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Limit law for some modified ergodic sums

Jean-Pierre CONZE, Stéphane Le Borgne

Irmar, Université de Rennes 1f]

Abstract

An example due to Erdés and Fortet shows that, for a lacunary sequence
of integers (¢,) and a trigonometric polynomial ¢, the asymptotic distribu-
tion of % Zz;é v(gqrx) can be a mixture of gaussian laws. Here we give a
generalization of their example interpreted as the limiting behavior of some
modified ergodic sums in the framework of dynamical systems.

Keywords: modified ergodic sums; asymptotic distribution; group action; multiple
decorrelation.

AMS Subject Classification: 37D20, 37A25, 60F05.

Introduction

Let (g,,) be a lacunary sequence of natural integers. The stochastic-like behavior of
the sums Zz;é o(qrx) for ¢ a regular 1-periodic real function has been the subject
of several works (Fortet, Kac, Salem, Zygmund,...). Before the second war and
in the forties, different particular cases were treated for which the Central Limit
Theorem (CLT) can be shown. The fact that the CLT is not always satisfied in its
standard form was already noticed by Fortet et Erdds. Gaposhkin [], Berkes [B],
recently Berkes and Aisleitner [[[] gave arithmetic conditions on the sequence (gy)
which imply the CLT.

The counter-example of Fortet and Erdds is very simple. Let us take ¢, = 2" — 1
and p(xr) = cos(2mx) + cos(4rz). Then the limit law of the distribution of the
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normalized sums n~2 7~ 0 <p((2k — 1)z) is not the gaussian one, but a mixture of
gaussian laws, explicited in [[J], [[2B.

This fact is related to the arithmetic properties of the sequence 2" — 1. But it can
also be interpreted from other points of view. It can be viewed as a consequence of
non ergodicity for stationary martingales which gives asymptotically a mixture of
gaussian laws.

As we will show in Section P}, one can equally view it as a special case of a general
phenomenon for isometric perturbation of dynamical systems of hyperbolic type.

For instance, let A € SL(d,7Z) be a matrix without eigenvalue root of the unity, let
B be a matrix with integral coefficients and det B # 0. Denoting by A the Lebesgue
measure on the d-dimensional torus T¢, we have, for every centered Hélder function
v on T9, for every t € R,

\/_Zgo <t}—>/Td \/ﬂay/ exp(2 Yds d\(y),

where o, is the asymptotic variance of the translated function: ¢, (z) := ¢(z +y).

In Section | we will also use a different method, based on a property of multiple
decorrelation, to extend the results to a large class of chaotic dynamical systems
and their modified ergodic sums.

In what follows (X,d) will be a metric space with its Borel o-algebra B and a
probability measure 1 on B, T a measure preserving transformation on (X, B, i),
and ¢ a real function on X with some regularity. We denote by S, ¢ (or S,(¢)) the

ergodic sums of ¢:
n—1

Sup(z) =Y o(TFx).

k=0
1 Generalization of an example of Fortet and Erdos

In order to explain the method on a simple example, we begin with the counter-
example of Fortet and Erdos mentioned in the introduction. Then we indicate how
it can be extended to modified ergodic sums for expanding maps of the interval.

2The proof announced by Kac, as well as an article by Erdos, Ferrand, Fortet and Kac on the
sums >, gp(qn ) mentioned in [@ did not appear as far as we know. For a proof based on a
result of Salem and Zygmund, [E for lacunary sequences see Berkes and Aisleitner [Iil Here we
give a slightly different proof and generalizations of it.



1.1 The example of Fortet and Erdos

The space X is the circle R/Z, 1 is the Lebesgue measure and 7' is the transformation
r — 2z mod 1.

Notations 1.1 We denote by R,p(x,y) the translated modified ergodic sums

—_

n—

Rop(x,y) =Y 2"z —z+y). (1)

i

Let ¢ be an Hoélderian function on R/Z such that fol wdp = 0. We denote by ¢,(p)
its Fourier coefficient of order p € Z. We have:

_ J _
M Seells =Y lle@lF+2 Y (- ) caip(@)Tp ()]
p#0 1<j<n—1
The variance of ¢ is well defined and given by

#2(0) = lim P S o) 423 ey ()70

p7#0 Jj>1

For p(x) = cos(2mz) 4 cos(4mx), we have the following convergence for every ¢ € R:

icosyl
hmu{x \/_ ng —z) <t} = \/ﬂ/ / e~*2ds) dy, (2)

or in terms of characteristic function:

1
hmE(eltVlﬁZkﬂ@((Qk1)')):/ e —2(cosy)?t dy (3)
0

n

Before we give generalizations of this result, for the reader’s convenience we recall a
proof of (B)) (cf. [[]) based on the following general statement:

Lemma 1.2 Let (Z,) be a sequence of real random vam’ables on [0,1]. Let L be a
probability distribution on R, with characteristic function ®(t) = [ € L(dxz). The
following conditions are equivalent:

a) for every probability density p, the sequence (Z,) under the measure pu converges
in distribution to L;
b) for every interval I C [0, 1],

) 1
hTILn mu{x €l:Z,(x) <t} =L(]—o00,t]), Vt € R; (4)



c) for every Riemann integrable function 1, the sequence (V¥ Z,) converges in distri-
bution to a limit distribution with characteristic function fol O(P(y)t) dy.

