

1d® 7éZ}(y #FZycc 1d®7(y)

as Yee = Yoot = Ye. If k > 2, the same formula holds with y* instead of y:

d®r(y*) = (pLykﬁL)7

#F

so that we wish to prove

1d @ tr(p,y" B, — (Boyp)") = o(#T,).

Note that

4@ tr (B s = (Buyp)) sy, <1y = Bup) sy



Lemma 5 in [2] provides the following estimate: as

~ ~ ~  \k ~ — ~ ~ ~ -1~ ~ o~ Nk—1\ ~
pLyka - (PLpr) :pLyk l(pr _pLpr) + (PLyk lpL - (pLpr) )ypm

an induction yields
. N _ .
15.9*D. — (Boyp)" lIsr sy < (k = Dlyl§zsre lup. — Boybellsi(st)-

It suffices to consider the very last norm for each term y, ® A, of y: let h € (2
and 8 € I'; as

h if I, and I,
((y’y ® )\V)ﬁL _ﬁL(y»y ® AW)ﬁL) (h ® eﬁ) _ {y'Y( )e’Yﬂ 1 B (S ' an 76 ¢
otherwise,

the definition of a Fglner averaging net yields

15y ® M)Be = Bu(yy @ M)Bullsisy) < #( N\ L)y llsy = o(# ).

An approximation argument as in [2, proof of Proposition 4] permits to conclude
for y € L*°. O

Let us now describe and prove the LY version of the transfer described at
the beginning of this section.

Lemma 2.2. Let I' be a discrete amenable group andp > 0. Let A C I' and ¢ €
CA. Consider the associated Toeplitz set A = {(r,¢) e I' x I' : r¢™' € A} and
the Toeplitz matriz defined by $r.c = @re—1. Let : RY — RY be a continuous
nondecreasing function vanishing only at 0.

(a) The norm of the relative Fourier multiplier ¢ on Lﬁ is bounded by the
norm of the relative Schur multiplier ¢ on S;f

(b) The norm of the relative Fourier multiplier ¢ on Lqﬁ(tr ®T) is bounded by
the norm of the relative Schur multiplier ¢ on S}f (S¥).

Theorem 2.5 (a) below will provide the full picture of case (b): both norms
are in fact equal. This is not so in case (a): see Remark 5.2.

Proof. A Toeplitz matrix has the form (2,c-1), 4. Our definition of the

space Lqﬁ (cf. section on Notation and terminology) ensures that we may suppose
that only a finite number of the =, are nonzero for the computation of the norm

of ¢. Then (CEchl)(T ¢ye i is the matrix of the operator z = > e TyAy for the

canonical basis of ¢%.

Let y = x*z and let us use the notation of Theorem 2.1. Let z/; be a con-
tinuous function with compact support such that ¢ (t) = 4(t) on [0, ||z||2].

(a). By Szegd’s limit theorem (as given in [2, Theorem 1]),

# (b (p.yp.) = ﬁtrwym) = (@) = 7))



Let us describe how ¢ acts on xp,. Schur multiplication with ¢ transforms the
matrix of xp,, that is the truncated Toeplitz matrix (,’Ercfl)(r cyednrxr,» into

the matrix (J,.—1 xrc*l)(r,c)e/(mrxn’ so that it transforms zp, into (M,xz)p,.
(b). Combine the argument in (a) with the matrix Szegé limit theorem. O

In the case of a finite abelian group, no limit theorem is needed: this case
has been considered in [22, Proposition 2.5 (b)].

The following well-known argument has been used (first in [5], see [6, Pro-
position D.6]) to show that the complete norm of the Fourier multiplier ¢ on LY
bounds the complete norm of the Schur multiplier ¢ on S/‘?io, so that we have in
full generality |||, (cq) = ||¢||Mcb(Sj;°)- This argument permits to strengthen

Lemma 2.2 (b).

Lemma 2.3. Let I' be a discrete group and let R and C be subsets of I'.
To A C T associate A = {(r,c) € R x C :rc™! € A}; given ¢ € CA define $ €
CY by ¢re = Pre-1. Let h: RY — RT be a continuous nondecreasing function
vanishing only at 0. The norm of the relative Schur multiplier ¢ on S;’f(Sw) is

bounded by the norm of the relative Fourier multiplier ¢ on Lqﬁ(tr ®T).
Proof. We adapt the argument in [30, Lemma 8.1.4]. Let z, € S¥, of which

only a finite number are nonzero. The space LY (tr @ tr ®7) is a left and right
Lo (tr @ tr @7)-module and ) p e, ® Ay is a unitary in L>(tr ®7), so that

DI

qe/l

_ (Id® 3 em®Ar) (qu ® eq ®/\€) (Id® Zec,c@mi)\

reR qe/{ ceC

P
SV (%)

LY (tr @ tr @)

- Z Tr.c ® €rec by )\7‘0*1
(re)eA

= Z( Z xr,c®em)®)\7

YEA “re—l=x

LY (tr @ tr @)

Llﬁ (tr@tr®@7)

This yields an isometric embedding of S;lf’(Sw) in Ll//i (tr@tr®7). As S¥(S¥) is
the Schatten-von-Neumann-Orlicz class for the Hilbert space 2 ® ¢% which may
be identified with ¢2,

HZ Tq @ Pqeq

geA

S§ (5%)

Z < Z Tre® em) @ Py Ay

YEA Mpe—l=r

< [dge ® MsaHHzxq ® eq
qed

Li//; (tr @ tr ®7)

SY(8%)
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Remark 2.4. The proof of Lemma 2.3 shows also the following transfer. Let
(r;) and (c;) be sequences in I', consider A = {(i,j) € Nx N : r;c; € A}
and define ¢ € cA by ¢(i,7) = ¢(ricj). Then the norm of the relative Schur
multiplier ¢ on Sﬁv(S“’) is bounded by the norm of the relative Fourier multi-
plier Idg» ® M., on Lﬁ(tr ®7) (compare with [31, Theorem 6.4].) In particular,
if the 7;c; are pairwise distinct, this permits to transfer every Schur multiplier,
not just the Toeplitz ones. See [22, Section 11| for applications of this transfer.

