GIBBS MEASURE FOR THE PERIODIC DERIVATIVE
NONLINEAR SCHRODINGER EQUATION

by

Laurent Thomann & Nikolay Tzvetkov

Abstract. — In this paper we construct a Gibbs measure for the derivative
Schrédinger equation on the circle. The construction uses some renormalisa-
tions of Gaussian series and Wiener chaos estimates, ideas which have already
been used by the second author in a work on the Benjamin-Ono equation.

1. Introduction

Denote by T = R/27Z the circle. The purpose of this work is to construct
a Gibbs measure associated to the derivative nonlinear Schrédinger equation

iOu + 02u = 10, (Jul*u), (t,z) e R x T,
u(0,x) = up(z).
Many recent results (see the end of Section [[L2]) show that a Gibbs measure

(1.1)

is an efficient tool to construct global rough solutions of nonlinear dispersive
equations. This is the main motivation of this paper: we hope that our result
combined with a local existence theory for (1)) (e.g. a result like Griinrock-
Herr [6]) on the support of the measure will give a global existence result for
irregular initial conditions. A second motivation is the fact that an invariant
measure is an object which fits well in the study of recurrence properties given
by the Poincaré theorem, of the flow of (L.I)).
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1 2w

For f € L*(T), denote by /f(:n)dx =5 f(x)dz. The following quanti-
T Jo

T
ties are conserved (at least formally) by the flow of the equation
e The mass

M (u(t)) = lu(®)llz2 = lluollz2 = M (uo).
e The energy

3 1
Hu(t) = /T\Bxu\zdx—i-ilm Alu\zuaxﬂdx+§A]u\6dx

1
= /|8xu|2dx—%lm /ﬂzam(uz)dx—l——/|u|6dx
= /|8u| dx—|—%z/u8 )dz + = /|u|6d3:
T

The conservation of the energy can be seen by a direct computation (see also
the appendix of this paper.)
Notice that the momentum

Plu(t)) = /|u|4dx+z/u8 udz

= /]u\‘ldx —Im /u@ udz = P(up),

is also formally conserved by (L.T]). Indeed it is the Hamiltonian of (ILI]) as-
sociated to a symplectic structure involving 9, (see [7]). However, we won’t
use this fact here. Instead, our measure will be deduced from a Hamiltonian
formulation based on H of a transformed form of (LTI).

Let us define the complex vector space Ey = span((eim),NSnSN). Then
we introduce the spectral projector IIy on Ex by

N
(1.2) Iy < Z cnei"$> = Z et
nez n=—N

Let (2, F,p) be a probability space and (gn(w))n <z, & sequence of independent

complex normalised gaussians, g, € Ng(0,1). We can write
1 .
(1'3) gn(w) = E(hn(w) + an(w)),

where (h, (w)) el (tn(w)) ez are independent standard real Gaussians NVr(0, 1).
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1.1. Definition of the measure for (L)). —

In the sequel we will use the notation (n) = vn? + 1.

Now write ¢, = a,, + ib,,.
For N > 1, consider the probability measure on R22N+1) defined by
N
(1.4) dpy = dn H e—<n)2(ai+bi)dandbm
n=—N
where dp is such that

N
1 202 12
1.5) — = e~ (M7 (an+b) 4q,,db,
19 o= 11,

N N
1 \2 1 \4
_ _2N+1 ( ) _ 2N +1< )
T T .
11 5 5
The measure uy defines a measure on Ey via the map

N
(an b)Y (an +iby)e™,
n=—N

which will still be denoted by py. Then puy may be seen as the distribution
of the E valued random variable

(1.6) W — Z %eim = on(w,x),
In|<N

where (g,))__, are Gaussians as in (L3)).

Let 0 < . Then (py) is a Cauchy sequence in L?(Q; H?(T)) which defines

(1.7) olw,z) = Z %eim,

nez
as the limit of (py). Indeed, the map

9n (UJ) inT
w— e
2
defines a (Gaussian) measure on H?(T) which will be denoted by p.

For u € L?(T), we will write uy = IIyu. Now define

) =T [ B0 010 (o)
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Let Kk > 0, and let Y : R— R, 0 < x <1 be a continuous function with
support supp x C [—k, k] and so that x = 1 on [—%, £]. We define the density

202
(1-8) GN(U) = X(HUN”LQ(’]I‘))e%fN(u)_%fT‘uN($)‘6dx7
and the measure py on H?(T) by
(1.9) dpn(u) = Gy (uw)dp(u).

1.2. Statement of the main result. —
Our main result which defines a formally invariant measure for (L)) reads

Theorem 1.1. — The sequence G (u) defined in (I.8)) converges in measure,
as N — oo, with respect to the measure p. Denote by G(u) the limit of (L))
as N — oo, and we define dp(u) = G(u)dp(u).

Moreover, for every p € [1,00[, there exists ky, > 0 so that for all 0 < k < Ky,
G(u) € LP(du(u)) and the sequence G converges to G in LP(du(u)), as N
tends to infinity.

Remark 1.2. — In particular, for any Borel set A C H(T), imy_00 pn(4) =
p(A).

It is not clear to us how to prove the convergence property, if we define
pn as follows : For any Borel set A C H?(T), pn(A) = pn(A N Ex) where
dpy = Gy (u)duy(u). In particular, the convergence stated in [11] Theorem 1]
is not proven there. However, if we define in the context of [11] py as we did
here, the convergence property holds true. In addition the measure py defined
here (see also [4]) is more natural, since it is invariant by the truncated flow

DN (t) of equation (A.1G).