In particular if L = N(0,1), under the previous conditions the sequence (pZy)
converges in distribution to a limit distribution whose characteristic function is

fol e3P W gy

Proof Assume b). Let 1 be a step function, ¢ = E?:O cil with ag = 0 <

a; < ... < apy; = 1. We have:

1
B0 = 3 / )t Sty 0= [ oW d.

The general case c) follows by approaching ¢ by step functions.

laj,aj+1[>

Conversely, let p = Z?:o ¢ilia;,a;1[, With p > 0 and fol p dr = 1. Under Condition
b) or ¢), we have:

(et2nt Zg/ ”%dwﬂZ%%a%szﬁﬂ

As above we obtain the general case by approximation. Condition a) follows.

Salem and Zygmund proved in [[7 the CLT with Condition b) of Lemma [.9 for
¢ = cos and any lacunary sequence (qi). The convergence (B) follows from their
result, from Lemma [, and from the trigonometric identity (n > 2):

n

Z[cos(Qw(Qk — 1) 2) + cos(4m(2F — 1) 2)]

k=1

= cos(27x) + cos(2m(2" — 2) x) + 2 cos(mx) Z cos(2m(2F — 3/2) x).

Now we give an analogous result for more general functions. The method of proof
is slightly different from the previous one and will be applied to various examples in
the sequel of the paper.

First of all we need a well known improved version of the CLT for regular functions.
In the special case of this section, it can be proved using the classical method of quasi-
compact operator. We first sketch the idea for the transformation x — 2x mod 1
on R/Z. For this map, the dual (Perron-Frobenius) operator P is given by

)+ e+l



Let p be a probability density on X = R/Z. Then for every integer ¢ > 0, we have:

[ o) o= [ I
X
_ |/ igmSne(@) _ iz Sne(T* :v)] p(z) d:L’+/ ¢! v Snel®) (P'p(z) — 1) dx|

X

< €||(p||oo+||Pe — 1.

\/_

If p is a function of bounded variation or a Holder function, then || P‘p—1||; converges
to 0 when ¢ tends to co with an exponential rate. If p is only in L', convergence
holds a priori without rate.

Therefore, in the CLT, we can replace the Lebesgue measure by a measure which
is absolutely continuous with respect to the Lebesgue measure when the density is
regular. It allows us to apply Lemma or similar results. Actually this principle
holds for dynamical systems in a very general situation as we will see later. Ap-
plied here to the density (D) *1p_,u where D is an interval in [0, 1], it yields the
following result:

Lemma 1.3 For every y, every interval D, every reqular 1-periodic function p,

(D) 1nz—1 (k ) . 5 \ 1 t/o(py) Y
w(D) pf{xr :n"2 p2z4+y)<tandxeD—y —>—/ e’ s,
o V2T J -

where o (p,) is the asymptotic variance of the translated function: p,(z) = p(z+y).

We will also use a property of regularity of the variance with respect to translations:

Lemma 1.4 If C(p) =) |p||cy(¢)| < +00, then we have:

n= 2 [ Bu(y) = B (9l < Cle)ly — |- (5)
Proof For every p # 0, we have = [ |37/~ Le2mi2tpe|2 gy — 1

Writing (22 —z +y) =, ¢p(ip)e2imly=)2im2'x the following uniform bound
holds:

1 / 1 27ip.
ﬁHRnw(-,y)—Rnw(-,y’)Hz < |y—y\Z|p\ |Cp(90)|H%H5ne P la
= ly— y|Z|p||Cp )| =Clp)ly -9l
O

By convention in the sequel, when the variance o is 0, ff{; e~*/2 du is interpreted
as the repartition function of the limit law, the Dirac mass at 0.
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Theorem 1.5 If ¢ satisfies Y |p|[cy(¢)| < 400, we have:

1= 1L e,
u{x:ﬁ2¢(2x—x)§t}—>ﬁ/o(/ e 2 ds) dy. (6)
k=0 e

Proof It is enough to check the convergence when ¢ is a continuity point of the limit

distribution. By integrating with respect to y and applying Lebesgue theorem, it
follows from Lemma [.3:

n—1
1 1
mu{(w,y 'n752¢2kx+y)<tandx€D—y}

t/U(%@y 2/2
e 7 /%ds) d
\/ 2T / / ) v

The change of variable (z,y) — (x,y + z) leaves the measure dz x dy invariant. We
get that the difference:

n—1
1 _1
Sy @yin 2 p(2br — 2 +y) <t and y € D} (7)
k=0
1 Loptleten)
= [ e ay )
0 —00

converges to 0. For v > 0, we obtain by ([):

ulz: %Rngo(x, 0) <1}

< pf{w: }Rnw(w y) <t4+v) 4 pfr: fanw(w ,0) = Ruo(x,y)| > v},

hence:
,u{:L‘ : %RMP(% 0) S t}
< ﬁ /X plzx %Rns@(x, y) <t+9} Io(y) dy + C(go)Q%, W
< p{x: %RM@(%O) <t} o)

Let € > 0. First we take v such that

t£y/o(py) 2/ t/o(py) 2/
=5 dS dy — / / e s ds) dy| < g,
'm/ / Y )l

6



then § such that C(p)? 5—2 < ¢ and finally ng such that the difference in (§) (with
t + v in place of t) is less then e.

Applying (1) and ([[0), we get
—1

|pf{z - Z b —x) <t} —

t/o(py) 2/9
e */7ds) dy| < 6e.
) [ ) dif

O

Non-degeneracy of the limit distribution

For a regular function ¢, the set {y : o(p,) = 0} is closed, since o(¢y,) is continuous
as a function of y. This set coincides with E(p,T') := {y : ¢, is a T—coboundary}.
Since ¢ is regular, if ¢, = 1, o T' — 1), for a function v, then v, is also regular.

