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Josephson effect through a multilevel dot near a singlet-tplet transition
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We investigate the Josephson effect through a two-leveitgunadot with an exchange coupling between two
dot electrons. We compute the superconducting phaseadhip and construct the phase diagram in the super-
conducting gap—exchange coupling plane in the regime o$itiglet-triplet transition driven by the exchange
coupling. In our study two configurations for the dot-leadigiing are considered: one where effectively only
one channel couples to the dot, and the other where the tworlitals have opposite parities. Perturbative
analysis in the weak-coupling limit reveals that the syseaqmeriences transitions from 04o(negative critical
current) behavior, depending on the parity of the orbitald #he spin correlation between dot electrons. The
strong coupling regime is tackled with the numerical reraimation group method, which first characterizes
the Kondo correlations due to the dot-lead coupling and xicbange coupling in the absence of superconduc-
tivity. In the presence of superconductivity, many-bodyrettions such as two-stage Kondo effect compete
with the superconductivity and the comparison between #peamd the relevant Kondo temperature scales al-
lows to predict a rich variety of phase diagrams for the gdostiate of the system and for the Josephson current.
Numerical calculations predicts that our system can exKitmdo-driven Ox-0 or7-0-7 double transitions and,
more interestingly, that if proper conditions are met a Kmiadsistedr-junction can arise, which is contrary to
a common belief that the Kondo effect opens a resonant Iexkeh@akes the 0-junction. Our predictions could
be probed experimentally for a buckminster fullerene sadlded between two superconductors.

PACS numbers: 73.63.-b, 74.50.+r, 72.15.Qm, 73.63.Kv

I. INTRODUCTION spintronics.

Indeed, the QD-JJ have received a great theoretical and ex-
perimental attention because they can exhibit an integsti

ifestation of many body correlations in condensed mattefOMpetition between two many-body corre_latlons: th_e super
physics: a Cooper pair curréritetween two bulk supercon- conductivity and the Kondo effect. Due to its small size, the
ductors separated by an intermediate region or arbitrary n%f?D has a large Coulomb charging energy. The Kondo ef-

The Josephson efféetis one of the most celebrated man-

ture can flow even in the absence of an applied bias. Ov gt then emerges for such as”_‘a” QD coup_led strongly to the
the last few decades, the Josephson effect has become a v § ds when the .QD has a Ioca.llz.ed magnetic moment, that is,
active field of theoretic&tt” and experiment&-32investiga- °0N2€r0 total spin of electrons |r318|t. Attemperatures betiusv
tion in the context of mesoscopic devices, devices which argo-called Kondo temperatuf = the conduction electrons

small enough that electron transport occurs in a phase cohdf thell_eads s_crﬁ_en the Iocallze;j moment thr_oug_h Tlf[“'lﬂ? co
ent manner. Because the tunneling of Cooper pairs throug‘i"f'tntne mgzj_sp(ljn- IP Processes, ?rm'ln%t?] SE'”'S'.ng €l o uh'
the junction is greatly affected by the physical propertés state, and induces aresonance jevel at tne ermlengrgyyw '
the segment between superconducting electrodes, thec:n‘tudy'ncre""Qses the Im_ear condyctance up to the unitary-linkitesa

the Josephson current provides a new way to investigate the 2¢*/R) that is otherwise completely suppressed due to

electronic properties of the medium. In early days, thin lay € stron%ciulomtkt)] repulsc;oni. It thle Ietads c;mmsi-«ﬁag
ers of insulators and metals were used to form the Josephs perconductors, the conduction e/ectrons form spin<sing

junction22 Advance in nanofabrication technology can now ooper pairs incapable of flipping the QD spin. It has been

enable one to make the middle segment small enough to Eownf‘*”ﬂand recently probeéh22that in the weak dot-

considered as a quantum dot (QD), a zero dimensional enti ad coupling .Iimit the large Qoulomb repulsion only alllow.s
bridging the two superconducto?®2-21 Furthermore, even e electrons in a Cooper pair to tunnel one by one via vir-

a real (or artificial) molecule can be inserted between twotual processes in which the spin ordering of the pair is re-

closely positioned superconducting leads to form a mo&cul verse_d, leading to a junction, and th"?‘t th_e I_ocallzed moment
remains unscreened. In the opposite limit where the Kondo

Josephson junction (MJ33:2432Quantum dots connected to ‘ : s th duct th
normal metal leads are known to exhibit the Coulomb block-c1Perature exceeds the superconduc mg@a‘ppweyer, e
ade phenomenon due to their large charging ene?§ies induced Kondo resonance level restores the 0 junction atate

terestingly, at low enough temperatures, when an odd numtb? supercurrer?t.l‘j'—l%s a resullt, one can drive a phqse tran-
ber of electrons occupy the QD, one can reach the Kond ition between spin s_mglet © Jur_lct|on) and doublefync-
regime3>=’ Yet the leads can be chosen to be supercondu lon) states by changing the relative strengthgefandA.

tors which lead to a competition between Kondo physics and Current issues about electronic transport through a QD or
superconductivity*1"3L32The purpose of the present work a molecule go beyond the spin-degenerate single-level mode
is precisely to study the Josephson effect through a medlile and take into account multi-level structures and/or pdssib
guantum dot in this context, with applications to molecularmagnetic interactions. For example, the theoretical predi
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tion that the two-level quantum dots (TLQDs) with spin ex- is studied by using the fourth-order perturbation analysis
change interaction coupled to normal-metal leads can expeec. lll. Section IV presents the results of the NRG calcula-
rience a quantum phase transition, specifically the singlettions applied to the weak- and strong-coupling limits arel th
triplet transition3%4°was recently confirmed by two indepen- phase diagrams of the system with respect to the propefties o
dent experiment&:4? The transition was observed to accom- the SPR. In Sec. V we summarize our study.

pany a drastic change in the transport mechanism, and it was

also found that the spin exchange coupling between elestron

could suppress the Kondo correlation completely or alter it Il. MODEL

physical nature by changing the screening mechanism. The

influence of such a magnetic interaction on the Josephsen cur The TLQD connected to two single-chanselave super-
rent was also studied for a MJJ where the molecule is modgonducting leads as shown in Fig. 1 is modeled by the two-

eled by a single-level QD having spin exchange cougfibg- impurity Anderson model{ = Hpp + Hip + Hr, where
tween spins of QD electron and a metal {8t was predicted

that the state of the supercurrent can be switched between 0 _ . . )

and junctions by tuning the magnetic interaction. On the Ho = 3 _(eini +Unigniy) + Uninz + 78182 (1)
other hand, theoretical calculatidd$and experiment8 have ,
shown that the Josephson junction made of a multi-levelquan Lo = Y _ [Eknfk - (A el o + (h-c-))} ()
tum dot in the weak-coupling limit can behave as janction tk

even when the dot is nonmagnetic without a localized spinand ;.. — Z |:ti2 d" coen + (h.c.)} ' ©)
vice versa. The studies found out the significant roles of (1) K

the off-diagonal Cooper pair tunneling proé&sswhich two
electrons in the pair are transferred via different orbitalthe Herec,, (d;,) destroys an electron with energy (e;) with
QD and (2) the parity of the QD orbital wave functidhthat  respect to the fermi level and spinon lead?¢ = L, R (in
determine the relative sign of the dot-lead couplings. orbitali = 1,2 on the dot)inpu = Y, Czk,ﬂku andn; =

In this paper we study the electronic transport through &~ ;t ;. are occupation operators for the leads and the dot
Josephson junction having in it a TLQD with the spin ex- 27 s 4 :
phson junc 9 Q_ SpP orbitals. The Coulomb energy of the strengthis assumed
change interaction between electrons in two orbital IevelstO depend on the total number of electrons in the dot. The
Here we focus on the regime where the doubly-occupied Qg ryle in the dot results in the ferromagnetic exchange

experiences the single_t-triplet transition due to the spin coupling denoted ag (< 0) between the electron spifis =
change coupling that is tunable by the gate voltage. Theq Zuw gt &, diys, Whereo are Pauli matrices. The left

physical properties of the ground state and the superdudrren2 i ) : . .
phase relation (SPR) through the junction are examined aasnd right leads are assumed to have_ |den_t|c_al d|sper3|9n en-
the strengths of the superconductivity and the spin exahang. 3 % and superconducting gap, while a finite phase dif-

: . i erencep = ¢, — ¢g is applied between them. The energy-
coupling are.varl_ed.. In order to study both .Of the weak .ang;ndependent dot-lead tunneling amplitudgshybridize the
strong-coupling limits we exploit the numerical renorraah

tion group (NRG) method which can take into account theelectron states between the dot and the leads, which are well

. : - C o :
Coulomb interaction in a nonperturbative way. In additions chare_lctenzed by tunneling rateg = Wplt“.' . wherepis the
. . . . density of states of the leads at the Fermi energy.
the physical understanding of the numerical outcome s sup- Since we are interested in the regime of the singlet-triplet
plemented by the analytical analysis such as fourth-oreer p o . 9 9 P!
transition of an isolated dot, we focus on the parameteoregi

turbation t_heF)ry.and scaling theo_ry. in which the dot is doubly occupied. In addition, we consider
Our main findings are summarized as follows: (1) The signy,o nondegenerate case with a finite splitdags es — 1 > 0

of the supercurrent is determined by the competition betweeqtveen two orbitals. Figuf@ 1 displays the energy levels of

diagonal and off-diagonal tunneling processes whosegtiten q_glectron states of the isolated dot as functiong:ahree

and sign can be controlled by the parity of the orbital WaVesinglet states|2,0,0;a) with a = 1,2,3 and three triplet
functions and the spin correlation present in the dot. (3 Th

origin and physical property of the TLQD-JJ can be explained

B

lkp

in terms of the competition between the superconductivity a B

the Kondo correlation found from the normal-lead countdrpa  Eeoe

of the system. For example, the two-stage Kondo effect Iead’ e 1 y AN

to 0-7-0 or m-0-7 double transitions with the exchange cou- & A B N
pling or the superconducting gap. (3) When the superconduct Ez0a N
ing phase difference between two leads is maximal, the-exist

ing Kondo correlation is greatly affected. Interestinghe ’

observed that a Kondo-assistegunction can arise if some FiG. 1: (color online) (LEFT) Sketch of the TLQD connected to
conditions are met. two s-wave superconducting leads. (RIGHT) Energy levBls s..

