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LATTICE ACTIONS ON THE PLANE REVISITED
FRANCOIS MAUCOURANT AND BARAK WEISS

ABSTRACT. We study the action of a lattice ' in the group G = SL(2,R) on
the plane. We obtain a formula which simultaneously describes visits of an
orbit I'u to either a fixed ball, or an expanding or contracting family of annuli.
We also discuss the ‘shrinking target problem’. Our results are valid for an
explicitly described set of initial points: all u € R? in the case of a cocompact
lattice, and all u satisfying certain diophantine conditions in case I' = SL(2, Z).
The proofs combine the method of Ledrappier with effective equidistribution
results for the horocycle flow on I'\G due to Burger, Strémbergsson, Forni and
Flaminio.

1. INTRODUCTION, STATEMENT OF THE RESULTS

A classical problem in ergodic theory is to understand the distribution of or-
bits for the action of a group on a space. This has been particularly well-studied
under the hypotheses that the acting group I' is amenable and preserves a finite
measure. Removing these two assumptions leads to a realm which is not suffi-
ciently understood. Our purpose in this note is to describe some features which
arise when one studies a non-amenable group acting on a space preserving an
infinite Radon measure. We will consider the simplest setup with these features.
Namely, let " be a lattice in G = SL(2, R), that is, a discrete subgroup of finite
covolume. It acts on the punctured plane P = R? \ {0} by linear transforma-
tions, preserving Lebesgue measure. It is well-known that this action is ergodic.
Moreover, when I' is cocompact all orbits are dense, and when I' is non-uniform,
any orbit is either discrete or dense.

Consider an orbit 'u and an increasing family {I'z : 7" > 0} of finite sets in
I'. We will refer to I'ru C P as a ‘cloud’; we wish to understand its distribution
for large values of T. For example one can ask for the frequency of visits to a
fixed ball in the plane. One can also consider the behavior of the orbit under
rescaling, i.e. the frequency of visits to a family of balls; if the balls are expanding
with T this corresponds to the ‘large scale’ behavior of the orbit and if the balls
are shrinking this corresponds to the behavior of the orbit ‘at a point.” The
answers to these questions turn out to depend rather delicately on the choice of
the averaging sets I'r and the initial point u.

Fix a norm || - || on My(R), the space of two by two matrices with real entries.
Define for any T' > 0 the set

Fr={yel: | <T},
1
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let f be a compactly supported function on P and u € R2.
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Figure 1: ‘Cloud’ for the cocompact lattice SLy (D5 3(Z)), u = (1,0), 7" = 100.

The asymptotics of the orbit-sum

Spa(T) =Y f(yu)

yel'r

were studied in [L, N, GW]. Write u = { t } € R?, and define a norm |- | and

U2
a ‘product’ x on R? by

_ o —U2V1 UIV1
vl = maxc {Jun], ez} V*U_H[—mw o]l
where v = Zl } . Let dx denote the Lebesgue measure on P. It was shown in
2
the above-mentioned papers (see particularly [GW, §12.4]) that
S7ulT) > [

T T w(T\G) Jp vxu
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We would like to understand Sy, (7") at a finite time 7', i.e. obtain an effective
error estimate in this asymptotic formula. In particular we would like to be able
to change the function f and the initial point u depending on the time 7". Before
stating our results we introduce some notation.

Write supp f = f~1(R \ {0}), and set

r(f)= inf [|v|, R(f)= sup |v], U(f):R(f)

vesupp f vesupp f T(f) '

The homogeneous space I'\G carries a finite measure p invariant under the right
action of GG; we will normalize this measure by assuming that its lift to G satisfies
(2.9). Fix 6 € (0,1]. We say that a continuous compactly supported function f
on P is 0-Holder if || f||o < oo, where

v\ 12 o101 () —
) le=solf+ ([ aerts) e s EHEZ 0L

0<|z—y|<|x|/2 |I - y|9

Theorem 1.1. For a cocompact lattice I' in G there are positive constants c
and 0y such that for any 6 € (0,1], there is a positive constant Cy such that the
following holds. For any u € P and for any 0-Hélder f : P — R, of compact
support, let

[l

(12) DO = D()(u, f) = max (%, %)
and

—680
(13) 5= b= (54) oot +1

|u
Then for any
(14) T >1Ty=cDy
one has
2T (v) R(f) 10

(1.5) Siu(T) — G Joveu dv‘ < Cyl|fllo—== (Do + BT 9°) .

Remark 1.2. (1) Our proof shows one may take §g = or /21, where épr < 1/2
satisfies or(0r — 1) < A\, with A < 0 the first eigenvalue of the Laplacian
on I'\G. Our exponent is not optimal.