If the set E(y,T') has measure 1, it coincides with [0, 1]. The functions ¢, vanish for
every y on the fixed point of 7', which implies that ¢ is identically zero. Therefore
the limiting distribution in (i) is non degenerated when ¢ is non identically zero.

1.2 First generalizations, expanding maps

Expanding maps

The previous example can be extended to other dynamical systems or ”sequential
dynamical systems” in different directions. For instance we can consider a lacunary
sequence of positive integers (¢, ) and a modified version of the corresponding ergodic
sums, like EZ;& olqrr — ).

We can also take the class of expanding maps on the interval, for example the -
transformations, for which the spectral properties of the transfer operator can be
used.

We will not develop these specific extensions, but we will consider the following
general framework. The example of Erdés and Fortet can be view as a special case
of the following general construction.

Let us consider a dynamical system (X, T, i), a space F of real valued functions on
X, and a map 0 : x — 6, from X into the set of Borel maps from X to X which
preserve F under composition. Thus, for each z € X, a map 6, (also denoted by
0(x)) is given.

Suppose that for ¢ € F the sums Zz;é o(T*z) after norrlnalization have a distri-
bution limit, for instance convergence in distribution of n=2 3.7} (T*z) toward a



gaussian law. Now let us consider the modified sums:

n—1

> o(0.(T ). (11)

k=0

In the previous section, the system was x — 2x mod 1 on the circle, F the space
of Hélder functions or the space of functions ¢ satisfying > [p||e,(¢)| < +o0, and
the map 0, : y — y — z. In the sequel of the paper we will describe different cases
where a limit law for the modified sums ([L1) can be obtained.

A simple situation is the following. Let us consider a map 6 taking a finite number
of values. More precisely, suppose that there is a finite partition (A;,j € J) of X in
measurable sets A; such that 0, = ; on A;, where 6; is a Hélderian map from X
to X.

Applying a result of Zweimiiller (], we have:

Efet o Sioe #0O@ ) _ Zu(Aj)/ RBP4, dp
jed
S Thgeteen
jeJ

We would like to extend such a convergence to maps 6 taking a continuum of values
like in the example of Erdés and Fortet. In the next section, this will be done when
there is a compact group G acting on X and when 6 is a regular map with values
in G. If we denote the variance o2(¢ o 6,) by o2, our aim is to prove that the limit
distribution of the normalized modified sums ([[I]) has for characteristic function:

/X 27 dp(x),

2 Generalization to group actions

2.1 A general result

Let (X,T,u) be a dynamical system. Suppose that a compact group K acts on
X and preserves the measure pu. Denote by m the Haar measure on K, and by
(k,z) — kx the action of K on X.

Let 6 : X — K be a Borel function. The modified sums that we consider here
have the form

i
L

©0(0(x) TFx).

i



Let pp the measure on K defined by pp(B) = (01 B), for B Borel set in K. For a
function ¢ in L?(u), we introduce the two following properties:

Property 2.1 (Central limit theorem with density for ¢(k.)) There exists o, > 0
such that, for every p density with respect to p on X, for every interval A in R,
every k € K,

(pu){

1 1
. —S,p(kx) € A} —
Tn p(kz) € A} B,

If o =0 in ([J), the limit law is the Dirac measure at 0.

/Aexp(—%s—z) ds. (12)

Ok

Property 2.2 (Continuity of the variance of the modified sums with respect to the
translations)

i
L

p(0() T2 < CV/nd(k, ).

%\H

H\FZso )k T

12

Il
o

Proposition 2.3 If the function ¢ satisfies [2.1 and 2.3, the following convergence
holds:

\/_Zgo x)Thx) 6A}—>/ \/_ﬂgk/exp( ;S Yds dug(k).

Proof First, let us fix D a compact neighborhood of the identity in K. For every
element k of K, the regularity of the action of K and Property for the function
or(+) = p(k-) give the convergence

1
M{ﬂf-%

1 u 1 s
— e ds iz - 'k e D},
S | o5 )i ule : o)k € D)

where o7 is the asymptotic variance associated to the function ¢y,

Spon(r) <wu, 0(x) 'k € D}

By taking the integral over K, we obtain:

(nem){(2.k) : ——Suou(z) < u, Ox)"'k € D}

NG
1 “ 152 .
—> /K V2roy, /_Oo exp(—5 )ds p({z = 0(x)"'k € D}) dk

The measure p ® m is preserved by the Change of variable z = x, k' = 0(x)"'k. So,
by dividing by m(D), we get:

n—1

p@mi(x, k') : Ln ng(@(az) K T'w) <u, ¥ € D}

b
m(D) -
/u eXp(_%S_Q)dS plz: 0x)"k € DY) )

1
—
/K \ 2moy,




The measure
p({z: 0(x)~tk € D}) "
m(D)
tends to pg (the image of p by #) when the diameter of D tends to 0. Property 2.9
now allows us to conclude. Let € be a positive number. Let R,¢(x, k) be the sum

—

R.p(x, k) = ; 0(0(x)kT" x).
¢

Il
o

We have

1
p({z - ﬁ

< ul{e - %Rns@(x,k) <ute))

Rpp(z,e) < u})

Tu{e %mm, K) - Rup(z.e)| > })
| Var(Rug(- ) ~ Rug(:,c)

ne?
C?*nd(k,e)?

ne?