Here is the announced strengthening of Lemma 2.2.

Theorem 2.5. Let I' be a discrete amenable group. Let A C I' and ¢ € CA.
Consider the associated Toeplitz set A = {(r,c) € I' x I' : r¢=t € A} and the
Toeplitz matriz defined by Py . = Ppe—1.

(a) Let vp: RT — RT be a continuous nondecreasing function vanishing only
at 0. The norm of the relative Fourier multiplier ¢ on Ll//{ (tr ®7) and the
norm of the relative Schur multiplier ¢ on ij (S¥) are equal.

(b) Let p > 1. The complete norm of the relative Fourier multiplier ¢ on L
and the complete norm of the relative Schur multiplier G on Sﬁ are equal:

lelhven ) = Bl (s2)-

(¢) The norm of the relative Fourier multiplier ¢ on Cy, its complete norm,
the norm of the relative Schur multiplier ¢ on S/?o and its complete norm
are equal:

elhce) = el ©a) = 1€l s3) = [Blmesze)-

(d) Suppose that A = I'. The norm of the Fourier algebra multiplier o, its
complete norm, the norm of the Schur multiplier ¢ on S°° and its complete
norm are equal:

lelmary) = el am) = 1élMa =) = @l

Proof. Combine Proposition 2.2 (b) with Lemma 2.3. Recall that if I" is ame-
nable, the norm of a Fourier multiplier ¢ on C, is equal to its complete norm
[7, Corollary 1.8] and that the complete norm of a Schur multiplier ¢ on S/?O is
equal to its norm [28, Theorem 3.2]. O

3 Local embeddings of ¥ into S”

The proof of Lemma 2.2 can be interpreted as an embedding of L¥ into an ul-
traproduct of finite-dimensional spaces S¥ that intertwines Fourier and Toeplitz
Schur multipliers. If we restrict ourselves to power functions ¥: t — tP with
p = 1, such embeddings are well known and the proof of Lemma 2.2 does not

11



need the full strength of the Matrix Szegd limit theorem but only the existence
of such embeddings. In this section, we explain two ways to obtain them by
interpolation.

The first way is to extend the classical result that the reduced C*-algebra C
of a discrete group I has the completely contractive approximation property if
I" is amenable. We follow the approach of [6, Theorem 2.6.8]. Let I be a discrete
amenable group and I', be a Fglner averaging net of sets. As above, we denote
by p, the orthogonal projection from ¢ to ¢% . Define the compression ¢, and
the embedding 1, by

¢,: C—=B((f) and 1,:B()—C (4)
T~ p.ap, ere > (1/#T )M A1

If we endow IB%(E%L) with the normalised trace, these maps are unital completely
positive, trace preserving (and normal) and the net (¢,¢,) converges pointwise
to the identity of C. One can therefore extend them by interpolation to com-
pletely positive contractions on the respective noncommutative Lebesgue spaces:
recall that LP(B((Z ), (1/#1,) tr) is (# l"L)_l/pSiﬁ7£ r, - We get a net of complete
contractions

G LP — (# I‘L)fl/pSiFL and  ¥,: (# FL)il/pS::;é r, = L7,

such that (z/;Lc,bL) converges pointwise to the identity of LP?. Moreover, the defin-
itions (4) show that these maps also intertwine Fourier and Toeplitz Schur mul-
tipliers.

Remark 3.1. This approach is more canonical as it allows to extend the transfer
to the vector-valued spaces in the sense of [30, Chapter 3]. Recall that for
any hyperfinite semifinite von Neumann algebra M and any operator space F,
one can define LP(M, E): for p = oo, this space is defined as M @iy E; for
p = 1, this space is defined as My P®E; these spaces form an interpolation scale
for the complex method when 1 < p < oco. For us, M will be IB%([Q) or the
group von Neumann algebra L°°. As the maps v, and ¢, are unital completely
positive and trace preserving and normal, they define simultaneously complete
contractions on M and M,. By interpolation, the maps ¥, ® Idg and ¢, ® Idg
are still complete contractions on the spaces L,(E) and SP[E]. Let ¢: I' — C:
the transfer shows that the norm of Idg ® M, on LP(F) is bounded by the norm
of Idg ® Mg on SP[E], and that their complete norms coincide. In formulas,

IIdg ® My|lprr(m)) < [I1de ® Mg||pse(a),
[1de @ Mollcbwr(r)) = I1de @ Mg|lcb(sr(m)-

This approximation is two-sided whereas the proof of Lemma 2.2 uses only
a one-sided approximation. This subtlety makes a difference if one tries to give
a direct proof by complex interpolation, as we shall do now.