(2) The inequality (1.5) behaves as should be expected under rescaling. More
precisely, for any A > 0, if one replaces f(v) by g(v) = f(Av), and u by
w = A'u, then Do(u, f) = Do(w,g), B(u, f) = B(w,g), Ty does not
change either, and both sides of (1.5) are unaffected.
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The explicit error term in Theorem 1.1 is useful for studying the asymptotic
behavior of an orbit under rescaling. For an ‘expansion coefficient’ p > 0 con-

x
sider the function f,(z) = f | — ). Then for a parameter «, fro describes a one-

parameter family of functions, and we are interested in sampling them with the
cloud I'ru. For instance, if f is the indicator function of an annulus of radius 1
then the orbit-sum Sy, u(7") describes the number of orbit points in the cloud
contained in the similar annulus of radius 7*. Since the diameter of the cloud
is approximately 7', if & > 1 the orbit-sum will vanish for large T', and similarly
for « < —1. However as long as the expansion of the cloud is faster than that of
the support of the expanded function, the cloud equidistributes in the support
of the function, with respect to the same asymptotic density as in Theorem 1.1.
Namely we have:

Corollary 1.3. Given a cocompact lattice I in G and -1 < a <1,0<60 <1,
there is & > 0 such that for any u € P and any compactly supported -Holder
function f on P there are positive Ty and C' such that for all T > Tj,

1 yu 2 (v)
T1i+a ’Y%—‘:Tf (ﬁ) ~ u(D\G) Jpvru v

Remark 1.4. (1) Adapting the arguments used in the proof of Corollary 1.3
one can show that for any continuous compactly supported function ¢ on

T
P for which % — 0 and T¢(T) — oo, one has

(1.6) < COT7°.

Sf¢(T)vu - 2 (v)

ToT) " u(\G) Jpvru'”

(2) The case o = 1, that is the asymptotic behavior of %SfT,u was studied in
[M]. In this case the asymptotic density is different.

Theorem 1.1 does not hold in the non-uniform case. For example, there are
discrete orbits for I' in the plane, and these certainly will not satisfy (1.5) if
suppf does not intersect the orbit; consequently, for a fixed T the conclusion of
Corollary 1.3 will also fail for all u sufficiently close to a point with a discrete
orbit. The behavior of the orbit will depend in a subtle way on the diophantine
properties of the slope of the initial vector; to make this precise, we will need a
bit of notation.

Let z € [0,1), and denote z = [0; a4, as, ...] its continued fraction expansion,

Dk, Qx its convergents. Let t, = — log ‘z - Z—:‘; the theory of continued fractions

(see [HW]) tells us that (¢;)x is an increasing sequence, and that

(1.7) ar1qi; < €% < (apg + 2)g;.
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Figure 2: The ‘scaling property’. For I' = SL(2,Z), parts of the orbit of three
different points are shown, at different scales and with different values of T'. Each
contains approximately 200 points.

Define, in the case where z is irrational
§(z,m1, 1) =max (ag @ 71 < tryr, o1 < T2)

(if the set on the right hand side is empty we set &(z,71,72) = €™). If z is
rational, the sequences (ax), (¢x) and (tx) are finite. Let ko be the length, that is
2= Pro/ Qo If 7o < tro—1, £(2, 71, 72) is defined by the preceding formula; if not,

£(z,m,7) = min (e, max (max{ay : 7 < tp1},€/q}))-

U,

If u= [ } € P, denote by z the unique real number in the set [0, 1] N

uy
{u,/uy,u,/u, +1, —u,/u,, —u,/u, + 1}. We define é(u, T, To) = é(z, T1,T2).

Theorem 1.5. For I' = SL(2,Z) there are positive constants ¢ and dy such that
for any 6 € (0, 1], there exists C' > 0 such that the following holds. For anyu € P

and for any compactly supported 0-Hdélder map f : P — R, let Dy and B be as
n (1.2) and (1.3), and let

Y- T'|ul Tl
b =€ (o (7)o (577) )
Then for any T > c¢Dy such that

|u|gf7T,u
(1.8) T2e

one has

R N
19) [spulm) - Hos [ 1) 'smu%%(Do+BT1‘“°£??%u)-
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Remark 1.6. (1) Ezamining our argument one sees it is possible to take §g =
1/48 in Theorem 1.5.

(2) Our arguments prove an analogous result for any lattice T' in place of
SL(2,Z). In this case, the quantity é(u, 71, T2) 18 replaced by the supremum
of the distance between a fized reference point in T'\G and ¥(u/|u|)as,
where s € 1, Te] — see §§7-8. Also, the 0y can be taken to be dr/24,
where Or is defined as explained in Remark 1.4(1).