One can show that by varying the cut-off y, the support of p describes the
support of y (see Lemma [£.2] below).

The main ideas of this paper come from the work of the second author [11]
where a similar construction is made for the Benjamin-Ono equation using the
pioneering work of Bourgain [3]. In [11], one of the main difficulties is that on
the support of the measure j, the L? norm is a.s. infinite, which is not the case
in our setting, since for any o < 1, p(w) € H’(T), for almost all w € Q. Here

the difficulty is to treat the term / w? am(u2)dx in the conserved quantity H.
T

Roughly speaking, it should be controlled by the H 3 norm, but this is not

enough, since ||uHH%(T) = 0o on the support of du. However, we will see in
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Section 2 that we can handle this term thanks to an adapted decomposition
and thanks to the integrability properties of the Gaussians. This is the main
new idea in this paper.

The result of Theorem [Tl may be the first step to obtain almost sure global
well-posedness for (IT]), with initial conditions of the form (L.7]). To reach such
a result, we will also need a suitable local existence theory on the statistical
set, and prove the invariance of the measure dp under this flow. For instance,
this program was fruitful for Bourgain [2, 3] and Zhidkov [14] for NLS on
the torus, Tzvetkov [12), 3] for NLS on the disc, Burq-Tzvetkov [5] for the
wave equation, Oh [8, @] for Schréodinger-Benjamin-Ono and KdV systems,
and Burg-Thomann-Tzvetkov [4] for the one-dimensional Schréodinger equa-
tion. For the DNLS equation, we plan to pursue this issue in a subsequent
work.

1.3. Notations and structure of the paper. —

Notations. — In this paper ¢, C denote constants the value of which may
change from line to line. These constants will always be universal, or uniformly
bounded with respect to the other parameters.

We denote by Z (resp. N) the set of the integers (resp. non negative integers),
and N* = N\{0}.

For x € R, we write (x) = Va2 +1. For u € L*(T), we usually write uy =
IIyu, where Iy is the projector defined in (L2]).

The notation LY stands for LY(T) and H® = H*(T).

The paper is organised as follows. In Section Rl we give some large deviation
bounds and some results on the Wiener chaos at any order. In Section [ we
study the term of the Hamiltonian containing the derivative, and Section @ is
devoted to the proof of Theorem [Tl
In the appendix, we give the Hamiltonian formulation of the transformed form

of (LIJ).

Acknowledgements. — The authors warmly thank Justin Brereton for point-
ing out an error in Lemma 2.1 and in Proposition [31 in the previous version
of the paper.

2. Preliminaries : some stochastic estimates
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2.1. Large deviation estimates. —
Lemma 2.1. — Fiz o < 1 and p € [2,00). Then

3C>0,3¢>0, YA>1, YN > 1,
p(ue H : |[Myullppom > A) < Ce™N

Moreover there exists B > 0 such that

3C>0,3¢>0, YA>1,YM >N >1,

p(uwe H ¢ |[Myu — yul oy > A) < Ce NN

Proof. — This result is consequence of the hypercontractivity of the Gaussian
random variables : There exists C' > 0 such that for all » > 2 and (c,,) € (*(N)

I n@) enllirey < CVA (X lenl?) .

n>0 n>0

See e.g. |4, Lemma 3.3| for the details of the proof. O

2.2. Wiener chaos estimates. —

The aim of this subsection is to obtain LP(€2) bounds on Gaussian series.
These are obtained thanks to the smoothing effects of the Ornstein-Uhlenbeck
semi-group. The following considerations are inspired from [1I]. See also
[, 0] for more details on this topic.

For d > 1, denote by L the operator

9 9
L:A—x-V:;(@—%aTj).
This operator is self adjoint on K = L2(R?, e~1#1*/2dz) with domain
D= {u cu(x) = e‘x‘2/4v(m), vE 7'[2}7

where #? = {u € L*(R?), 2*00v(z) € L*(R?Y), V(a, B) € N*, |a|+|B] < 2}.
Denote by k = k; + - -- + k4 and by (P,)n>0 the Hermite polynomials defined
by

n
e d

Pu(w) = (=1)"e" = (e).
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Then a Hilbertian basis of eigenfunctions of L on K is given by

Pk(.%'l, N ,I'd) = Pkl (.%'1) e Pkd(.%'d),
with eigenvalue —k = — (k1 + -+ + kq).
Finally define the measure v4 on R? by

dya(z) = (271)_d/2e_|$|2/2dm.

The next result is a direct consequence of [11], Proposition 3.1]|. See [1] for the
proof.

Lemma 2.2. — Letd > 1 and k € N. Assume that Py, is an etgenfunction
of L with eigenvalue —k. Then for all p > 2
~ E ~
1Pl oo (re,dvg) < (P — 1) 2 |1 Pl L2 (Re, ay,) -
Thanks to Lemma 2.2] we will prove the following LP smoothing effect for
some stochastic series.