This paper is organized as follows: In Sec. Il we de-of two-electron(Q = 2) states in the TLQD as functions of the
scribe the model Hamiltonian of the TLQD-JJ and specify thee_xchangc_e coupling_._The shade_d region is of our interest, where the
regimes that we are interested in. The weak-coupling limitinglet-triplet transition occurs in the ground state.



stateg2, 1, M), where the states are labeled@s.S, M) with
the charge numbey, the spinS, and thez component of the
spin M. The singlet states,

12,0,0;1) = di.d}, |0) (4a)

12,0,0;2) = db.dj, |0) (4b)
1

[2,0,03) = —(dyd], —dyy i) 0)  (40)

have the energiegjy.; = 2¢1 + U, Ep2 = 2e2 + U, Ep3 =
€1 + €2 + U — 3J/4, respectively, and the triplet states,

12,1,1) = d}.d] |0) (5a)
1

[2,1,0) = Z(dyd], +dyydip)[0)  (5D)

12,1, 1) = db di, |0) (5¢)

are degenerate with the energly = e; + ex + U + J/4.

Due to the finite splittingde > 0 and the existence of the

inter-orbital Coulomb interaction, the singlet-tripleansition
is driven by the competition between the stdie$, 0; 1) and

3

consequent qualitative features of system states andatect
transport, we consider two representative cases in thisrpap

casel: tyy=t, tog =1t ®)
casell: tyy =t, to, = —tor = Yyt
with v < 1. The case | deals with the effective one-channel
problem with Eq.[() satisfied, while the case Il reflects the
two-channel problem with the negative product of coupling
coefficients. The effect of asymmetric coupling with respec
to the orbitals is also examined by setting: 1. Another kind
of asymmetric junction such &g, < ¢;r that can happen fre-
quently in realistic experimental setups like break jurcs?
is not considered in our study because this asymmetry is ob-
served to make no qualitative impact on the Josephson ¢urren
Finally, since we are interested in the low temperature be-
havior, we concentrate for the most part on the Kondo regime.
The hybridizationd”;, are chosen to be far smaller than the
particle or hole excitations with respect to the two-eleatr
states in order to suppress the resonant tunneling. Spigific
throughout our study, we choosg = —1.6D, e = —1.4D,
U = D, andl’ = 7p|t|*> = 0.05D, where the half band width
D is taken as the unit of energy. Here we have also used the

12,1, M) [see Fig[1]. The bare singlet-triplet splitting is then particle-hole symmetry condition + e, + 3U = 0.

defined by

J
JI(O) = E1 — E();l = 56 + Z (6)

The external gate voltagé, can tune the singlet-triplet split-

ting by affecting the level splittinge,**4° the exchange cou-

pling strengthJ44? or both of them. For simplicity, we as-

Illl. ' WEAK COUPLING LIMIT: A > Tk
A. Fourth-Order Perturbation Theory

First, we consider the weak coupling limit where the super-

sume that the gate-voltage dependency is implemented onjonducting gag@\ is much larger than the Kondo temperature

throughJ = J(V,) and thatje or ¢; are independent dfj,.

Ty, which will be defined in Sed¢_1V. In this case the su-

Our simplification can still capture the main physics of thepercurrent can be calculated via fourth-order perturidtie-

system as long as the regime close to the singlet-triplesira
tion is concerned.

ory in Hr.22%11We apply degenerate perturbation theory that
takes into account the singlet stage0, 0; 1) and the triplet

The configuration of the dot-lead coupling is another im-states|2, 1, M) simultaneously since they are almost degen-
portant source that can govern the physics of the systest, Fir erate close to the singlet-triplet transition point of &tel
the number of the effective channels coupled to the dot can baot. Unlike the single-level quantum dot studiéswhere it

controlled? If the condition,

b _

(7)

tir  tom

is satisfied, the dot-lead coupling matrix has a zero eigarya

and one of the two channels can be completely decouple
from the dot under a proper unitary transformation, result
ing in a one-channel problem. This reduction of the effectiv

is enough to collect only terms that depend on the phase dif-
ferenceg, on the other hand, one must keep track of all the
¢-independent terms in the TLQD study because they con-
tribute to the renormalization of the singlet-triplet $jiig °

and the transition point is shifted from its unnormalizedipo
ion, J1*» = 0. Due to the singlet nature of the Cooper pair,
there exists no coupling between the singlet and the triplet
states to any order of the perturbation, and the energy &f eac

channels then affects the Kondo effect greatly, which wéll b State is separately shifted, = EY +6E,(¢) fora =8, T

discussed later. Secondly, the phase of the coupling coeffivith Ego)

= Eo1 andESFO) = FE,. The energy shifts are given

cients has an influence on the interference and consequentby

on the electron transport through the 4b%° Even though no

magnetic field is applied in our system, the (real-valuedico

pling coefficients can acquire an additional phaskepending
on the parity of the orbital wave functions on the ddTwo
distinctive cases can then be conceived;tirtartor > 0
when two orbitals have the same parity @nct1rtortor < 0

when they have the opposite parities. Taking into account th
essential impacts of the dot-lead coupling and focusindnen t

F2
0Eq = Baol’ Z Vie + N [ﬂal Z Yie + Baz Z Vievae
it it ¢
+ Bas Y V23 + (Bas — Bl cos §) > vk
oAl i

+ (Bas — B cos QS)'YIL'YIR'YQL’YQR} ; 9



4
(a) (b) splitting that is of the order of*. This second-order term
I is numerically found to increase asis decreased. This
tendency is opposite to the expectation that the renoraxaliz
tion, which is due to the tunneling of Cooper pairs whose am-
() (d) plitude increases with\, should be weakened dsdecreases:
in other words]ima _,q 6J; = 0. This discrepancy should be
@ @ resolved by the higher-order terms of the ordefIgfA)™ that
are more involved af\ decreases: In fact, the fourth-order

term6.J;*) is observed to become negative for smalleso

(€) (f) that the renormalization is diminished. Owing to this opfeos
A-dependencies @t/;?) and the other higher-order term,
varies non-monotonically witi\, which in turns implies that
the transition point/. also displays a non-monotonic depen-

dency onA: see Figd.13 and 5.

FIG. 2: (color online) Listing of typical virtual tunnelingrocesses The supercurrent can be calculated via the derivative of the
contributing tod E,. The arrows indicate the direction of the charge energy with respect to the phase differernce

transfers for processes contributing to @), (b) Ba1, (C) Baz, (d)
Baz, (€) 817, and (f) 3,3 2 OE, . .

Ia = Ea—gb = Ia smgb (13)
where we have definegl, = t;o/t. Figure[2 shows typi- with
cal virtual hopping processes that contribute to each term i
Eq. (9). The detailed expressions for the coefficightscan I, )2
be found in the Appendix. = < )

The effective singlet-triplet splitting then becomes

Bon > Vi + ﬂés’YlL%RWzLVzR)

I:Cshort -
(14)
— _ — 5.0
Ni(9) = Br(9) = Bs(9) = i + 011(9) (10) As a matter of fact, only the virtual processes in Figs. 2 (e)
with and (f) contribute to the Cooper pair tunneling. T#g-term
[(e)] arises from the diagonal processes where both elestro
§Ji =8Er — 6Eg = 6.1 + 1Y, (11)  ina Cooper pair travel through either the orbital 1 or 2, whil
the g/ .-term [(f)] from the off-diagonal processes with one
whered 1 andé.J;™ consist of the terms that are propor- €lectron traveling through the orbital 1 and the other titage
tional to " andI'2, respectively. We find thatJ; is mostly through the orbital 2. Depending on the order of the sequence
positive in the parameter regime of our interest, favorimg t Of electron tunneling and the spin correlation of dot etes;
singlet formation. The singlet-triplet transition poihtwhen  the coefficients;, can acquire a relative minus sign owing to
Ji(J = J.) = 0, which now becomes-dependent, is then Fermi statistics. For the singlet state, one can find that

shifted from its bare valudéo) = —4ée = —0.8D to a more / 0 d g 0 15
negative value. It should be noted that the second-order con Bsa > and fgs <0. (15)
tribution tod J; . . , . .
The negative sign foBy; is attributed to the processes with
2 _ _ 2 one electron traveling through a filled level (orbital 1) ahd
0 = (Bro ﬁso)r;%f (12) " Gther electron through an empty level (orbital 2). It shdod

noted that it is necessary to take into account the dot electr
is finite in contrast to the previous study of parallel doutite  correlation exactly in order to determine the supercursnt
system? where the leading contribution is found to be of the correctly. Not all the processes contributingp; acquire
order ofI'2. The main difference comes from the character-them phase: For example, the processes with the intermediate
istics of the singlet states in two systems. In the double-dostate|2, 0, 0; 3) acquire no phase at all [see Eq. (A29)], while
system studied by Chait al, the two quantum dots, each of their amplitudes are always smaller than those of the other
which is singly occupied, are identical and have no Coulomtprocesses, and finallys; is negative. For the triplet state,
interaction between them so the lowest-lying singlet siate
12,0,0;3), while it is|2,0,0; 1) in our system due to the ex- Bry <0 and Brs <0 (16)
istence of the finite splitting and the inter-orbital Coulnin- ) ]
teraction. The singlet stat, 0,0;3) has the same charge beqause of the presence of local magnetic moments in both
distribution as the triplet staté, 1, M), so the second-order orb|tals?_Apart from the sign, we have found numenc_ally that
perturbation does not give rise to any additional splittieg the o_ff-dlagonal processes usually have larger amplithde t
tween two states [see Figl 2 (a)]. On the other hand, hahe diagonal ones:
ing |2,0,0;1) as the lowest-lying singlet states, our system , ,
can exhibit a rather huge renormalization of the singlglet 2|Baal < 18as|  fora=S5,T. (17)



Hence, when the produet;r,virV2rv2r IS comparable to —0.8C"

>34 in magnitude, the sign of the supercurrent dic-

tates the sign of the off-diagonal term, or that of the prod- -0.81;

uct —y171rY2L 2R regardless of the spin state: the current a )

exhibits the Of)-junction for the negative (positive) product. = ~0.84

Otherwise, thatis, ifyi,71rRV2L72r| < Y, VA, 75, the diag- o83l

onal term prevails in determining the sign of the superaurre =

so that the singlet (triplet) state features the)g(nction be- -0.84 () % @

havior regardless of the sign of the product. 00 0.2 0.4 0.6 0.8 e

In the following sections, we identify the system state ac-
cording to its ground-state spin and the sign of the supercur ‘ ‘ ‘ ‘
rent in theA-J plane. We use the label andT to denote -0.8C; S S[0] 5
the spin singlet and triplet state, respectively. Sinceptieese #