For 5 > 0, say z € R is f-diophantine if there is ¢ > 0 such that |z — p/q| >
cq~P for all p,q € Z. Note that quadratic irrationals are 2-diophantine, and by
Roth’s theorem, all algebraic numbers are 2 + e-diophantine for any ¢ > 0, like
Lebesgue almost any real number. In the following, we extend the definition
to the case § = +oo with the convention that every number (even rationals) is
oo-diophantine. It is well-known (see Lemma 7.2) that when z is S-diophantine,

ézmﬂ can be bounded in terms of 3. This yields:

Corollary 1.7. Given 3 € [2,+0], 6 € (0,1] and —ﬁ <a<l, thereis d >0
such that for any u € P a vector with a (-diophantine slope and any compactly

supported 0-Holder function f on P there are positive Ty and C such that for all
T > To,

(1.10) <Ccr,

1 yu 2 (v)
Tite wezm / (ﬁ) ~ u(D\G) Jpvru v

Remark 1.8. In a recent and independent work [N2], Nogueira proved a similar
result, with a better estimate of the error term, but in the particular case in which
f is the characteristic function of a square, and the norm || - || is the supremum
norm, generalizing his previous results [N]. The method used is completly different
from ours.

Applying Theorem 1.5 to the ‘shrinking target problem’; we obtain:

Corollary 1.9. Let dy be as in Theorem 1.5, and let v,u € P. Then:
(1) If u has B-diophantine slope, then there are positive constants C' and Ty
such that for all T > Ty there is v € I'r such that
26
lyu—v| < CT™ 5 .
(2) If the slope of u is irrational then there is a positive constant C' such that
there are infinitely many v € I' solving
_%
[yu—v| <ClH[[7+.

1.1. Notation. Throughout this paper the Vinogradov symbol A < B means
that there is a constant C' such that A < CB, where A and B are expressions
depending on various quantities and the implicit constant C' is independent of
these quantities. In particular, throughout the paper the implicit constant may
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depend on T', on the choice of the norm || - ||, on auxilliary functions ¥, ¢, but
not on the function f nor the initial point u. The notation A =< B means that
A< Band B A.

2. THE NORM ESTIMATE

2.1. The setup. Let G act on R? by matrix multiplication on the left. Define
the following matrices

b 1 s C[et? 0 | cosf —siné
sTlo 1|77 0 et2 "7 | sinf cosf |
The stabilizer of ug = [ (1] } is precisely the unipotent subgroup

H ={h, : s € R},

so that P is identified with the quotient G/H via the map gH — guy. Let I" be
a lattice in G, and let 7 : G — G/H and 7 : G — I'\G be the natural quotient

maps.
G
N
G G/H

We define a haar measure A on H by dA(h,) = ds.
2.2. The section. Define ¥ : P — G by

2, .2
1) e([0]) =] e
The function W is a section in the sense that 7oV = Id|g/ g, i.e. for all u € P,
(2.2) U(u)uy = u.
The following equation is easily verified:

T(v) { - ] W(u)|.

Note that (2.3) does not depend on the choice of the section ¥ (as might not be
obvious from the formula). It can be also checked that for any t € R and v € P,
we have

(2.3) VAU =

(2.4) U(e'v) = U(v)ay.
Define
(2.5) D=D(u f)= sup [T(x)¥(a)”"],

xEsupp f
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this quantity satisfies

(26) D(“uf) XDO(‘Lf);
where Dy is as in (1.2). Indeed, let = € supp f, then

-1
u
a210 z|/|ua \Ij( )
<‘ ,> slel/la) ¥ { T

X u
= || az10g(a)/1u) | AmaX(| ] |)

uf” ||

19 ()@ ()~ =

2.3. The cocycle. Let u € P and g € G, define ¢,(g) by the following implicit
equation:

.7 o | = wew v,

This makes sense because the right hand side stabilizes ug, so is in H. It is easily
checked that ¢ is a cocycle, meaning it satisfies for any g1, g, € G and u € P,

cu(9192) = Cgoul91) + culg2)-
One also sees that in terms of Iwasawa decomposition, we have
(2.8) g=kan = ka=VY(gug), n = hs; where s = cy,(g).
Therefore we can write haar measure p on G by the formula

(2.9) du(g) = dr(g) d\(cu,(9))-

Note that the normalization of Lebesgue measure on R? and \ determine a nor-
malization for pu. Changing the section U gives rise to a homologous cocycle, so
that p is actually independent of W. It follows from (2.8) that

(2.10) Cug(ghs) = Cuy(9) + 5, Cug(gar) = € cuy (9),
and from (2.2) that
(2.11) cu(9) = cuy (9% ().