Proposition 2.3 (Wiener chaos). —
Let d > 1 and c¢(ny,...,ng) € C. Let (gn)1<n<a € Nc(0,1) be complex L>-
normalised independent Gaussians.
For k > 1 denote by A(k,d) = {(n1,...,nx) € {1,...,d}*, ny < -+ < my}
and
(2.1) Sk(w) = Z c(ni, ... .nk) gn, (W) -+ - gny, (W).
A(k,d)
Then for alld > 1 and p > 2

k
[Skllzr) < VE+1(p—1)2 [[Skllz2(0)-

Proof. — Let g, € Nc(0,1). Then we can write g, = %(%@ + i7,) with
Vs ¥n € Nr(0,1) mutually independent Gaussians. Hence, up to a change of
indexes (and with d replaced with 2d) we can assume that the random variables
in (ZJ) are real valued. Thus in the following we assume that g, € Ng(0,1)
and are independent.
Denote by

Se(xg,...,xq) = Z Ny, ..., k) Tpy -+ Tn, -

A(k,d)

Then obviously for all p > 1,

(2.2) 1Skl e (@) = 12kl Lr(Re,dvg)-
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Let (n1,...,n;) € A(k,d). Then we can write

— xpl . ,Ipl

Tny o Tpy, = Loy my

where | <k, p1+---4+p=kand ny = m; < --- < m; <ng. Now, each
monomial xf,{j can be expanded on the Hermite polynomials (P,)n>0

xmj E ajk xmj)

kej=0
Therefore there exists B(k‘l, ..., ki) € C so that

Z Z Blk,..., )Pkl(xml) Pkl(xml)7

J=0 ki+-+4k;=j
0<k;<p;

and we have

k
(23) Ek(xl,...,xd):ZPj(ml,...,xd),
Jj=0

where the polynomial ]5] is given by

Pj(xl, e ,xd)

= > > el n)Bk, - E) Pry (Tmy) -+ Pry ()

Alk,d) kit =j
0<k;<p;
For 0 < k; < p; sothat k1 +---+k; = j, the polynomial ﬁj is an eigenfunction
of L with eigenvalue —j, hence by Lemma we have that for all p > 2
1Pl p (R dvg) < (P — D)2 1Pl 22(Re,dryg)-
Therefore, by ([2.3]) and by the Cauchy-Schwarz inequality,

k
k ~
IXkllrradyyy < (p—1)2 ZHPJHLQ(Rd,dwd)

k
< VEFiE Q(ZHPHWW)
< VE+i(p-1)2 12k 22 (R, dv,)

where in the last line we used that the polynomials ﬁj are orthogonal. This
concludes the proof by (2.2 O

We will need the following lemma which is proved in [11], Lemma 4.5
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Lemma 2.4. — Let F : H°(T) — R be a measurable function. Assume
that there exist a > 0, N > 0,k > 1, and C > 0 so that for every p > 2

ok
| E Nl e gy < CN™%p2.
Then there exist 6 > 0,C7 independent of N and « such that

2a 2
/ SN E | F(u)|F du(u) < Ch.
7(T)

As a consequence, for all A > 0,
2a %

p(ue HO(T) : |[F(u)] > ) < Cre N F AR

3. Study of the sequence (fN(u))N>1

Recall that fy(u) is defined by fy(u) = Im /u?v(x) Dy (U3 (z))dz.
T

The main result of this section is the following

Proposition 3.1. — The sequence (fN)N>1 is a Cauchy sequence in L* (H"(']I'), B, d,u).
More precisely, there exists C > 0 so that for all M > N > 1

c
(3.1) [l far(w) _fN(u)”LQ(HU(’IF),B,du) = N%
Moreover, for allp > 2 and M > N >1
Cp—1)
(32) HfM(u) - fN(u)HLp (HU(T),B,dM) S N% :

Then a combination of the estimate (8.2]) and Lemma [2.4] yields the following
large deviation estimate

Corollary 3.2. — There exist C,§ > 0 such that for all M > N > 1 and
A>0

p(ue HOT) = |far(u) — f(u)] > A) < Ce SO ENE,

Thanks to Proposition B.Il we are able to define the limit in L?(2) of the
sequence ( f N) N>10 Which will be denoted by

(3.3) f(u) =Im /TuQ—(x)@x(uQ(x))dx.

This gives a sense to the r.h.s. of (83) for w in the support of p.
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Notice that Corollary implies in particular the convergence in measure

(3.4) Ve >0, A}iinoou(ueﬂf" | fn(u) = f(u)] > €) =0.

For the proof of Proposition Bl we have to put / 3 (W) O (9 (w))da in
T
a suitable form.

Recall the notation (L6)), then

2 (W) = gnl(w)gn2(w)ei(n1+n2)x
(3.5) P (w) nll%SN NI .

Therefore we deduce that

2.(0)) = ilm m Imay (W) gm2(w)ei(m1+m2)x
(3.6) am(SDN( )) lmll%ISN( 1+ 2)—<m1><m2> .

Now, by @B3), B8) and the fact that (e"*) _ is an orthonormal fam-

€z
ily in L?(T) (endowed with the scalar product (f,g) = /f(x)y(x)dx =
T

1 2w

Py f(z)g(z)dz), we obtain
2 Jo

22 () 2 (oNde = il +n gy (W) Gms (W) Gny (W) g, (W)
31 [ A@ o) 2 ) S ) (o

where
An = {(m1,ma,n1,n2) € 74 s.t. Im1|, mal, |n1|, [n2] < N and mi+mg = ni+na}.