Proposition 3.2. Let I be a discrete amenable group and let (u,) be a Reiter
net of means for I':

12



e cach p, is a positive sequence summing to 1 with finite support I, C I
and viewed as a diagonal operator from E%L to (2., so that

lpllsr = > (), =1

YeTL,

e the net (u,) satisfies, for each v € I', Reiter’s Property P;:

Z |(NL)7*15 - (NL)/B} — 0. (5)

Ber
Let x € S3° @ L™® =L*>®(tr®7) and p > 1. Then

lim sup |26 /? |sn(sz) = |2/ (o o)

Proof. Consider z = )
nonzero. As

Jer Ty @ Ay with only a finite number of the z, € S7°

Z\m REPE L1/2 <D ()15 — (1) g,

Ber per
Property P, implies Property Ps:

1/2

||>")’/LL _/LL/2/\ ||52 _>O

so that
gt /? = /2

As the S2°-valued matrix of = for the canonical basis of (% is (Tre—1)(reyerxr

lenl ey = S Naves 3 ().

(r,c)el’xI”

=D (e Y llzreldg

cel’ rel’

=) ()llzlEir gry = 12 1F2 00 0r)-
cel’

.I”SQ(S%) — 0.

By density and continuity, the result extends to all x € L2(tr ®7).
Let us prove now that for x € L (tr ®7)

lim sup [lzp[lst(sy) < [2]lLr e or)-

The polar decomposition = = u|x| yields a factorisation z = ab with a = u|x|"/?
and b = |z|/? in L>°(tr ®7) such that

||a||L2(tr®T = ||b||L2 (tr®7) — Hx”Ll(tr(gT)

lalle @em = 12112 4 gr-
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Then zu, = (bul/2 }/2b)u}/2 + aul/zbulﬂ, so that the Cauchy-Schwarz
inequality yields

lzp st sty < llallLee (e or) (bt = 1" 2b) 2| sy + ||aNL/2bﬂl/2||sl(sl)

1/2

< lallpe o e 101 "% — 1l 2bls2sz) + llallLe e om) 1l L2 o)

and therefore our claim. Now complex interpolation yields
lim sup ||51?H}/p||sp(sﬁ) < 1z llLeer 07 (6)

for x € L®(tr®7) and p € [1,00]. Indeed, let u be the unitary appearing in
the polar decomposition of x. Consider the function f(z) = wu|z|P*u? analytic
in the strip 0 < Sz < 1 and continuous on its closure: then f(it) is a product
of unitaries for t € R, so that

£ (i)]|Lee (tr @) = 1.
Also
£ (14 it)[ls1s1) = I[P pllsrst)
As SP(SP) is the complex interpolation space (S™(S5°),S!(S%))1/ps

st P llsoszy = 1£(1/P) snisny < llaPrllgitss -
Then, taking the upper limit and using the estimate on S!(S})
lim sup |21}/ |so(sg) < limsup |||2[7 . |51
<P It gy = 12 lLoges r)-
The reverse inequality is obtained by duality; first note that for y € L (tr ®@7),
lim tryu; = 7(y).

With the above notation and the inequality for p’,

lz|{, = 7(|z|") = lim tr |z[Pp; = lim tr u:_l/p|x|17pu*xu:/p

. 1—1 _ 1
< limsup [l 7|l P gy oy loms P llsogs
|

= limsup |||x v/ (S?') ||$Mz ||SP s7)

< Pl limsup [l ||sose)

so that
timsup /2 snsz) = 1212060 - O

Remark 3.3. Let u be any positive diagonal operator with tru =1 and p > 2
then ||xu1/p||sp(sg) < ||z||ue for all 2 € L*°(tr @7). The Reiter condition is only
necessary to go below exponent 2.
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In the same way, using interpolation, we can come back to approximation
on both sides using Reiter means, that is
2Py so(sny < e
and we have
lim sup ||HL1/2pI#}/2p||SP(Sﬁ) = [|2]|Lr(tr @r) -

Note that this formula is in the same spirit as the first approach of this section.

4 Transfer of lacunary sets into lacunary matrix
patterns

As a first application of Theorem 2.5, let us mention that it provides a shortcut

for some arguments in [12] as it permits to transfer lacunary subsets of discrete

group I into lacunary matrix patterns in I" x I'. Let us first introduce the
following terminology.

Definition 4.1. Let I" be a discrete group and A C I'. Let X be the reduced
C*-algebra C of I' or its noncommutative Lebesgue space LP for p € [1, oco].

(a) The set A is unconditional in X if the Fourier series of every x € X,
converges unconditionally: there is a constant D such that

Z Ty Ay

yeA

< Dl x

X

finite A’ C A and e, € T. The minimal constant D is the unconditional
constant of A in X.

(b) If X =C, let X =S*®C; if X =17, let X = LP(tr®7). The set A
is completely unconditional in X if the Fourier series of every x € X,
converges unconditionally: there is a constant D such that

Z Ty @ E4Ay

yeA

< Dlzll%
X

for finite A’ C A and e, € T. The minimal constant D is the complete
unconditional constant of A in X.

Unconditional sets in L? have been introduced as “A(p) sets” in [12, Defini-
tion 1.1] for p > 2: if I" is abelian, they are Walter Rudin’s A(p) sets if p > 2 and
his A(2) sets if p < 2: see [35, 3]. Asma Harcharras [12, Definition 1.5, Com-
ments 1.9] termed completely unconditional sets in L “A(p)cp sets” if p € ]2,
oo, and “K(p)ep sets” if p € ]1,2]; her definitions are equivalent to ours by the
noncommutative Khinchin inequality.

Sets that are unconditional in C have been introduced as “unconditional
Sidon sets” in [4]. If I" is amenable, Fourier multipliers are automatically c.b. on
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C4, so that such sets are automatically completely unconditional in C, and there
are at least three more equivalent definitions for the counterpart of Sidon sets in
an abelian group. If I' is nonamenable, these definitions are not all equivalent
anymore and our notion of completely unconditional sets in C corresponds to
Marek Bozejko’s “c.b. Sidon sets.”