A/D

transition depends on the superconducting phase diffekenc 0.8%
as well, the phase boundaries are located at three diffeaént 2 _o.sz
ues of¢: 0 (red line), x/2 (green line), andr (blue line). ”
Betweeng = 0 andr boundaries the system is in the inter- -0.83}
mediate state having a stable ground state and a meta-stable [~x10d
state. The intermediate states are tagged with a subsfaipt t ~0.84(b) : : :
represents the meta-stable state spin. For example, thadjro 0.0 0.2 0.4 0.6 0.8 1.C
state in the stat&’s is mostly of the spin triplet, while it is of AID
the spin singlet at and near= 0, and the system experiences _0sc : l : ‘
a phase transition from spin doublet to singleizais varied b%a /AU%Z S{0]
from O tox. The state identification is then supplemented by -0.8% ST ”
the SPR calculated from Ed._{14), classifying whether itfis o a &S T
either0¢) or 7() junctions. Two states with same ground- S ~0.82
state spin can be distinguished if their SPRs are diffenedt a . %0
- . . -0.8% T[x]
the boundary between them will be colored in yellow line. \‘T@
-0.84-(¢)
00 02 04 06 08 1C
B. Case l:viLvirY2LY2r > 0 A/D

Figure[3 shows the phase diagrams inthe/ plane inthe  FIG. 3: (color online) Phase diagrams in the.J plane for the case
case | for various values of. The lower bound ofA is setto 1 with v = 1 [(@)], 0.6 [(b)], and 0.1 [(c)]. The phase boundaries are

T" because the perturbation theory works only wiegg A. located when the ground-state spin is changedl at 0 (red line),
Fory = 1, the Josephson coupling /2 (green line), andr (blue line). The yellow line separates two
states with same ground-state spin but different SPRs. plza$e is
i shaded in gray scale according to its SPR: lighter gray fan@tjon
= 2(T/A) (28, + Bls) (18)  and darker gray forr junction. Refer the detailed classification of
13 the states to the text. The insets show the SPR fer[—, 7] at the

points indicated by the arrows. Here the valueXofs swept fromI"

is always negative becausg; < 0 and2|3;,| < |8;s],and {5 p, and forA < I the above diagrams are not valid.
the current exhibits the-junction behavior, no matter what

values.J and A have [see Fig.I3 (a)]. For < 1, on the

other hand, the contribution from the off-diagonal term be-
comes negligible since Different strength of the Josephson coupling in the spin sin

glet and triplet states gives rise to a discontinuous chamge
7% = MLYIRY2LY2R < Z%ZL%?R =1+~% (19) the SPR ip the intermediate et.ates [see the insets ir(Fig. 3]
p and a rapid change in the critical currelit = |I,| across
the singlet-triplet transition as shown in Fig. 4. The numer
and the sign of , is governed solely by thé/, term. The spin ical calculation of the supercurrent finds that the supercur
singlet state is then of the O junction sinég, > 0, and the  rent is stronger inAthe spin triplet state than in the spin sin
singlet-triplet transition accompanies therGransition with  glet state:|I| > |Ig|. In the spin singlet state the diagonal
the intermediate states as shown in . 3 (c). Fifire 3 (baind the off-diagonal processes make the opposite contribu-
shows that for intermediate valuespfboth of the 0 andr  tions (35, > 0 > f%;), resulting in a partial cancellation.
junctions can appear in the spin singlet state: the Ogndc-  This is not the case in the spin triplet state in which both pro
tions take place in the regions with larger and smaller vatiie  cesses contribute to thejunction (6/,, 555 < 0). For small
A, respectively. The phase boundary separating two regiong, on the other hand, such a cancellation does not make a sig-
moves toward the smallek as+ is decreased. nificant role since the; term becomes much smaller than
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FIG. 4. (color online) Critical currents as functions #fin units
of Ish°rt for the case | withy = 1 [(@)], 0.6 [(b)], and 0.1 [(c)]
for various values ofA: 0.1D (top), 0.2D, 0.4D, 0.6D, and D

(bottom). The insets display the critical currents as fiomst of A

in units ofe/k for J = —0.7D (in the spin triplet state) and D (in

the spin singlet state).

FIG. 5: (color online) Phase diagrams in theJ plane for the case
Il with v = 1 [(@)], 0.72 [(b)], and 0.1 [(c)]. Refer to Fifl 3 for the
details.

C. Casell: yiLviry2LY2r < 0

The phase diagram and the critical current in the case Il
are shown in Figd.]5 and 6, respectively. In this case one
of the dot-lead tunneling amplitude changes its sign, ngakin

the 3., term, so the critical currents in both spin states bethe productyi,yir721.72r Negative and accordingly revers-

come comparable as can be seen in[Hig. 4 (c). ing the sign of the off-diagonal contributions. It then swies
the junction characteristics fromto O junction for the case

~ = 1 when the off-diagonal term prevail over the diagonal
The critical current exhibits a non-monotonic dependencéerm: compare Fid.]3 (a) and FI[d. 5 (a). However,fok 1

on A: see the insets in Figl 4. In two extreme limifs,< ' when the off-diagonal contributions are negligible, thgare
andA > T, the supercurrent should vanish. The supercurtive product does not affect the supercurrent and the phase d
rent, induced by the proximity effect that is proportional t agram so much: Fidll 3 (c) and Fid. 5 (c) are almost identical.
A, should vanish in the limiA — 0. In the opposite limit, As aresult, for the intermediate valuesygthe additional O
the high energy cost/A2 + ¢ of the quasiparticles created transition now takes place in the spin triplet state in casttr
during the virtual processes suppresses the current. €ons® the case |: compare Figl 3 (b) and Fiy. 5 (b). Another dif-
qguently, the critical current has a maximum as a function ofference from the case | is that the critical current is now Imuc
A. For the intermediate values gfwhen the Or transition  larger in the spin singlet state than in the spin tripletestet
occur in the spin singlet state, the critical current carobee  long asy is not so small: see Fifl 6. The same argument used
zero at the transition [see the inset in Fih. 4 (b)]. in the case | applies as well: With the negative product, the



6 @ monotonic behavior off.. One may suspect that this favor-
5 ing of the spin singlet state in the limi — 0 is the artifact
_ of the fourth-order perturbation close to its limit of vatid
2, 4 I'/A ~ 1. However, the non-perturbative NRG study in the
<.“; 3 B . ] following section finds that the system should be of the spin
= %3 oz 5 G5 o8 1c| singlet state in the vanishingy limit and that it is attributed to
- the complete screening of dot spins by the two-channel con-
1 duction electrons, which will be discussed in details in the
0 /, ‘ A=D. ‘ next section. Considering that the Kondo effect which is re-
-1.0 -0.9 -0.8 -0.7 -0.€ sponsible for the screening cannot be correctly captured by
‘ ‘ J/D ‘ ‘ the perturbation theory, it is quite interesting that itl s&-
3.0®) A=0.1D ] flects correct asymptotic behaviors in the limit — 0: the
{“\ approaching of/, to its bare value in the case | and the pre-
2.5 s ] ) L .
é: "l 5, /o ] ::Iursor of the disappearance of the spin triplet state indise c
‘?é' 15 ‘; R ]
— 00 02 04 06 08 1C
= 1.0t AID ]
05 ( IV. STRONG COUPLING LIMIT: A <« Tk
1 A=D
00765 08  —07  -o¢ In this section we extend our study to the strong-coupling
J/D limit by using the NRG method that is known to be suitable
20 © ‘ T ‘ ‘ for the non-perturbative study of the low-temperature prep
sid /s ties of the impurity system. Even though the standard NRG
— 15 ERT Eaamaigueen-su b proceduré® can be directly applied to the original Hamilto-
B0 0z nian, we have introduced a unitary transformation
(\&13 l.O*_A:O)/—L 00 02 O.4A/D06 08 1C]
(2]l (] o[2]
— 045l ] Cokp CRkp |’ | dou dap
0.0L: a=b : : ‘ which makes all the matrix elements of the Hamiltonian real
-4 -08 -08 -07  -0€ in order to boost up the speed of the numerical computation.
Jb Here the unitary matrices are chosen to be
FIG. 6: (color online) Cri_tical currents as functions #fin units 1 [je—io/4 _jetio/4 10
of It for the case Il withy = 1 [(a)], 0.72 [(b)], and 0.1 [(c)] S=— [ ig)4 fig)4 ] , [0 } , (22)
for various values ofA: 0.1D (top), 0.2D, 0.4D, 0.6D, and D V2 e € X

(bottom). Refer the guide for the insets to Fib. 5. wherey — 1 andi in the cases | and Il, respectively. Un-

der the unitary transformation, each part of the Hamiltomsa

. . iy . transformed into
B, term which is negative cuts down the positive contribu-

tion from the37; term, while in the spin singlet state both of Hip = Z (esns +Ungingy) + Ungny + JS, - Sy (22)
two terms contributes to the O junction.