1
<u({x : ﬁRngo(a:, k) <u+e})
1
< p({z ﬁRnSO(Jfa k) Su+e})+
Denoting by (D) the diameter of D, the average taken on D yields:

u{z %an,e) < u})

—_

1 1 « C%5(D)?
< — k): — 6(x)kT" KeD}+ ——m—.
< iyt @ik s =S RO <uke K€ D =

and, because of the above convergence,
1
lim su r . —R,p(x,e) <u
msupu({r : =R p(e.0) < u)
1 ute —52 : O(x) ke D C?6(D)?
<[ [ g Ml A DYy CODP

K V210 J - 20}, m(D) €

thus, letting 6(D) tends to 0,

imswp (e = Rup e <)) < [ L [ ep( s dut)
im su r : —=Ryp(x,e) <u}) < exp(—=)ds .
nﬁoop/i Jn 2 « V2ror ) P 207 o

Similarly we have

1 1 ue 1s?
lim inf . —R, ,e) < > exp(—=—)ds dug(k).
mint (e + =R <)) > [ e [ (=g S s duol)

10



Therefore, excepted maybe for u = 0 if o, = 0 for a set of positive pg-measure of
elements k, we have the convergence:

1 1 “ 1 52
lim r . —Ryp(x,e) <u}l) = exp(——=—=)ds dug(k).
I o Z=Ruple.e) <) = [ e [ (=5 T )ds dpol)

O

A typical situation in which one might apply this result is when the central limit
theorem holds for regular functions and the action of K is regular. Let (X, d) be a
metric space. For a real number 1 > 0, on the space of Holder continuous functions
of order n we define the n-variation and the n-Holder norm by

(@) — (Y]
[ly = sup ==y el = liellee + [ely- (13)
We say that the action of K is Holder continuous if, for every k € K, x — kx is
Holder continuous. For many chaotic systems it has been proved that the central
limit theorem holds for Holder continuous functions. If the action of K is Holder
continuous, then the central limit theorem holds for ¢(k.). Moreover, because of the
theorem of Eagleson [, BJ], the theorem is true for measures absolutely continuous
with respect to u. In this case a Holder continuous function ¢ satisfies Property .1

Definition 2.4 We say that (X, T, u) is summably mizing if, for every n > 0, there
exist C' > 0 and a summable sequence («,) such that, for every centered n-Holder
continuous functions ¢, 1, one has :

ILmoW¢dM§CWMWM%.

If (X,T,p) is summably mixing and ¢ is a centered n-Hélder continuous function
then there exists C' > 0 such that

n—1

1Y) < Cllely* el Vo (14)

=0

Proposition 2.5 Let (X, T, 1) be a dynamical system where X is a Riemannian
manifold. Assume that there is a measure preserving action of a compact Lie group
K on (X, p) which is C*. Assume that the central limit theorem holds for differen-
tiable functions on X and that (X, T, pn) is summably mizing. Then for every C'*
function @ on X, for everyt € R,

1 IR 1 52
uf{x - 7 zoch(é’(:p)Tkx) <t} — /K Jomon /Oo exp(—aﬁ)ds dpg(k).

11



Proof We will use Fourier analysis on K. We briefly summarize what we need. For
more details see [[.

The action of K on X defines a unitary representation U of K on L*(u) by k —
©(k~tx) which can be decomposed as a sum of irreducible representations. Let K
be the set of the equivalence classes of irreducible representations of K and § be an
element of K.

Let us fix a base R of the root system of IC the Lie algebra of K. Let us call W
the associated Weyl chamber. To each irreducible representation of K is uniquely
associated a linear form belonging to a lattice in W: the dominant weight of the
representation. Let § be an element of K and let ~s be the corresponding dominant
weight.

The Weyl formula gives the dimension ds of the irreducible representation associated
to ¢ as a function of v:

_ <047’75+P>
4= 11 (o, p)

where R, is the set of positive roots and p the half sum of the positive roots.

acR

For every ¢ € K, let & be the character of 8, yvs = ds&s, and
Ps=U(x) = dg/ &(k)U (k) dk. (15)
K

The operator P is the projection of L?*(p) on the isotypic part Fs := Ps(L*(u)). We
have the decomposition
L*(n) = P Fs.

seK

For a given vector v in L?(u) let vs := Psv. An element v of Fs is K-finite:
dim VectKv < d3. (16)

One says that v is O if the map k — U(k)v is C*° . One defines the derived repre-
sentation of U on the space of C™ elements; it is a representation of the Lie algebra
IC of K and that one can be extended to a representation of the universal enveloping
algebra of K. We use the same later U to denote these three representations.

Let Xq,..., X, be an orthonormal basis for an invariant scalar product on K. The
operator Q =1—3"" | X? belongs to the center of the universal enveloping algebra
of IC. So, by Schur’s lemma, if js5 is a representation of the type ¢, there exists cs
such that ps(Q) = csus(1).

The operators Q(X;) being hermitian, cs is positive. One can show (cf. [J]) that
there exists a scalar product @ such that ¢; = Q(vs + p) — Q(p).