We now split the sum (B.7) in two parts, by distinguishing the cases m; = ny
and mq # ny in Ay and write

[ A0 w)as = sk + 3,

with

(3.8) Sk =Y i(n1 +na) G (W) Gy (W) Gy (W) Gy (W)

o (m1) (m2) (n1) (n2)

where By = Ay N {m1 =Ny Or mjp = n2}7 and

o il 4 ne) I (@) Gms (W) gny (W) gny (w)
B9 8= i) T ) () ()

)
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where

Dy = {(m1,m27n17n2) €Z* st. Ima|, |mal, [n1], [n2| < N,

and my 4+ mg =ny +ng, my #ny, my#na}.
3.1. Study of S}. —

Lemma 3.3. — Let S}, be defined by B.8). Then there exists C > 0 so that

for all M > N > 0,

C
1S3 — Sk llr2@) < —-

2

Proof. — Let (mq1,ma,n1,n2) € By. Then as m; + my = n; + ny, we have
(mq1,m2) = (n1,n2) or (my,ms) = (n2,n1), and deduce that
, |91 (W) |gnsy (w) >
S}V = Z 2i(ny + ng) "1<n1>2 <nr;2>2 = Xn + Yu,
|n1‘7‘n2|SN
where
|gn (W)
XN = Z 4in T
In|<N
e |9, (@)[? gy (w) [
. 9ny (W Iny \W
Yy = Z 22(77,1 + ng) 5 5 .
[n1],|n2| <N, <n1> <n2>
ni17#n2
® First we will show that there exists C' > 0 so that for all M > N > 0,
C
(3.10) X0 = Xnllz20) < -
Let M > N > 1. Then
|XM — XN|2 = Z 16n1n9 |gn1 (w)|4 |gn2(w)|4
o 4 4 :
N<|na|,|na|<M (n1)*(n2)
Thus 1 .
2
[ Xy = XNz < C Z e < NE

N<|ny|,|n2|<M
which proves (B10).

& To complete the proof of Lemma B3] it remains to check that there exists
C > 0 so that for all M > N > 0,

C
N

(3.11) 1Yar = Ynllr20) <

NI
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For M > N > 1 we write

1 |gn1 (W)|2 |gn2 (w)|2
YN = Z i(n1 + ng) - )
I, m2 <N, (n1)*(nz)
nl;’éng

= Yy +Y2 YR,

with
. (‘gm (w)’2 - 1) (‘gm (w)’2 - 1)
(3.12) Yy = i(n1 + no) ;
N |nlnz2<N <’I’L1>2<’I’L2>2
ni#na
. (Igny ()I> = 1) + (Ign, (W)]* = 1)
(3.13) Yi = i(n1 + na) ;
N In1%:<N (n1)%*(na)?
ni#ng
and 1
Vi = i(n1 +n2)——5-
N n1|%<N (n1>2<n2>2
ni#na

By the symmetry (n1,n2) + (—n1, —n2), we have that Y3 = 0. For n € Z,
denote by

Gr(w) = |gn(w)]* = 1.
Let n # m. Then, since g, and g,, are independent and since E[|gn (w)|2} =1,

we have
(3.14) E[Gn(w) Gm(w)] = E[Gn(w)]E[Gm(w)] =0.
First we analyse (3.12)). We have
, G, (W) Gy (w) . Gn, (W) Gy (w)
Yip =Yy = Y ilmng) TS Y i ) T T
e, (n1)?*(n2) =N, (n1)?(n2)
N<|n1\§M, N<\n2|§M,
nl;éng nl;’énQ

= Sy + Ty
We estimate only the term E}u, N since the term PJlW, n can be estimated sim-
ilarly. We compute

’E}M,N‘Q _ Z (n1+n2)(m1+m2)Gm1 (W) GmQ (W) Gnl (w) GnQ (w)

(m1)2(m2)?(n1)?(ng)? ’

n,m)EC, N XCur, N

(
where n = (n1,ng), m = (my,ms) and

CM,N = {(nl,ng) € 7Z? st. N < ’TLl’ < M, ‘n2’ < M, and n; # nz}.
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We compute E[|Z}, y|?], and thanks to (3I4) we see that only the terms
(n1 = my and ng = mg) or (n1 = mg and ng = my) give some contribution,

hence 9
+n2) C
Sy w2y < € (m tna)  C
IBhnlzee <€ > st S W
[nal,[n2|<M
|n1‘2N
and therefore
c
(3.15) Y3 = Ynlliz) < N
We now turn to (B.I3]). Similarly, we write
, Gy (W) 4 Gy (W) . Gy (W) + Gy (w)
Vip=Y§ = 30 ilmbmg) TR S Y il ) T
e, (n1)?(nz) =N, (n1)?(nz)
N<|na|<M, N<|na|<M,
n17ﬁn2 7l17£7l2

2 2
= Yuynt+Tun

As previously, it is enough to estimate the contribution of E?\/[’ ~- Then we

decompose
: Gy () : Gy (W)
Sha o= X imam)pny et Y imm)ng o
e, (n1)*n2)® — 4=, (n1)*(nz)
N<|n1|<M, N<|n1|<M,
nl;éng nl#nQ

2,1 2,2
= EM,N + EM,N'
We estimate the contribution of E?\;fl N+ We have

Gy (W) Gy, (W)
(m1)2(ma)?(n1)?(n2)?’

SNl = > (n1 +ng)(m1 + ma)

(n,m)eCnr, N XCrr, N

and using ([B.I4]), we obtain

(n1 4 n2)(n1 + mo)
(3.16) IS5 w2 =C Y )1 £ )
|mal,|ne| <M, <m2> <n1> <n2>
N<|ni|<M
n1#£n2,ma

We expand the numerator of the previous sum and estimate each term.

e We have

2
1 C
Y P S X TR S
|”§2"“"2|‘<§1]\\j’ |m2|\,\7‘12\§M,
<|n1|< ni|>
n17én12,m2 n1751n2,m2
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e Fix my € Z. Then thanks to the symmetry ny — —n2, we have

nin9 ‘ C
D> DD 5 <
2 — 2
e, (22 () sy (M2 )" = N {ma)
N<|ni|<M
ni#ng

Then summing up in mo we get

> e <€
|mal,|na| <M <m2>2<n1>4<n2>2 = N’
N<|ni|<M
n1#ng,ma

Similarly, we have

> e < $
|mal,|na| <M (m2)2(n1)*(ng)2l — N’
N<\n1|§_M

ni#n2,ma

e Analogously, using the symmetries ny — —n9 and m2 — —mg we get

Z <m2>2<n1 <C Z

[ma|,|n2|<M, |n1‘>N
N<|ni|<M
n1#ng,ms
Therefore, from (3.10), HE N2z < §. The term 2 M ~ can be handled
similarly, therefore
C
2 212
(3.17) I¥ar = YN lLe ) < -
Finally, (B.13) and (3.17) yield the estimate (B.11)). O
3.2. Study of SJQV. — We are now able to prove