Definition 4.2. Let 1 <p<ocand I C R x C.

(a) The set I is unconditional in SP if the matrix representation of every x € St
converges unconditionally: there is a constant D such that

HZ xqaqequ < Dllzlp

qel’

for finite I’ C I and ¢, € T. The minimal constant D is the unconditional
constant of I in SP.

(b) The set I is completely unconditional in SP if the matrix representation
of every z € SY(SP) converges unconditionally: there is a constant D such
that

HZ Tqg @ quqH < Dllzlp

qel’ p
for finite I’ C I and gq € T. The minimal constant D is the complete
unconditional constant of I in SP.

Harcharras [12, Definitions 4.1 and 4.4, Remarks 4.6 (iv)] termed uncondi-
tional and completely unconditional sets in SP “o(p) sets” and “o(p)cp sets,”
respectively; her definitions are equivalent by the noncommutative Khinchin
inequality.

Proposition 4.3. Let I' be a discrete group. Let A C I' and consider the
associated Toeplitz set A = {(r,c) € ' x I':re¢™' € A}. Let p € [1,00].

(a) If T is amenable, then A is unconditional in LP if A is unconditional in
SP.

(b) If A is completely unconditional in 1P, then A is completely unconditional
in SP. The converse holds if I is amenable.

Proof. The first part of (b) follows by the argument of the proof of [12, Pro-
position 4.7]: let us sketch it. Consider the isometric embedding of the space
SZ(SP ) in L (tr ® tr ®7) that is given in the proof of Lemma 2.3 and apply the
equivalent Definition 1.5 in [12] of the complete unconditionality of A: this gives
the complete unconditionality of A in the equivalent Definition 4.4 in [12].
Unconditionality in LP expresses the uniform boundedness of relative un-
imodular Fourier multipliers on L%; complete unconditionality expresses their
uniform complete boundedness. Unconditionality in SP expresses the uniform
boundedness of relative unimodular Schur multipliers on Sf‘,; complete uncondi-
tionality expresses their uniform complete boundedness. The second part of (b)
follows therefore from Theorem 2.5 (b) and (a) follows from Lemma 2.2 (a). O
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Remark 4.4. This transfer does not pass to the limit p = oo: Nicholas Varo-
poulos ([36, Theorem 4.2], see [22, § 5] for a reader’s guide) proved that uncon-
ditional sets in S* are finite unions of patterns whose rows or whose columns
contain at most one element, and this excludes sets of the form A for any infinite

A.

Remark 4.5. See [22, Remark 11.3] for an illustration of Proposition 4.3 (b) in
a particular context.

Remark 4.6. Let p be an even integer greater or equal to 4. The existence of
a o(p)eb set that is not a o(q) set for any ¢ > p [12, Theorem 4.9] becomes a
direct consequence of Walter Rudin’s construction [35, Theorem 4.8] of a A(p)
set that is not a A(q) set for any g > p, because this set has property B(p/2)
[12, Definition 2.4] and is therefore A(p)cy by [12, Theorem 1.13] (in fact, it is
even “l-unconditional” in L? because B(p/2) is “p/2-independence” [22, §11].)

Remark 4.7. In the same way, Theorem 5.2 in [12] becomes a mere reformulation
of [12, Proposition 3.6] if one remembers that the Toeplitz Schur multipliers are
1-complemented in the Schur multipliers for an amenable discrete group and for
all classical norms. Basically results on A(p)e, sets produce results on o(p)cp
sets.

Let us now estimate the complete unconditional constant of sumsets. In the
case I' = Z, Harcharras [12, Prop. 2.8] proved that a completely unconditional
set in LP cannot contain the sumset of characters A+ A for arbitrary large finite
sets A: in particular, if A O A 4+ A with A infinite, then A is not a completely
unconditional set. Her proof provided thus examples of A(p) sets that are not
A(p)ep sets.

We generalise Harcharras’ result in two directions. Compare [18, §1.4].

Proposition 4.8. Let I' be a discrete group and p # 2. A completely uncon-
ditional set in LP cannot contain the sumset of two arbitrarily large sets. More
precisely, let R and C be subsets of I' with # R > n and # C > n3. Then, for
any p = 1, the complete unconditional constant of the sumset RC' in LP is at
least nl1/2=1/7l,

Proof. Let rq,...,r, be pairwise distinct elements in R. We shall select indu-
cively elements cq,...,¢c, in C such that the r;c; are pairwise distinct. Assume
there are ¢y, ..., c¢n—1 such that the induction hypothesis

Vi,k<nVjil<m-—1 (i,7)# (k1) = ric; #ria.
holds. We are looking for an element c¢,, € C such that
Vi,k<nVIi<m-—1 ryc, # ryc.
Such an element exists as long as m < n because the set {r;lrkcl i,k < n,
I <m—1} has at most (n(n — 1) +1)(m — 1) < n® elements.

The end of the proof is the same as Harcharras’ The unconditional constant
of the canonical basis of elementary matrices in SP is n/*/2=1/7l; in particular,
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there is an unimodular Schur multiplier ¢ on S of norm n!'/2=1/?l (which is
also its complete norm, by the way): see [30, Lemma 8.1.5]. Let A be the
sumset {ric; : ¢,j < n}; as the rjc; are pairwise distinct, we may define a
sequence ¢ € C4 by ©Orie; = Pij- By Remark 2.4, the complete norm of the
Fourier multiplier ¢ on L’} is bounded below by the complete norm of the Schur
multiplier ¢ on S%. O

Example 4.9. A = {2 — 27 .4 > j} is not a complete A(p) set for any p # 2.
Indeed, {2° -2/} = AU —A does not and if A did, then also —4 and AU —A.