If v is C°°, one has
PsU(Q)v = ¢sPsv = csvg,

12



thus, for every non negative integer m, for every ¢ in K, one has
vy =c; " (U(Q™)v)s,

with large ¢s for large v5. From this equality and the definition ([F]) of P, one
deduces that P
[vslloo < —2 1U(27)0]loc-
s

In particular, the series ), . vs converges uniformly to v. Therefore we can write,

for every x € X,
ok7z) = YU (gs)(a)

p(0(x)kr) = Z U((0(x)k) ") () (2)-
We want to study the quantity:
) Zv ORT) -~ 7 P (6()T")

With the notations introduced above we can write:

—
—

n— n—1

] —

POHT's) — —= 3 p(0.T') = S (U™~ La)U(8;)e)(T')
= S (U - I ) (7).
sck =0

Since vs is K-finite, there exists a finite set of C'™ functions {¢s;, j=1...¢} (with
w5 = U(k;)ps for some k; and ¢ < d2 because of ([[d)) and uniformly bounded
functions wu;; such that

ZUSJ T)Ps ;-

Furthermore one has
[(U (k™) = Id)vs|| < Cllysll"d(k, e)]lvs], (17)

where ||vs|| denotes a usual norm of a point in a lattice (Inequality ([[7) corresponds
to the fact that the norm of the operator (U(k™') — Id) on Fs is a "moderately
increasing” function of ¢ ([f, p. 82-83)).

Thus there exists C' > 0, and regular functions ws,; with |ws;(k)| < C||vs||"d(k, e)
such that

(U(k ) Id) Zwéz U5] 906]7

2,7=1

13



The triangular inequality now gives

n—1

D (U = 1)U (O(x) " )os)(T')]

=0
q n—1
<Y fwsi(k)us (@)1 Y wsi(T'2)]
=0

ij=1

But the norms ||¢s || are equal to ||¢s]| and the norms ||ps ||, are bounded by d3||¢||,
(observe that with formula ([[J) we can control the regularity of ps = Ps(¢)). Thus,
thanks to the boundness of the variance ([4]) applied to ¢5;, we obtain

n—1

I (UG — 1)U (8(x) ") ps) (T') 2

=0

Eﬂwmkwihwﬁwaimwmkmmw%WWRf

t,j=1 =0 3,7=1
< CP|sll"d(k, e)|lpslly *ds ol Y/ *v/m < Cdlllys| sy ol 2d(k, e) v/

We then again use the triangular inequality to obtain

IS (W) — I UEC) )@

seKk =0

<> Bl leslly)lelly? v d(k,e).

seK

Since ¢ is C*° the series ) ;i dEH%H”HwHé/z converges and we get the inequality

[y

; ©(O()T) |2 < C(p)d(k,e).

=0

HH

n—1
1
== ©(0()kT")
Vi 2
O

2.2 Examples

Automorphisms of the torus (¢f. [14, [T])

Let A € SL(d,Z) be a matrix without eigenvalue root of the unity. It defines an
ergodic automorphism of the d-dimensional torus T¢ for the Lebesgue measure .
Let B be a matrix with integral coefficients. For every centered C'*™° function ¢, for
every t € R, we have:

Mz : %ng((Ak—B)x)<t}—> y \/%a / eXp(2 Yds dAg(y).

14



If det B # 0 then A\g = A.

Non-degeneracy of the limit

If T is a hyperbolic automorphism of the torus T¢, then for any Holderian ¢, the
set E(o,T) = {y : v(. + y) is a T—coboundary} is closed because (. + y) is a
coboundary if and only o(yp,) = 0 and y — o(p,) is a continuous function (this
is a consequence of the mixing properties of 7' ; see section 4.2 below). On the
other hand if ¢(. + y) is a T'—coboundary then it is a coboundary inside the set of
Holder continuous functions: there exists a Holder continuous function v, such that
o(.+vy) = T, —1,. Thus if B is surjective and o, = 0 A\-almost surely, then
o, = 0 everywhere and (0 + y) = T, (0) — 1,(0) = 1,(0) — 1,(0) = 0. So, if B is

surjective, unless ¢ = 0, the limit law is not degenerated.

If T is an ergodic non-hyperbolic automorphism of the torus T¢ then one has to rein-
force the regularity hypothesis on ¢ in order to apply the second part of the previous
reasoning: if ¢ is d-times differentiable, has a Holder continuous d**-differential and
is a measurable coboundary then it is a coboundary in the space of Holder continuous

functions (L8, [F]).

Automorphisms on nilmanifolds (c¢f. [{])

Let X be the 3-dimensional nilmanifold defined as the homogeneous space N/T,
where N is the Heisenberg group of triangular matrices

1 =z =z
0 1 i)
0 0 1

and I' the discrete subgroup of integral points in N. Let p be the N-invariant
measure on N/T induced by the Haar measure on N. We identify N and R? equipped
with the law

(x17$27 2)'(x/17$,272,) = (xl + xllax2 + x/272 + 2+ IL‘1{L'/2 - xlle)

a b
a=(0)

be a hyperbolic matrix in SI(2,Z). It defines a transformation 7" on N/I" by

Let

T : (x1, 29, 2)I' = (azy + bxy, cxy + dxg, 2)T.

The group of isometries of the manifold X can be seen as the circle. Let 6 be a Borel
map defined from the quotient torus T? to R/Z: 0(x1, xs, 2) = 0(x1, 25). Then:

plx % :;:go(Ak(xl, T2),0(x1, x2) + 2) < t}

- ! / 2345 dpaty)
exp(—=—)ds ,
. ﬁ27ray . P 202 HolY
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for every Holder function ¢, where U; is the asymptotic variance associated to the

function ¢, (21, x2, 2) = (21, T2, 2 + y).