Lemma 3.4. — Let 5% be defined by [B9). The there exists C > 0 so that
for all M > N > 0,

C
N

(3.18) 1S3 — SJZVHLQ(Q) <

N

roof. — Se 2 _ iln n gmy (w) Ima (W) 9n, (W) Ino (w) - a
Proof. — Set § % (o) Sy ) gj ma
where

Dy = {(mhmz,nl,m) €Z* st. Imal, [mal, [na], [n2| < M,

and mq +my = ny +ng, M1 #ny, my# nal.
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We make the decomposition

(3.19)
S2,—S% =
M—2N — am,n+ am,n+ am,n+ am,n-
Dy Dy Dy Dy
N<|my|<M |mi|<N [mal,|ma|<N |mal,[mal,|n1|<N
N<|ma|<M N<|ni|<M N<|ng|<M

It is enough to study the contribution of the first sum, since the other terms
are similar. We have

X el =

D
N<|my|<M
Im1 9ms Gn1 Ins 9p1 Ipo 9q1 9go
= (n14+n2)(p1+ .
2D (mbm)lprke) g ) o) (o) (a0 @)

(m,n)eDnrr (q,p)EDM
N<|mi|<M N<|q1|<M

The expectation of each term of the previous sum vanishes, unless ((ml, may) =
(¢1,92) or (g2,q1)) and ((n1,n2) = (p1,p2) or (p2,p1)). Hence

mn n2
(3200 | Y amalleg <C Z (1 1 ny)

(n1)? (n2)? (m1)? (m2)?’

D
N<|mi|<M N<\m1\<M
Now observe that on Dy, |m1| = |n1+n2—me| < 3max(|n1], |n2|, |mz|). Thus

|mi| > N implies max(|n1|, |n2|, |ma|) > N/3. We split the r.h.s of (B.2I]) into
the corresponding three parts :

e Case |n1| > N/3. Write n = nj + ng = my + ma, therefore

2

(nq —i—ng n
2 (n1)? (n2)? (my <2 Z 2(n —n1)% (m1)* (n —mq)?

Dy nez \m1\>N
N<|m1|<M In1|>N/3
In1/>N/3
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Next we have n? < C((n1)? + (n — n1)?), thus

Z (n1 + n2) <
o (n1)? (ng)? (m1)? (mo)? —
N<|my|<M

im1|>N/3

1 1
<6 D [ (=) (ma) (n—mn)?  (n)? (m? (n — ma)?

ne€Z |my|>N

|n1\>N/3
D DR DY ey e ch D DI e vy e
|m1|>N neZ 1 \m1|>N
[n1|>N/3
C
<_
- N’

which is an admissible contribution. The case |ng| > N/3 is similar.

e Case |mg| > N/3. On Dy, we have ny + na = my + ma. Then by
symmetry, we can reduce to the case |mq| < |my/|, therefore

(n1 + n2)
2 T i) G G S

Dy
N<|mi|<M
|m2|>N/3
(mq + m2)2
<C
DZN; (n1)? (ng)? (m1)? (ma)?

N<|my|<M
|m1|>[m2|>N/3

1
<C .
- |mz<M (n1)? {(m1 4+ ma — n1)? (m2)?
N<|mi|<M
[m1|>|m2|>N/3

In this last sum, we first sum in mq, then in mso, and finally in nq. This gives

the bound

Z (n1 + 712)2 <

¢
5= ()% (n2)? (ma)? (mg)? = N

N<|m|<M
|m2|>N/3

which is admissible.
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As a consequence, we have obtained that

C
(3.21) | Z 720y < N
D
N<|mi|<M
The other terms in (3.19]) are treated similarly. This proves (3.18)). O

The results of Lemma B3] and Lemma 3.4 imply (B.1).

To complete the proof of Proposition Bl it remains to show (3.2). But this
is a direct consequence of (31]) and Proposition 23]

We are now able to define the density G : H?(T) — R (with respect to the
measure /1) of the measure p. By (3.4) and Proposition B.Jland Lemma 21 we
have the following convergences in the p measure : fx(u) converges to f(u) and
lun|lzs(r) to [[ul|zs(r). Then, by composition and multiplication of continuous
functions, we obtain

(3.22)

x(lunllpamy )3V 03 V@A (| )e 303 @I = Gy),

in measure, with respect to the measure . As a consequence, G is measurable

from (H°(T),B) to R.

4. Integrability of the density of dp

Proposition 4.1. — For all 1 < p < oo, there exists k, > 0 so that for all
0 < k < Ky there exists C > 0 such that for every N > 1.

G%fN(U)*%fT\UN(I)\GdI‘ <C.

HX(HUNHLQ(T)) P (du(w))

Proof. — Here we can follow the proof of [11], Proposition 4.9]. To prove the
proposition, it is sufficient to show that the integral

(4.1) / NP (Ay v)dA,
0

is convergent uniformly with respect to N for x > 0 small enough and where
A = {ue B 5 x(lunliagn)et v sy}

We set
No=a2(In)\)? and N = B3(In\)?,
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where «a, 8 > 0 are constants which will be fixed below.

e Assume that N < Nj.
Firstly, using a Littlewood-Paley decomposition one shows that

42) xS (32 MEPyulz)
M<N

where Pj; are the usual Littlewood-Paley projectors and the summation is
done over the dyadic integers.