Lemma 2.1. Let D = D(u, f) be as in (2.5). For any f € C.(P), any u € P
and any g € G for which gu € supp f we have

(2.12) gl = lea(g)l (guxw)| < D.

Proof. By (2.7), we have
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By (2.3),

(oW [ | e

The claim follows. 0

= [cu(g)| (gu*u).

2.4. Some useful inequalities. Here we state and prove elementary inequal-
ities that will be useful later. The first remark is that the x-product is well-
approximated by the product of the norms:

(2.13) vxu = |v||ul.

Indeed,
—U2V1 U1V
Viu= {

T = e {lues = mae il mas oy}

The following upper bound will also prove helpful: for any 6-Holder compactly
supported f: P — R

(2.14) '/P%d\,’«HfHQR(f)

lu|
This is proved as follows:

f(v) f(v) —1 2 -2 2 V2
vau® /suppf V| |ul dv| < ul </7>f WV dV) </suppfdv) ’

pV*U
by the Cauchy-Schwarz inequality, and since supp f is in a disk of radius approx-
imately R(f), this implies (2.14).

(2.13)
<

3. FROM THE PLANE TO THE HOMOGENEOUS SPACE

In this section we pass from a function f : P — R to a function f : I'\G — R.

This is done in two steps: lifting to a function f using the section ¥ and a bump
function; and summing along I'-orbits to obtain a function f on I'\G.

Assume f is compactly supported and non-negative. Fix ¢ : R — R a non-
negative C* function, vanishing outside [—1, 1], such that [, ¢(t)dt = 1. Set

(3.1) F:G—R, flg) = f(r(9))¢(cus(9))
(a compactly supported smooth function on G) and
(3:2) floy=">_ [l
gem1(2)
(a finite sum for each x). The normalization (2.9) for u ensures that

(3.3) fdu = f(x)dx.
G R?
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The distribution of the cloud I'r turns out to be linked with the norm v — vxu,
and for this reason we will have to work with the more precise measures of the
support of f:

r(“)(f) = inf fv*u = r(f)|ul, R(“)(f) = sup v*xux R(f)|ul,
vEsupp vesupp f
RW
o) = (%) = o(f)

Lemma 3.1. Letue P, u=VU(u),y e, f e C.(P) and let f be as in (3.1).
Let D = D(u, f) be as in (2.5).

Then
+(T+D)/r
r< < = [ Fangds = s,
(3.4) (1+(T+D)/r)
(T-D)/R-1 _
RGP <R 2T = [ Flaiih,) ds = 0.
(T—D)/R-1)

Proof. Since [ ¢(s)ds =1 and supp ¢ C [—1,1], for the first claim it suffices to
show that for ||v|| < T and ~u € supp f we have

[=1,1] € {eu,(yuhy) : |s| <1+ (T + D)/r},

or by (2.10), that

~ T+ D
a0 < ——.

This follows from (2.11) and (2.12). The proof of the second claim is similar. [

We will need to control the Holder norm of f in terms of that of f.  For
0 € (0, 1], define a Holder norm on compactly supported function f on G or I'\G:

B |f(z) = f()l
HfHe—distj;{Iy’)gl dist(z,y)?

Here by dist we denote a left-invariant Riemannian metric on G, or the corre-
sponding metric induced on I'\G.

Lemma 3.2. For any o > 1 and any 0 € (0,1] there is a constant ¢ = c59 > 0
and a compact set K, C T\G such that for any 0-Hélder compactly supported
function f with

supp f C A, ={weP:0 ' <|w/ <o},
we have supp f C K, and

(3:5) £ 1o < cllflo-
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Proof. We first prove that for some constant ¢; > 0,

1flls < exll fllo-

Note that since f(g) = f(7(g))d(cu,(g)), the support of f is contained in the
compact set K, = 771(A4,) Ncgl ([—1,1]), and that 7, ¢ o ¢y, are Lipschitz when
restricted to K, so

11l < 11 £1lo-

Also note that # ]?U N7~ (z) is bounded independently of z by compactness of
K,, by a bound depending on ¢ only. Thus,

£ 1o << 11 fle-
We put K, = 7(K,). O

4. RADIAL PARTITION OF UNITY

We will use a partition of unity to reduce to the case when supp f is contained
in a narrow annulus around zero. Let x be the ‘tent’ map

0 ifr<-lorx>1,
kx)=<x+1 if —1<z<0,
1l—2 if0<x<1,
which is a 1-Lipschitz map and satisfies for all x
(4.1) > k(x+0)=1.
ez

Now given a parameter o« > 1, for any Holder function f on P we define for
teZ
i) = 170 = o) (atog V).
so that for all v e P
(12) Fv) = 3 A,

tez
If f, is not identically zero, there exists v € P in its support. Then we have
e~ (vxu) € rW(f), RW(f)] and v xu € [e"/*|ul,e/*[ul], so

(u) (u)
6_1/a’f’ (f) < e—é/a < el/aR (f)

- WSS

Note that this implies that the number of nonzero summands in (4.2) is at most
alogvW(f) + 2.
The properties of the maps f;, are summarized in the following Lemma.
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Lemma 4.1. 1) For all ¢,

(4.4) eVl <rM(f) < RY(fr) <e/?ul.