Diagonal flows on compact quotients of SL(d,R) (¢f. [I4])

Let G be the group SL(d,R), let I' be a cocompact lattice of G, and let pu be
the probability on G/T" deduced from the Haar measure. Let gy be a diagonal
matrix in G different from the identity. It defines a transformation 7" on G/I':
x=gl'+— Tx = gogl.

Let ¢ be a centered C* function from G/I" to R and let # be a Borel map from G /I’
to SO(d,R). We have

1 t 1 52
(0()T ) <t} —> | exp(=55)ds duaty),
\/_ Z SO(R) V2moy J oo 207

where o7 is the asymptotic variance associated to the function ¢, (x) = p(y.z).
3 Generalization to multiple decorrelation

3.1 Multiple decorrelation and gaussian laws

Let (X, T, 1) be a dynamical system defined on a manifold X. Let d be a Riemannian
distance on X. The Hélder norm is defined as in ([[3). The expectation E is the
integral with respect to p. In some proofs, we will denote by the same letter C
a constant which may vary in the proof. Now we introduce the following multiple
decorrelation property:

Property 3.1 There exist C > 0 and § €]0, 1] such that, for all integers m and m’,
all Holder continuous functions (cpi);’:{m, defined on X, all integers 0 < £; < ... <
emgklg...<km/,N>0

m m+m/ m+m/
Cov(JJ T go,,HTk ;) <O H [6illoo + Z il [ [ @illoc) 8™
i=1 j=1 i)

This property has many interesting consequences. Following C. Jan’s method [[I0],
we will show that the normalized ergodic sums behave in some sense like gaussian
variables even for some non invariant measures on X absolutely continuous with
respect to p and which can vary with the time.

Let us first state a very simple consequence of this property. There exist C' > 0,
¢ €]0, 1], such that, for every centered Holder continuous functions ¢ and v defined
on X with zero average with respect to u, we have:

(o, T"0)| < Cllelly 1911267 [, T")] < Cllllz [1401], ¢ (18)
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These inequalities are consequences of property B.1|, proved by using the Cauchy-
Schwarz inequality and distinguishing two cases [[¢[la < |l¢||,6"% and |jp|s >
l|l,6™2. In particular the asymptotic variance of the normalized ergodic sums
of a Holder continuous function is well defined and given by:

a(9)” = n(®?) + 2> (p, TFp)

Theorem 3.2 Let (X, T,p) be a dynamical system defined on a manifold X sat-
isfying Property [3.1. Let (p,) be a sequence of density functions with respect to p
with norms || pyl|, bounded by Cn', for some constants n > 0,C, L. Then, for every
sequence (p,) of centered Hélder continuous functions with Hélder norm uniformly
bounded, we have, for every real number t,

n—1

it y 1 9.9
plpnexp(—7 ;T n)) — exp(—50(pa) %) = 0.

Proof Let a €]0,1/2[. The difference \/—Sngon( x)— \/ﬁSngon(:c) oT™ tends uniformly
to 0. If || pnll, < Cn*, Property B gives:

n—1 n—1
it

no it no
on exp(=73 D T 1)) = ) plexp—s > T 0,)
=0 =0

< O(lpnllss + n[SOn]ann”oo + [pn]n)éna < Cnftem

-1

Thus we only have to study p(exp( 1/2 ZT”” p(exp—- 1/2 Z
=0

Consider (2, P) a probability space containing (X, xt) and a sequence (Xy,,) defined
on ) of centered independent bounded random variables of variance o (cpn), inde-
pendent from the variables ,, with distribution 1/2(6_s(e,) + do(e,)). Since the
sequence (||¢nl|,)ns is bounded, the sequence (o(¢y,))n is also bounded and one easily
check that

Elexpl(—y5 O Xen)) — exp(—50(pn)r) = cos'(—50(0)t) — exp(—o(pn)F)

tends toward 0.
n—1

We claim that the difference between the characteristic functions of # T ¢,
k=0

and 1/2 e och » tends to 0. To show it, let us write

BZ,n - eXp<1—/2TZQOn)7 Cé,n - eXp( 1/2 XZ n)

17



One has:

exp 1/QZT<pn exp ;/ZZXZ" HBM Han, (19)

and
n—1 n—1 n—1 /-1
HBf,n_HCZ,n: E HCkn Bﬁn Cén H Bkn
/=0 /=0 (=0 k=0 k=(+1

Ae

where the products with an empty set of index are conventionally taken to be 1.

nlte—1 -1
The variables Ay = (Bg, — Cip) H By, and HCM are independent. We
k=(+1 k=0

will show that most of the n terms |E(Ay)| are bounded by some constant times
n~3/2Inn. This will imply the result.

Consider a sequence x(m) that will be fixed later. When ¢+ 3x(n)+1 < n, we split
the product A, in blocks:

l+x(n) 0+2x(n {+3x(n) n—1
Ay = (Bin—Cen) [ Ben H Bkn IT B [ Biw:
k=(+1 k=L+x(n)+ k=+2x(n)+1 k=£+3x(n)+1
A B c D

Let us write:
E(A)) = E(ABCD) =E(A(B—1)(C —1)D) + E(ABD) + E(ACD) — E(AD). (20)
The mean value theorem shows that A is bounded by
Ctn™ ([l pulloo + [ Xenllc)
for some constant C, and (B — 1), (C — 1) are both bounded by

L+2x(n)
2t
ni/2 Z [0l oo-
k=l+x(n)+1

Thus E(A(B — 1)(C = 1)D) < CllenllZ ([9nlloo + | Xenlloo) s x ().