Indeed, after a Littlewood-Paley decomposition, in the proof of (£2]) one
needs to estimate

[ 12w (0.0 Prsa () Pas ()P ()

for My > My > M3 > My with My ~ Ms. It therefore suffices to write

[ 1230 (00) Py 1) Pasy 1) Pas ()] <
< [ Pary (Oxw) || p2 | Pasy (w)l| 2] Pags (w) || oo [| Pagy (u) || 2o
< CMy || Par, (u)| 2 | Pagy (w) || p2 | Pags (w)l] oo [| Py ()] oo
1

< C(My M) || Pag, (w) || 2 || Pagy (w)l| 2| Pazs (w) | oo || Pazy (w)]| oo

which by Sobolev is bounded by
1
C(My My MsMy)2 || Py, (w) || g2 [|1Pary () | 2 | Pags (w) [ 2] Pagy () || 22

Therefore, we have (4.2).

Thanks to (4.2]), we need to evaluate p(B) n), where
1 1
Ban=(u: Y M2[|Pyulre > (InA)3, [full2 < k).
M<N
We can write
1 1 1
(43) > ME|[Pasullpe < N§l|Penoullze < Niw < 5 ()T,
M<No

provided « > 0 is small enough. This implies that (B y) = 0.

e Assume that Ng < N < Nj.
By (£3) we have

1 1 1
pBan) <p( > ME|Pyullge > 5 (7).
No<M<N
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If (oar) >N, is a sequence such that

then we can write

n(Brn) < > plu: ME||Pygullrz > oar(ln A1) .

M>N
We choose o) as
oat = o S2)
M — €0 M )
for ¢y > 0 small enough. Now we can write
p(u s ME|| Py 2 > opr(In A7) C (Y [gn@)P)E 2 Mo (nN)1).
n~M

Using that N2 < BIn A and invoking [12], Lemma 2.2|, we obtain that

< Z |gn 2 2 MQUM(IH)\) > < e_CMU?vz(lnA)%.

n~M
Consequently
1 _
B)\N Z e cMaM(ln)\)2 N —cNo(ln)\)2 Se—cn 2ln A < CL)\_L,
M>N

provided £ > 0 is sufficiently small (depending on L).

e Assume now Ny < N.
Thanks to the triangle inequality Ay y C C\ n U Dy n, where

1
O ={ueH : |fm @) > 5 fulrm < &},
and
- 1
Day = {u € H” ¢ |fn(w) = fia ()] > 5, Junllzzr < H}

The measure of Cy y has been estimated in the previous point. Finally, by
Corollary 3.2 as N1 = 82(In \)2, we obtain that for all L > 1

1
w(Dyn) < Ce M7 mNZ _ 0 o=881r < oy \L

provided that 8 > L/§. This completes the proof of the proposition. O
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Proof of Theorem [11. — Recall (3.22]). Let p € [1,+00) and choose £, > 0
so that Proposition B Il holds. Then there exists a subsequence Gy, (u) so that
Gn, (u) — G(u), p a.s. Then by Fatou’s lemma,

|16 < tmin [ Gy )Pdut < C
Ho(T) H~o(T)

k—00

thus G(u) € LP(dp(u)).
Now it remains to check the convergence in LP(du(u)) for 1 < p < oo. As
in [11], for N > 0 and € > 0, we introduce the set

Ane={ue H(T) : |Gn(u) - G(u)| <},

and denote by Ay . its complement.
Firstly, there exists C' > 0 so that forall N >0, >0

/A |Gn(u) — G(u)|"du(u) < CeP.

Secondly, by Cauchy-Schwarz, Proposition Bl and as G(u) € L*(du(u)), we
obtain

| l6n() =Gl aut) < 6y = Glfja g Ao )?

t\.’)\»—l

IN

C (ANE )
By (B22]), we deduce that for all £ > 0,
:U’(AN,s) — 0, N—>+OO’

which yields the result. This ends the proof of Theorem [Tl O
Lemma 4.2. — The measure p is not trivial

Proof. — First observe that for all K > 0

p(ue H(T) : |ullpzmy <) =p(we : Z ~|gn(W)|* < K?) > 0.
nEZ

Then, by Lemma 2.1 and Proposition B.I] the quantities |lul[zs(r) and f(u)
are p almost surely finite. Hence, the density of p does not vanish on a set of
positive p measure. In other words, p is not trivial. U



GIBBS MEASURE FOR THE PERIODIC DNLS 21

A
Appendix
A.1. Hamiltonian structure of the transformed form of DNLS. — In

this section we give the Hamiltonian structure of the equation related to (LT).
First we define the projection IT on the 0-mean functions :

I(f) = Z e, for f(x) = Z e,
nez\{0} nez
then we introduce the integral operator
. Oy -
a—l . — inT -n inT
f(zx) Z ane"* — Z e
nez n€eZ\{0}

Notice that we have
o) =11 =1 - [ fw)de

Next we define the operator

(A1) K(u,v) < —ud tu- —i +ud o ) ‘

i+v0 tu- —vo o
Lemma A.1. — Foru,v, the operator K (u,v) is skew symmetric : K(u,v)* =
—K(u,v).
Proof. — This is a straightforward computation. We only have to use that
(01) = —o-L. 0
Define