2) There exists o > 1 such that for all « > 1 and all ¢,
supp fr C A,.

3)

(4.5) D(e"*u, fi) < D(u, f),

4)

(4.6) [ fello < e[l flle-

5) Let rp = e(z_l)/‘”\u] < @ (f), Ry = eD/eu| > REW(f,). Then
(4.7) /f < e?le V(H)l v,
and
(4.8) %:Rzl /73 fo>e e A %dv

Proof. The first property is a direct consequence of the fact that supp x C [—1, 1].
The second one follows easily from (4.4) and (2.13). To prove the third statement,
notice that the definition of f, also implies that suppf, C e”/“suppf. Together
with (2.5) and (2.4), this gives the desired result.

We now proceed to the proof of (4.6). The first two summands in (1.1) for f,
are clearly controlled by || f|lg, so we need to show that

wp @ = 0

0<|z—y|<|z|/2 ’1? y,9

Let ko(z) = Kk(alog Tar)s and let 2,y € P such that |z — y| < |x|/2. Then

o () = ()|

so, since log and % are Lipschitz function when restricted to compact sets,

|z — 9

2]

Ko@) = Ka(y)| < @

K@) = Fa(y)] <

We have
fo(@) = feW)] < |Ral@)(fle™x) = fe™ )| + |(ralz) = Kaly)) fle™ )],

so that

—_ _
) = el < o+ a1
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and since I;ﬁ" < |m|;|?{,|9 and o + 1 < «, this concludes the proof of (4.6).

o

Let us prove (4.7). A change of variable w = e~ v gives
1+€)/o¢ W+ U
r fo= / (a log + 6) dw,
St [ e=3 [ u
but since wx u < e=/?u| for every w € e ¥/?suppf, because of (4.4), we
have
3 1/f ez/af( DG (1 E)d
T, ¢ < w alog —l— w.
7 “Jp pWxu 7 |ul
Using (4.1) yields the required result. The proof of (4.8) is similar. O

5. EFFECTIVE EQUIDISTRIBUTION

It was proved by Furstenberg that the horocycle flow on I'\ G is uniquely ergodic
when I is cocompact, in particular every orbit is uniformly distributed. We will
need a strengthening due to Burger [Bu, Thm. 2(C)|, which gives an effective
rate for the convergence of ergodic averages. Denote by ||F||,, the LP-Sobolev
norm on compactly supported continuous functions involving all derivatives up to
order ¢ (see e.g. [S] for definitions and some generalities concerning these norms).

Theorem 5.1 (Burger). For any cocompact lattice T there are positive § = or
and ¢ such that for any S > 1, any C3-map F on T\G and any x € T\G,

1 /S 1 / ‘ s
— F(zhy)ds — ——— Fdu| <cl|lFll,35°.
25/ . (zhs) W00 Joe 0 [ F'][2,3

It will be more convenient for us to work with Holder norms, so we will prefer
the following Corollary:

Corollary 5.2. For any cocompact lattice " there are positive dr and ¢ such that
for any S > 1, any 0-Holder map F on I'\G and any x € T\G,

1 [° 1
5.1 —/ F(zhy)ds — / Fd ‘gc FllpS—0r/7,
(5.1) 25 |, (whs) WG Jre p 176

Proof. By convolution of F' with a function of support in a ball of small radius
¢ and i-th derivatives bounded by a multiple of e773, one can approximate the
f-Holder map F' by a smooth map F. such that

sup [Fe — F| < || Flloe”,

and
||Fs||2,3 < ||FH98_6.
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The exponent 6 here corresponds to 3 (the dimension) plus 3 (the number of
derivatives). So

1(/5 1 /“ ' 1 /ﬁ 1 /‘ ‘
— F(xhg)ds — ———— Fdul <|— F.(zhg)ds — F.d
25 | rhads =gy LG E M = (s ) T = ey f g
1 /S 1 / ’ —6G-6 0
+|— F — F)(zhy)ds — ————— F — E)du| < ||F|lge 0570 +||F||pe’.
55 _S( )(xhs) HT\G) F\G( ) dp| < [[F'llg 1F']]o

Taking ¢ = S~/(0+6) gives a bound of ||F||S%r/(6+0) < || F||4.8%r/7. O

In the non-uniform case use an analogous result of Strombergsson [S] (see also
[FF] for more detailed results regarding the deviation of ergodic averages). We
let

(5.2) £(x, 1) = edistlaarm(¥(u)

where dist is a metric on I'\G induced by a left-invariant Riemannian metric on
G. We fix a parameter o as in Lemma 4.1(2) and let K, be a compact subset of
I'\G as in Lemma 3.2.