In addition to the properties of the supercurrent, the shape s P
of the phase boundaries are also different from those in the 1o = Z {Eknsk - (-1)°A (Cschsfk\L—i_(h‘c'))} (23)

s=a,b

case |. Figurels|5 (a) and (b) show that for the moderate values sk

of v the phase boundaries are much shifted toward the spin 7/, = Z [tss dl#cs/ku + (h.c))], (24)
triplet side, implying that the spin singlet state is beinglier ss'kpt

favored. Furthermore, the transition paihtdisplays a mono-

tonic dependence oA and does not approach its bare valuerespectively, wher¢—1)¢ = —1 and(—1)* = 1. Here the

in the limit A — 0, which is contradictory to our expectation transformed dot-lead coupling matrix is given by
from the previous weak-coupling argument. The inclination

to the spin singlet state is accounted for by looking at2he sin % cos %

termind E, that is proportional to/;1,v1r V21, V2r [S€€ the last PR Vat ysin? ycos? ’ case
term in Eq.[(9)]. Numerical calculations obsersg; > 0 and {t‘w t“b] = . ¢4 f‘b

|Bss| > |Brs|, which means that with the negative product ba bb Vo | Sing o cosy case Il
yiLyirY2LY2r < O the spin singlet state is much lowered yeos$ —ysing|’

than the spin triplet state [see the Appendix for expressidn

Bss andBrs]. This term is also observed to make the fourth- The Wilson’s NRG techniqué&4’ consists of the logarithmic

order splitting termy./;*) positive, which is the cause of the discretization of the conduction bands, the mapping onto a

(25)



semi-infinite chain, and the iterative diagonalization loé t A. Normal Leads: A =0

properly truncated Hamiltonian. Following the standard®R

procedures extended to superconducting lé3de: evaluate |y the presence of Coulomb interaction and spin ex-
7:ZN+1 = Ay + En Z(fJNMfSNJFlH ¥ (he)) ial many-body correlations that may compete with and even

suppress superconductivity. A promising candidate of such
_ many-body correlations in the QD system is the Kondo effect.
— z:(—1)SA(fSTN+1TfST]\,+1¢ + (h.c.)) (26) In order to identify nontrivial correlations in our systemda

s to elaborate the analysis of the strongly-coupled Josephso

sp

for N > 0 with the initial Hamiltonian given by junction, it is quite useful to investigate the normal-leade
) with A = 0. The NRG procedure described above is then
o= — |H ‘/fss, dt fo h.c. applied by sef[tingﬁ = O_ andq_s =0: The latter cor_lditiqn,
RV * ; ;( oo+ (hec)) though not being essential, is imposed in order to simpkigy t

dot-lead coupling matrix [EQ[{25)]. The normal-lead versi
_ s A( gt gt of our system has been well studied in the literature, so we
%:( D" AFsorfooL + (h'c'))] - @D briefly summarize the known theoretical analyses and ptesen

. ) relevant numerical results in our parameter regime for com-
Here the fermion operatolfs v, have beenintroduced as are- parison with the superconducting case.

sult of the logarithmic discretization of the conductiomba
and the accompanying tridiagonalizatidnis the logarithmic
discretization parameter (we choase- 4), and 1. Case I: Single Channel

1— A*(NJrl)
V(I — A-CNFD)(1 — A-(N+3))’ (28) In the case | only the leabl- that is, the symmetrized
conduction-band channel is coupled to the dot, with therothe
= Hp X A /1: 1 2 tey 29 channel completely detached: see Eqg] (25). The two-level QD
D= ep: T D’ ' = e\ 7Dt (29) system attached to a single conduction channel has been well
studied in the context of the quantum phase transition in a

v =

. _ 4 - o
\t/)wth & = (1+A77)/2. The original Hamiltonian is recovered vicinity of singlet-triplet degenerate poifft.In this case the
y ) system can be mapped onto an exchange-coupled 1/2
i _ th 5A—(N—1)/2ﬁN_ (30) Kondo model through a Schrieffer-Wolff transformatigh:

— 00

It has been knowH:#® that the logarithmic discretization un- Heit =Hrp + JaSa 806+ oS - s0p + J1Sa - Sy (35)

derestimates the coupling between the conduction-bage eleg, .« the Kondo spin§ andS, are fictitious QD spins de-
trons and the dot electrons. In order to avoid this problem, W fined on the basis of tﬁe spin singlet stien, 0; 1) and the

multiply T" by a correction factor; given by*"#® spin triplet stateg2, 1, M). Both of the Kondo spins are
A InAA+1 (31) coupled to the localized spin of the conduction channgl
A =

associated to the symmetrized combination of left and right

2 A-1 _ _ ,
Within the NRG procedure, the spin of the ground state,leads [see Eq[{(21)]: Here we define the localized spins of

the occupatiorin;), and the spin correlatiof8; - S2) can be conduction-band electron spins as

directly calculated from the expectation values of the eorr 1
y p — f 36
sponding operators. The supercurrent can be also obtajned b Sss' =5 Z Z Corep T pp’ €'k’ (36)
calculating the expectation value el !
7— g <NL _ NR> ’ 32) The effective spin couplings are, up to linear order'jn
whereN, = 3", ng. In terms of the fermion operatoysy,,, L T T
the current expectation value is expressed as T ] 1© [~
I D [or _ S0k |/ A 154
Torort = Z’/E > (iswdl, foou+ (hc))  (33)  =°% =0
¢ ss' 4\%/ ]
with the current matrix defined by T e e e T
|:iaa Z.ab:| _ l |:tab _taa:| (34) ’ )
tba  bb 2t [top —tba FIG. 7: (color online) Energy-resolved transmission ceaffit T (w)

The Andreev levels are located from the subgap many-bodfpr a two-level QD coupled to normal leads (case I) with fereg-

excitations which are identified as the poles of the dot Gseen Netic (Ji < J.) [(@)] and antiferromagneti¢.i > Jc) [(b)] ex-
functions. change coupling for various values 6f D (as annotated).



2T 2 2 1 2 1 2
Jupy = — | —F EA IS & AE n b (37a)
mp\—ea—U—-J/4 e+2U0-J/4 —-ea-U-J/4 e+2U-J/4
J 4DT 2 2 1
Jy=de+ — — — . 37b
L (—el—U e —U—J/4 —el—U—J/4> (370)
Note that one hagd, # J, as long asy # 0. model can be derived via the Schrieffer-Wolff transforroati

The ground state of the Kondo Hamiltonian, Eg.](35) can _
be of the spin singlet or doublet depending on the strength of Heft = Hrp + Sa - (Ja Saa + Jb St + Jab(Sab + Sba))

the effective exchange couplinfy and is known to undergo a 8- (T Sur 4+ T Sup — Jon(Sup + S
phase transition at the critical coupling = J,, which is of b~( e bE aNb( a + Sta))
the Kosterlitz-Thouless-typ#.The ferromagnetic side/; < + J1Sa - Sy + 2iJap(Sa X Sp) - (Sab — Sba)-  (40)

J.) corresponds to an underscreernfed= 1 Kondo model ) o )

where the conduction electrons screen one of the Kondo sping€ exchange coupling coefficients are given by

and the remaining = 1/2 spin then couples ferromagnet- oT 1 1

ically to the conduction band and becomes asymptotically j, = = < 4 ) (41a)
free at low energie® The corresponding Kondo tempera- o \e1+2U—-J/A —e—U—J/4

ture T, (J) decreases with increasing J| = |J; — J.| [see 29T 1 1

Fig.[d (a)]. On the other hand, on the antiferromagnetic side Jo = TP (_62 —_U— J/4_+62 +oU — J/4_) (41b)
(Ji > J.), a two-stage Kondo effect takes place for small

AJ A03334First, the Kondo effect leads to a screening of one j , — V2T ( 1 + 1 ) ,(41¢)
of the Kondo spinsS, with the larger coupling (for exam- o \—e—-U-J/4 e+2U-J/4

ple we assumd, > J,) which therefore defines the larger while one obtains the same expression feras Eq. [37h).

Kondo temperaturé@’y. For temperatures lower th&ry, the o X
second spir8; is decoupled from the conduction band. At a _Here each of two Kondo spins is coupled to composite local-

much lower energy scale (denoteds), the effective anti- ized spins of conduction-band channels. The effective Hami
ferromagnetic exchange couplinig betw,eerSa ands, then Fonlan, .Eq. [(4D) is not convenient for further analysis sinc
induces the second screening due to the local Fermi ligaid th It contains Cross terms{, andss.) .that do not conserve the

is formed on the first spiriZ’ is then the Kondo temperature channel degrees of freedom. We introduce a unitary transfor

of the second spin screened by electrons of a bandwidt mations that diagonalizes the conduction-band spin operat

and density of states 1/ (rT):4053 in the channel basis that is coupled§9for qg=a,b:
T Cakp| _ | cos?  sind| |cokp
TII( ~ T exp |:—7TA—{<]:| . (38) [&ka - [— sind cosv| | cpkp (42)
The second Kondo effect leads to a Fano resonance and makéh @ = £ tan™'(2Ju/(Ja—J)] for ¢ = a (upper
a dip in the energy-resolved transmission coeffié&nt sign) andb (lower sign), respectively. In terms of rotated

conduction-band spirs, = 2 3", Dot Eikﬂalt,uésfkw,
T the spin exchange terms in the effective Hamiltonian read
T(w) = =3 57idmGii (), (39) P 9
i Sy (J18aa + JoSp) (43)

where we have introduced the retarded QD Green’s functions + S - (J5 844 + J4 85 + J5 (Sab + Sba)) + J1 Sa - S,
Giirp(t) = —1O(t) ({diu(2), dj,u}) and a coupling matrix;;/

With 11 = 1, 12 = 721 = 7, andyss = 72. As shown in  Whereg = a(b) for ¢ = b(a) denotes the index of the Kondo
Fig.[7 (b), the dip becomes widened with increasing and  SPin for which the coupled conduction-band spin operator is
eventually overrides the Kondo peak utff} ~ T atwhich ~ not diagonalized, and the coefficients are given by

the Kondo effect completely vanishes. - -
Ji=J+d8Isec2d, J3=J+§Jcosddsec2y, (44a)
Jy=J —d6Jsec2¥, Jy=J—5JcosdVsec2y, (44b)
2. Case ll: Two Channels Js = —258J sin 20 (44c)

Unless the zero-eigenvalue condition, Hd. (7) is satisfiedwith J = (J, + J)/2 anddJ = (J, — Jp)/2. The index
the dot is always coupled to both of the two conduction-band is chosen betweem andb such that either; or J; is the
channels. The low-energy physics of the system is then govargest among the coefficients. Now the scaling analysis is
erned by the two-channel two-impurity Kondo model with anready with Eq.[(4B). Suppose thé is the largest one. Upon
exchange coupling. Similarly to the case I, the effectivia sp decreasing temperature, the Kondo s@jris first screened by
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FIG. 8: (color online) Scaled NRG eigenenergy flows with teea-  FIG. 9: (color online) Phase shift and linear conductanderastions
tion NV for a two-level QD coupled to normal leads (case I1) with (a) of J for a two-level QD coupled to normal leads (case Il) with- 1
y=0.5and.J/D = —0.9 and (b)y = 1and.J/D = —1.2. [(@]and 0.5 [(b)].

the conduction-band sp#,,, which defines a Kondo temper- SinceJ; > J,, the Kondo spinéq and gq are simultane-

atureT 1. Below this Kondo temperature, the spifisand  ously screened by the localized spias ands,;, respectively,
Sqq are energetically frozen so that the remaining degrees qjefining a same Kondo temperatdrg. The RG flow in the
freedom is approximately governed by the exchange coupling\RG procedure confirms that there exist no unstable fixed
point and that only one Kondo temperature governs the flow:
see FiglB (b). In our system, the conditign= J,, is satisfied
with 4+ = 1 under the particle-hole symmetry condition.