The sequences ||©n|loos |©nllys || Xenllco Peing bounded, we will not retain the depen-
dence on these quantities in our computation, nor the dependence on t. For example
we just write

E(A(B ~ 1)(C ~ 1)D) < C—x(n)” (21)

The three other terms in (R() can be treated in the following way.

18



Consider for example : E(ABD) = Cov(AB, D) + E(AB)E(D). Property B.J] gives

Cov(AB,D) < C ¢XW, (22)
Let us now study
L+2x(n)
AB = (Bﬁ,n - Cﬁ,n) H Bk,n

k=041

L+2x(n)
itT o, it Xy, )
= ( exp 1;5 — expnl—/) exp | itn™/? Z "0,

k=41

The expansion of the two terms of this product at order 1 and order 2 yields

: 2
AB = (T~ Xop) — 5 (T~ X7,)
t2 £42x(n) 9 £+2x(n)
> Tre, Te, + — X > T'e,+D,
k=0+1 k=0+1

where D satisfies
t? t3 4 1 )
D] < Clgg () + — + 3x(n)] < Oy (n)?

By taking the expectation, one obtains:

[E(AB)| <
2 ) £42x n) , (n)2
k=0+1

By definition of the X, ,, we have

E(X7,) = o%(pn) = E(T'Gh) +2 ) E(T . T'pn)

k=(+1
+2x(n) 00
= B(T'02)+2 Y E(TF, T'.) +2 Y E(TF, T'pn).
k=0+1 k=0+2x(n)+1

Replacing E(X7,) by this expression in (B3) we obtain

[e.e]

EUAB) <O 3 B, Th%.) + x(n)fn )

n
k=0+2x(n)+1

and, because of the decay of correlations ([[§):

CX(”) 2, -3/2
[E(AB)| < C(=——+x(n)™n ). (24)
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Since |E(D)| < 1, the inequalities (BI)), (9) and (B4) give (the constant C' may
change):

X2 4 x),

Now we can bound ([[9):

E: k 0 =0
n—1— 3x(n CX n—1
< Z C(—+x(n)'n 2+ M)+ Y E(A).
(=0 n l=n—1-3x(n)

The mean value theorem implies E(A,) < Cn~1/2.
If we take x(n) = DInn with D > —1In(¢)™}, then ([9) tends to 0, in view of
n—1 n—1 91,2
|E<H By — HCE,n” < C(CDlnn + %/2(71) —|—nCD1n(") + %r/:(n))

0 0

O

3.2 Application

Let (X, T, 1) be a dynamical system defined on a manifold X. Suppose that Property
B.J holds. Let 6 : x — 6, be a map from X into the set of the Hélder continuous
maps from X to X. We will use also the notation 6(z) instead of 6,. We suppose
that 6 satisfies for some 7 > 0

sup d(0(2), 0,(2)) < Cd(z,y)". (25)

zeX

Let ¢ be a Holder continuous function from X to R. We want to study the behavior
of

3
—

o(0,(T ).

B
Il

We can assume that the exponent of regularity in () and the exponent for ¢ are
the same. Since the maps 6, do not necessarily preserve the measure p, one has to
center these modified ergodic sums. We write

o, = E(p(6.()) = /X (00 (1))duly).
o6, = o) — Tur 02 = 0*(p,).
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For p-almost every z (the generic points of the dynamical system),

n—1

> 0(0:(TFx)) = By,

k=0

S|

We claim that both functions @, and oj are Holder continuous. Let us show it for
o . On one hand, in view of ([[§), the absolute value of

o*(a,) — 0*(po,) = ulsps,) — 1(3, +2Z 10, T*po,) — 11(09,- T*p,))

is bounded by

2([lellso 00, — @0, ll2 + D 110, (TFpo, — Tr0,)| + > (00, — ©0,)T* 0, )1)
1 1

< 2ll¢lloclliva, — w0, ll2 +4C Y Cllla, lln + s, o) 00, — s, ll2 ¢*
1

< Clllo.lln + llo, lln)llvo. — 2o, 12,
and, on the other hand,

2
0. — o, ll2 < lleo, = o, llec < Cd(,y)"

Now suppose that there exists (P,) a sequence of partitions with the diameter of
the elements of P, smaller than n~2"" such that, for positive constants C, L, for
every n € N, every P in P,, there exists a density function p,, p such that

1

| pn.plly < CR", | pnp — p(P)'1p])1 < o (26)

Let us fix such a sequence (P,,). Cutting out the space X according to the partition
P, we get

n—1
S0 1) = Y S 10w, (14),
k=0 PePn k=0

For each element P of P, we choose in P a point z,, p. If x € P, then the distance

d(0,(T*z),0,, ,(T*z)) is bounded by Cd(z,z, p)" < Cn~?". We thus have

| Z ZlP ), (T*x) Z le @0, ( T z)| < Cnn™2.