1
H(u,v) :/@u@xv—l—%i/028$(u2)+§/u3v3.
T T T

Notice that we also have the expressions

H(u,v) = —/Giuv—i-éi/vZBx(uQ)—l-
T 4 Jr

= —/u@%v—éi/UQ(?m(UQ)—i—
T 4 Jr

therefore, we can deduce the variational derivatives

(A.2) (;—H(u, v) = —0%v — gzu Dy (v?) + ;u2’03
u

(A.3) (;—H(u,v) = —Ju+ giv 0z (u?) + gu3v2.
v
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We consider the Hamiltonian system
0, OH (4 v
(A.4) ) = K(u,o) [ (w0 ) |
O 8 (u, v)

Denote by
—2Im/u8 U+ - /\u]A‘

and notice that for all t € R, F,(t) €

Proposition A.2. — The system (A4) is a Hamiltonian formulation of the
equation

(A.5) iOu + 02w = 10, (Jul*u) + Fu(t)u,
in the coordinates (u,v) = (u,u).
As a consequence, if we set
(A.6) o(t, ) = et Jo Fuldsy ¢ 4,
then v is the solution of the equation
{ O + 020 = i0, (|v[*v), (t,z) ERx T,
v(0, z) = up(x).
Moreover, if v and v are linked by (A.f), we have F, = F,,.

(A7)

Proof. — We have
0% = v 0Pu + (udw) — (voyu),
therefore

(A.8) ot (u Biv) =o' (v Ggu) +u0,v —v0yu — / (w00 — v Oyu).
T

Similarly we obtain the relation
(A.9) 07 (u? 0,(v?)) = =071 (v? 0y (u?)) + u?v* — /u2 v2.
T

By (A.2), (A3), using (A.8) and (A.9), a straightforward computation gives
0H

)
= i07u+ 0y (u? v) — u/(u@xv —v0yu) — ;zu/ u?v?,
T

T

ou = —uafl(u—u)—i—v—i—uﬁfl(v
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and

ov = z'——i-v@*l(u(;—H)—vB*l(v

ou U

o1

v

)

= —i@iv—l—ax(uvz) —v/(v@xu—uaxv) — §iu/u202.
T 2 Jr

Now assume that v = u. This yields the result, as

/(u@mﬂ—ﬂ&vu) = 2¢Im /u@lﬂ.
T T
|

A.2. Invariance of the measure py under a truncated flow of (AT).
— We present here a natural finite dimensional approximation of (A5]) for
which py is an invariant measure.
Let N > 1. Recall that Ey is the the complex vector space Eny = span((ei”m)_NgnSN) ,
and that IIy is the spectral projector from L?(T) to Ey.
Let K be given by (A, and consider the following system

OH
(A.10) Oru T K (uy, o) Ty ;13 (un,vN) ‘
8{[) W(UJ\UUN)

This an Hamiltonian system with Hamiltonian H(IIyu,IIyv). Now we assume
that v = w and we compute the equation satisfied by uy : this will be a finite
dimensional approximation of (A.F]). Denote by Il = 1 — Iy, then we have

Lemma A.8. — In the coordinates vy = un, the system (AIQ) reads

(A.11) i0pu + Puy = illy <(9x(|uN|2uN)> +unFy, (t) + Ry(uy),
where
3
Ry(uy) = oy (UN3_1 [UNHﬁ (un0y(Tn?)) + unIly (W&:(UNQ))} )

3
—{—51'1_[]\[ (uN(?’l [UNH]J\‘[(|UN|4W) - WHJN(|UN|4UN)] > .

Proof. — The proof is a direct computation. By (A.I0Q), the equation on uy
reads

(A.12) Opu = HN( —un0 Nunfn) —ify + UNa_l(uNfN)>7

where

3. _ 3 -
fn= HN( — d%uy — izuNagg(uNz) + §\uN\4uN>.
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Thanks to (A.8) we deduce from (A-12) that

. 3 _ 3.
(A13) O = i0%un + §HN <uN3x(u?V)) — §ZHN(]uN\4uN))+

+ Iy (u%vaxm - !uNPamuN) —uy / (un DTN — TN Opun)+
T

+ giHN <uN3_1 {UNHN (un 0, (un?)) + unTly (Wax(uNQ))] > *
+ SHN <UN8_1 [WHN(|UN|4UN) - “NHN(|“N|4W))D'

Using (A9) we obtain, with I, = 1 — Iy

(A14) 97! [uNHN(uNax(WQ)) +WHN(W8J:(UN2))] =
— ! [uNHﬁ (un0:(UN")) + UNTly (Wﬁz(uNQ))] +ot [u%ax (UN2) + un20x (un?)
=—aﬂwmﬂwm@#»+mmﬂm@mﬁnpmwﬁ—4mmé

We can also write

(A.15) WHN(|UN|4UN) —uNHN(|uN|4W)) =
— WH]J\‘/(‘UN’4UN) + uNHﬁ(\uN\‘lW)).
Thus, by (AI4) and (ATH), equation (AI3) becomes
ou = z@ﬁuN + Iy (Bx(\uNPuN)) — iuNFuN(t) +
3
—§iHN <uN871 [UNH]J\‘/ (uNaI(WQ)) + WH]J\‘/ (W&I(uNQ))D
3
210y (un® ™ [un I (') — T T (ju | ) | )
which is the claim. O

In the sequel we fix o < 1, and we consider (AI7) as a Cauchy problem
with initial condition in H?(T)
(A.16)

iOpu + Puy = illy <(9x(|uN|2uN)> +unFy(t) + Ry(uy), (t,z)€RxT,
u(0,z) = up(z) € H°(T).