The antiferromagnetic coupling will eventually screen et The transport in the vicinity of the singlet-triplet trafish

remaining Kondo spi@— at a lower Kondo temperatufé » of the isolated dot and on both of the antiferromagnetic and

sinceJ; < J,. Hence tﬁe system undergoes two-stage kond(gerromagnetlc sides can be analyzed. by measuring the linear

effect$S as the temperature goes down: Two Kondo spin onductance from the NRG calculations. According to the
S : R ) =

are screened out one by one since their couplings to reIevaiiand""uer Biittiker formula in terms of the scattering e

conduction-band degrees of freedom are different in magni-'© zero-temperature linear conductance. can be expressed i
tude. The ground state is of the spin singlet at low temperat-ermS of the phase shift for each channel:

tures(T < Tk 2) due to complete screening, while the partial

screening in the intermediate temperatiifes < 7' < Tk 1 G- E sin2§ (47)
leaves the system in the spin doublet. We have confirmed this T h ’

scaling analysis numerically by examining the RG flow of the

scaled low-lying eigenenergies in the NRG procedure. Figwith phase differencé = 6, — d,. We have extracted the
ureld (a) clearly shows that the flow is in the high-tempegatur phase shifts from the energy spectrum in the NRG proce-
regime attracted by an unstable fixed point and then goes tgure by using the fact that the fixed point is described by
the stable fixed point in the lower temperature. a non-interacting Fermi liquig® On the ferromagnetic side,

The spin exchange coupling S, - S, can interrupt the the Kondo screening forms a resonance level on each channel,
Kondo correlation. In fact, we have observed that the twowhich corresponds to a phase shift2 in both channels and
stage Kondo effect ceases to happen if the exchange couplidg= 0. On the antiferromagnetic side, on the other hand, both
Ji is so antiferromagnetic thay > kpTk 1. In this regime, QD electrons occupy the orbital 1 so thigt= 6; = = and
the Kondo spins are frozen to form a spin singlet by them-, = 0, resulting ind = . It implies that the conductance,
selves before the conduction-band electrons screen them oteq. (47) must approach zero on both sides of the singldetrip
Hence, at zero temperature the system undergoes a transititransition of the isolated dot while it has a maximum near the
between a Kondo state and an antiferromagnetic state as ti@nsition wheny = /2. Figure[9 shows that the phase dif-
exchange coupling; is varied. In contrast to the case |, how- ference increases rapidly from zero#tonear the transition
ever, the transition does not involve any change in the spipoint(J ~ —0.8D) and that the conductance reaches the uni-
state: The ground state in both states is of the spin singletary limit whend = 7/2. The maximal conductance point is
Note that the two-stage Kondo effect arises in the ferromagshifted with respect to the bare singlet-triplet transitmint
netic side in the two-channel case while the one in the singleJ = —0.8 D since the dot-lead correlation favors the spin sin-
channel case happens in the antiferromagnetic side. glet state energetically [see EQ. (B7b)]. As can be seen from

It may be interesting to consider a special case when the twBig.[d, the zero-temperature linear conductance does rnot re
Kondo temperatures are equal to each otl®f;; = Tk 2.  flect the presence of two different Kondo scales: the qualita
This can happen whe#, = J, so that/; = Jy = J, + Ju,  tive feature of the conductance is samefot 1 andy < 1.
Jo = J3 = J, — Jup, andJs = 0, giving rise to the exchange Inclusion of Zeeman splittingf finite temperatures, or super-
Hamiltonian: conductivity can, however, alter the low-temperaturegpent

_ _ _ _ property dramatically if the relevant energy scale is betwe

J1 (Sq “Saa +Sg -§bb) +J2 (Sq “Spy + Sg -Eaa) (46)  two Kondo temperatures and one of the Kondo correlation
with lower Kondo temperature is suppressed. In the next sec-
tion, we study how it happens in Josephson junctions.

Ju1Sg - Sup. (45)

+ Jlga . gb-
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B. Superconducting Leads:A # 0

Now we investigate the TLQD Josephson junction with
A # 0, considering the single- and two-channel cases sep-
arately as in the study of normal-lead case. The system state
is identified as in the study of the weak-coupling regime: re-
fer to Sec[TI[A for the definitions of labels of the systentsta
and phase boundaries. Here we introduce a new |Bbtd
denote the spin-doublet ground state which is missing in the
weak-coupling regime.

A series of studies on the single-level QD Josephson
junctiorf=6:9:14-16.21.23ve already revealed that the compe- (@ ‘ ‘ :
tition between the Kondo effect and the superconductivty ¢ 10°° 104 0001 0.01 0.1
lead to a Kondo-driven phase transition between the Kondo- A/ID
dominant and superconductivity-dominant states and teat t
transition can be driven by tuning the relative strength be-
tween the Kondo temperatufE; and the superconducting
gap A. Strong conductivity(A > Tk) in the leads en- o S10] i
forces the conduction electrons to form Copper pairs by them -0.7¢ Sl S{o] -
selves and does not interfere the spin correlation between t '
QD electrons. In the opposite limit <« Tk), however, 9) -0.8C Ds[0] Sp[#’] Sr
the conduction-band electrons in the leads screen out the QD
spins through spin-flip processes. Hence one can expect that —0.82
as A is decreased the system undergoes a phase transition D+[07]
from states that prevail in the weak-coupling limit to other

—-0.7€-

T[]

states governed by the Kondo effect. Below we find out that _0'84’(b)
the superconducting gap introduces an infrared energyfcuto 106 105 104 0001 001 0.1
to the system and acts like a coherent probe for the Kondo ex- A/ID
citation spectrum. Therefore, we expect that distinct Kond
effects in the two cases — cases | and Il — should lead to differ
ent phase diagrams in the presence of the superconductivity -0.7¢
even at zero temperature.
-0.7¢ S[0]
1. Case I: Single Channel % _o.8c
Weak Coupling Regime Figure[I0 shows the phase di- .
. . -0.82+
agrams in theA-J plane in the case I. As expected, the Dr[0] A Tpl#]
NRG calculations confirm the results of the perturbation the Tlx]
ory in the weak coupling limit4&/Tx > 1). The system _0'847(0)
undergoes the singlet-triplet transition through intediate S - - 001
states,St andTyg, asJ is tuned. The phase boundaries be- 10° 107 AlloD— '

tween them are in perfect agreement with ones found from
the perturbation theory: compare Fig$. 3 antl 10. Not only . . . .
the superconductivity-induced renormalization of theyit FIG. 10: (color online) Phase diagrams in theJ plane for the case

. o ) ) I with v = 1 [(@)], 0.4 [(b)], and 0.1 [(c)]. The phase boundaries
triplet splitting is well reproduced, but also its asymptdte- ;.o |ocated when the ground-state spin is changedl at 0 (red

havior (.J1 — 0) is correctly predicted in the limi\ — 0 |ine), /2 (green line), andr (blue line). The yellow line separates

where the perturbation theory breaks down. Note that th@yo states with same ground-state spin but different SPRferhe

normal-lead contribution td; [see Eq.[(37b)] becomes effec- detailed classification of the states to the text. The insktsv the

tive for A <« T, leavingd J; finite. The SPRs calculated from SPRs forp € [—, 7] at the points indicated by the arrows. Here the

Eqg. (33) also clearly follow those of the perturbative résul  solid lines are guide for eyes.

compare the insets of Fidgd. 3 dnd 10.~At 1, the SPR is of

then-junction regardless of the spin of the ground state, while

that of the spin singlet state becomes of the O-junctiopi@s  electrons in the effective single channel screen out onkeof t

decreased. two QD spins, leaving the other unscreened. We have ob-
Strong Coupling Regime For smallerA, on the other served that the transition takes place at valued\of T

hand, the transition to the spin doublet state takes plagiefw [see red lines in Fid._10], wherEx is the Kondo tempera-

is clearly ascribed to the Kondo effect. The conductioneban ture estimated from the width of the transmission coefficien
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in the normal-lead case [refer to Fig. 7 foe= 1]. The phase maximally twisted condition, that is) = 7, no Kondo state
transition is highly dependent on the values/adind exhibits  appears at all so that the Kondo state exists only in the-inter
asymmetric structure with respect to the sign/ofOn the fer-  mediate state. Such a vulnerability of the Kondo effect at a
romagnetic sid¢.J; < J..) the system experiences a transition maximally twisted phase condition to any finite magnetic per
from the spin triplet to the spin doublet state with decnegsi turbation was also observed in the magnetic moleculaf JJ.
A, while on the antiferromagnetic sidé; > J.) the singlet- The Kondo state may survive the maximally twisted condition
doublet-singlet double transition is observed. In thergitp  only if there is no additional magnetic interactioh = 0) as
antiferromagnetic sideJ{ > J.) there exists no transition at in the single-level QD-JJ. In our system, however, no appear
all. This J-dependence of the transition originates from theance of the Kondo state &t= = is observed even along the
fact that the spin exchange coupling affects the Kondo effecDr-Dg boundary where the effective splitting is supposed to
as discussed in Sdc. VA 1. First, on the ferromagnetic sideanish(J ~ J.). We attribute it to the fact that the super-
(i < J.), the Kondo temperature decreases with increaseonductivity shifts the energy levels of the QD spin statas a
ing |[AJ]. It explains the shift of th@-D phase boundary in induces the)-dependent singlet-triplet splitting, which seems
Fig.[10 toward smallen with increasing /|2’ On the anti-  to favor energetically the spin singlet or triplet statesrthe
ferromagnetic sid¢J; > J.), a two-stage Kondo effect with Kondo state.

two Kondo temperatury andT}, takes place for smalh.J. SPR and Andreev LevelsOnce the Kondo correlation pre-