PePn k=0 PePn k=0

Let us now study the characteristic function of ) pcp ZZ;& 1p(2)Po(a, p) (TFx):

E(exp(i Z le ) Po(a,, p)(T z)))

PGPn k=0
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= E( Z 1p(:v)exp(iL "2 wa(xn,p)(Tkx)))
vn

PePpy,

—

n—

= 3 HPYE(H(P) 1 p(w) expli

pPeP,

P0(a,, ) (T"2)))-
0

S~
I

By (Bg) we have

n—1 -1
1p(x) o k k

IE( exp(i— E ©o(z,, ) (T72))) — E(pn pexp(i E oz, »(T72)))] < 1/n.
1(P) NG i (Tn,P) k: ( P)

We know from Theorem B.2 that

1
E(pn.pexp(i Z Po(an ) (TFT))) — exp(—é o—g(%mt?) — 0.

The sum ZPeP 1(P) exp(—3 g($n’P)t2) is a Riemann sum of the Holder continuous

function 09 It converges to
1
[ ool 5022 duo)
X

Now for the assumption (B@), it is known that every smooth manifold has a triangu-
lation (see [[, [[d]). The existence of a sequence of partitions P, and of functions p, p
satisfying the previous conditions are thus satisfied when X is a smooth manifold.
So, we have proved the following theorem.

Theorem 3.3 Let (X, T,u) be a dynamical system defined on a smooth manifold
X for which Property holds. Let 6 be a map from X to the set of the Holder
continuous maps from X to X such that (23) is satisfied. Then for every centered
Hoélder continuous function ¢ on X, we have

t 1
Elexp(i Z (0.T"x) —2,.))] — / exp( —509 t*) du(z).

Now let us give some examples satisfying the hypothesis. The examples given at
the end of Section [ can be treated by this method since Property B.1 is satisfied
for ergodic automorphisms of the torus, ergodic automorphisms on nilmanifolds,
diagonal flows on compact quotients of SL(d,R). By the method used in this Section
B we obtain the same result for Holder continuous functions under the assumption
that the map # is Holder continuous. If we identify in these cases the element 6, of
K with the translation by 6(z) we obtain:

—_

n—

Blexpli= Y o(6(a)(T"0))) = [ exp(=50it) duo)

3
iy
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and, by definition of the image measure of y by 6 on K:
1 1
[ expl=50tt) du(o) = [ expl(-30t) duah)
X K

By linearity of the Fourier transform, we just have another formulation of the con-
vergence stated in Proposition .5 The result is the same. But this second method
allows us to consider transformations 6(x) that are not given by translation by el-
ements of a compact group acting on X. In the case of the automorphisms of the
torus, one can for example take for 6, a regular family of diffeomorphisms of T¢.
This method can be also adapted to expanding dynamical systems for which the
Perron-Frobenius operator has good spectral properties.

3.3 Convergence of the variance
Proposition 3.4 Let (X, T, 1) be a dynamical system defined on a manifold X for

which Property[3.1 holds. Let 6 be a map from X to the set of the Hélder continuous
maps from X to X such that ([29) is satisfied, and ¢ a centered Hélder continuous

function on X. Then
1 [ ’
. <Z ¢<9<->Tk~>> = [ o, duto)
k=1 X

Proof Consider a sequence of partitions (P,) with the same properties as in the
previous subsection. We have:

E %(waw-)) - B[ X 1r0); (Zw(xm)

PePy

= Y wP)E 2;1(33% (Z ‘P0<->(T’“-)>

For every P € P,, let p, p be a function with norm ||p,, pl|, less than Cn* such that
|pn,p — 1(P)"1p|ly < n~2 We have:

% (Z ('0<9<)Tk)> o Z M<P)E me% (Z ¢€(xn,P)<Tk'>> ‘ < 1/77,.

PePy k=0

Let us study E (pnp (300 P ) (TF ))2> We fix a € (0,1/2).

—_

n+na—1

(D Potenm(T"))?) — pnP (D o (T)))

0 k=n%

3

E(ﬂn,P

S

T
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n®—1

1

= E(pn,Pﬁ( Z Poan ) (T")
k=0
n—1 n—1 n+n®—1
+ Y o) (TDD) = (Y ot T+ D Pow,m)(T))?)
k=n% k=n< k=n
n®—1 n+n®—1
E(pn.r| Z oane) T+ (Y o (TF)))]
k=n
n—1 n®—1 n+n®—1
+2E(/)n,P< Z ‘PG(xn,P) Z Po(zp, P) Z ‘PG(xnp ’ ))
k=n%
o— 4 o
<n* gl + —[E(pn.p( Z o) (T DD 0]l oo
k=n<
We have
n—1
E(pn.p( D o, (T*))%)
k=n%
n—1

pnP Z Po( (xn,pP) Tk ) + |CO’U(pn7p, ( Z SOG(mn,P)(Tk'))Q)L

k=n% k=n<

Because of Property B the covariance tends to 0 faster than 1/n. On the other
hand E((3°,~ na ©ow, ) (T"+))?) is bounded by Cn for some constant C' > 0. Putting
this together one obtains:

n—1 n+n°‘71
1
E(pn,p—(D_ ot (T™))) = pnp (D Powarm(T))]
k=0 k=n%

< Hlpl%, +40n Hlelllleln'? < Cllellsollelln 2.

Again because of Property B.1], we have

n+na71 nJrna*l
E(pnr( 3 @)D =B Y futo, o) < Clleligln™
k=no k=n®

Thus we have shown that

EC(3 o00T)7) = 3 wPYEC(S oo (7))

PePy,

< Cliellsollollyn®2.

Because of the mixing property of T" we have

< Cllellsllolln™,

1 n
E(g(Z Pozn ) (T*))?) = Totan o
e
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so that

B OO ) = 3 0P) e, | < Cllelelicln™

n
k=1 PePn

Since the last sum is a Riemann sum for the function r — agx, this concludes the
proof.
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