We now state the main result of this section.
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Proposition A.4. — The equation (AI6) has a well-defined global flow ® .
Moreover, the measure py is invariant under ®y : For any Borel set A C

H(T) and for allt € R, pn(®n(t)(A)) = pn(4).
For the proof of Proposition [A.4] we first need the following result

Lemma A.5. — The equation
(A.17)

10w + 8§UN = iHN<3x(\uN]2uN)> + uNFuN(t) + RN(UN), (t,x) eER x T,
u(0,z) = Iy (uo(x)) € EN.

is an Hamiltonian ODE. Moreover, the mass ||u(t)| r2(ty is conserved under the

flow of (AIT). As a consequence, (AIT) has a well-defined global flow ® .

Proof. — The first statement is clear by the previous construction. We now
check that the L?—mnorm of u is conserved. Multiply (A1) with %, integrate
over z € T and take the imaginary part. In the sequel we use that H?V = Iy
and IT3, = IIy. Firstly by integration by parts,

(A.18) /mguN = /magw = —/ |0un|® € R.
T T T
Then
Im /iﬂHN<3x(\uN]2uN)> = Re /W@x(!uN\zuN)
T T

= —Re /(8:,3W)|UN|2UN
T

(A.19) _ —E/Tagg(\zwy‘l) 0.

Now observe that if f is real-valued, then 0~! f is also real valued. Then it is
easy to see that

(A.QO) /EHRN(UN) = /EWRN(U,N) e R.

d
Finally by (AI8), (A19) and (A20) we obtain that EHu(t)H%Q(T) = 0 which
yields the result. O

Recall the definitions (L) of puy and (L&) of Gy. Then we define the mea-
sure py on FEy by
dpn (u) = Gn(w)dpn (u).

Then we have
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Lemma A.6. — The measure py is invariant under the flow ®y of (AIT).

Proof. — The proof is a direct application of the Liouville thereom. See e.g.
[4, Section 8| for a similar argument. O

Proof of Proposition[A]} — We decompose the space H?(T) = Eﬁ ¢ En.
From the previous analysis, we observe that the flow ®y of (A.If]) is given by
by = (I d, ® N)~ Finally, the invariance of py follows from Lemma [A.6] and
invariance of the Gaussian measure under the trivial flow on the high frequency
part. O

References

[1] C. Ané, S. Blachére, D. Chafal, P. Fougeres, I. Gentil, F. Malrieu, R. Cyril, and
G. Scheffer. Sur les inégalités de Sobolev logarithmiques. Panoramas et Synthéses,
10. Société Mathématique de France, Paris, 2000.

[2] J. Bourgain. Periodic nonlinear Schrédinger equation and invariant measures.
Comm. Math. Phys. 166 (1994) 1-26.

[3] J. Bourgain. Invariant measures for the 2D-defocussing nonlinear Schréodinger
equation. Comm. Math. Phys., 176 (1996) 421-445.

[4] N. Burq, L. Thomann and N. Tzvetkov. Long time dynamics for the one di-
mensional non linear Schrédinger equation. Ann. Inst. Fourier. 63 (2013), no. 6,
2137-2198.

[5] N. Burq and N. Tzvetkov. Random data Cauchy theory for supercritical wave
equations II: A global existence result. Invent. Math. 173, No. 3, 477-496 (2008).

[6] A. Griinrock and S. Herr. Low regularity local well-posedness of the derivative
nonlinear Schrédinger equation with periodic initial data. SIAM J. Math. Anal.
39 (2008), no. 6, 1890-1920.

[7] D. Kaup and A. Newell. An exact solution for a derivative nonlinear Schrédinger
equation. J. Mathematical Phys. 19 (1978), no. 4, 798-801.

[8] T. Oh. Invariance of the Gibbs measure for the Schrédinger-Benjamin-Ono sys-
tem. SIAM J. Math. Anal., 41 (2009), no. 6, 2207-2225.

[9] T. Oh. Invariant Gibbs measures and a.s. global well-posedness for coupled KdV
systems. Diff. Integ. Eq., 22 (2009), no. 7-8, 637-668.

[10] M. Ledoux, and M. Talagrand. Probability in Banach spaces. Springer-Verlag,
Berlin, 1991.

[11] N. Tzvetkov. Construction of a Gibbs measure associated to the periodic
Benjamin-Ono equation. Probab. Theory Related Fields., 146 (2010) 481-514.
[12] N. Tzvetkov. Invariant measures for the defocusing NLS. Ann. Inst. Fourier, 58

(2008) 2543-2604.

[13] N. Tzvetkov. Invariant measures for the Nonlinear Schrédinger equation on the
disc. Dynamics of PDE 3 (2006) 111-160.



GIBBS MEASURE FOR THE PERIODIC DNLS 27

[14] P. Zhidkov. KAV and nonlinear Schrédinger equations : Qualitative theory, Lec-
ture Notes in Mathematics 1756, Springer 2001.

LAURENT THOMANN, Institut Elie Cartan, Université de Lorraine, B.P. 70239, F-54506
Vandoeuvre-lés-Nancy Cedex, FR e E-mail : laurent.thomann@univ-lorraine.fr
NikorAy TzvETKOV, Département de Mathématiques, Université de Cergy-
Pontoise, Site Saint-Martin, 95302 Cergy-Pontoise Cedex,
France. ¢ E-mail : nikolay.tzvetkov@u-cergy.fr



	1. Introduction
	2. Preliminaries : some stochastic estimates
	3. Study of the sequence fn
	4. Integrability of the density of drho
	 A. Appendix
	References