5 Toeplitz Schur multipliers on S? for p < 1

When 0 < p < 1, a complete characterisation of bounded Schur multiplier of
Toeplitz type has been obtained by Alexey Alexandrov and Vladimir Peller in
[1, Theorem 5.1]. This result was an easy consequence of their deep results on
Hankel Schur multipliers. The transfer approach provides a direct proof.

Corollary 5.1. Let 0 < p < 1. Let I' be a discrete abelian group with dual
group G. Let ¢ be a sequence indexed by I' and define the associated Toeplitz
matriz ¢ € C1 by ¢(r,c) = o(rc™t) for (r,c) € I' x I'. Then the following are
equivalent:

(a) The sequence ¢ is the Fourier transform of an atomic measure =Y a404
on G with Y |agl? < 1;

(b
(c

) The Fourier multiplier ¢ is contractive on LP;

) The Fourier multiplier ¢ is contractive on LP(SP);

(d) The Schur multiplier ¢ is contractive on SP;

(e) The Schur multiplier 4 is contractive on SP(SP).

Proof. The implication (d) = (b) follows from Lemma 2.2 (a). The equival-
ence (¢) < (e) follows from Theorem 2.5 (a). The characterisation (a) < (b)
is an old result of Daniel Oberlin [23]. It is plain that (e) = (d). At last,
(a) = (c) is obvious by the p-triangular inequality. O

Remark 5.2. As a consequence, we get that the norm of a Toeplitz Schur mul-
tiplier on SP(SP) coincides with its norm on SP when p < 1. If p € {1,2, 00},
this holds for every Schur multiplier. Let p € |1,2[U]2,00[. Then we still do
not know whether Schur multipliers are automatically c.b. on SP. But from [30,
Proposition 8.1.3], we know that (b) and (c¢) are not equivalent: if I" is an infin-
ite abelian group, there is a bounded Fourier multiplier on L? that is not c.b.
This example is easy to describe: if an infinite set A C I' is lacunary enough,
the sumset A + A is unconditional in L? (see [18, Theorem 5.13]); by Proposi-
tion 4.8, it cannot be completely unconditional. In particular, this shows that in
Lemma 2.2 (a) we cannot remove the restriction to truncated Toeplitz matrices
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in the computation of the Schur multiplier norm, that is, (b) = (d) does not
hold.

Remark 5.3. Our questions may also be addressed in the case of a compact
group: a measurable function ¢ on T defines

e the Fourier multiplier on measurable functions on T by x — ¢z;

e the Schur multiplier on integral operators on L?(T) with kernel a measur-
able function # on T x T by z — @z, where $(z,w) = p(zw™1).

Victor Olevskii [25] constructed a continuous function ¢ that defines a bounded
Fourier multiplier on the space of functions with p-summable Fourier series
endowed with the norm given by ||z|| = (Z|:ﬁ(n)|p)1/p for every p € |1, 00],
while the corresponding Schur multiplier is not bounded on the Schatten-von-
Neumann class SP of operators on L?(T) for any p € ]1,2[U]2, col.

6 The Riesz projection and the Hilbert trans-
form

In this section, we concentrate on I' = Z, the dual group of T.

Proposition 6.1. Let g be a linear combination of the identity and the upper
triangular projection of N x N: there are z,w € C so that 0;; = z if t < j
and 9;j = w if i > j. Then the norm of the Schur multiplier o on S¥ coincides
with the norm of the Schur multiplier o on S¥(S¥).

Proof. Let a € S%,(S¥): a may be considered as an m x m matrix (a;;) whose
entries a;; are n X n matrices, and a may be identified with the block matrix

0 ail 0 a2
0O 0 0 O
a=10 aa 0 ax
0O 0 0 O
In this identification, Idgs @ M,(a) is M,(a). O

The Hilbert transform .7 is the Schur multiplier obtained by choosing
z = —1 and w = 1. The upper triangular operators in SP can be seen as a
noncommutative HP space, and J# corresponds exactly to the Hilbert trans-
form in this setting (see [32, 19]). Using classical results on H? spaces, all
Hilbert transforms are c¢.b. for 1 < p < oo (see [37, 32, 19)]).

On the torus T, the classical Hilbert transform H corresponds to the Fourier
multiplier given by the sign function (with the convention sgn(0) = 1) and its
norm on L? is cot (/2 max(p,p’)) = csc(m/p) + cot(w/p) for 1 < p < co. The
story of the computation of this norm starts with a paper by Israel Gohberg
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and Naum Krupnik [10] for p a power of 2. The remaining cases were handled
by Stylianos Pichorides [29] and Brian Cole (see [8]) independently. The most
achieved results are those of Brian Hollenbeck, Nigel Kalton and Igor Verbitsky
[13], but they rely on complex variable methods that are not available in the
operator-valued case. When p is a power of 2 (or its conjugate), a combination
of arguments of Gohberg and Krupnik [9] with some of Lészl6 Zsidé [37] yields
the following result.

Theorem 6.2. Let p € |1,00[. The norm and the complete norm of the Hilbert
transform 7 on SP coincide with the complete norm of the Hilbert transform H

on LP: if sgn(i, j) = sgn(i — j) fori,j > 1,
| S@HM(SP) = | S§n||Mcb(Sp) = SgnHMcb(Lp)-

If p is a power of 2, then these norms coincide with the norm of H on LP:

l['sénllmsry = Il s€n [lve, sr) = [Isgn [, wr) = [l 'sgn llvery = cot(m/2p).