Theorem 5.3 (Strombergsson. Flaminio-Forni). For any lattice I' in G there are
positive § = dp and c such that for any S > 1, any C*-map F on I'\G supported
on K, and any v € T\G,

1 [* 1

(5.3) —/ F(zhy)ds — / qu‘ < ¢|F|lsuS~b¢(x, 1og S)°.
25 J_s p(M\G) Jra

Proof. Let us indicate briefly how to recover (5.3) from [S, Theorem 1]. We will

use Strombergsson’s notations. For any S > 10 and any parameter a € [0, %), we

have:

s/ (he) @VHAWFW”

()
O(IFll24) (r~*10g? (r +2) + 71 4+ 5971) 1+ O(|[Flx,)r 2,

where r(z,S) = S/¢(x,log S), ||.||n, is a weighted supremum norm and s> 0.
The parameter « is chosen to be zero, and we have ||F||n, < ||F||24, since F
is supported on K,. It can be checked that r(z,S) =< r(zh_g,2S), and this
combined with the fact that

1 S 1 25

— | Flzh)ds = —

25 | JFwh)ds =55 |

proves the claim. O

M

F(xh_ghs)ds,

In the case of SL(2,Z), it is a classical fact that one can take any or < 1/2.
The following Corollary is proved the same way as Corollary 5.2.
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Corollary 5.4. For any lattice I' in G there is a positive 6 = dr such that for
any 6 € (0,1], there exists a positive ¢ such that for any S > 1, any 0-Hélder
map F on T\G supported on K, and any x € I'\G,

1 [ 1
. _ _ < —061/8 951“/8'
64) |55 [ Flahds = —s /F\GFdM‘_CHFHeS &(z.log )

6. PROOF OF THEOREM 1.1

Writing f as the sum of a nonnegative and a nonpositive function, it is sufficient
to prove the Theorem under the assumption that f is nonnegative. Let dr be as
in Theorem 5.1 and let §o = dr/21. Given f and u, let D = D(u, f) be as in
(2.5). In view of (2.6) it suffices to prove the Theorem with D replacing Dy. Let
a > 1 a parameter that will be fixed later, and take a radial partition of unity
f=> fe(a). Thus the f, = fz(a) are nonnegative #-Holder functions for which, by
(4.4),

(6.1) rg = eV < T(eE/au)(fzz)a Ry = e"™/%u| > R(ee/au)(fe)~

Hence for any ¢ with f, nonzero, we have

[ul 1 R
r(f)<<D’ and 7"2<< ]

and R, = e*/%ry < e%*ry < D. Let ¢ > 1 be such that R, < ¢D/3, fix Ty = cD as
in (1.4), so that

(4.3)
(62) Ty K

[l

and consider any 7" > Tj. Let uw = ¥(u) and xy = 7(u). Fix the value of a to be

on (ROTY 0,
[l

define f, and f; by (3.1), (3.2), and set
u=VY(u), zo=m(u), andn=1—600r/7,

so that

n_ R(f) 2000 —esy L u —650
(6.4) o*T _<—) Tt%%, E_WTl .
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Then for an upper bound we have:

= > fw =) fle’* )

yel'r L ~rel'r
1+ T+D /T‘g

L4 Z / £, fe(yaagohs) ds

¢ ~elp (14+(T+D)/r¢)

0 1+(T+D)/ry
> / fe(woaseahs) ds
/ —(1+(T+D)/r¢)

(2)u<r2\G>Z(T+D )/ ffd““lz”ff“e(TtD 1)

(3:3),(3:5),(6-2) 2(T + 02D

n
_1 n Ty
(F\G 2 / ff d'x + C3T E ||ff |9T[ (1 + = T + T)

(16),41) 2(T + ¢3D) R(f)Y"
AL D) e [ I gy aTﬁ||f||e(|<f>) (alog v (f) +2)

e2/*=140(1/a) 9T f(v) flv )
= a0 v ™ (D+ a> pven

n

+ cga®T (log o™ (f) + 1)|| flo (%) :

Using the upper bound (2.14) and (6.4) we obtain
—05,
Siu(T) F\G / fv v < fllo |(f> <D+T1 0 (logv™(f) +1) (M> ) 7

| [ul

as claimed. For the lower bound, the proof is very similar, with upper bounds
replaced by lower bounds T’g replaced by Ry, except that in order to apply (5.1)
to f; for the time S = =2 — 1, one has to check that if ¢ is such that f; is

Re
nonzero, then

fe

[\

T—-D
¢
Since Ry < ¢D/3, and T > Ty > ¢D, we have

T—D_lZcD—D_lzl’
Rg CD/3

as required. O

—1>1.