As long asA > Ty, the second Kondo effect does not ap-ajis over the superconductivity, a resonant level is fatme
pear since the superconducting gap blocks any quasi-garticat the Fermi level, and the Cooper pairs tunnel through the
excitation within the gap. Therefore, forTjc < A < Tk,  Kondo resonant state, resulting in a ballistic O-junctido-

one Kondo spin remains unscreened, forming the spin doublgfether with thes-dependent phase transition, the resonant tun-
state. ForA < Ty, however, Cooper pairs notice the SUp- neling makes the curve of the SPR break into three distinct
pression of the Kondo resonance level, and their tunnesing Isegments as soon as the Kondo effect becomes effective, as
governed by cotunneling under strong Coulomb interactiongeen in the insets of Fif110. The central segment resembles
restoring the weak-coupling supercurrent in the presefice Qnat of a ballistic short junctions, while the two surroungli

the spin singlet correlation. Hence the observed shapeeof thsegments are parts of the tunneling SPR for the spin singlet o
S-D phase boundary and the reentrant behavior are well &xiplet states. Since the Kondo state does not ocofirattr,
plained by the fact that the first Kondo temperatilte de-  the SPR keeps the three-segment structure and does not be-

creases with increasing.J as in the ferromagnetic side and come of the perfect ballistic junction that was observedhi t
that the second on&} decreases with decreasidg/ and single-level QD-J3

vanishes ag\/ — 0. Figure[11 (a) displays typical variations of the Andreev lev

Finite Phase Difference- The transition boundaries de- els and supercurrent with at a fixed value of\/D = 1073.
pend on the phase differenge which is responsible for the OntheDr-Dg boundary withJ; ~ J,. [see the middle plots],
occurrence of the intermediate states. One should note th#te spin-singlet(red) and triplet(yellow) Andreev levais de-
in the presence of finitée\ and ¢ both of two conduction- generate in the central segment, while the degeneracyad lif
band channels are coupled to the QD: All the elements oin side segments arourid= +x. Any finite effective singlet-
the dot-lead coupling matrix, Ed._(25) become finite. In ad-triplet splitting, J; # J., clearly induces a spin splitting in the
dition, the finiteA makes it impossible to decouple one chan-subgap excitations, lifting the degeneracy, and consedtyuen
nel completely via any unitary transformation. Howevee th shifts the crossing between the ground state and the lowest e
effect of the second channel is energetically cut off by the fi citation towardy = 0, shrinking the central segment. Across
nite gapA itself in a sense that the Kondo temperature dughe crossing, the ground-state spin is changed from 1/2 to O
to the coupling to the second channel is always smaller tha(t) for J; > J. (J1 < J.). Similarly, the Andreev levels ex-

A. The single-channel argument is thus sufficient to accounhibit discontinuities in the spectra; fok > J. (J1 < J.),

for the phase transitions even at finite The dot-lead cou- two outmost Andreev levels with spin 1 (0) in the central seg-
pling matrix, Eq. [2b) then indicates that the couplings  ment cannot remain as one-electron excitations with respec
and ty;, responsible for the Kondo effect are reduced fromthe spin-0(1) ground state at the transition and are reglage
V2t to /2t cos %, which accordingly lowers the Kondo tem- new Andreev levels with spin 1/2. In parallel with the abrupt
perature. The decrease of the Kondo temperature is cleartshange in the Andreev levels, the SPR shows a discontinu-
demonstrated in the phase diagrams: The phase boundariesais sign change (note thatx —9dE,/9¢, as the continuum-

¢ = 7/2 [see green lines in Fig.10] are located at smallerexcitation contribution is negligible), culminating in risi-

A than those a$ = 0 and the regime of double transition is tion from the 0 to ther state: accordingly, the staték /Dt
shrunken due to the increase of the second Kondo temperand Sp /T are of thel)’ and«’ states, respectively. Ag
tureT [see Eq.[(38)]. However, not only the diminished dot- grows in magnitude, the central segment shrinks and eventu-
lead coupling is responsible for the reduction of the Kondaally vanishes. The SPR then becomes sinusoidal, which is
temperature. We have found that a scaling analysis with fithat of a tunnel junction. Once the tunneling junction igyful
nite A produces exotic terms (like proximity terms) which are established, stronger singlet-triplet splitting does lead to
missing in the normal-lead case. Such terms with figitmn  any qualitative change in the SPR. The observedtfansi-
suppress the Kondo correlation further by twisting the phastion is quite asymmetric with respect to the signjef First,
correlation between two leads. We have observed that at thtbe phase transition in the antiferromagnetic regiagn J.)
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- - Tp-Dy boundaries toward smaller valuesAflcompare the
e SO ey ] phase diagrams in Fig.110]. To understand this behavior, one
Or@ e AAARARRASSS SRRURRRES () should take a look at the typical dependence of the Kondo tem-
et JD-0.7¢ 11 peraturel’x on the lead-dot couplinglx o exp [—A/Tot],
+1f 1+1 wherel'y; = 2(1 + +?)T is the total hybridization andl is
. s . "'L.,.,O aTl-independent constant. Asis decreased from 1 to 0, the
A S aseesette e, et total hybridization decreases froi' to 2I", which leads to
-1 JD=-0.7¢ 1-1 .
1 the exponential decrease of the Kondo temperature. Hence,
with the smallefT'x, the transitions from the spin double state
e = to the spin singlet or triplet states occur at smaller vaties
J/D=-0.8011¢ -1 or A. The exponential dependencelof andT. ony makes
+1’.,.='""’""""%._ aeet "t the intermediate state®, andDg almost vanish and hard to
o 1 et e detect even at ~ 0.4.

-1 Peeereeeeeeeerd Jb=-1 1-1 Another effect of the asymmetry is the appearance of a
second O state in the singlet side in smallregion [see

0 SORRRRRARASRRSRE sl Fig.[I0 (b)]. This O state is not like the one predicted from
—1f e ecsennnenes? =2 the perturbation theory which works only in the largdimit.
-1 -12 0 12 -1 -2 0 12 1 In the smallA limit, all the high-order processes should be

¢/n taken into account in order to determine the sign of the super
\ . current. Even though the analytical analysis taking alldhe

(b) ders of the processes is difficult to appl h t
y, a rough accoumt ca

be proposed: From the lowest-order terms, Elgs. [A28) and
(A29), one can know that the sign of the supercurrent due to
each tunneling process is determined based on which interme
diate two-electron state appears in the middle of the tumgel
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e <$=s0] process. For example, processes with an intermediateispin s
glet state|2, 0, 0; 3) make a positive contribution. In higher-
10 ‘ i order processes, different kinds of intermediate statdsap4
10° 104 0.001 0.01 0.1 pear one by one, and a negative contribution can arise only
A/D for processes with an odd number of the intermediate states
that invert the sign of the current. Since processes with an
FIG. 11: (color online) (a) (LEFT) Andreev levels in units &  eyen number of sign-inverting states should outnumber odd-
and (RIGHT) supercurrent in units of 1" as functions ofpand  nymber processes, one can claim that higher-order pracesse
A/D = 10" for various values off as annotated. Red and yellow 56 jikely to make the positive contribution and consegiyent

dots/lines denote the spin singlet and triplet Andreeviewespec- .
tively. (b) Andreev levels (close to the Fermi level) in wnitf A as o favor the O state. We observe t_hat .thls 0 state _takes place
for v < 1 and that aty = 1 the spin singlet state is purely

functionsA /D at¢ = 0 for several values of as labeled. Here we .
usedy = 1. the = state. We guess that the second 0 state also benefits

from the weakening of the negatiy#,, term with decreasing
~. Figure[I0 (b) shows that the second 0 state expands to-

takes place af; < T, while the 0 state survives much larger Ward largeA region as/ is increased. It can be explained by

ferromagnetic coupling® < J.). Second, the antiferromag- the argumentthat with increasitighe positively contributing

netic spin splitting gives rise to a doublerOtransition that Processes with the intermediate stée0, 0;3) have larger

restores the spin singlet correlation at snagllFigurel 11 (b) a@mplitude because the energy céts — Eo;; = de — 3J/4

clearly shows that for the antiferromagneficless tharTy ~ diminishes; see Ed.(A29). At smaller the two O states ex-

(atJ = —0.77) the Andreev levels make double crossingsPand further and eventually merge to form a single O state, as

as A is varied and the spin singlet ground state is restoreghown in FigLID (c).

at smallA. This is not the case in the ferromagnetic region Critical Current— Figure[12 shows the critical current as

(at J = —0.84) where only one crossing appears nor in thea function of.J/D for given values ofA. For all values ofy,

strongly antiferromagnetic region (dt= —0.75) where there  the spin triplet state has a larger critical current thansghia

exists no crossing at all. Note that the crossing takes placsinglet state, which is consistent with the perturbaticuks:

only when the spin-doublet ground state is replaced by theompare Figd.l4 arldl12. The critical current is considerably

spin-singlet or triplet ones: No crossing appears in swiigh boosted up in the Kondo-dominant state and even approaches

between the spin singlet and triplet ground states since eathe ballistic short-junction valug"°'* as it goes deep into the

of them cannot be a single-particle excitation to the other.  Kondo state. The critical current has its maximum around the
Asymmetric Coupling- The phase diagram is also sensi- singlet-triplet transition point and decreases rapidlthiman-

tive to the asymmetry factoy as well. The decrease of tiferromagnetic side. A dip in the critical current is obsedt

gives rise to the shrink of the intermediate stafgsand Dg in the antiferromagnetic side at moderate values.ofThis

in the antiferromagnetic side and the shift of thel', and  dip happens at the boundary betweenthstate and the sec-

= ;: .7rﬂ/./ et

.
.
4
o
— o—

-0.5¢

e
.
I




1.0(;h ‘ 3 —

0.5Cr

0.2¢C
- 0.1C

0.0%
\ 101

short

107

008 86 —0.82 0.8z —0.8C ~0.7€ ~0.7€ ~0.7
J/ID
1.00C R
— b)]
0500 - (b)
0.10C 4
5 0.05( 2x10
= 0.01¢._2x10"
0.00E
1 L L L | i L
0008 84-0.8-0.82-0.81-0.8C~0.7¢-0.76-0.77
JID
1.00, . . -
r (c)
0.50C 156 10
5 0.10C
2 0.05( 10
2
ooi 10
0.00¢ ]
-0.84 -0.8% -0.82 -081 -08C -0.7¢

J/ID

FIG. 12: (color online) Critical currents as functions.fD in units

of I$h°t for the case | withy = 1 [(@)], 0.4 [(b)], and 0.1 [(c)]. The
numbers next to the lines represent the valued gD chosen for
them. Here the solid lines are guide for eyes.
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FIG. 13: (color online) (a) Occupatiofnz) in the second level of
the QD and (b) spin correlatiof8; - S2) as functions ofA /D for
the case l aty = 1 and¢ = 0. The numbers next to the lines
represent the values of/ D chosen for them. Due to the particle-
hole symmetry, we havén:) = 2 — (n2). Here the solid lines are
guide for eyes.
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FIG. 14: (color online) Phase diagrams in theJ plane for the case
Il with v = 1 [(a)] and 0.5 [(b)]. Refer to Fidg. 10 for the details.