Proof. Let p > 2. The norm of H on L? is cot(w/2p) and the three other norms
are equal by the transfer theorem 2.5 and the above proposition: we only need to
compute the complete norm of H. Let H = Idgr ® H be the Hilbert transform
on LP(tr®7). We shall use Mischa Cotlar’s trick to go from LP to L?P: the
equality sgnisgnj + 1 =sgn(i + j)(sgni + sgn j) shows that

(Hf)(Hg)+ fg=H((Hf)g+ f(Hyg)). (7)

First step. The function sgn is not odd because of its value in 0: this can be
fixed in the following way. Let A = 2Z + 1. The norm of H on LP(tr ®7) is
equal to its norm on Lf (tr ®7). In fact, let D be defined by Df(z) = zf(z?):
D is a complete isometry on L? with range L") that commutes with H.

Second step. Let S be the real subspace of L (tr ®7) consisting of functions
with values in SP so that f(z) is selfadjoint for almost all z € T. Let us apply
Vern Paulsen’s off-diagonal trick [27, Lemma 8.1] to show that the norm of H
on L? is equal to its norm on S. Let f € L* (tr ®7): identifying S5(S?) with SP,

9(z) = <f(2)* f%z))

defines an element of S. As adjoining is isometric on S?,

Iglls = 27| flle(er or)-

- 0 H f)
Hg= | ~ .
J (H(f*) 0
As 0 ¢ A by step 1, the equality sgn(—i) = —sgni holds for i € A: this yields
that H(f*) = —(H f)*. Therefore

1Hglls = 2P I1H fl|Lr(tr cr)-

Let us now consider
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Third step. Let u, be the norm of H on LP(tr ®7): then ua, < up+ /1 + up. It
suffices to prove this estimate for f € S, and by approximation we may suppose
that f is a finite linear combination of terms a; ® 2° + af ® 27¢ with a; finite
matrices. Note that Hf = —(Hf)*. Formula (7) with f = g yields, combined
with Hélder’s inequality,

IEH )l er) < I @een + 2upll il on |1 H flle @ o).

Since f and Hf take normal values,

HfQHLP(tr®T) = ||f||%2p(tr®7-)
H(Hf)2||LP(tr®7-) = ”Hf”izp(trtgr)'

Therefore, if || f[|r2r(tr @r) = 1, HﬁfHsz(tr @) must be smaller than the bigger
root of t? — 2u,t — 1, that is

”Hf”%?P(tr@T) < up + \/ u?’ +1
and uap gup—i-,/u%—l—l.

Fourth step. The multiplier H is an isometry on L?(tr ®7), so that ug = 1 =

cot(m/4). As cot(9/2) = cotd + \/cot? ¥ + 1 for ¥ € ]0, 7|, we conclude by an
induction. O

Unfortunately, we cannot deal with other values of p > 2 by this method.

The Riesz projection .7 is the Schur multiplier obtained by choosing z = 0
and w = 1 in Proposition 6.1: it is the projection on the upper triangular
part. On the torus, the classical Riesz projection T, that is the projection onto
the analytic part, corresponds to the Fourier multiplier given by the indicator
function xz+ of nonnegative integers; its norm on LP has been computed by
Hollenbeck and Verbitsky [14]: it is csc(m/p). As for the Hilbert transform, we
know that the norm and the complete norm of 7 on SP are equal and coincide
with the complete norm of T" on L?; but, to the best of our knowledge, there is
no simple formula like (7) to go from exponent p to 2p. We only obtained the
following computation.

Proposition 6.3. Letp € ]1,00[. The norm and the complete norm of the Riesz
projection 7 on SP coincide with the complete norm of the Riesz projection T

on LP: if Xz+(i,7) = xz+ (i — J) fori,j =1,
[1Xz+ Ivesey = X2+ Inensp) = X2+ (Mo (L9

If p =4, then these norms coincide with the norm of T on LP:

IXz+ ety = X2+ Ima sy = X2+ I @) = lIxz+ e = V2.

21



Proof. We shall compute the norm of .7 on S. Let x be a finite upper triangular
matrix and let y be a finite strictly lower triangular matrix. We have to prove
that

V2|z +yllse > flz)se.

Let us make the obvious estimates on S? and use the fact that adjoining is
isometric:
1.7 (zz")lls> = 7 ((x + y)x7) s> < [|& + yllss|[z]|ss
and similarly,
[(Id = 7)(zz")||s2 = [[(Id = T)(2(z + y)")lls> < [Jzllsallz + yllss.
As 7 and Id — .7 have orthogonal ranges,

lzllss = llez™ 1§ = [|(0d = Z)(@z)[& + |7 @z < 2lz)& e +ylls:. O

7 Unconditional approximating sequences

The following definition makes sense for general operator spaces, but we chose
to state it only in our specific context.

Definition 7.1. Let I" be a discrete group and A C I'. Let X be the reduced
C*-algebra of I" or its noncommutative Lebesgue space LP for p € [1, oco].

(a) A sequence (Ty) of operators on X 4 is an approximating sequence if each T},
has finite rank and Tyx — x for every x € X,. It is a complete appro-
ximating sequence if the T} are uniformly c.b. If X admits a complete
approximating sequence, then X, enjoys the c.b. approrimation property.

(b) The difference sequence (ATy) of a sequence (T}) is given by ATy = Ty
and ATy, = Ty — Ty—1 for k > 2. An approximating sequence (T}) is
unconditional if the operators

> exAT; withn >1and g € {~1,1} (8)
k=1

are uniformly bounded on X 4: then X, enjoys the unconditional appro-
zimation property.