Proof of Corollary 1.3. Let 6 = min (1 — ||, 0d(1 4+ «)) > 0. We apply Theorem
1.1 to f and
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Considering separately the cases a > 0 and a < 0, we see that
Do(w, f) < o,
R R
() _ R

[wl [ul

where ¢y is a constant depending on f and u. Note that

that
B(w, ) =T~*"B(u, f).

In order to apply Theorem 1.1, we need to check (1.4), i.e., that
T > ccoT ‘“',

which clearly holds for all large enough T'. Therefore there is a positive C' (de-
pending on f and u but independent of T') such that

_ 2T fv)
« || 1-060(1+a) . —
T (I +T ) > ‘Sf,w(T) ) PV*de‘
2T1+a (V)
v~ e v

Dividing through by T gives
St w(T 2
) v

T+ M(F\G) Vel <C (Tlal_l + T_950(1+04)) < C/T_é.
P

7. DIOPHANTINE PROPERTIES
Let z € I'\G, 0 < 51 < s9 be two real numbers. The quantity
&(z,s1,82) = max &(x,s), &(x,s)asin (5.2)

51<5<s2
describes the excursions of the geodesic zas into the cusps of I'\G for times
s € [s1, 82]. In the case I' = SL(2,Z) and z = m o U(v), one can relate £(z, s1, $2)
with the diophantine properties of the slope of v.

Lemma 7.1. Let v = [ Ve ] € P such that |v| = 1. Then

Vy
E(moW(v),s1,82) < E(V,51,8)
Proof. Clearly, for all x in a fixed compact set, &(x, 71, 72) < e™. With no loss of
generality we can assume that the slope z of u lies in the interval [0, 1); indeed,

for any v € I', mo U(yv) and 7o ¥(v) are asymptotic under the flow (a, : s > 0),
and for any v, one of the elements ~;v has slope in [0, 1), where

0 —1 1 -1 11
Y1 =€, Y2 = 1 0 , V3 = 1 0 y Y4 = 0o 1|
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Consider the half-space model of the hyperbolic space {z € C : ¥(z) > 0}.
Recall that

F={z€C: |z| >1,R(z) €[-1/2,1/2]}
is a fundamental domain for the action of PSL(2, Z). The basepoints of (V(v)at)¢>0
lie at a uniformly bounded distance from the geodesic ray z; = (z + ie™")i>o0.

Let t € [s1,$2], and v € PSL(2,Z) such that ;2; € F. Then the difference
|dist(7z;, o W(ug)) — log I(v:2¢)| is bounded, so

g(va S1, 82) < sup %(’ytzt).

tE[Sl,SQ]

Consider a fixed t > 0, and define p,q € Z (depending on t) by

B [ % % }
Mt g —p |
A standard computation gives that for any s € R,
1
g(’Ytzs) =

(g2 = p)*es + e

This implies that if z # p/q, the maximum of s — $(v,24) is attained for s =
—log|z — p/q|, and its value is equal to m. If S(y2¢) > 1, we have ¢%|z —
p/q| < 1/2 and by [HW, Theorem 184], p/q are necessarily convergents of the
continued fraction, so there exists a k > 0 such that |px| = |p| and |gx| = |g|, and
k satisfies t_1 <t < tgy1.

This completes the proof in case z is irrational. The case of rational z is similar
and we omit it. O

The following well-known result gives a bound on the continued fraction expan-
sion of (B-diophantine vectors. We provide a proof for the sake of completeness.

Lemma 7.2. Assume z € [0, 1) is $-diophantine. Then

A~ -2
B2

E(z,m,T) K e P

Proof. Let k be such that t;_; < 7. By (1.7), axgi < e™. On the other hand, the

assumption that z is -diophantine means that e* < ¢/ /¢, so using (1.7) again
32

we have a; < ¢, ~/c. Thus

. —2
(7.1) ap < mi e’ qlf
) p < min [ —, .