QD occupation and the spin correlation between QD spins.
For the isolated QD, the perfect spin singlet state dictates
<7’Ll> = 2, <’rL2> = 0, and <Sl . Sg> = 0, while <’rL1> =1,

(ng) = 1, and(S;-S3) = 1/4 in the spin triplet state.
This behavior is well reproduced for large values/fsee
Fig.[13]. The strong superconductivity effectively declesp

the QD from the leads, and the correlations between QD spins
are left unpolluted. AsA is decreased, on the other hand,
the dot-lead hybridization interferes the QD spin corietat
and makegn;) and(S; - Sy) deviate from their bare values.
Furthermore, they exhibit abrupt changes at phase transiti

to the spin doublet statép,) and(S; - S,) exhibit the same
gualitative dependence ah since the occupation in the or-
bital 2 is directly related to the formation of the spin tepl
state. Interestingly, the emergence of the Kondo spin eorre
lation which screens out one of the spins does not completely
suppress the local spin correlation between QD spins amd eve
help its recovery slightly aA is further decreased.

ond 0 state where the current vanishes completely. Note that 2. Case II: Two Channels

the Kondo-driven Or transition involves intermediate states
so that the current does not vanish at the phase boundaries.

Occupation and Spin Correlatier Finally, we'd like to

Weak Coupling Regime Now we consider the two-
channel case in the presence of the superconductivity. Fig-

mention about the other ground-state properties such as thee[14 displays the phase diagrams in this case. In the large-
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A limit the phase boundaries and the SPR characteristics cghase boundary at = 7 [see Fig[ 14 (a)]. Note that such a
incide well with those obtained from the perturbative thyeor strange structure is also observed in the asymmetric case [s
compare Fig$.]5 aiidl4. At= 1, the SPR is of the O-junction Fig.[14 (b)]. Analytical theory to capture its physical arig

in both the spin singlet and triplet states, and that of th&est is not available because the perturbative scaling theotly wi
T switches into ther-junction asy is decreased. finite A is hard to trace down. Instead, we draw a tentative

Strong Coupling Regime The smallA part of the phase argument from its structural resemblance to that caused by
diagram, on the other hand, features Kondo-oriented stru¢he single-channel two-stage Kondo effect. Our NRG calcu-
tures. First, consider the asymmetric case £ 1) [see lation indicates that ab = = the lower Kondo temperature
Fig.[I2 (b)] which exhibits typical phase diagram in two- T'x,2 in the ferromagnetic side exponentially decreases as
channel case. On the antiferromagnetic side no transision iaPproaches the antiferromagnetic region. As soon as the ef-
observed to take place. In this regime the antiferromagnetifective singlet-triplet splitting/; becomes antiferromagnetic,
coupling is strong enough that the system is frozen in the spithe spin exchange couplingS,, - S, can then cause the sec-
singlet state regardless of value &f On the ferromagnetic ond Kondo effect with the Kondo temperatufg- between
side, however, the system experiences a double transitthn w the spinS; and the local Fermi liquid formed at the s{8g as
decreasingA: a transition from the spin triplet to the spin explained in Se¢. IVAIL. Accordingly, we have again a two-
doublet state is followed by a second transition to the sipin s stage Kondo effect that explains the upward convex shape of
glet state at smalleA. It reflects the two-stage Kondo effect the unusual phase boundaries very well. The condition that
discussed in SeE_IVA2, where two Kondo scalgs; and it can take place is thafx » < T}, that is, the second QD
Tk, are operating. FoA > T /5, the conduction-band spin is screened by the continuous degrees of freedom formed
electrons form the Cooper pairs by themselves without &ffec at the Kondo resonance level at the first QD spin rather than
ing the ferromagnetic correlation formed in the QD. Odce by the conduction-band electrons in leads. In the absence of
is lowered below the larger Kondo temperat(te; so that  superconductivity this does not arise becallge, is always
Tr2 < A < Tk 1, one of the QD spins is screened out andlarger tharT;.. However, the NRG calculation suggests that
the other spin that is left unscreened defines the spin dbublghis condition is satisfied with finitdh and more importantly
state. For smalleA < Tk 1,5, the remaining QD spin is also with ¢ ~ .
screened out so that the entire system becomes of the spin sin SPR for the Asymmetric CaseThe SPRs shown in the in-
glet. We have spotted such a double transition at any value &ets of Fig[ Tl clearly reflects the Kondo-driven phase tran-
¢. Figure[14 (b) shows that the phase difference affects thgition. The asymmetric case [see Hig] 14 (b)] displays the
Kondo temperatures in such a way tifat, (1'x,2) decreases similar evolution of the SPR with respect to the alteratién o
(increases) with increasing The intervall’x 1 — Tk 2 isthe  the ground-state spin as observed in the single-channel cas
smallest atp = 7. As in the case I, the modulation of the The formation of the Kondo-assisted resonant level bogsts u
Kondo temperatures can be roughly understood from the dehe tunneling of Cooper pairs and develops the ballistic 0-
pendence of the dot-lead coupling or{see Eq.[(2b)]: The junction. Starting from the tunneling-junction in the spin
phase difference redistributes the amplitude of dot-leag ¢  triplet state, the SPR then has a shape of the three-segment
plings so that the stronger one get weaker and vice versa asstructure with decreasindy. The central ballistic part enlarges
is varied from O tor. As a result, with decreasing the sys-  further with loweringA, and the SPR becomes of the com-
tem evolves from the spin triplet staféto the singlet stat& plete O-junction as the system enters into the sfatePass-
via all the possible intermediate states including the detep  ing through the second transition to the spin singlet state,
spin doublet staté®. SPR restores the three-segment form and eventually returns

Symmetric Case- In the symmetric casey(= 1), how- thew-junction. It is worth noting that while the ballistic O-
ever, the phase diagram exhibits quite different featuses [ junction is ascribed to the Kondo resonant tunneling, ifs su
Fig.[14 (a)]. At¢ = 0 only one direct transition from the pression at smalleh is also due to the Kondo effect. The de-
spin triplet to the spin singlet is observed [see a red liiie].  structive interference between two resonant tunnelingdde
is surely due to the disappearance of the two-stage Kondo efe a subduing of the tunneling current. The interferencets n
fect aty = 1: two QD spins are simultaneously screened at a&complete (while it is the case in the single-channel casd) an
common Kondo temperatuf@ [refer to Sed_ IVA2]. Hence becomes ineffective ag becomes less negative, resulting in
the system passes from the spin triplet state to the spin sin increase of the supercurrent.
glet state either by antiferromagnetic coupling or by Kondo The phase diagram in Fig. 114 (b) shows that there exist
correlation. At flnlte¢, however, the redistribution of the dot- two Spin Sing|et state$ with 0- and W-junctionS, respec-
lead couplings deviate the Kondo couplings for two QD spinsively. The perturbative analysis manifests that the spin s
from their symmetric point so that one becomes larger anget state in the case Il pertains to the O-junction behavior
the other smaller, recovering the two-stage Kondo effetft wi Our NRG calculation shows that it is the case even in the
two Kondo temperature$x,; > Tk, again. In this case small A limit as long as the antiferromagnetic coupling pre-
Tk,1 (Tk,2) increases (decreases) withso that the interval  yails. However, we found that in the Kondo-dominant singlet
Tk, — Tk,» reaches its maximum at = . As aresultno  state the SPR exhibits the tunnelingiunction behavior as
completeD state arises as the spin triplet state is changed intghown in Fig[T# (b), following the SPR of the spin triplet
the spin singlet state. state in the largeA regime. The transition between two sin-

One more peculiarity in the symmetric case is a cusp in thelet state does notinvolve any intermediate state so thatth
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1.0C ‘ N to follow the linear conductance obtained in the normattlea

0.5C > \*«~ case: compare Figs]l 9 ahd 15. The critical current exhibits a
10° / peak exactly where the linear conductance reaches its maxi-

0.2 mum. The peak is not due to the Kondo boosting but orig-

inates from the competition between the Kondo and the an-
tiferromagnetic correlations at the singlet-triplet saion as
revealed in Sed. IVAI2. However, the Kondo boosting en-

0.0z hances the critical current in the spin doublet state. Avari
0.01 ‘ ‘ ‘ A, the system can be driven into the spin doublet staté as
-1.0C -0.9t -0.9C -0.8t -0.8C

is decreased, where the unscreened Kondo correlation opens
a resonance tunneling. Hence, as can be seen if Big. 15 (b),
the smallA critical current features a peak and plateawas

is varied. A sharp dip is also identified between them. The
Kondo-assisted plateau is rather weak in the symmetric case
[see Fig[Ib (a)] and it disappears in the snaallimit since

no spin doublet state exists in this limit [see Figl 14 (a}}- T
gether with the Kondo-assistedjunction, this double-peak

or peak-plateau structure of critical current with respieche

spin exchange coupling contrast the two-channel case with
the single-channel one, so it provides a way to distinguigh t
cases in experiments in which the amplitudes of dot-lead cou
plings are not known in priori.

J/ID
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FIG. 15: (color online) Critical currents as functions.fD in units

of 121 for the case Il withy = 1 [(a)] and 0.5 [(b)]. The numbers

next to the lines represent the valuesof D chosen for them. Here V. DISCUSSION AND CONCLUSION
the solid lines are guide for eyes.