(¢) An approximating sequence (T}) is completely unconditional if the ope-
rators in (8) are uniformly c.b. on X4: then X, enjoys the complete
unconditional approximation property. The minimal uniform bound of
these operators is the complete unconditional constant of X 4.

We may always suppose that a complete approximating sequence on C, is
a Fourier multiplier sequence: see [11, Theorem 2.1]. We may also do so on L%
if L>™ has the so-called QWEP: see [15, Theorem 4.4]. More precisely, the
following proposition holds.
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Proposition 7.2. Let I' be a discrete group and A C I'. Let X either be its
reduced C*-algebra or its noncommutative Lebesgue space LP, where p € [1,00]
and L* has the QWEP. If X enjoys the completely unconditional approxi-
mation property with constant D, then, for every D' > D, there is a complete
approzimating sequence of Fourier multipliers (yy) that realises the completely
unconditional approzimation property with constant D': the Fourier multipli-
ers Y r_, exApyi are uniformly completely bounded by D’ on X 4.

Let us now describe how to skip blocks in an approximating sequence in
order to construct an operator that acts like the Riesz projection on the sumset
of two infinite sets. The following trick will be used in the induction below:
compare [20, proof of Theorem 4.2]:

1 110 1 1]0 1 11 111
0 1]10)—{1 1j0)+(1 1 1)={0 11
0 00 1 1]0 1 1 1 0 0 1

Lemma 7.3. Let I' be a discrete group and A C I'. Suppose that A contains
the sumset RC' of two infinite sets R and C. Let (Ty) be either an approzima-
ting sequence on LY\ with p € [1,00[, or an approzimating sequence of Fourier
multipliers on C4. Let € > 0. There is a sequence (r;) in R, a sequence (¢;)
in C' and there are indices |1 < ko < lo < ks < ... such that, for every n, the
skipped block sum

Un:ﬂ1+({z—‘l2_Tk2)++(ﬂn_Tkn) (9)

acts, up to €, as the Riesz projection on the sumset {ric;}i j<n:

”Un()‘ncg') - /\mcg'” <e ifi<j<mn, (10)
”Un()‘ncg')” <e ifj<i<n
Proof. Let us construct the sequences and indices by induction. If n = 1, let
r1 and ¢; be arbitrary; there is I3 such that |7}, (Ar,c;) — Ay || < €. Suppose
that r1,...,7, C1,-+.,Cn, l1, ..., kn, 1, have been constructed. Let § > 0 to be
chosen later.

e The operator U,, defined by Equation (9) has finite rank. If it is a Fourier
multiplier, one can choose an element 7,,4+; € R such that Un()\Tanj) =0
for j < n. If it acts on L with p € [1,00[, one can choose an ele-
ment 7,1 € R such that ||Un(Ar,,,¢;)|| < for j < n because (Ay),er is
weakly null in L.

e There is k1 > [, such that ||T}
n+1,1<j<n}

it (Ay) = Ay < dfory e {ric; : 1 <i<

e Again, choose ¢, 41 € C such that [[(Up—Tk, ., )(Arcnyy )] < 6 fori <n+1.

e Again, choose I, 11 > kpn41 such that ||T;
1<i,j<n+1}.

(Ay) = Ay|| < 0 for v € {ric; :

n+1
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Let Upy1 =Un+ (T, ., — Tk . Ifi <n+1and j <n, then

n+1 n+1)

”AUnJrl(/\TiCj)H < ||Tln+1 (/\Ticj) - )\Ticj H =+ ”/\Ticj - Tkn+1 (>‘Ticj)” < 267
so that

HUn'i‘l()‘TiCj)_)\mch <e+2 lflgj <n
Uns1(Arie;)|| <e4+20 ifj<i<n
NUns1(Ar,iic;)ll <30 if j < n.

If i <n+1, then

||Un+1(/\7“icn+1) - )\Ticn+l ”
< ”(Uﬂ - Tkn+1)()‘h’cn+1)” + ”Tln+1()‘h’cn+1) - /\Ticn+1|| < 26.

This shows that our choice of r,, 11, Cry1, knt1 and 1,11 is adequate if § is small
enough. O

This construction will provide an obstacle to the unconditionality of sumsets.

Theorem 7.4. Let I' be a discrete group and A C I'. Suppose that A contains
the sumset RC' of two infinite sets R and C.

(a) Let 1 < p < co. The complete unconditional constant of any approxima-
ting sequence for LP is bounded below by the norm of the Riesz projection
on SP, and thus by cscm/p.

(b) The spaces LY and C, do not enjoy the complete unconditional approxi-
mation property.

(¢) If T is amenable, then the space C, does not enjoy the unconditional
approximation property.

Proof. Let (T}) be an approximating sequence on Lf. By Lemma 7.3, for
every € > 0 and every n, there are elements ry,...,r, € R, ¢1,...,¢, € C such
that the Fourier multiplier ¢ given by the indicator function of {r;c; }i<; is near
to a skipped block sum U, of (T}) in the sense that ||Uy(Ar,c;) = @ric; Aric, || < €.
But U, is the mean of two operators of the form (8): its complete norm will
provide a lower bound for the complete unconditional constant of X,. Let us
repeat the argument of Lemma 2.3 with = € SP: as

n
| 32 wisess
7,7=1 Sn
n n n
= ‘(Z em— ® )‘Tz) ( Z xiyjeiyj ® )\E) (Z ej_’j ® ch)
1=1 Jj=1

ij=1

n
= ‘ E Tij€ij & /\Ticj

=1

LP(tr ®T)

LP(tr ®T)
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and

<n’elzlsz,

n
Tii€ii Q(Up(Mrc.) — O Apics
H; 1,5 €i,5 (Un( mcj) Pric; ncj) Lo (tr @7)

the complete norm of U, is nearly bounded below by the norm of the Riesz
projection on SP:

HZ :Eiyj eiyj & Un()\ricj-)

=1

—nellzlsy

> H E Tij€i5 & /\Ticj
LP(tr @) < LP (tr @)
.