95 c

The maximum of ¢ +— min(e™/q?,¢°2/c) is attained when ¢ = ¢'/%e™/8 and
plugging this value into (7.1) proves the claim. O
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8. PROOF OF THEOREM 1.5

We retain the notations of the previous section; for the reader’s amusement we
prove this time the lower bound. Let dr, and let dg = or/24. Define D, fy, 1o, Ry, ¢
as before. Write

b= (o () e (ae) (75

Assume
(8.1) T>cD
and
ngulul
8.2 T > 222
(82 = R

Let v = ¥(u) and zg = 7(u). Set

[ RHT )950 (8.2)
(8.3) = (—’u’ o > 1

Lemma 8.1. For any ¢ such that f, is nonzero, we have

T—-D
l

Proof. By (6.1) and (8.1) one has
T

T—-D

8.4 —e t < —1.
(8.4) i 7
Using (2.4), one has the equality
u
$0G2£/aa1og(Te4/a/\u|) =V m alogT—l—Z/a—Hog [uls
and the use of inequality (4.3) proves the claim. O

Define f, and f, by (3.1), (3.2), and set
n = 1— (95F/8

so that

_ R(f) 2000 —059 T lul 70 —650
(8.5) aQTn_(_M&T’u) T E_(—R(f)> 1%
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Then for a lower bound we have:

= Z f(ya) = Z Z fe(ee/aﬂl Z Z / fz vuagg/a s)ds

’YEFT l ’YEFT l 'YGFT
(T—D)/R,—1

z>0 Z Z / ﬁ yuazg/ahs) ds

7 ~elp (T—D)/Re—1)

(3.4) (T-D)/Re—=1
e Folwonaujah) ds
¢y J—((T-D)/R,—1)

(5.4)>,(8.4) <T D 1) fd
F\G Ry NG L

T
—ClefeHe 1) ngu
(3-3),(35) 2 T—D—R, /
> dx
= une) Z S

_ D R
—ar S o (1- 2 - 1) g,
l

4O.UD62 AT —esD) oy [ S(V)
p(I\G) pV*u

7
e?/2=140(1/a) QT f(v) f(v )
= p(T\G) 7;v*udv_ (D+a> 73v*u
1
a1 (logo(1) +1) 17l (50 ) g,
Using (2.14) and (8.5) we obtain
2T f(V) Iy — Sfu( )<< ||f||0 (f) (D_’_BTl—GzSog??%u)’

W(NG) Jp vru ’ u
as claimed. The proof of the opposite bound is similar. 0

Proof of Corollary 1.7. As in the proof of Corollary 1.3, we apply Theorem 1.5

to f and
u

Te
Since the slope of u was assumed be (-diophantine,

e () o (7)) = (1)

w=w(T)=
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In order to apply Theorem 1.5, we need to check that
D(w(T), f) < T < T,
which is always true, and that

|w| » T|w| T|w| o A=) (8=2)
e (v (i ) o (57 ) ) < 7or 0 e

which is true for all large enough T' by virtue of our assumption that a > —
Therefore for some C' depending on f and u but independent of T',
2T1+a

) 4
p(M\G) Jp v*u

1
p-1-

’Sf,w<T) -

< COT® (T'“' n T17960(1+a)TW> |

Dividing through by T gives

1 2 f(v)
‘WSM TE ) A

Taking 0 = min (1 — |al, 2608 (o + (1 — a)/3) ) > 0, we obtain (1.6). O

<C (Tlalfl + T‘Q%O(%U ‘

Proof of Corollary 1.9. Let f be a nonnegative smooth function, vanishing out-
side a disk of radius 1. Then for A > 0, the function fy(w) = f(A\"(w — v))
vanishes outside a disk of radius A centered on v, and is Lipschitz. For all A small
enough,

1Al < AL /
P

(by Lemma 7.2). Taking 6 = 1 in (1.9), we find that there are positive constants
¢; such that

DW) oo o A R(H) <1, and Epqa<TF
W xu

Sf/\ﬂl(T) > Cl,-z—‘)\2 — CQ)\_l (03 —+ C4T1_250/ﬁ) ]

Therefore there is a positive constant C' such that if we set A = CT_%, then
Srou(T) > 0 for all large enough 7. This proves (1).

The idea for (2) is the following classical geometrical property: there exists a
fixed compact subset in I'\G which every nondivergent geodesic intersects infin-
itely many times. So for all u with irrational slope, there exists a sequence (s;);
tending to infinity, such that £(W(u/|ul), s;) is uniformly bounded. Since we have
RW(£) < rW(fy) < vxu for A < 1, we find that &, 7., is bounded for the
times

T, = —|u|2 e’l.

We now proceed as before, but with £y, 7, v instead of é £.7u (which is legitimate,
because in the proof of Theorem 1.5, we used ¢ instead of &) . 0J
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