We have investigated the physical properties and the elec-
tronic transport of two-level quantum dot Josephson jumsti
percurrent completely vanishes at the boundary (yellog)lin by focusing on two representative dot-lead coupling corfigu
between them. rations, cases | and Il [see Ef] (8)]. The fourth-order pertu
SPR for the Symmetric CaseThe symmetric case, onthe bation theory applied in the weak coupling limit has revdale
other hand, displays exotic features in the SPR as well as ithat the parities of dot orbital wavefunctions, that is, $ign
the phase diagram. The most intriguing observation is et t of the product of dot-lead tunneling amplitudes, can gyeatl
Kondo-assisted tunneling triggers the ballistigunction be-  affect the sign of the supercurrent depending on the spin cor
havior. As stated before, the Kondo-driven spin doubldesta relation present in the dot. The key elements that determine
does not form aty = 0 but comes into being from = ©  the current characteristics are found to be the existenee of
asA is decreased. The tunneling O-junction SPR in the spinocalized moment in orbitals which reverses the order af-ele
triplet state then transforms into the three-segment oag th trons in Cooper pairs and the competition between diagonal
at this time, has the Kondo-driven ballistic feature atitles and offdiagonal tunneling processes.
segments, not in the central part. In addition, the SPR in the |n the strong coupling limit the Kondo correlation competes
side segments exhibits thejunction behavior: As observed with the superconductivity and the spin exchange coupling
in Fig.[11, the change of the ground-state spin from 1 to 1/2ynd the system state is determined by their relative sthengt
makes the Andreev levels cross at the Fermi level, which acwe have used the NRG method and the scaling theory based
cordingly induces sign change of the supercurrent acrass thon the Schrieffer-Wolff transformed Hamiltonian in order t
crossing point. This ballistier-junction can develop only if examine the Kondo effect in the normal-lead counterpart of
the dot-lead couplings are all comparable and their produgur system. The effective single-channel case (case Ipeshi
is negative because only this condition ensures that the spthree different states — underscreerfed= 1 Kondo effect,
triplet state has the 0-junction and the Kondo transitiantst  two-stage Kondo effect, and spin singlet state — depending o
at¢ = 7 with Tx 1 (¢ = 7) > Tk 1(¢ = 0). The Kondo- the sign and strength of the spin exchange coupling, while in
assistedr-junction does not reach its full strength, through, the two-channel case (case Il), the system displays twgesta
and further lowering ofA shrinks the side segments, finally Kondo effect and spin singlet state. We have found that the
restoring the O-junction. Hence, in the smalllimit, the sys-  numerical results from the NRG method applied to supercon-
tem is of the spin singlet in the O state. ducting case can be understood in terms of comparison be-
Critical Current— Figure[I5 shows the critical current as a tween the superconducting gdp and relevant Kondo tem-
function of J/ D for given values ofA. In the largeA limit, peratures: The Kondo correlation found in the normal-lead
the critical current is larger in the spin singlet state tiran case becomes effective ondebecomes smaller than the cor-
the spin triplet state as predicted in the perturbationheo responding Kondo temperature. In this way the superconduct
On the other hand, the smal-critical current is observed ing gap acts like a coherent energy probe for the excitatbns
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the system otherwise. The competition between the superco2009-0069554.

ductivity and the many-body correlations present in the sys

tem gives rise to phase transitions which accompany abrupt

changes in physical properties such as ground-state sgin anAppendix A: Energy Shift Coefficients in Perturbation Theory
SPR: Among the prominent changes that arise once the Kondo

effect prevails over superconductivity are the boost-uthef Here we present the detailed expressions of the coefficients
supercurrent due to resonant tunneling and the appearéince @ ; for ¢ = S, T are defined in the energy shifts, Eg. (9) in the

strong O-junction. Knowing the magnitude of the superconfourth-order perturbation theory. On behalf of readapilite
ducting gap that is under control, therefore, it providessg W introduce the following integrals:

to measure the magnitude of the important many-body corre-

lations such as the Kondo temperature or vice versa. dx/m (A1)
Beside detecting the system excitations, the superconduc- f(z;€1)

tivity directly alters the system state. In the weak couplin da /7T

limit it renormalizes the singlet-triplet splitting and ik A= (A2)

the singlet-triplet transition point which now depends ba t f (3610 f

phase difference as well. In the strong coupling limit thédin / dw/” (A3)

phase difference influences the interference mechanism and flz; &) f(z; &)

suppress or enhance the other many-body effects. Esgeciall dxdy/ﬂ a4

at the maximally twisted conditiorp(= ), the Kondo corre // Ty ) (@ 6) f (@3 €17 (A4)

lation is completely suppressed in the case | and the Kondo
assistedr-junction is induced in the case Il. Knowing that the 4/ // dxdy/7T (A5)
m-junction in most of cases is usually weak due to its per- Ay S,y ) f (@) f(y) f (5 &) f (25 €5)

turbative origin, the latter mechanism opens a way to have a dxdy/w

strongm-junction. In the light of quantum computational unit  Bi;(§) = // Ty O @ e F e (A6)
which is free of any magnetic control, thisjunction is more Y 1) ]33 615

promising because the state of the junction can be controlle Bl( // dfﬁdy/7T

by electric manipulation: the spin exchange coupling can be i Fla,y; ) f(@) f(y) f(; &) f(y; &1j)
tuned by the gate voltage. (A7)

We expect that our theoretical prediction about phase di-
agrams and SPRs in TLQD-JJs can be explored in experwhere we have definefi(x) = v1+ 22, f(z;€) = f(z) +
iment by using state-of-art fabrication techniques. A re-¢, andf(z,y;¢) = f(z) + f(y) + £ and all the integration
cent experimerif measured electronic transport througly-C ~ should be done over the regipaD /A, D/A]. All the charge
molecular junctions and detected the singlet-tripletdition ~ excitation energies that appear in the expressions are made
and the accompanying Kondo effects which are consisterdimensionless:
with existing theories. The same experiment group has ex-
tended their study to superconducting Gsehere the Albars &1 = (61 — EV)/A, &= (2 — E)/A,  (A8)
are attached on top of Au leads coupled tp &nd the super- €01 = —E(O)/A €20 = (Eoi1 — E(O))/A (A9)
conductivity is induced in Au leads by the proximity effect. @ ’ ¢ ’
The Josephson effect predicted in our paper can be then in- 23 = (Eo2 — ESY)/A, &ou = (Eos — EX)/A, (A10)
vestigated by forming a SQUIE® one of which arms contains o5 = (B — E)/A, (A11)
the molecular junction. As implemented in Roehal.*? the “
spin exchange coupling can be then controlled by an exteffor ¢ = S, T', respectively. In terms of the integral macros, the
nally applied gate voltage. Or, the superconducting gap caboefficients3s; for the singlet energy shift are then expressed
be tuned by applying a magnetic field as long as it does najs
suppress the Kondo effect. In this way the switching between

0 andr states with respect to the tuning #fand/orA pre- Bso = — A1 (A12)
dicted in our calculations could be confirmed in experiment. [A)]2
Even without using the SQUID geometry, our theory could Bs1 = A Ay — —— (A13)
be tested by measuring a critical current through the joncti €21 ,
which should exhibit nontrivial dependence on the spin ex- ~ An(&r) + Bui(ée1)  Ain(§22) + By (622)
change coupling as discussed above. 2 2

Bsz = 241 A11 + ALy (€22) + Bi1(€22) (A14)

A11(€24) + Bia(€oa) + ALy (€24) + By (€24)
Acknowledgments o 2
~ 5(A11(&25) + Bui(&es) — A1 (§25) — By (25))
The authors thank W. Wernsdorfer and F. Balestro for help- 2

ful discussions. This work is supported by ANR-PNANO Aq1(€24) + Bi1(€24)
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_ Bi1(€25) + Baa(&25)

2 2
Bsa = 2A1A411 — A11(§21) — Bi1(&21) — A11(&22) (A16) (AL + Ag)(Arr + Ago)
Brs = (A23)
Bss = 2B11(&22) (A17) 2
472 ~An(&r) + A(&er) ~ Buo(6)
By = By (€22) + 2 e (A18) 2 12521
A A
Bl = —2A (€32) + AL (Ea1) + Bl (€2) (A19) _ 11(€22) + B11(&22) -; 22(€23) + B22(&23)
- 3(Alll(§25) + 311(525))7 By = (Al + AQ)(All + Agg) (A24)
L . . 2
where the scaled excitation energies are calculated Mtk
Es. The coefficientsd; for the triplet energy shift are given _ Au(8) + Az (4524) + 2B12(624)
b
y 3A11(€25) + 3A22(E25) + 2B12(€25)
A+ Ay B 4
= — 20
Pro 2 (A20) Brs = 2A412(621) + B11(§21) + Baa(€21) (A25)
ﬁTl _ (Al + A2)(4A11 + A22) (A21) + A12(§24) + 311(524) ;' 322(524)
. A11(€24) + AQQ (524) —+ 2B12(§24) T A32;€24) _ 3A12 (525) _ B11(€25) ‘;‘ B22 (525)
n B (§24) 1‘ B (824) By = _A/12§24) _ Bii(&a) 1‘ By (§24) (A26)
A (€es) + A2a(Eos) + Bia(bos) + AL (60s) _ 314'122(525) B (&) 1‘ B, (€25)
N B (&25) 1— Biy(&25) Brs = — Al (§22) — By (§a2) — Ajy(é2s) — Béz(ﬁzs()Aﬂ)
Bra = (A + Az)(2A11 + Azz) (A22) A7y (€24) ‘;Aéz(f%) + Bl (6a4)
— A11(821) + Bi1(&21) — A22(821) + Baz(21) _3(A1 (So5) + A% (&25))
Bia(&25),
+2(A12(§21) — Bi2(€21)) 2
— A11(622) — Bui(§a2) + Al (§22) + By (622)
— Ago(&23) + Baa(€23) + A (Ea3) + Bia(623)
+ A12(824) — Ba(624) where the scaled excitation energies are calculated Mtk
B11( §24) + Boa(&24) — A1y (€24) — Aby(E24) FEr. For better estimation of the sign and the magnitude of the
2 supercurrent, full expressions fﬁg4/5 andﬁgm/5 are given
— 2A15(&25) + Al (§25) + Ay (25) + Bia(&2s) below:
;o dwdy /7 ( _dz/m )
Fs1 = // J(x,y; &oo) f(3&10) fys &an) f flz &) f (A28)
dxdy/ﬂ' < /2 3/2 ) ( 1 )2_ 2 A2
Fss = // l f(m,y;804)  fl,y,5805) f(z3&11) * f(y;611) [, y; a2) [ f (25 611)]2 (A29)
, dxdy/ﬂ' ( 1 1 > < 1 1 ) A30
Pra = // l (z,y;&4) N f(z,y;625) f(w3&101) f(y; 1) * f(z5812) f(y; §12) (A30)
n ( 1 n 3 ) 2
flz,y; &) flz,y;&as) ) faséan) fa;€io)
. d:cdy/w ( 1 1 )2 1 ( 1 1 )2 3
e // [f (@ v:€a) \J(@ien) | J@ien)) T yiln) \J(@ier) | T(0:r2) (A3
~ ( 1 1 )2 N 1 ( 3 N 2 N 3 )
f(x7y7€24) f(z;611) f(y;ﬁlz) floy; &) \[f(z:600)]2  flzi&an)f(ysi2)  [f(wi6i2)]?) |
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