=7 @)lsz, — nellllsz-

This proves as well (a) as the first assertion in (b), because the Riesz projection is
unbounded on S'. Let (7}) be an approximating sequence on C4: by Lemma 7.2,
we may suppose that (T}) is a sequence of Fourier multipliers. Thus the second
assertion in (b) follows from Lemma 7.3 combined with the preceding argument
(where SP is replaced by S2° and LP(tr ®7) by S2° @ C) and the unboundedness
of the Riesz projection on S*°. For (c), note that the Fourier multipliers T}, are
automatically c.b. on C, if I' is amenable [7, Corollary 1.8]. O

Theorem 7.4 (b) has been devised originally to prove that the Hardy space
H', corresponding to the case A = N C Z and p = 1, admits no completely
unconditional basis: see [33, 34]. Theorem 7.4 (¢) both generalises the fact that
a sumset cannot be a Sidon set (see [18, §§1.4,6.6] for two proofs and historical
remarks, or [17, Proposition IV.7]) and Daniel Li’s result [16, Corollary 13] that
the space C, does not have the “metric” unconditional approximation property
if I" is abelian and A contains a sumset. Li [16, Theorem 10] also constructed
a set A C Z such that C, has this property while A contains the sumset of
arbitrarily large sets. This theorem also provides a new proof that the disc
algebra has no unconditional basis and answers [21, Question 6.1.6].

Ezample 7.5. Neither the span of products {r;r;} of two Rademacher functions
in the space of continuous functions on {—1, 1}°° nor the span of products {s;s;}
of two Steinhaus functions in the space of continuous functions on T have an
unconditional basis.

8 Relative Schur multipliers of rank one

Let 0 be an elementary Schur multiplier on S*°, that is,

0=TRY = (xryc)(r,c)eRXC :

then its norm is sup,¢p|z,|sup.cclye|. How is this norm affected if p is only
partially specified, that is, if the action of ¢ is restricted to matrices with a given
support?

Theorem 8.1. Let I C R x C and consider (z,)rer and (ye)ecec. The relative
Schur multiplier on S7° given by (Tryc)(r.cyer has norm sup . el ryel-

25



Note that the norm of (2,yc)(r,c)es is bounded by sup,.¢ g |z, sup.cc|ye| be-
cause the matrix (:vac)(m)eRXc trivially extends (xryc)(m)ej; the proof below
provides a constructive nontrivial extension of this Schur multiplier that is a
composition of ampliations of the Schur multiplier in the following lemma.

Lemma 8.2. The Schur multiplier (g 7“5) has norm max(|z|, |w|) on S$°.

Proof. This follows from the decomposition

z w\ |zl +|wl (tu — |z] = Jw| [ tu —
(5 ) 2L () oy B (Yo

where ¢t,u € T are chosen so that z = |2]t? and w = |w|u®. O

Proof of Theorem 8.1. We may suppose that C' is the finite set {1,...,m} and
that R is the finite set {1,...,n}, that each y. is nonzero and that each row in R
contains an element of I. We may also suppose that (|z,|)rer and (|yc|)cec are
nonincreasing sequences. For each » € R let ¢, be the least column index of
elements of I in or above row r: in other words,
¢ =minmin{c: (r',c) € I'}.
r'<r

The sequence (¢;)rer is nonincreasing. Let us define its inverse (r.)cec in
the sense that r. < r < ¢, < ¢ for each ¢ € C let 7. = min{r : ¢, < c}.
Given r, let ' < r be such that (+',¢,) € It then |2, y..| < |27¥e,.|, so that
SUp,c g|TrYe, | < sUp(,, o er|Trye| and the rank 1 Schur multiplier

0o = (xrycy)(r,c)eRXC

with pairwise equal columns is bounded by sup(, ¢ rlaryel on S We will
now “correct” oo without increasing its norm so as to make it an extension
of (ye)(r,c)er- Let r € R and ¢’ > ¢,: then

Yerdt Y H Yet+1

TrYe = TrYe,
Ye, Ye'—1 Ye

cr<e<Lce’—1

Ye+1
e T Y
P 1. Ye

c'}c—i—l

This shows that it suffices to compose the Schur multiplier g with the m — 1
rank 2 Schur multipliers with block matrix

1 c c+1 m
1 —
(&)
Ye
re—1
QOc = e )

. 1 Yet1
Ye

n
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each of which has norm 1 on S{° by Lemma 8.2. O

Remark 8.3. We learnt after submitting this article that Timur Oikhberg proved
independently Theorem 8.1: see [24, Theorem 1.1].

Remark 8.4. As an illustration, let C = R = {1,....n} and I = {(r,c) : 7 > ¢},
and let a; be an increasing sequence of positive numbers. Take z, = a, and y. =
1/ac. Then the relative Schur multiplier (a,/ac)r<. has norm 1. The above
proof actually constructs the norm 1 extension (min(ar/ac,ac/ar)), .. If we
put a; = e%i, we recover that (e*|“*m6‘)(r7c) is positive definite, that is, |-| is a
conditionally negative function on R.
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